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Momnorpadus BblHaOmuUxcs amepukanckux ¢usnkoB Y.MmusHepa, K. Topna u
Jx.Yunepa «I'paBurtanusy», BeIITyCKaeMasi Ha pyCCKOM S3bIKE B TPEX TOMaX, MOCBSIIIEHA
U3JIO)KEHUIO (DU3MUYECKUX OCHOB, COBPEMEHHOI'O0 MaTeMaTHYeCKOro ammapara u
BOXHEUIINX JOCTH)KEHUM TEeOpUU TAroTreHus OHIuTeiiHa. OHa coenuHsieT B cebe
KauecTBa y4eOHOTO IMOCOOMS MO TEOPUH TATOTCHUS M OOIMIUPHOTO 0030pa mpodiem
TpaBUTALMU M TEOPUU MPOCTPAHCTBA-BpeMeHH. KHUTa cOAepKUT OMUCaHHE HOBEHIINX
METOJIOB U MOCJIETHUX MOJyUYEHHBIX PE3YJIbTaTOB.

[lepBeiii TOM BKJIIOYAaeT 0030p (GU3MYECKUX UACH, JIekKAIIUX B OCHOBE TEOpUU
TATOTEHUS, CHELHUAIBHYI0 TEOPHI0 OTHOCUTEIBHOCTH W TEOPUI0 HCKPUBIEHHOIO
MPOCTPAHCTBA-BPEMEHH.

Kuura paccuntaHa Ha CTYJEHTOB U aclNHUPaHTOB YHHUBEPCUTETOB U IIa
cnenuanuctoB-pu3ukoB. KadecTBeHHass CTOpOHa U3JIaraeMbIX BOMPOCOB JOCTyIHA
caMOMYy IIMPOKOMY KPYTy YUTaTesneH.
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NPEAUCINIOBMUE
PEQAKTOPOB MNEPEBOAA

ABTOpPH OpeANaraeMoro BHUMAHWIO 4uTaTedeil TpexTomEmMKa «['pa-
BUTANAA» HE HYKAAIOTCA B CHELAAIbHOM UPENCTaBICHHM COBETCKOMY
gurarenio. Ilpogeccop Mapmiaenpckoro yHuBepcuTeTa Yapas Mus-
mep, mpodeccop KanmdopHmitcKOTO TEXHOJOTHIECKOTO MHCTHTYTA
Kun Topa m npodeccop Ilpuncronckoro ymmeepcuTeTa Jxon Apua-
Gang Ymaep ABAAIOTCA ABTOpPAaMHM MHOTHX 3aMeYaTEIbHEIX KHHT,
nepeBefIcHEHX HA pPYCCKHUiA HA3KK, XOpPOMO H3BECTHHX M OHCTpO
crapmux OmbGamorpadmueckoit peakoctbio. OnE mnpefcTaBiAAIOT pas-
BHE IOKOJEHHA (H3AKOB-TEOPETHKOB, W Ka)KAHI M3 HUX BHEC BHIfa-
omuics BKIAR B QH3NKY M CIENUAJIHHO B TEOPHIO TATOTEHMA. ABTO-
PH ABIAITCA OCHOBATEIAMHM Hay4YHHX MKOJA, W GoJbmas HodsA Bcex
HallAX 3HaHHH IO COBPeMEHHOH TeopHM TATOTEHHA, IO CTPYKType
NpPOCTPABCTBA-BPEMEHM CBA3aHA C NX MMEHAMH H MMEHAaMA HX Yyvde-
HAKOB.

Monorpagua «IpaBaTanmsa» npefacTapiasieT co0oif yHMKaNbHHIL
TPYHR, OTIMYAIOMHUACA BO MHOIMX OTHOIIEHAAX OT HM3BECTHHX KHHAT
no npo6Gaemam TaroTermsa. Ona coemmuseT B cefe kKagecTBa y4eGHOrO
nocobuss m o6mmpHOro o6aopa no rpasmTanmoHHO# ¢mamke (o6mei
TeOpMH OTHOCHTEABHOCTA JiHmMTelHA, HIA (TeOMETPONUHAMHAKEY).
[Ipesxme Bcero To yueGHAK, HADWCAHHHIEA BeChMa CTPOr0 M HOCHeE-
nosaTenrbro. Ho B oTihumude oT OOHWYHHX yueOHMKOB, H3JIOMEHHE
BeieTc BecbMa OGpAasHEIM, JKABHIM MASHKOM, C ACHHM BHIEJICHHEM
¢usAYECKHX W MaTeMaTH4eCKMX Hpel, Je;Kam|X B OCHOBE H3Jara-
€MOr0 MaTepHajia. J3TOT CTHADL OUNpeleNns] W HeoGHYHOEe NOCTPOEHHe
mororpad¢um. OHa Mo cymecTBy BKJI09aeT B ceGa nBa yueGHHIX 1oco-
6nA, coBMEmEeHHHX B ogHoM napgaumm. IlepBoe mocobGue (Kypc 1)
ABNAETCA y4eGHAKOM, B KOTOPOM M3JIaTaeTcA COBPeMEHHOe COCTOSHHE
ofmei#i TeopEE OTHOCHTENBHOCTH, ORHAKO 6e3 yraylieRAs B BaK-
EHe M HHTepecEHe, HO Bce ke Gojee cmemmaidbHEE BONPOCH. ITH
BOIPOCH OCBEmMAIOTCA BO BYOpoM mocobmm (kypc 2). O6a mocobms
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«oepememannly. llaparpadsl, oTHocAmuecs Ko BTOpOMY 110CO0UIO,
OOABAAITCA IO Mepe Heo0XOoQUMOCTH cpegd maparpagoB mepBOro
nocofusAa. ITO HHUCKOJBKO He 3aTPyXHseT YUTATeN0 NOJIb30BAHUE
KHUTOI, TaK KaK KayKJas CTpaudia OepBoro mocodud momMedeHa mud-
poit 1 B BepxHeM yriy, a KaKIas CTPAHHIA BTOpPOro — iytppoi 2.
YnaTareab 10 KeTaHUI0 MOKeT 3HAKOMHUTBCA ¢ OoOU[UMII BOIpoOCaMH,
M3J0KCHAKIME B mepBOM yueOHUKe, M yrIybaATHCA B JETaJH BO BTO-
poM. [lus paboThl ¢ nepBHM yIe0HMKOM HOCTATOYHO 3HAHUSA BEKTOp-
HOr0 AaHAJM3a W NPOCTHIX YPABHEHAHd B YACTHRIX HPOU3BOJIEIX.
PaGora co BTOpHM (KpoMe HEKOTOPHX MeCT) TpedyeT NpouTeHUus
TOAHKO IpeAngymux naparpadoB mepBoro ydeOHHKA.

YuraTeab MO;KeT HAYMHATH M3yUeHUE KHUTH, NPAKTUIECKU HUTe-
ro He 3HaA O Teopumu OTHocUTenbuocth. [IpopaboraB Bce m3ganue,
OH CMO’KeT He TOJIbKO pa3bupaThCcid B COBPEMEHHHX CTAThbAX HO rpa-
BHTAMUH, 1O ¥ CAMOCTOATENbHO HA4aTh paboTaTh B 3Toil odiacru.
PasBuTuio npaKTHYeCKUX M HCCAEJOBATEIbCKUX HABEHIKOB CHIOCO0-
CTBYIOT yUpPAKHEHHsS, JaCTh KOTOPHX ABIAIOTCA NENRMH HCCIe0-
BareJbCKUMU paGoTamu.

Bes Mouorpa(bml pasbura Ha 4% raasm, ob6beguuenuanx B 10
Goapmnx gacteir. [lepBrle weThHpe 4acTd NPEACTABIAIOT cO00I coBpe-
MEHIIoe HM3JI0KEeHHWEe ammapaTa M MeTOHOB KAaK COemualbHOi Teopuu
OTHOCHTEJLHOCTH (TEOPHH IIJIOCKOTO IIPOCTPAHCTBA-BpeMeHu), TaK
u obmeit Teopmu oTHocuTenbuocTH (reomerpopunammid). Iocaeny-
romue niecTh gacteit («PexAarapucrckue 3pesntny, «Bcenenuaa», «I'pa-
BHTAMIIOHHBIA KOJJIAINC M YePHBE T pPEy, «[paBUTAIHOHHBIE BOJHBIY,
«IKCOEepUMEeNTAIABHAA IpOBepKa oO0wWEe# Teopun OTHOCUTENLHOCTHN,
«pannms») comepsKaT omMCaHUE KOHKPETHRIX pe3yJbTATOB TEOPHH
dinmTeiiHa B M3ydeHuM (USUKHA CUIBIILIX TPaBUTAIMOHHBIN MOJei
M TPOTEKAI[NX B HUX (M3ATECKHMX 11)OIECCOB.

B m3ganmu ma pyccKoM f3nKe Mouorpadusa BHIXOTUT B Tpex
tomax. Hactoamui nmepsuiit Tom BraioyaeT gactu I — III mosorpa-
¢un (rmaBut 1—15), B KOTOPHIX cofep:KUTCA 0030p OCHOBHKIX HJIeit
COBPEMEHHOI Teopuu TATOTeHUA (dacth I), TeOpHA INIOCKOFO IIpOCT-
pancTBa-Bpemenn (zacte II) um MaTemarTnueckue OCHOBHI TeEOpPHH
HUCKPHUBJICHIOTO mpocTpancTBa-BpeMern (gacts III). Bropoit Tom
coneput gactd [V—VI. B nux usiaraercsa teopus TAroTenns Jiiu-
mreiia, TEOpUA PEIATHBAUCTCKAX 3Be3N M MAaTeMaTHIeCKHe OCHOBH
rKocmonornn. Haxonen, Tperuii Tom (zacra VII—X) comepmuar reo-
pPHI0 TPABATAIUOHHOLO KOJLIANCA, TEOPHI0 TPAaBUTANMOHHHIX BOJH,
OnMCanne YKCIEPHMEHTOB II0 IPOBEPKe TEODHM THATOTEHHA U HEKO-
TOpHIE MaTemaTHdeckne o0oOmenns.

B aureparype yke HEOMHOKPATHO OTMETIANACh M3yMHUTeIbilas
KpacoTa ofmeit Teopun oTHocuTenbHocTu. Hopeitmue rmyGoxue pe-
3YJBTATH TEOPHM, KACAI[HECA NPHPOIH NPOCTPAHCTBA-BPEMEHHM,
€70 TOMOJIOTHYECKOH CTPYKTYpPH, IIPOMECCOB B OKPECTHOCTH «4ep-
HHX Jfibip» M BOIA3M cUHTYyJAApPHOCTEH, MOOUBIAT HOBHE fApKHE
Kpackl K 3TOMY BeJWYaifiieMy CO3AHAID TEQPETHUeCKOIN MEICIH.
MacTepckoe u3I0)KeHHe 3THX pe3yiabTaTOB aBTopamMu MoHorpadun
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HNO3BOJIAET MOHATL KPACOTYy OYEHb CJIOMKHBIX BOLPOCOB. 371ech c.le-
AyeT eme pa3 moAYepKHyThb, YTO aBTOPHI ABJAIOTCH OTHMMIL M3 CAMBIX
HM3BECTHHIX M ABTOPHTETHHX CHEHAJUCTOB 110 TPAaBUTANNH, U MHOIHE
BAjKHBIE PE3Yy.1bTATHl NOCICHHEro BpeMeHM H I.Iy0oKme nmeu B 3TOi
TEOPUA IPHUHALTE:KAT M. A\BTopam yHajJoch, HO HAueMy MIIEHIIO,
B HOCHENHHX uiecTH vacTAX (no obbemy 3To 2/3 Beero mn3ganus) B
BeCbMa HPOCTOI M BMECTC € TeM CTPOTroi (opme [OUECTH O IUTATENA
NOJIHYI0 KapTAHY TOIO, YTO YaCTO HA3HBAIOT TEOPETIYECKOH peJs-
TABUCTCKOH acTpodmamkoir. lI3no;kenme BefeTCA ¢ TOYKH 3pPeHAA
QU3HKOB-TEOPETUKOB M B HEPBYI0 odepenb AufA obydenus QE3HKOB-
TeopeTnkoB. IloaToMy B KHHre, eCTeCTBEHHO, OTCYTCTBYIOT MHOTIO-
9YHCJEHIIBE aCTPOQU3NYECKHE ACHeKTH HpoGJIeME, KOTOpHE IHTATENI0
clenyeT ucKkaThb B Jpyrumx, «Gojxee acTpoHomMHdecKHx» Kamrax. Opua-
KO Besfie cesqaHbl moxpoGisle OubOnuorpadudaeckue CCHUIKM, M THTA-
Tenb Ge3 Tpyna cMoO:KeT HAlTH Bce, 9TO €ro MHTepecyerT.

OcoGenno caegyer oTmMeTuTh nofpoGHOe W3jOiKenHe COBpPEMEH-
HOr0 COCTOAHHMSA BONPOCA O TpPOBEpPKe OOmE:d TEeOpHUH OTHOCHTENb-
HoCcTH. B yueOGHMKe M Ha CTOJIb BHICOKOM COBPEMEHHOM ypOBHE 3TO
CHAeJ1aHO BoepBhiE.

EcTecTBeHHO, MO;KeT BOBHMKHYTH BONIPOC: IO TEOPHH TpaBH-
Taquu HaNHCAHO TAK MHOTO KHHT M yueOHHKOB, 3aueM HAmMCaH 3TOT
seme omuH» ydeOruk? OTBeT JAIOT CaMH aBTOPH MOHOTpaduam.

Bo-nepBrix, B Hame BpemMs TeopmsA IPaBHTANMH JiHMTeHHA M3
abCTPAKTHON MAyKM CTajJa OfHON M3 Ba)KHERNIMX KOHKPETHHX HAYK.
Ona uMeeT npuioKenus Kak K mpobiemaM JBHKeHHs eCTeCTBEHHBIX
M MCKYCCTBeHHHIX HeOecHBIX Ten CojiHedHOH CHCTeMBI, IOCTEHEHHO
MEHAA OfHy M3 CTApedMuX M MaTpHApXaJbHHX HayK — HeGecHyI0
MeXaHMKy, TaKk M K mpobieMaM CO3HaHHMA JETEKTOPOB TpaBUTAI[HOR-
HBIX BOJH M JpYyrux mpmGopoB; HaKOHeN, CAMOe Ba;KHOE — TeopHd
rpaBUTALlMM ABJAAETCH OCHOBOHI MOHMMAHUA MHTEPECHHX acTpodm3m-
9eCKMX OTKPHITHii — HEATPOHHHX 3Be3][, «IepHRIX JHpP», KOCMO-
JIOTHYECKUX NPOLECCOB pacmmnpeHus BceleHHO#, PEIMKTOBOrO M3IY-
4Yennda ¥ MHOroro apyroro. Bce sTo He Haxogua0 B mOJIHOI Mepe oTpa-
JKeHIIA B IpEe:KHUX ydeOHHKaX.

Bo-BTOPHIX, HOBEE NpPHJIO;KeHNsA M HOBHIE 3a[a9H 3aCTABHJIM pa3-
BUTb HOBhle MaTeMaTWIeCKHe METOAH HCCieqoBaHuA. B mpesHmx
yqeﬁmmax HX aBTOpH 061:1"[110 OrpaHUYUBATUCH TEH3OPHHEIM aHAJH-
30M M TPAagMOMOHHEIMH METOJlaMH ONMCAHHA pPHMAHOBHIX TPOCT-
pancTB. Tenepb 9TOTO COBEpPIMEHHO HeJOCTATOIHO, H aABTOPIL LIalIHOﬁ
MoHorpagMit LIPABOAAT HOBHE MOU[HBIE MATeMaTHIeCKHE MeTONH.
H310/mennsle NPUYIHEL M OPABEIN K TOABICHHMIO 3TOM MOHOTpaduu,
noTpeGoBaBImeil odenh JOJNTOM M TMATENLHOH PaGOTH.

Mu yBepensl, uro Taxoe QyHmaMeinTaibHoe yuebHOC mocobme
6_\7116’1‘ HCKIAOIHTEJIbHNO TOJAE3HBIM B TeUeHue MHOTINX JeT oA IInpo-

KOTO Kpyra ChemnaTucToB B 3Toli GHCTpo passuBawmeiica o6xacTu
dnanku.

B. B. Bpazunckuii
H. JI. Hoeuros
2—01457



APEAUCIIOBUE ABTOPOB
K PYCCKOMY U3OAHUIO

CosHaBadg, 94T0 MH O4Y€Hb MHOTMM O0A3aHH HANIAM COBETCKMM KOJ~
JleraM, KOTophie MOMOLNIM Tiy6ike NPOHMKHYThL B HeJHil pAfg npobaem
M BCAYGCKH CTUMYJIMPOBAJM Hamy paGoTy, MBI HCHHITHIBaeM OTPOMHOE
YIOBOJABCTBAE OT TOTO, YTO 3TA KHHATA IepeBejeHA Ha PYCCKUIl A3HIK.
Mu 6narogapust B. B. Bparmnckomy u U. JI. HoBakoBy, mo num-
MUATABE KOTOPHX HPEAUpPHHAT nepeBod. Mbl nckpeHHe npuaHaTelbHH
rTaxxe namuM Koaneram M. M. Backo, A. I'. Ilonnapesy m A. A. Pys-
MaiikKMHy, B3ABIIUM Ha ceGA Tpyy nepesecT Kuury. Hamu Breceno oxo-
JIO [OBajIaTH MCHPABJICHANH B NEepBORAYAIbHOE M3JaHHe HA AHIJIMIA-
ckoM s3pike. Ecam mocTaBuTh cefe IeJbl0 OCTAaBaThCA HA HaJexa-
meM ypoBie eme XOTA O B TedeHme JECATH JIeT, TO CYAA 1O HeoOH-
9aiino 6uLICTPOMY mporpeccy B PasBUTHM TEOPHHM H JKCIEDPHMEHTA
B panHoit ob6mactu Kak B Coserckom Colo3e, Tak M 3a TpaHHIeii, cie-
noBajo 6K ropasfio Tay6ke nepecMoTpeTh cofiepskanue Kauru. C Toro
MOMEHTA, KAK MH 3aKOHUMJIH AHTIMACKOE H3IaHHe, NOSBAJIOCH TAK
MHOTO HOBBIX JOCTMKeHMi, UTO HAM XOTeJoch OB MHOTOE M3MEHHTH
B HACTOAIeM pycCKoM u3ganAmu. Ho B KoHIe KOHIIOB MH DeIMJH,
qTo 6HCprlﬁ nmepeBos C He3HAYUTEJTbHBIMH HCIIpaBJIennAMU npen-
NOUYTHTENbHee, JdeM 3ajIep:KKa Ha HECKOJILKO JeT, KoTopasAa MOorja 6I>I
norpe6oBaThcA NJiA AEeHCTBUTENBHO OCHOBATENBHOTO IIepecMOTpa
RITUTH,

Yapaz B. Musnep

Kun C. Topn

Hocon Apuubaad Yuaep

NMpuncron, Hewo-/I:xepcn



MPEOUCNOBUE ABTOPOB

dra KHHTA ABIAeTCA yueGuRM mocobdeM mO TeopUM TpPaBHTANME
(«o6meit TeopMM OTHOCHTENHHOCTHY JHAHINTEHHA, MU (TEOMETpPOJH-
HaMuKe»). B neil cofepuTca ABa Kypca mo sToMy mpeiimery (kype 1
n Kypc 2). B Kypce 1 ocHOBHoe BHHMAaHHE COCPENOTOYENO HA KIlo'e-
BHX ¢usngecknx mpaeax. IlpensapmTenbHbie 3HaHMA IO MaTeMaTHKe,
HeoGxomuMHe i ero M3ydYelHs, BKIIOYAIOT JHAMIb BCKTOPIHN ana-
M3 ¥ OpOCTedINMe ypaBHEeHHA B MacTHHX nmpoussoauux. Ero yaoGHo
ACIOJh30BATh B KauecTBe CEMECTPOBOrO Kypca /A CTYAEHTOB Kak
CTApImNYX, TAK I MIAJUIKX KypcoB m acnuupanToB. Ilo MmHenuo asTopos
€ro cofiep;KaHme COCTaBIAET 06A3aTeNBHBIA MEHHUMYM 3NaHHI 0O Teo-
pUM TATOTEHHS, KOTOPHM J0J:KeH o0kafiaTh KaykABIH XOpOmMIi CTy-
nenT-¢usur. Ha cTpannmax, comep:kamux maTepuan Kypca 1, B Beps-
neM BHeITHeM Yray mnocTaBiena mudpa 1, mo3aBoaAwmas 4uTaTeaw
JIeTKO naxofuTh maparpadpl aroro Kypca. B ormaBienun Toit e
IeJH CIYRUT JKEPHASA YepHas depTa PALOM C HoMepamm maparpadon.

OcTanbuas 9acTh TeKcTa founojHAeT Kype 1 mo xypca 2. Uurarea
n mpenojiasaTenn ¢BoGOJHE BHOHpaTh B KavecTBe JOMOJHMTENIbIIOLG
MaTepuana Te JacTH Kypca 2, KOTopHe uX GoJjiee BCEr0 HHTEpecylot.
3a HeCKOJBKUME HCKIIOUeNuAMH Jio6asg riaaBa Kypca 2 MomeT Gt
OOHATA YNTaTeNeM, H3YYMBIIUM JHMIb UPEJHECTBYIOMMIT MaTepHal;
Kypca 1. Ucratouenna noapoGHO OTOBOPEHH B HAYAJe KAMKAOH IJaBh!
Kypca 2 | IpH KasKkJIoM mepexoje oT Kypca 1 x Kypcy 2 BHYTpH raak.

Bce usgamme B mexoM (modHOCTBIO Kypc 1 M moaHocThI0 Kype 2)
npegHasHavdeno AJMA TOAMYHOTO ACHHPAHTCKOIO Kypca B CTPOroh
H370KEeHAN, XOTA MHOTHE JIEKTODH, YATAIOIHUE TOHOBOM KypC, MOLYT
npegnodects Gojlee MENJIEHHHIA TeMIl, ONYCTHB 4YacTh MaTepnaia
Kypca 2. OHo fon;KHO JAaBaTh YPOBeHb 3HAHMI HO TEOPMM TpaBh-
Tanu, NpuGAN3uTeNbHO COOTBETCTBYIOMHAI YPOBHIO SHAHAN N0 TEOPHH
3JIeKTPOMArueTH3Ma, KOTODHIM B cpeflHeM o06iajaeT JOKTOp Quioco-

9%
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¢uu ). Korma crygeur JocTuriuer 3Toro yposiisi, ou 6yger 3uaTh
3aKOHBl (MBUKA B INJIOCKOM IPOCTpAHCTBe-BpeMenu (raasu 1-—7).
OH cMoO:keT JciaaTh IOPAJKOBEE OMEHKYM I M3YYaeMBIX SBJIEHHIT,
QU TAKAC 1IPOBOAUTH PACUETHI C NCIOJIL3OBAHMEM OCHOBHBIX METOJOB
coppenmentoll guddepennuanbuoii reomerpun (raasst 8—19) ¢ mwboit
pasymuoii crenennio toudoct. JLisg nero Gyger nouATHA TEOMETpliye-
ckast GopMyJHPOBKA OCHOBHBIX 3aKOHOB GM3HUKM B AyXe JiinmiTeiina
(faaBu 16—22). OH 03HAKOMHTCA ¢ OpIIOKeHUAME o0uieii Teopmi
OTHOCHTEJLIOCTH, MPELCTABIAIOIMHAMA HaM00JIbIIUNA UHTEPEC B HACTOSA-
Hiee BpeMsA: MyJdbCapamil U HeHTPOHHRIMM 3Beafamu (raasu 23—26),
rKocmogorueil (rmaBmt 27—30), reomerpueit Ilsapnwmnisga ¥ rpasiu-
TAUOHUBIM KoJiaancoM (raaeel 31—34), rpaBUTAMOHHEIME BOJIIIAMM
(razaBel 35—37); pPacCMOTPHT 3IKCIEPHMEHTH HO IpOBEpKEe TEeopHi
ditmmrreitna (ryiaBi 38—40). OH cMoOskeT YMTaTh COBpEMEHHYIO MaTe-
MATHYECKYIO JiuTepaTypy no guddepeHnuanbHO# reoMeTpuu, a Takike
HoBeimne nyGiMKaqul B GU3NIECKAX M AaCTPOPUBUTECKUX JKYPHATAX
10 TeOMETPOJMHAMUKEe U €ee HMPHIO;KeHHAM.

HOas Tex, KTO 3axo4eT MPOABMHYTHCA QaJjbllie, 9eM ypaBUEHHS
1moJisi, veThipe OCHOBHHIX 00JaCTH HPHIOKEHHH M 3JKCLEepUMelTH
o mposepke, B KoHme KHurm (raaBu 41—44) man Kpatkuii 063op
HEKOTOPHX IePCHEeKTUBHHIX HANpaBJieHuWit B o0meil Teopum oTHOCU-
TeabHocTn. Cpefiu 3aTPOHYTHIX TeM 0co0oe BHUMAaHHUe yHeleHO cynep-
HpPOCTPAHCTBY M KBaHTOBOM reomMeTpogmAaMuke. B aTmx raasax
chopMyNIHpPOBAHE HEKOTOpHEe KpynHeimume npoGaeMH  QH3HKH
f HAUNPABIEHUA HCCIENOBAaHWI, Ha KOTOPHX ydYeHHe B HacTosllee
BpeMsA KOHIEHTPADPYIOT CBOHM YCHJIHA.

CryneBTH ¢u3ngecknx, acrpofusudecKux H MaTeMaTAIECKHX
daryapTeToB BCe MeHee M MeHee MOryT GHTH y/OBIETBOPEHH NpPOCTO
GeceamMn mo o6mieit Teopmu oTHocuTeabHocTH. OHM XOTAT YCARINIATD
9€TKO C(HOpMyIUPOBAHHHE OCHOBHLIE TOJO/KeHHS 2TOi Teopmu, la-
VIATBCA CaMOCTOATENbHO OPHEHTHPOBATHCA B IOTOKe MHQopMaLm.
Bce 6osnumee 9MCI0 YHHBEPCHTETOB BBOAUT B CBOM HPOTPAMMBEL CEPLOE3-
Hble KYpPCH MO KJIAaCCHYeCKOdl reoMeTpoimHamuke J#HmTeiHA, cdop-
smysauposanuoit B 1915 r. CoBcem nHade o0CTOATO Hedo ¢ Kiaaccuiue-
cKoli aeKTpoguHamukoit Makcsemaa, cosqanmoit B 1864 r. B 1897 r.,
rorfa Jiamreitd 6wt crygeHToM B [liopuxe, 9Toro npegmera He ObL10
B yueGHOM pacuucaHuyM [a;Ke [OJOBMIUE eBPOIEHCKUX yHHMBepcHTe-
ToB 2). «Mpl pampacHo kZamM u3Io:kenus Teopum MauncBemman,—
BCIIOMHHAGT OMITH U3 COKYpCHAKOB Jinmreitna. «bouee Bcero 6nit
pazouaposan Jitmmreiin» [37], Tak Kak OH CYUTAT BMEKTPOAAHAMUKY
«gaunboiiee mpHUBJIEKaTCAbLHNM B To BpeMs npeamerom» [38] — omenna,
KOTOPYIO MHOTHE CTY/JIeNHTH JAlOT Tenepb Teopuu JiHmTeinal

Teopna Maxcpeaiaa HamoMuHuaeT Teopuio JUHIITEHHA NO TeM
cpoKkam, Kotopsie nonanobuaucs 1A ee npusnaunda. Haxe B 1904 r.

1y Mimeerca B BHAY CTemeHs HoKTopa ¢uiaocopum 3a pydemom; oHa 1NpH-
MEepHO COOTBETCTBYeT CTeNeHW KaHAHAATa (UINKO-MATEMATAIECKAX HAYK.-—
HMpum. nepes.

2) Holton G., wactHOe cooGmenue, 1965 r.
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MOTJia eLle HOSIBUTHCA KHUTa, HANUCAUHASA TAKUM KPYIIBIM HCCIEN0-
Bareaesm, Kak Buapam Tomcos, sopg Keabsun, co ciaosamm: «Tax
Ha3kBaeMasd (IJIEKTPOMATCHMTHAS TeOPHUS CBeTa» HOKA HUUYCTO HaM
He Jlaia ... MHe Ka;KeTCA, 4TO 3TO CKOpec Iar Hasafd... s NoJarawo,
9TO e[IHCTBEHHAA Beillb, KOTOpaA MHE KJAH(eTCs1 BPA3yMUTEALHOM,
ABJACTCA HENPHUEMIEMOM... TO, UTO HOJIKHO CYHIECTBOBATL 3JICKTPH-
4ecKoe CMemenue, NepHEeHIUKYIAAPHOe HANPABIEHUIO PACTPOCTPa-
Henns» [39]. MoskeT GLITh OJMA H3 CO3/ATENCit TPARHCATAAHTHYECKOTO
Tenerpada MMEHHO DOTOMY W BHEC TAaKOH 60JblION BKIAJ B MaKCBel-
JOBCKYIO 3JMEKTPOAMHAMUKY — OT ©JUHHI{ I OCHOBHHIX HPHHIMOOB
H3MEPEHHAA IO TEeOpHH 3JIeKTPOMATHUTHHIX BOJIl, pPacIpocTpaHalo-
IMEXCA N0 HPOBOAAM,— 4TO CaM BHAUAJe ¢ TAKHUM TPYAOM ee BOCHpII-
HAn? B TakoM cayuyae 3TO JOMKHO 06HANC/KUTH MHOTHX, KTO CErOfHSA
nayvaer reoMerpopunamury Jinmreina! K 1920 r., moj Bamsumes
HOBHIX JOCTH;KeHMii, oT Tenerpada HexbBuna mo pagmo Mapxkonu !t),
ot aromMa Pesepdopma m Bopa no HoBeiiimel TexHHKH BHICOKOYACTOT-
HHIX- KOHTYDOB, BO3HMKJO o0mee yoOemmenne, 1To MakcBesa Owii
npaB. COMHEHUSA OTCTYHHJH. YBEpeHHOCTh CTHMYJMPOBAJia JajibHEeH-
MAe NPHJIOKEHHA, HOBHE NPUJIONEHHA YRPEMJIAIM YBEPEHHOCTD.

Muorue cHagajna He TOPONMIMCH NPHHATH OGILYI0 TEOPUIO OTHOCH-
TeJbHOCTA, TAaK KaK KasaJoch, UTO OHA HOYTH He HMeEeT HpUJIOoKe-
auit. Teneps Teopua JiiumTeiiHa NpUBIEKAET MHOTHX HMEHIIO IIOTOMY,
qro ona Gorara npuaokeHuaMu. Mu Gosxee He orpanMdIMBaeMcs pac-
CMOTpenueM Tpex, XOTA W 3HAMEHHUTHIX, HO CKYXHBIX TeCTOB: I'paBH-
TaMUOHHOr0 KpacHOro cMemenus, uckpupienus COJHHEM CBETOBHIX
Jydeii U npemeccnu nepurenna op6uth Meprypus. O6mas Teopma
OTHOEMTEILHOCTH B COEJMHEHMH C PafdOJOKAIMOHHOM TeXHMKOM miar
3a 1aroM npeBpamaer HebGecHylo MexaHuKy CodHedHOit CHCTeMEI,
CO3KAHHYIO CTAPIHUM HOKOJEHHEM, B HOBYIO HAYKY C APYTHM YPOBHEM
TOYHOCTH, HOBHMH 3P@eKTaMM M HOBHIMM NepCleKTMBamMu. EnumHCT-
BEHHBIM MpHEMJEeMBM OODbACHEHHEM JJISA NYyJbCAPOB, OTKPHTHIX
B 1968 r., aBnA0TCA HElTpONHKLIE 3BE3AH, npeAckasanusie B 1934 r.,—
00'bEeKTEH CO CTOJb BHCOKOM HEHTPaJbHOM IIOTHOCThIO (~10% r/cm?),
9T0 mpeacKasandsa Teopun JAHMTEHHA OTHOCHTEABHO MX MacChl OTJIH-
qalTca oT mpeackasanuit Teopuu Hplorona na 10—100%. OTuocu-
TeJIbHO [AJbHEHINEro yBeNNUeHAS MJIOTHOCTY, 3aKAHIMBAIOIErocs
IpomeccoM TpPaBHTAIIAOHHOrO KoJjutanca, TeopmAa HuoToHa BOOGmE
MOJTHT; B OTJHYIME OT 3TOr0 ¢ MOMOMBIO KJIACCHYCCKOH reoMerpo-
aunamukn ditnmreiina B 1939 r. Guam upeackasannl CBOMCTBA TOJM-
HOCTHI0 CKOJLIANICHPOBABNIMX OOGBEKTOB — «3aCTHBIINX 3Be3M», WJIL
«depHHX Awnp». B 1966 r. cTamm n3BeCTHHI pe3yabTaTH NOAPOOGHEIX
YACJHEHHHIX pacyeToB o0pa3oBaHMA TAaKAX oOOBEKTOB B Ipomecce
KoJLIanca 3Be3] ¢ AAPOM, HAIOMUHAIOIDUM OCHEI KapJauK.

B mamm gun wameskaa BoepBhie OGHAPYRATH 9EPHYIO ALIPY —
OTHIOAG Lie camagd OecmouBenHad M3 HAEH, CTUMYJIHPYIOMMUX HAYIHHE

1) 3pech W MHOTAA B JajbHEiINEM 3aMCYaHUA ABTOPOB HCTOPMYECKOro Xapak-
Tepa.-cy6ObeKTHBHH. XOpomo HM3BECTHO, YTO MepBHil GecnpoBoNloYHH Tejerpad
6u1 cosnan A. C. IlonosuM.— Hpux. ped.
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HCC/Iel0OBaHMA B pAa3JIAYHHX HampaBieHuAx. Hakoe Bausnme Ha
CBOICTBA YepHOii ABIpH OKa3kBaeT BpameHue? Hakoro pojga Bemieck
rpaBUTAMOHHOTO M3JY4eHHS HCIYCKAaeTCsI UPH 0Opa30BaHMM TAKOIO
obbexta? lakoil popMuUpyeTCs CIIEKTp PEHTTEHOBCKUX Jydeii, Korja
ras, OTTeKawIIMil U3 cocefHedl 3Be3bl, 3aTATUBAETCA B YEPHYIO
meipy 1)? Bcee mccieoBaHMA Takoro poga, a TaKkike pAX APYTHX,
OCHOBAHBI 11a KJIACCUYECKOM cepHYeCKH CHMMETPUIHOM CTATHIECKOM
peuleHVH 3HHMITeTHOBCKUX ypaBHeHMi moJis, mojydenHom B 1916 r.
IiBapuuuabaOM M BIEpBHE HO-HACTOAMEMY MCTOJKOBAHHOM B COBpe-
meHHoM cmbicae B 1960 r., a B 1963 r. o6o6menHoM Ha YepHEE JABIPH
C MOMEHTOM BpAaLIeHUA.

llomumo TectoB B ConHeuHO# cHCTeMe M APYrdX OPHIOKEHHI
TEOPMH OTHOCHTEJBHOCTH, HOOMHUMO NIYJIbCApPOB, HEATDOHHHX 3Be3[
U YepHBIX AP, HOMUMO TE€OMETPOCTATHKH (Cp. ¢ 3JIEKTPOCTATHKOI])
U CTAHMOHAPHHX TreOMEeTpMH (Cp. ¢ MATHMUTHHIM HOJEM IOCTOAHHOTO
ToKal) cymecTByeT reoMeTpoANHAMMKA B TMOJHOM CMHICJIE 3TOrO CJIOBa
(cp. ¢ asexkTpoguHamuroil!). Hurge Tak 4erko, Kak 3fiechb, He BHICTY-
[DaeT BeJuKasa ujes JUHUITEHHA: reoMeTpUs NPOCTPAHCTBA SBJIAETCH
HOBOUl (PUBNYECKOH pealibHOCTbIO, HANENeHHo#l cTeneHAMH CBOGOIH
1 obaamawileil ceoeil co6cTBeHHOM AuHamuKoi. Hak mokazan JitnHm-
reiin B 1918 r., medopmaiuum mpoCcTPaHCTBEHHOM IEOMETPHH MOTYT
NepeHOCHTh 9HEPTHUIO M3 OJHOrO MecTa B Apyroe. B HacTosmee Bpema
BO MHOTOM Onaromapa wumuuimuatuse [rosedpa BeGepa nxetextopm
rPaBUTAIMOHHOIO HMBJIYYEHNS YIKe NOCTPOEHH U MCIOAb3YIOTCH A
YCTAHOBJIEHNS BEPXHUX HpPeNeNoB IOTOKA IHEPTUM IPABUTANMOHHBIX
BOJH C OIpeJeJIeHHHIMU 3HAUYEHMSIMH YacCTOTH, NPOHUBLIBAIMKX
demiio. HuKTO 0 HAMX AHe# He MOr HO-HACTOAMIEMY LPECTABHTDH
cebe, KaK MHOTO ABJIEHHIl PA3JIHIHOTO POJA HOJIKHO CONPOBOMKAATHCA
3HAYMTEJbHHM TpaBHTAMOHHBLIM H3NTyveHHeM. Hukxorma panee
He OELTI0 TAKOTO MHTEpeca K BEIAEJEHUIO 3THX CHTHAJIOB HOBOTO THIA
U HMCIOJIb30BAHHMIO MX IS perncTpanuyu fadexux cobmruit. Hukxorga
panee He OHUIO TaKoro CTpeMJIeHHA B IeJoMm paAfe JaGopatopmit
HOAHATb YYBCTBATEABHOCTh NpulOpoOB [0 TAKOTO YPOBHMA, dYTOOH
rPaBHTALMOHHOE M3JIYyYEeHHE CTAJI0 HOBHIM IIPHBHYHHIM OKHOM Bo Bce-
JEHHYIO.

Pacuiupenne BceneHHoll ABAAeTCA CaMbIM BHIAMHUMCA TECTOM
IJIsi TEOMETPOANHAMUKM JHHINTeAHA, a KOCMOJOras — caMoil o6mmp-
HO#t ob6nacTeio mpumeneHus. llpeAackasanme Teopme#dl pacIIHPEeHHA
BcesnenHoit 3amoiiro [0 €ro 9KCHePMMEHTAILHOTO OOHApYKEHAA
(1929 r.) Geir0 caumkom ¢aHTacTU9HO, YTOOGH €aM aBTOP B HErO
nosepuii. Haxogsch B mpoTHBOpeYnu ¢ KOPOTKO#M BpeMEeHHOM MKAMOM,
nonywennoit Xab6iaoM mIA pacmMpeHHsA, B NPOTHBOBEC (TEOPHUAM)»
(¢cTaluonapHOe COCTOSIHME», (HEIPEepHIBHOE pOKAECHHE MATEpHM»),
HOCTPOEHHBIM JIJIST ONPABJAIMA M IPAMEHEHAA 3TOM KOPOTKOM HIKAJHI,
Kiaccuyeckas o6mas TeopuA OTHOCHTEJBHOCTH PEHIMTENbHO HacCTak-

1) R anpesio 1973 r. HIMEIOTCA BeCKHMe IOBOJK B 10Jb3Y Toro, uto JleGeap X-1
M Apyrue KOMIaKTHBE PEHTIeHOBCKHE MCTOYRHKHM MOTYT OHTH YepHHIME JHPaMH,
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Bajla Ha MNpeJcKkasaHuu JIKTEJbHONH BpeMeHUOH INKAJAB; U BCe 3TO
8a JIeCATKH JeT J0 Toro, Kak acrpodusukm yGemuaucn (1952 r.),
4r0 xa66/0BCKaA 1IKaJa PACCTOAHMII M BpeMeH HeBepHa M JIO0JKHA
6hiTh yBesmuena Goisee geM B O pas. [laBas pacxoskaeHue npubanau-
TeabHo B 30 pas B 3HAYEHMH CpefqHedl INIOTHOCTH B3HEPTUM-MACCH
BelecTBA Bo Bcelenmnoil mo cpaBHEHMIO ¢ HEXaBHUMHU acTpodusmue-
cknmu paHHnmMg 1958 r., Teopusa IJiHINTEHHA, KaK M MECATKH JeT
Ha3ajJ, HacTamBaeT Ha (oJiee BHICOKOM MJIOTHOCTH, BHIABHTASA «3arafKy
HeflocTalOmed MaTepHuU», CTUMYJHpPYET acTpPOPU3MKOB HA HeOmpexpa-
nmapmuecs MOMCKY, KOTOphIe ¢ KasKIBIM TOJOM MPUBONAT K BCE€ HOBHIM
CBUJIETEIILCTBAM B IOJb3Y CYMECTBOBAHHA MATEDHH B IPOCTPAIHCTBE
MEKIY TaTaKTHKAMM.

O6mas Teopusa OTHOCATEIBHOCTH MPEACKA3a/Ia CYymMeCTBOBaHUe Iep-
BAYHOTO KOCMWUYECKOTO M3IYIeHHS OT ¢HAYAJIBHOTO B3PHIBA» M HaKe
opubimkeHHoe 3HAYEHNE ero TeMOepaTypHl B IAlly 3MOXY 3a CeM-
HaJiaTh JieT MO €ro OTKPHTHA. JTO M3JAYy4YeHHe HeceT MHPOPMAI{HIO
o coctoguun BcemenHoii, korga ee MHHeANEe pasMepsl GLUIH B THICAYY
pa3, a o0beM — B MMJJAMAp] pa3 MeHbIe, ueMm ceifgac.

HBasuasesgusie 06bexTs, oTKpHTHe B 1963 r., mawr Gosee moa-
pobHyio uHpoOpMALHNIO O He CTOMb OTAAJEHHOM dMOXe, KOrha JHHelne
pasmepH Bcenennoit 6slid B fBa — 9eThIpe pasda MeHblle, 9eM ceifigac.
Mudopmupysa Hac o Tex CTammsX IBOJNIOIMHM TAJIAKTHK M Bcenennoi,
0 KOTOPHIX MBI HE MO;KeM Y3HATh MHEIM CIOCOGOM, 3TH O00'BEKTHl HPEX-
CTaBJIAT coGoit HeuTo Goibllee, YeM TPOCTO MAAKH, OCBEI[AKOMYE
nanexkne obmactu Bcemennoit B pgamexkom mpounioM. OHH BHAENAIOT
3HEPTHI0 B KOJMYECTBAX, KOTOpHle He BCTpedaTca Hurge 6ojee
B0 Bcenenmnoit. Onn BHGpACHBAIOT BemecTBo ¢ yAUBATEIbHOM Hampa-
BlenHocThio. Mx manyuenne 3arafiodHsiM oGpa3oM MeHAETCA BO Bpe-
Mend, OpHYeM NO-Pa3HOMY B CBEPXBHICOKOYACTOTHOM MU BHIHMOM
AnanasoHax. HBasmameaguele 00BEKTHI M Apa TaJaKTHK, HepBEE
Ha OTPOMHHEIX PacCTOAHUAX, BTOPHIE, HAXOMAMuUecA OMHMKe K HaM,—
B Gomee menmkoMm macwitaGe, GpocaloT BH30B ofmeil Teopuu OTHOCH-
TeJILHOCTH: MX TAWHH elle He pasragassil

U ecam Goxpimoe KOIMIECTBO UPUIIOHKEHHH reoMeTPOJHHAMAKE
JiiHINTeHA NMpPUBJIEKAET K ee M3YYCHHI0 MHOTHX MOJOAHIX acTpodu-
3MKOB, TO MO TOH ;Ke IPHYMHE 3Ta TeOpUA MPHBJIEKaeT N PUIUKOB,
3aHMMAMKUXCA PH3HIECKO KOCMOJIOTHEH, SKCIepHMEHTaMu 1o o0meit
TEOPHH OTHOCHTEJABHOCTH, TDABHTANAOHHBEIM W3JIyYeHHEM, CBOHCT-
BaMM 00heKTOB M3 CBepXIUIOTHOro BemecTBa. O HApyroit nmpuumse,
KoTtopasg MokeT noOyanTh K O3HAKOMJIGHHIO C 3TOil Teopmeil,— 06
H3yYeHHNH TIOZOTBOPHOA TOYKHM 3peHHMA IJAHIITeiHA HA FeOMETpPHIO,
KaKk Ha HOBHII ammapaT B ¢u3uke, MH 3[JeCh He OyaeM TOBOPHUTD,
MOCKOJABKY, KaK HaM KayKeTcsI, 0 He#H CBUAETeABCTBYET Ka:kmasd
r1aBa JaHHOK MOHOTpaduu.

3agem ny:;kna HoBadg KHura? IloABWJIMCH HOBHE NpPUIOKEHHS
o6meii TeopuM OTHOCHTEIHHOCTH, YPE3BHYAMHO HMHTEpecHHe ¢ (usn-
9eCKOil TOUKM 3peHHA; ycTapeau H3/[aHHHe paHee IPEKPAaCHEe mocobnsa
| cpen HUX Jaxce Brjaouasica mororpadusn [40], nanucannas Boand-
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raurom Ilaymai B BodpacTe gBagmata oguoro roga. K Tomy ke nudde-
peHnMaIbHAA TeoMeTpHUA HACTONBKO H3MeHmIach mo ¢opme, uTO
daxTHuecku cTana HEKOCTYHNHOH IJA CTyHeHra, o0yueHHe KOTOPOTO
OTPAHMYEHO JIMINb TPAJUMHOHHEIM TEH30DHEIM MCUMCIEHHEM, HCHOJb-
ayemuiM B Gosee pannnx paborax. EMy TpyAHo, Wim Jayke HeBO3MOM-
HO, pas3o0paThcA B COBpeMEHHRIX MaTeMaTHdeckux paborax, cdopmy-
JMpPOBATh [JIA MAaTeMaTHKAa, KOTOPH#A MOr OH eMy IOMOYb, CTOAMLYIO
uepen musm ¢usnveckyi mnpobiemy. MH He HamiIm MHOrO cmocoba
BHIIOJIUATL CBOM JAOJT mepef CTyNeHTAaMH HAUIKX MHCTUTYTOB M YHH-
BEPCHTETOB TOMIIMO CO3/{aHAS HOBOTO Kypc€a, CIOCOGHOro HATH ray-
foKkue 3maHuA OO IPENMETY, C COBPEMEHHHIM MATeMAaTHYeCKHUM amma-
parToM, OpHeHTHPOBAHHOrO HA PuaHIecKUe N acTPOPUIITIECKHE IPHIO-
MEeHHs, TpeNCcTaB slomne Han6oNbIINiI HATEpEC B HAmMM AHHU, M OPO-
HA3aHHOTO BEpOil B TO, YTO MUP YCTPOEH KPAaCHBO H HPOCTO.

Xai-Aitens, Yapas B. Musuep
Cayr-Bpucton, mwrrat Mau Run C. Topn
4 cemtnOpa 1972 r. Hocon Apuubaad Yuaep



OT ABTOPOB

Mol BHpaskaem ray6oKyi0 IPA3HATENBHOCTH BCEM TeM, KTO Cjeiad
BO3MO)KHEIM NOfABJIEHMe 9Toi kuurd. Hosrera unraeT HaM crnerualb-
HYI0 JIEKIMI0, YTOGK MEI MOINIM HA e€e OCHOBE HAMHCATH Oy I3 TJaB
sToii kmuru. J[pyroil ucciemoBaTesb pasbmpaeT 1A HAC CJOMKHBIHA
BONIPOC POKAEHHSA MATEPHM M3 BaKyyMa IPH HAJIMIHH CHIBHHX IIPH-
JAMBUBIX TrpaBuTamUOHHHX cmia. Jlamexknmit Koxiera cooGmaer Ham
no Tejsedorny coucox paboT, Kacaom@AXCAd HEH3MEHHOCTH BO BPCMEHH
Pusugeckux mnocTosruuX. OguH HCCIEROBaTeNb CTABHT HpobieMy
IVIOTHOCTH 3HEPrHHM HYJEBOr0 3JeKTPOMATHATHOro wuoxasd. J[{pyroi
cnabkaer Hac KpUMBHIMA 9QPeKTUBHOro HOTeRHMMaNa Kak (yHKnum
paccroanusi. BubanoTekapp mmmer 3a rpasdmy, 9To0bl KOCTAaTh AaA
Hac cTaThio B MajlouaBecTHOM siypHate. Cexperapb Jjiob6e3Ho mepe-
nedaTeIBaeT B TpeTwii pas nepepaboraunyio raasy. Pegaktop u Xynoik-
HAK HOpOABIAIOT HM306peTaTeNbHOCTh, Dpemas HempocTylo mpobiaemy
opopmaennsa. JIume yMHO)KHB 3TU JApYyKeCKHE NPOABAEHHA NOMOIH
H TeIIoro COTPYAHMYECTBA IECYETHO® UMCJIO Pas, MOKHO TOJNYYHTH
HEKOTOpOe IpeACTaBlleHHe 0 TOM, 4eM MH o6A3ann 6ojee uem moay-
TOpa coTHAM CBOMX Kojyer. O6pa3 KakIoro u3 HHX OCTAJNCA B Hamei
NaMATH, H HAlA CepANa IAamoJHEHH GIaroZapHocThio BceM uM. M
BEHIpa)kaeM TaKse cepaeunylo OmaromapHocth Hanndopuuiickomy
TEeXHOJOTHICCKOMY MHCTUTYTY, HHCTHTYTYy HOBeiuIX HCCAefoBaHMII
B Jly6aune, NHcTuTyTy noseimux ucciemosaunmit 8 1lpnncrone, ¥Yuu-
sepcutery B HKuoro, Yuupepcurery mraTta Mopuaens, I[Ipuncrou-
CKOMy yHHMBepcuTeTy m YmuuBepcuTery mrtara Texac B Ocrume 3a
FOCTeNPHEMCTBO BO BPEMA HANNCAHMA 3TOX KHHMTH. Mbl Gaaromapsl
Axagemnn nayk CCCP, MockoBCKOMY YHHMBEPCHTETY H HAUIHM COBeT-
CKMM KOJLJIETaM 33 HX TrOCTEeNPHUMCTBO H IpPEJOCTABIGHHYI0 HaM
B uone — uioie 1971 r. Bo3MOKHOCTH Jydme 03HAKOMATHCH C COBET-
CKHMH paGOTAMH IO TEOPHHA IPABATANKH. 32 TOMOMb B HCCIENOBAHUAX,
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BOIUEAIMX B 3Ty KHHUTY, MBI Gaarogapmm HamuonanoHmit HaydsbIi
¢onp (cybeugum GP 27304 u 28027 Kaatexy, GP 17673 u GP 8560
Mapunenny, GP 3974 u GP 7669 Ilpuncromy), Otmexr Hayu-
HEIX ucciaegoBanmit Boenuno-posmymnrix cmax  CHIA (cyGeupmsa
AF 49-638-1545 Ilpuncrony), HauuonanbHoe ympasienme mo aspo-
HaBTHKE U HCCJIEJOBAHAI KOCMHYECKOTO MpOCTpaHcTBa (cybGcumms
NGR 05-002-256 HKaxarexy, NSG 210-002-010 Mspunengy), domng
A. Caoyna 3a crunenauio ogaomy u3 asropos (K. C. T.), memopuaas-
ueit goux JUk. Tyremxeitma m xomnemx On Coync B Oxcdopne
(Anraus) 3a cTHmeHANH, npeJocTaBIeHHEle Apyromy asTopy (U.B.M.).



YACTb |

DU3SUKA
NMPOCTPAHCTBA-BPEMEHU

B romopoii vumameas crnauasa Gezao (§1.1),

a 3amem Goaee nodpob6Ho 3HAKOMAM

C OCHOBHBLMUL NOAOHCCHUAMU U HEKOMOPHMU

6oaee emopocmeneHHHUMU 80RPOCAMU
2eomempodunamuru IJiHwmelina,

He noab3yACb 6 Kauecmee KOMNAca NPeuMyuiecmeamu
TOpOULe20 MAMEMAMUYECK020 aAnnapama.






1. TEOMETPOAUHAMUKA
B KPATKOM U3NOXEHUU

§ 1.1. MIPUTYA O ABJOKE

Odonancon ¢ 1666 2. Hviomon okasaacs 3a zopodom u, yeudes,
kak ynaao 3640k0 (06 amoM MHe DACCKA3AAA €20 NAEMAHHUYAL),
nozpysuacs 8 2ayboxue PasMuUAEHUR 0 Mol npuiuke,
no Komopoii éce npedMembl YeACKAOMCA 6 HANPABACHUL,
nowmu mouwro cosnadamueM ¢ HanpasienueM K yenmpy 3emau.

BOJIBTEP (1738 r.)

OpaaKAH B cafy nmofx AOGToHeH JeKal CTYNeHT M PasMHIIAN O TOM,
Kak 110-pasmoMy monumard rpasatanuio Heiororm m JifmmmTeiin.
Heoxagaano oH B3Aporuya: pagom yaoamo fbmoxo. CTymeHT B3ras-
HyJl HA Hero A 3aMeTHJ, KaK OO ero mMOBepXHOCTHA 3aberanm MypaBbH
{par. 1.1). Emy cramo mo6onHTHO, A OH PEMAN BHIACHATD, HO KAKOMY
OpHAGAOY MYpPaBbu BHIGAPAT CBOM nyTh. Bocmoap3oBaBmuach yeeau-
TUTENbHHM CTEKJIOM, OH THIATeIbHO OTMETHAJ NYTh ONHOTO MYpaBbA
#, OTCTYHUB OT HEro B KAa;KAYW CTOPOHY IO MAIAMETPY, cIenal
HOKOM [1BA MAapaLIeThHBIX Hanpesa Ha AGTOTHOH Komype. 3artem
OH CHAT MOJYIMBIIYVIOCA TOPOKKY M3 KOKYPH W PA3TOKAI ee A
cpoeil kuure. Temeps nyTh MypaBba Ha 2TOH ZOPOKKe ORI HpPAMBIM,
CI0BHO jiy4 Jasepa. HeBo3avo:kHo GHIIO OTHICKATh 6ojlee IKOHOMHOTO
OVTA OIS IPeoRONeHuast Tex NeCcATA CANTAMETPOB, KOTOPHIE Pa3XeTaan
HA9IaJI0 M KOMEN BhIpe3aHHo# modockA AGTOIHON KoRypH. Jloboit
3Ur3ar MO [IABHLLH TOBOPOT OPH IBU/KSHUM MYypPaBbA U0 AGIOTHON
KO/Kype Me:KIY HA9adbHOM M KOHSUHOU TOUIKAMMA YBeXMIw Ol JIAHY
€ro myTH.

«Kakasa npexpacHas reoie3uTaecKasy, — OTMETHI CTYIEHT.
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OUT. 1.1.

3peck puMaHOBAa TeOMETPHA IPOCTPAHCTBA-BpeMeHH o0meill TeOPHH OTHOCHTENb~
HOCTM CHUMBOJIMYECKW HpEACTaBJeHA B BHJE RBYMEDHOH TIeOMETPHH HA NOBEPX-
HOCTH sbinoka. Teoneswueckme, BJOAb KOTOPHX IO NOBEPXHOCTH sAbsoka moi-
3aI0T MYpaBEl, ABIAIOTCA CEAMBOJNINYECKRM N300paskeHneM MEPOBHX JINBEHIi, BIONb
KOTOPHX B NpPOCTpaHCTBE-BPeMEHM JBMIKYTCA CBoGonmEHe yacTHOH. B mio6oi
NOCTaTOYHO MAJjoii 06NacTH NPOCTPAHCTBA-BPEMEEHN TeOMETPHI0 MOJKHO IpH-
OABKeHHO CYMTATH NJIOCKOHA, W HA JABYMEDHOM HOoBepXHOCTH AbMOKa 9TO mpen-
CTABJIEHO MOYTH NPAMOJUHEHHHMY OTPE3KAMH reoie3nIecKHX, X0PoIo BAAVMEIMHA
4epea yBeJWUNTENbHOE CTEKJO (WIOKRAbHO JIOPEHLEB XapaKTep» TIeoMeTpHA
npocTpamcTBa-BpemcHM). B Goiee MpPOTAMKEBBHX o0NACTAX NPOABIAETCA KpPH-
BU3HA MHOrooGpasus (YeTHPeXMEePHOTO NPOCTPAHCTBA-BPEMEHN B CJyuae peaib-
HOTOo PH3MIECKOTO MUPA; KpHBOANHEIiEOIT IByMepHO TeoMeTpHH B ciyuae A6JI0Ka).
JIiBe reopesmyeckme ¢ ¥ 43, BHXOAAMME IIOX HOKOTOPHM YIIOM ApPYT K APYyTy
M3 ofHOll TOYKM J’, BAUMHAIT COMMIKATHCA, 3aTeM TePeceKaloTCA H PACXOIATCA
B COBEPINEHHO pPa3NWYHHX EanpasieEaxX. B teopurn Helotoma srot addexr
NPMNNCHBAETCS TPABMTAUMORHOMY BO3NEMCTBMIO HA PACCTOAHHHM CO CTOPOBH
NEHTPA TPATAKEHMA, KOTOPHII CHMBOJMYECKHM NpeACTaBleH 3/1eCh HePCHKOM
a6noka. CornacHo JUEMTEHHY, TPAeKTOPHSA YaCTHIH ONpefielifAeTCH JIOKAJBHOM
TeoMeTpHeil IpOCTPAaHCTBA-BPeMEHH B TOM MecTe, Ijie OHA HAXOMUTCA. «Y Ka3aHUm»
TCOMCTPHM OYeHb IPOCTH: ABHIATBCA KAK MOKHO NpAMee (IO TeOAe3HYCCKOM).
JlokanpHo ¢M3NKa HACTONBKO IPOCTa, BaCKOJBKO 3T0 Boobme BoaMoskHO. Tpaek-
TOPMH TIEPECeKAIOTCH TOABKO BCJENCTBHE KPMBU3HH IPOCTPAHCTBA-BPeMeHN
B Goapmux Macmtabax. Kopose roBopsi, reoMeTpONMHAMHKA BKIIOYaeT XBA
MOMEHTA: BO3JICliCTBME TEOMETPUH HA MaTepHIo (NpHBOJAIiEe K IepeceyeHHIO
UEepPBOHAYANLHO PACXOAALIMXCA TeofieaNueCKnX) K Bo3fleiCTBHE MaTepUil Ha reo-
MeTpMI0 (MCKpHBIEHNE NIPOCTPAHCTBA-BPEeMEHN H3-3a HAJNYMA KOHICHTDAINH
MacCH, CHMBOJHMYECKH HpeACTaBIeHHOe MCKPUBIeHHOH HOBEPXHOCTHIO fAGIOKa

BOJIH3M uepeHKa).
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Ero BariAx ynaia Ha AByX MYpaBbeB, OTIPABHBIIMXCA M3 OZHOH
U TOH ke Toukm &° B HanmpaBjJeHHAX, CJIerKa OTIMYAIOMUXCH APYT
oT apyra. Ha atoT pas ux nyTu ciaydaiitno npoJierin BOaIu3u yriyo6ie-
HUA B Bepxuei gacTu sAGA0Ka, mpudeM IO pasHbie CTOPOHBI OT HeEro.
KHaskamit n3 mypaBbeB K0o6pOCOBECTHO CJEROBAJX BROJBL CBOEH reoe-
audeckoit. KHampgmii crapaaca Oexarb mo AGIOYHOM KOKype Kak
MO;KHO npsaMee. OZHAKO u3-3a COOCTBEHHON KpMBHM3HH YrayGiaeHns
HX OYTH CHAYaJa IepeceKJuch, a 3aTeM PAa3oNUIACH B COBEPIIEHHO
Pa3HBIX HANpPABJIEHUAX.

«MokHO JM npugyMaTh Gojiee YAAYHYI0 MJILIIOCTPAIUIO NI Ieo-
METPUYECKOH# TeopHu TATOTeHHsA ONHMmTeHHA? — 3ayMINBO HPOHM3-
HEC CTyHgeHT.— MypaBbu [BMIKYTCA TaK, OYATO UX NPHATATHBAET
K AGaouHOMYy dYepenky. MoskHo b0 OH MOBEpPHUTH H B HHIOTOHOBCKYIO
cuay, AeMCTBYOINYW HA paccTosiund. Ho MypaBbl0 HeueM PYKOBOJI-
CTBOBAThCA NIpPH BHIOOpEe CBOEro NyTH, KPOME JIOKAJLHOH TeoMeTpH:l
HMOBEPXHOCTH, II0 KOTOPOi OH MoJi3eT. A 3T0, 6e3yCIOBHO, M €CTh KOH-
mennusa Jinmreiina, NoApa3yMeBalOIasn, 9T0 NPUYNHON Bcex duanmde-
CKHX SIBJICHUII ABJIAETCA JIoKaabHOe BoapeiicTBue. M kaxk ona oram-
9YaeTcA OT HBIOTOHOBCKOIO HOJAXOfa B (M3MKe C €ro «IajbHOJeiCT-
Buem»! Temeps s ropasgo ayduie noHAMalo, 0 YeM TOBOPUTCA B 3TOi
KHHUTE»,

CkazaB 9T0, OH OTKPHUI CBOW KHMry W mpouex: «He nwitaiitecs
ONUCHIBATH JIBUIKEHHE IO OTHOILIEHHI0 K yHaJeHHHIM o0bexkraM. Dusu-
K@ npocma moabKo npu AOKAAbHOM aGHasuse. A JOKaJIbHO MHPOBAs
JIMHUA, BAOJH KOTOPOM ABUKETCS CIHYTHHUK (B IPOCTPAHCTBE-BPEMEHM,
BOKPYTr 3eMin), ys;Ke ABJACTCA TPAMONM, HACKOJIHLKO MHPOBaA JHIUA
BooOme MoxeT ONTh npAMoit. 3a6yAbTe BCe 3TH PAa3roBOPH 006 «OTKJIO-
HEHHHU» OT NPAMOJUNEHIOT0 ABU;KEHHA M «cuie Tsarorenus». fl maxo-
JRyCh B KOCMHYeCKOM Kopabixe. Wau miaBao B KocMoce OKOJO HEro.
PasBe s wyBcTBy10 Karyw-aubo «cuay rpaBuTammuy»? Hugero noso6-
Horo. QyBcTByeT am oty cuay kopabaes? Her. Torna 3aseM roBopurh
o Heii? Cuuraiite, 9To 1 Kopabib, n A nepecekaem o6JacTs nmpocTpaH-
CTBa-BpeMenH, B KOTOpoi He JeiicTByioT Hukaxkue cuawl. Cuntaiire,
9TO ABWKEHHE B 3To#l 00MacTH yyke ABIAETCA NIAEATHHO HPAMEIMY.

Nocavimanca curnax k obefy, 1m0 CTyNEeHT Bce eme CHAEN, pac-
cy:xpaa npo cebsa. «Mue Kasiercd, UTO CyTh DHHINTEHHOBCKON Treo-
MeTpHUeCKOH TeOpHM TATOTEHHS MOKHO KpPaTKO BHIPa3uTh B BH/E
Tpex moJjokenmii: 1) JoKadbio Teome3awyecKue Ka;KYTCA IIPAMBIMI;
2) B Gosee oBmHMPHEIX 006:1acTAX NMPOCTPAHCTBA-BpPEMeENH Te Teofiesii-
YeCKMe, KOTOpHe CHAYala pPACXOAATCA, HAYMHAKT BIIOCJICICTBHH
cOMKaTHCHA CO CKOPOCTBIO, ONpeiesiAeMoil KPHBA3HON MTPOCTPANCTBA-
BPEMEHN, M 3TO BIMAHHME TEOMEeTPHU HAa MATEpHI0 M eCcTh TO, YTO MBI
CerofnA mojfjpasyMeBaeM II0;[ CTAPLIM CJIOBOM (TATOTEHUE»; 3) MaTepns
B CBOI0O odepenb RedopMHPYyeT reoMeTpHio. Yriaybienme nma moBepx-
HOCTH AGJOKA BO3HHMKAeT MOTOMY, 94TO TaM ecTh uepeHok. f mymaro,
9YTO BCE 3TO MOMHO BhHIpasmTh eme Oojee KpaTko: ITpocmpancmeo
6030eticmeyem Ha mamepui, «ykasaweany eii, kax deucamocs. Mamepus
6 Ceol0 ouepedv okasvieaem obpamuoe Oelicmeue K@ nRpPOCMPAHCcMEo,

JIoRambHOE

NOHHMAHEE
HIHKH
umTelina

H HbBIOTOHOBCROL

«jeitcreae

HA PACCTORMEH»

®Hn3uMEa npocTa
TOALKO NPA N0~
KaJIbHOM 8HAJH3C

IIpocTpancTEO
YKA3LIBAET
MATepHH,

K8K JBHraThes

Martepns
yRasbiBaer
NPOCTPAHCTRY,

KAK MCKDHBIATLER
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yKaspeasy emy, kak uckpuesamuvcs. JlpyraMu caoBaMM, HaJH9IMe
MaTepuH B JAHHOM MeCTe,— CKas3aj OH, BCTAaBadA M MOJHHMASA 3a Uepe-
HOK #A0JI0KO,— IPUBOJAT K KPHBH3HE NPOCTPAHCTBA B DTOM MeCTe.
Yro6n MCKPUBHTH HPOCTPAHCTBO B HAHHOM MeCTe, ero HeoGXOoTuMO
HCKRPHABHTL N B COCEOHHX 06.7[30’1‘}].‘(,— apojgoKaja OH, naﬁmonaﬂ
3a 3aMENIKABIIMMCA MYpaBbeM, JEeJOBUTO CHEAYIOIMM BAOAL cBoei
l‘eOllGi?.ﬂ‘IOCKOﬁ Ha pacCTOAHHUM TOJIMUHEL majgbna OT 9YepeHKa.— Tax
MaTepus B JJAHHOM MeCTeé OKashBaeT BIMAHWE Ha MATePHI0 B APYroM
mecTe. ITO H eCTh OObACHEHHE «TpaBUTALHMY, JaHHOE JMHINTeITHOMY.

OGegeunslit cHTHAJ 3aTHX, M OH ymeld, yHeca ¢ coboil KmHATY,
VBEJIRUUTEIbHOe CTeKJOo — U H6J0KO.

§ 1.2. IPOCTPAHCTBO-BPEMA C KOOPAMHATAMH
N BE3 HUX

U eom MmHe npuwao é 20408y: ... mom gaxm,

umo Yyckopenue c60600H020 nadeHus

He 3agucum om npupolsl nadawwezo eewecmea,

donyckaem caedyioliyee moskosanue: 6 noae msizomenus

(maso0li npocmparcmeenHol npomaXceRHOCmuU) éce npoucrodum mak,
Kar 6 npocmpaHcmée 6Ge3 mazomeHus...

9mo npousowao ¢ 1908 2. I[Touemy nowadobuaoce ewe cemv aem,
umofel nocmpoumsv 00WYI0 MEOPUIO OMHOCUMEALHOCIUP
I'rasras npununa 3akaiouaemcs 6 mom, YWmo He Max Ae2K0
oceobodumucs om npedcmasieHus, umo KoopOurambl

uMeom npaAmol Mempuieckull cMuca.

A BMHMTENH [77)

IlIpu mepBoM 3HAKOMCTBE C MOHATHEM (ACKPUBJICHHOT'O IPOCTPAHCTBA-
BpeMeHi» HUYTO TaK He yApYdaeT, Kak 60A3HbL TOro, 4TO B 3TO# He3Ha-
KOMOil CHTyaIuu BCe IPOCTHe METOIAL H3MEPEeHUs Yke HemPHMEHHMHI.
YyscTByelh ceba Tak, Oyaro Tebe Hy:KHO OOMEpHTH THTaHTCKHIl
aiicbepr mpuuygmuBoit ¢opMH, M TH CTOMIIb C METPOM B pyKax
B ULTIONKE, KOTOpYK OpocaeT M3 CTOPOHH B CTOPOHY HA OKEAHCKHX
Boanax. BoT eciu O Hy:;KHO ObLIO 00MepHTH GOpPMY CaMOif ULTIONKH,
TO 3T0 He mpeacTaBiasAxo O ocoboro Tpyma. Me BhiTaimuau Ol ee
Ha Geper, mepeBepHyaH ¥ BOHJIH B OMOPHHEIX TOYKAX IO BCell moBepX-
HOCTH rBO3fuKu. M3aMepHuB paccToOAHUA Me;KAy rBO3TUKAMMU, MH HOJY-
gu;n 661 GopMy Bceil IOBEPXHOCTH. Y BEJIMIHBAS IHCIO TBO3AUKOB,
MOKHO BHIIOJHUTH 3T0 ¢ JI060it TogHocThI0. TpebGyercsa kKyma Gonbine
CMeNoCTH, 4YTOOBI pemuThCA 3a6HTh HECKONBKO JECATKOB KPIOKOB
IIA pasMeTRH orpomHoro aiicGepra. OgHako mpu BCeH CMEIOCTA KaK
MO;KI0 3a0MTh TBO3[(b B HPOCTPAHCTBO-BPEMS, YTOOE OTMETHTH B HeM
Karyw-1u60 Touky ? K c4acTsio, KaK BrnepBhie HOAYEPKHYI JHHUITEHH,
y NpHPOJH ecTh CBOH Cmocol JOKAAM3AIMHM TOYEK B IPOCTPAHCTBE-
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TlepeceucHre COJOMMHOK HA CCHOBAJe, HAMOJHEHHOM CEHOM, CHMBOJIN3HPYET
MApPOBHeE JUHHII, 3AM0JHEAINC TPOCTpaBCTBO-BpeMsa. Ilepeceuenus u INCKpHB-
JIeHiA 3THX MHPOBHX JIHHUI O{HO3HAYHO ONPERENAIOT COOGHTHA, M KOOPJHHATHRX
cHCTeM M KoopRuHAT He Tpebyerca. TunuuAHe cOGHTHA (YCPHHS TOUKIL), CHM-
BOJIIYECKH H300paskeHHHe Ha ¢urype, mpeAcTaBIAOT co0oil (cieBa Hampaso):
moryomenne PoroHa, nepeuanydeHne GoToHA, CTOIKHOBEHUE ABYX YACTHI[, CTONK-
AOBeHAe YacTHIH 1 oToHA, eIle OQHO CTOAKHOBEHMe JACTHHH M (POTOHA, B3PHB
XJONYmMKH, CTOJKHOBedHe BHEMHeNd YacTUHH C OCKOJKOM XJOIYIIKH.

Bpemenu. Byzes xapakTepn3oBaTh TOYKY TeM, YTO B Helt IPOMCXOXUT!  Pewenue:
Hasosem Toury mpocTpauncTBa-Bpemenn «coGhruesn». Touka, Iie pac-  gogemms rom,
WOJI0KEeHO COOHTHE, OIpefelieHa TAK jKe 9eTKO M ACH0, KaK TOYKA ?:;gugxo'i::
nepeceyenusa JBYX COJOMMHOK Ha CEHOBaJe, JOBEPXy 3anoJIeHHOM

cenom (pur. 1.2). aa upenTHHKAUM JOCTATOYHO CKAa3aTh, UTO

COGBITHE COOTBETCTBYET CTOJKHOBEHHIO TaKOro-T0 (JOTOHA C TaKoii-TO

gactuneii. Muposse Juuuu 3Toro GOTOHA M 3TOH YACTHIH BEIXONAT

M3 [POIUITIOro ¥ YXOIAT B Oyayinee. ¥ HEX I'ycTasd ceTh CBA3eCi ¢ Gaus-
JIe;RANEMA MHPOBBIMH JHHHAME, KOTOPHE B CBOI O4epelb MIIOKeCcT-

BOM cmoco0oB cBazaHul ¢ Goiee orHadeHnbMu. Haw ske Torma o6bsac-

HHTH ToJIoKkeidne cobuTua? Cuayana yKaskuTe, KaKUe MUPOBHIE JIHHIH

Y9acTBYIOT B COOHTHN. 3aTeM NMpoCcaeATe Xon Kaxmoi us nux. Haso-

BHTe fpyTHe cOOHTUSA, KOTOPHEe HA HAX BCTpeganTca. B kounme koumos

MOKHO YHODPAJOWIITH BeCh COHOBAJX. ¥ KaKAOro COGHITHA Tenmeph eCTh
ranvenoBauue. llafiTn Hy)KHOe mepecedeHme Temeph TaK ke JeETKO,

KaK KOPEHHOMY JOLAOHOY JIerKo Haith gopory ua yroa y.xamiy Cenr-

3—-01457
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doxeine u Iluxagunnu. Huxaknx nomepos. Hukaxoii koopaunatnoit
cucremel. Huxakux kKooppuuar.

Tot dakr, uro GoapmmHCTBO yauy B AnoHuM He LMeeT Ha3BaHMii,
a 6ONILIIMHCTBO JOMOB — HOMEPOB, AEMOHCTPHPYET HAWY CHOCOGHOCTD
obxoxuTbca Ges KoopauHaT. MoxmiHO OTKasaThcA 0T o6o3HAuUCIIMSA
COOHTHA TyTeM YKa3aHHA JBYX MUPOBBIX JIMHHiI, HA IepeceyeHHU
KOTOPHIX OHO HaxofuTcA. TouHo Tak e, Kak B flmoHuu MOKHO HAKTH
AOM 110 MMEHM €0 X03AHHa, ONpe/ieJIeHHBIM COOLITHAM B IPOCTPAHCTBE-
BpeMEeHM MOKHO JlaBaTh MPOUBBOJLHEE HAMMEHOBAHMSA, KaK 3TO YACTO
u penaercsa (gomosmenme 1.1).

Ho ymo6GHee Bce-raku noab30BaTLCHA KoopauHaTamH. Paspe ecTsh
KaKoii-1n60 M1oii cnocol Jerxo onpexeauTh (KOTKa mepex BaMH Je:KAT
OFPOMHBIIA it TOJCTHI KATAJOT XA0TUYECKH |)ACIIOJIOKEHHEIX COOBITHIA),
YTO Ha JAanuoil MHPOBOM JIMHHMH CHAYaJa CTOJKUCIUBCH C COOHITHEM
Tpunuth, 3atem DBaiikep, motom Maiik, moroM Apryec, a, crasem,
e ¢ TeMH e COORITHAMH, HO B JAPYTOM ToOpAAKe?

Yto6u ymopamounmTh CcOGHTHA, BBefeM KoopauHATH (pur. 1.3)!
KoopaunaTer — 3To weTHpe YHCIA ¢ NHACKCAMHU, IOCTABJIECHHNE B COOT-
BeTCTBHE COOHITHIO B IPOCTPAHCTBE-BPEMEHH; Ha JucTe Gymary —
TOJBKO [Ba 4mcaa. Y coOnTHA TpHHMTH NOABIAITCA KOOPAMHATH

(2% x, 22, %) = (77, 23, 64, 11).

Rorma co6mTusAM [alOT KOOpPAMHATHEE HAUMEHOBANHMA, IPOLECE
H3MEpeHns OTXOAMT HA 3aJHUI INIaH W TpeOyeTcs JIuIIb BHOOJHEHUE
raagkocTy. YeTHpe 4YMCIa, COOTBETCTBYIOMUE COGHTHIO, €CTL He 9TO
MHOe, KaK CBOCTO POJia yCOBEpPIIeHCTBOBAHHHI TeieOHHEII HOMEp.
Ilyrem cpaBHeHMA «TeneOHHEIX HOMEpPOB» BH MOMKeTe Y3HATh,
ABJAIOTCA JH ABa cobuTuaA 6amakumm. Ho naske He nbiTaiitech mo pas-
HHNe B Tese(OHHEIX HOMEpPAX BHIACHUTH, CKOJBKO METPOB pasfieiiser
3T coOmnTHsA!

Tak e, Kak HUKTO He MelaeT aOHEHTaM NOJb30BATHCA YCIYTaMA
PasIHYNBIX KOHKYPHPYIOIIMX TeJe(OHHHX CeTeif, Tak M COOHTHA
MOJKIIO ONMMCHIBATH B PAa3AMYHEIX cHMcTeMax KoopamHaT (¢ur. 1.3).
B pononnenun 1.1 JAeMOHCTPHPYIOTCA COOTHONMIEHHA MEMAY pa3imd-
HEIMU CHCTeMaMi KOODJAWHAT, a TAKIKe MCIOJIb3yeMas cHcTeMa o6o3Ha-
9eHNil JJIA KOOPAMHAT M MX npeoOpasoBaHmii.

Brbdepem maBa coObiTEA, ABIAMAXCA OIM3KUMH, O YeM MBI MOKEM
CY/MTh 10 GAHM30CTH 3HAYEHHH MX KOODAMHAT B HEKOTOPON IJiagKOMi
KoopiuHaTHOI cucreme. HapucyeM MaleHbKYIO CTPeJKY, HampaBJeH-
VIO OT OHOTO M3 HUX K Apyromy. Takas cTpenxka HasHBaeTCH sek-
mopoM. (ITo MOHATHE XOPOWO OmpeJiesieHO MIA IJIOCKOTO NPOCTPaH-
CTBA-BPDEMEHH HJHM [JIA HCKPABJIEHHOTO IIPOCTPAHCTBa-BpPEMEHH
B npefmesic GECKOHEIHO MAJOH MJIWHH; B Cilydae KOHEYHOH NJIMHH
B HCKPHBJIEHHOM IPOCTPAHCTBE-BPEMEHN €My Hafo HaTh Gojiee cTporoe
M TOYlO€ Ompe[esieHHe, MOCJe Yero OHO NOABJIAETCA MO Ha3BaHHEM
«KacaTeJbHHA BEKTOP», cM. . 9.) BekTopy, Tak ke KaKk u COOGHITHAM,
MOKHO HaTh HammeHoBanme. Ho HasoBem jgu MH ero [Isxom, Yapns
nav Kum, om ocraerca CTpPoro M ONHO3HAYHO ONpEAeNIeHHHM TIeo-
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Beepxy. Coburuam coobmalotcs «TeneoHHHE HOMEPa» MOCPCACTBOM CHCTEMbI
xoopauHaAT. Korga roBopsT, 4To clCTeMa KOOPAWHAT «riajkas», NMeOT B BIAY,
q9T0 Onu3Kne COONTHA MMEIOT OAMsKUe 3HaYeHHS KoopauHAT. Brusy. Te ke camuie
coOHTHA YNOpAOYeEH MHHM 00pa3oM ¢ MOMOIBI0 APYToil CHCTEMEL KOODHIHAT.
3nech BHOpPAaHH Ba KOHKPETHHX COCEIHUX COOHTHA: coOniThe (i C KOOPAMHATAMH
(z°, 2) = (77,2, 22,6) m (2%, z') = (18,5, 51,4) u cobuTHe F° ¢ KoOopAWBATAMM
(2, 2} = (79,9, 20,1) 7 (20, ') = (18,4, 47,1). Mesxxny cobmriiamu | un &P
JIeKHMT «BEKTOP» §, KOTOPHIl mX pasuenseT. [[JIA TOYHOro onpechelieENsi BEKTopa
B MCKPHUBIEEHOM NPOCTPAHCTBe-BpeMeHHM Tpe0yeTcsi mepeiiTii K npeneny, Korpga
IBe TOYKH 0eCKOHEYHO NpuéamxkaloTcA APYT K Apyry (passocTh J — (1 ymeHb-
maeTca B N pas), ¢ IOCHeAYKCIINM YMEOKeHHEM 3Toil pasHOCTH Ha N, HO Yyike
B JOKAaJbHO IJIOCKOM NPOCTPAHCTBE, NMOJYYMBHIEMCA B pe3yJbTaTe dToii mpole-
oypH (lim N — oo; «kacaTenbHOe OPOCTPAHCTBO®, «KAaCATEJBHHI BEKTOD»).
3nech MBI OTKa3HBaeMCst 0T abCOJMIOTHOII CTPOTOCTH, MOITOMY CIOBO «BEKTOP»
B35iITO B KaBHYKN.] B Kampoif cucTeMe KoopauBaT paspeasmomnii BekTop § xapak-
TePH3YeTCS «(KOMIIOHEHTaMu» (PasHOCTBIO 3BHAYECHAI KOOPAMHAT cobmTHIil F° M ():

(_§°, _§1) = (79,9 — 77,2, 20,1 — 22,6) = (2,7, —2,3),
(B0, B) = (18,4 — 18,5, 47,1 — 51,4) = (—0,1, —4,3).
TMoxpoGree o CoOHTHAX, KOOPAMHATAX M BEeKTOpax cM. xomonmemmne 1.1.
3*
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OUT. 1.4.

Kak BO3HHKaeT 4iCTO KOOPANHATHAA CHHTYJIAPHOCTh. Beepzy. Cuctema Koop-
JIWHAT CTAHOBHUTCA CcuH2YsApHOU, KOTHAA «A9efiKH B KOpoOKe MiIA AWMLY CIIIOMU-
BalOTCA 10 HyJeBoro obmema. Bruay. IlpuMep, meMOBCTPUpYIOmMiI TaKoro popa
CHHTYJIAPHOCTh B INBAPUIIMJILXOBCKMX KOODAWHATAX r, £, YACTO MCHOJb3YEeMBIX
JUIA ONMHCAHMUS TEOMCTPMII B OKPECTHOCTH YepHHX AHp (ra. 31). YrioBse Koop-
nuBaTH O, ¢ naA mpocToTH onymeHH. CHEryJIADHOCTh NPOABAAETCH B ABYX
acneKTax. Bo-nepBHX, BCe TOYKH BJI0JIb NYHKTUPHON JAHUHN, OYAYIH COBEPIICHHO
pasanyENIMnN, 0003HaYeHH OfHON M TOif ;Ke mapoit sHadYemHil (r, t), & MUMEHHO
r= 2m, t = oo. KHoopauHaTsi He JAIOT BO3MOKHOCTH DA3JHYUTH BTH TOYKH.
Bo-BTOpHIX, «AY6HKY [UIA AN, OJHA H3 KOTOPHX Ha PICYHKE 3alITPUXOBAHA, BAOTH
HyHKTAPHEOR AMHHN CKaTH N0 ByJeBoro obbmeMa. B uTore Mo;KHO CKa3aTh, 4TO
B caMoil TeOMETPHH Ha TIYHKTHPHOIT JIHHAK HeT HUYIero 0COGeHHOTO: BCsA CHHTYIAP-
HOCTH 3aKJIOYAaeTcA B CHCTeMe KOODAMHAT («maoxasA cucreMa TededOHHEIX HOMe-
poB»). To cayuaiiHoe ob6cTosiTeNbCTBO, YTO KOOpAUHATa ¢ o0pamaeTcs B GecKoHed-
HOCTh HA NYHKTHDPHO! JIMHNH, He [OJKHO HPHBOLUTH K myTaHmANe. OT aToil GecKo-

HEe4YHOCTH MOYXHO llSﬁaBﬂTBCH, ecJi BMeCTO ¢ BBECTH HOBYIO KOODAWHATY {, ompe-
ACAEMYI0 COOTHOIIEHUEM

(t/2m) = tg (t/2m).

Korga ¢ = oo, HOBAs KOOpPAWHATA f paBHA um. O[HAKO KOODAMHATH r, ¢ HO MO3BO-
JIAIOT pa3jinyaTh TOYKHM BAOJAb nynm*npnoﬁ auruH. OB TaKxKe OPABOJIAT K CIKa-
THIM 0 HYJeBOTo 00bmeMa «AueiikaM B KOpoOKe HJIA ANUIp.

MeTpudyeckEM obbexToMm. Vma paerca pagm ymoOcTBa, HO BEKTOP
cymecTByeT m 0e3 Hero.
Togno Tak ;Ke, KaK YeTBEpKA KOOPHEHAT

(@0, 2%, 22, 2% = (77, 23, 64, 11)

ABNAAETCA Kpaiine ymoGueIM HamMmeHoBaHmeM HusA coburtma TpmauTH
(1o HeMy MO}KHO CYJHUTH 0 TOM, KaKue COOHTAA HaXOAATCA H0GIA30CTH),
TaK ¥ YeTBEPKa «KOMIIOHEHT»

(507 El’ §29 ES) = (1’29 —019, Oy 211)

AIBAAETCA yMOGHEIM HauMeHOBAHAEM XA BeKTopa JI:KoH, KOTOpHI
BRIXOJIUT U3 TOYKHU

(@, 2%, 2%, %) = (77, 23, 64, 11)
a nanpaBnen B TOYKY

@, 2%, 2%, 2% = (78,2, 22,1, 64,0, 13,1).

O ToM, Kak o6pamarscad ¢ KOMIOHEHTAaMHA BEKTOpAa, CKA3aHO B [OOJ-
wennn 1.1.

CuctemMa KOOpPAMHAT MOKeT OHTH HECOBepUIEHHOH BO MHOTHX
oTHonrennAx. IlpuMep KOOPAMHATHON CHHTYJISPHOCTH IPHBEXEH
na ¢ur. 1.4. Eue ogan npumep KOODAUHATHOH CHHTYJIAPHOCTH —
Cepepumlil moJIOC 11a MOBEepXHOCTH Tobyca. O6parnTe BHEMaHHEE, KaK
B HEM CXOMSITCA BCe MEPHOMAHH («C)KaTHe si9eeK B KOPOOKe AIA AL
1o nynesoro oGheMa»). Heabssa im npugymMaTs HedTo Gojiee coBepueH-
noe? Hanpmmep, BBecTH Ha BceMm riaofyce eIWHYI0 CHCTeMY KOODAH-
HaT, Y KOTOpPOoi Her cuHryiaspnocreir. CymecTByeT Teopema, Haomas
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OUT. 1.5.

JaA Xopomo M3BeCTHOII CHCTeMH KOOPAWHAT Ha AByMepHoi cdepe Mo:KHO male-
JKATh CHHTYJIAPHOCTH, €CIH HOKPHTH cPepy ABYMA HEPEKPHBAIOIIEMHCH KOOP-
RAHATHHMM JIACTaMA, ¢ — cepHIecKAe MONAPHHE KOOPAHHATH, CHHIYIApPHHE
Ha CeBepHOM 1 lO;KEOM moJII0CaX M IpeTepHeBAlON(Ae PA3PHB HA JHHAM [EePEMEHH
HaTH. 6 — mpoeKuus Ha cpepy 9BKINFKOBHIX KOODAUHAT ABYMEPHOH 3BKIUNOBOIM
IIIOCKOCTH, Kacaomeiics cdepn Ha CeBeproM moiioce. IIpoekmua mocTpoeHA
HOCPOACTBOM Jyda, Hpoxogdamero 9epe3 I0:xHulil moxioc, Ba KOTOPOM M HOABJIAGTCA
KOOPAHHATHAA CHHTYJAPHOCTh. 6 — IOKPHTAe ABYMOepHO# cdeps HByMsa mepe-
KPLIBAIOM{AMACA KOOPAMHATHHIMEZ jgucTaMu. OAUH H3 HHEX, IIOCTPOCHHHIX aHANO-
THYHO CIAYJalo 6, DOKPHBAET COBOPHYIO MoJychepy ¢ IO;KHHMHA TPONHKAME BIJIOTh
mo TpouuKa Hosepora, u He Cogep:KAT CHHrynApHocTei. J[pyroi morpHBaeT Bce
TPONMKE H IOKHYI moaycdepy M ToKe He UMeeT CHHTYJISADHOCTEH.

oTpHmaTenbHNi oTBeT. Hy:kHO Kak MAHAMYM JBa (KOOPKHHATHHIX
JucTa», 9T00H 0XBATUTH BCIO ABYyMepHYI0 cdepy 6e3 cmHryxAapHOCTEH
(¢pmr. 1.5). IT0 OGCTOATEIBCTBO mO-HHOMY OCBEI{A®T TOT (aKT, 4TO
TOYKMA H COGHITMA MEPBAYHE], & KOODAWHATHL — BCEro JHMb CHCTEMA
yuera.

Ha ¢ar. 1.2 1 1.3 moxasaHo JAMb HSCKOAHKO COGHTAN M MAPOBHX
anarit. Ha Gomee moxpo6HOM pHCYHKe MH yBHAeXH OH I{exsi Ja0H-
PHHT MUPOBHX JHHAR, CBETOBHX Jy4eil H HX mepecedenmit. OTTaarm-
BafACh OT TAKO# KApTAHH, MOKHO YMO3DHTEIbHO MEpPeHTH K MAeajd-
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SHPOBAHHOMY HIpEReAbHOMY CIydali0 GeckoHedHO TyCTOM CeTH CBeTo-
BHX Jyd9edi B MHPOBHIX JUHUH GeCKOHEYHO MAJHX HPOGHBIX YACTHIL.
OToMy HIEAIM3APOBAHHOMY IIpPefileIbHOMY cCilydalo B (usnmxe oxgHO-
BHAYHO COOTBETCTBYET MAaTeMaTHuecKoe IIOHATHE HENPepHBHOro
9eTHPEXMEPHOr0 «MHOro06pasus» (JeTHpexMepHuoro IpoCTPaHCTBA
€ OmpefelIeHHKHIMH CBOMCTBAMH TJIIAJKOCTH), ¥ B 3TOM IpeAeAbHOM
clIydae HCIOOJb3YIOTCA HempepunBHHe, AupdepeHnupyemsie (T.e. rian-
Kue) cucTeMn KoopamHaT. Tarkmm o6pasoM, MmaTeMaTHKa [aer TOT
HHCTPYMEHT, ¢ HOMONIbI0 KOTODOTO MH paccykfaeM B (usanmke.

PasmeprocTs MHOroo6Gpasus MOKHO OHpPEREJNUTh HyTeM HpOCTOTO
nofcdera. Boasmem Touky & B n-mepmom MHorooGpasmm. Ee oxpe-
CTHOCTBIO ABIAETCA n-MEPHHIiI map (T. e. BHYTPEHHOCTb CQepH,
TOBePXHOCTh KOTOpoii mmeeT n — 1 mamepenme). Bubepem osToT
map Takum o6pasoM, YTO6H ero rpaHEOa Oba TIJafikKHM MHOTO-
obpasuem. Pasmepuocts aToro MuorooGpasus pasHa n — 1. B aTom
(n — 1)-mepHOM MHOrooGpasuu BeGepeM TouKy (). Ee oKpecTHOCTbIO
asaserca (n — 1)-mepHuid map. BrGepem aroT map rakum ob6pasoM,
«eey M T. f. B KoHIE KOHI[OB IyTeM TAaKAX MOCTPOCHHI MH HpHJEM
K [IByMepHOMY MHOrooGpasmio, He 3HaA eme, 4YTO OHO ABYMEpPHO
{nBymepnasa cdepa). B arom aBymepHOM MHOTrooOpasmm BrGepem
Toury IR. Ee oxpecTHoCTbI0O ABAAETCA ABYMEPHBIA wIap («FHCK»).
BriGepem aToT fucK TakuM o6pasom, 9T00H ero rpaHANa GRIIA IIAJKEM
mHOrOO6pasneM (OKpy:KHOCTBIO). B 3TOoM MHOrooGpasmu BHIGEepeM
Touky R. Ee oKpecTHOCTHI0 ABJIsAETCA OZHOMEPHHIA IIap, HO MH emle
He 3HAaEM, YTO OH OJHOMepeH («oTpe3ok awWHMM»). I'panuma 3Toro
00beKTa COCTOUT JIMOIb H3 ABYX TOYEK. ITO 0OCTOATENBCTBO HO3BOIALT
BAKJII09IATH, 9TO HaAXOAAmeecs BHYTpH MHOrooGpasme OZHOMEPHO;
ClIef0BaTeIbHO, MpeHaynee MHOr00Gpa3ne GHIIO [BYMEPHHM M T. JI.
PaavepHocTh mepBOHAYATBHOTO MHOrOOOpasdA paBHA 4HCIY TOYeK,
HMCMOTb30BAHHNIX TMPH MOCTPOeHMH. ’asMepHOCTh ImpOCTpaHCTBA-Bpe-
MeHH paBHa 4.

Taxoro poga MaTeMaTHIeCKAe PacCy:KAeHusI O pa3MEPHOCTH BIIOJIHE
ompaBAHBalOT ce6sA B OGMXOAHOM mKaje paccToAHANl, Ha YpOBHE
pa3mepos aroma (10-% cm), sampa (107'® cm) um nmake paccrognmid
‘Ha HECKOJIBKO TOPAKOB MEHbIIMX, €CAN CYAUTh IO TOMY, HACKOJHKO
COBHAfal0T MpeNCcKa3aHusA KBAHTOBOH 3JEKTPOAMHAMHKU ¢ Habmome-
HAAMA TNpPH BHCOKHX 3HEPTHAX (COOTBETCTBYIOMMX MneOpoitieBCKOH
juuae Boaan 10-1% cm). Bosee Toro, kiaccmueckasa oGmas Teopns
OTHOCHATENBHOCTA paccMaTpuBaeT MHoroo6pasme mpoCTpaHCTBa-Bpe-
MeHN Kak [JeTepMHHAPOBAHHYIO CTPYKTYpPY, aGCOJIOTHO CTPOTO Ompe-
JeJeHHYI0 BILIOTH [0 CKONb Yroguo Mamnx paccroaamil. Coscem
He Tak OOCTOAT Je1a B KBAHTOBO# o0meil TeopHu OTHOCHTEILHOUTH,
WJIM B (KBAHTOBOII reoverpogunaaMukes. OHA mpeACKa3EBaeT CHJILHEIE
¢IyKTyamui reoMeTpUN Ha PACCTOAHUAN MOPANKA IJIAHKOBCKOM AMAHK

L* = (KG/c3)2 =
= [(1,054-10-%" r.cm¥c) (6,670 108 cm®/r-c?)]2 ¥
X (2,998 101 ca/c)~"2 = 1,616 -10-3% cv. (1.1)

MAaTeMATHICCRAR
TeOpHA
unorooGpasni

B NPHANOKEHHH
E (duanxe
HPOCTPAHCTBA~
BpPeMeni

PaaMepuoCTh
IPOCTPAHCTERA-
BPeMeRY

Hapymenne
MIAAKOCTH
ApoCTPAHOTBA-
BpeMeHu

HA PACCTOAHHAX
BOpARKA
IL1AHKOBCKOMU
ATHH B
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Her, uneo6xopnmo
APH3HATL, YTO
HA KIaCCHYECKHX
PACCTOHHHAX
reoMeTpHA RBIO.E
HMEeT CMbIC.]

40 1. Teomempodunamuxa 6 KpPGINKOM USAONKEHUU

M 1o ceii meHb 3TOT BHIBOJ cUnTaeTcaA Heudbe:nupM. Hackoiubko ceituac
MOKHO OIeHHTDH, 9TH (QIYKTYalUH IPHJAIT NPOCTPAHCTBY HA MAaJIBIX
PACCTOAHMAX «MHOTOCBA3HHIY, MIM «OeH000pasublily, XapakTep.
BeneacTBue oTCyTCTBUS TAAJKOCTH Jazke CAMO HOHATHE PasMEPHOCTH
MO3KeT NMOTepATH BCAKMI CMEICH B IJIAHKOBCKOM LIKale DaccTOAHMI.
JlasnbHeiiniee HCCJACKOBaHIE TOLO BOMPOCA NMPMBOJMT Hac B 061acTh
HepCIeKTHBHHX IHAanpaBjeHdil pasBUTUA TEODHH TATOTEHAs O#H-
e dna (ra. 44).

Ecapm Ha MaleX pacCTOAHUAX OPOCTPAHCTBO-BpPeMs HE OMNIIChH-
BAeTCH MaTeMaTHYeCKOM MOJEJIbI0 HENMpepHBIOTO MHOTooGpasus, To,
MOKeT OHTH, U B 60Jiee KPYUHHX MacmTadax MaTeMaTHuUeCKaA HICAJ M-
3alMA CHIBHO PAcXoAuTcs ¢ ¢uaMHYecKoll peaiahHocThlo? Beckoneuno
rycrTag ceTh CBETOBHIX Jydeil M MHUDOBHIX JIMHHEA GeCROHEYHO MahIX
NpOGHEIX YaCTHMI[, KOTOpaA HYHa /JIA ONpEeleJeHlsA BCeX TOUGK
mHoroo6pasusi, 6e3ycJIOBHO, HE MOKET Peaju30BAThCSA HA DIPAKTHKe.
HnxkTo eme ne o6HApYKHAI IacTHUOL GoJlee Jerkoii, uem 3JIeKTpoH,
KoTopad OH ABUrajach BJOJb BPeMEHHMIOZOGHHIX MHPOBHIX JTHHHIME
(c xoneunoit Maccoit mokos). COBOKYIMHOCTb 3JIEKTPONOB, obiafawias
Aasike HyJCBO# IJIOTHOCTBIO 3apsfa (MMPOBHIX JHHHII €™ CTOJNIBKO iKe,
CKOJIBKO M MHPOBHIX JHEHHM#l e~), 06JafmaeT KOHEYHOH NJIOTHOCTBIO
MAacChl. JTa IJIOTHOCTL MCKDMBJISAET KaK pa3 To MHOToo0pasue, KOTO-
poe mayuaeTcs. MccaenoBanme ero CTpyKTypH B GeCKONEYHO MajoM
npuBoAMT K GecKoHeYHO GONBIIMM IJIOTHOCTAM, & 3HAYHT M K 6ecko-
HeYHO OGONbINMM BO3MYLIEHHAM FeoMeTpHM.

Ojiaaxo TpeGoBaTh BOBMOKHOCTH NIPOBOJUTH McciaeoBanud B obueit
TEOPHUHM OTHOCHTEJBHOCTH B 6eckoHeyHo MasioM Macmitabe B TOM
CMEICJe, KAK YKa3aHo BbIINE, TAK e HeyYMeCTHO, KaK HeyMeCTHO 3TO
B DJEKTPOAMHAMMKE HJIM B Ta30oBOH AMHAMHKE. OJIEKTPOAMHAMHMKA
HMeeT J[eJI0 C LANPAKEHHOCTHIO JEKTPHIECKOTO H MArHMTHOTO ToJeil
B Kan(Ioil TOYKe IPOCTPAHCTBA B Ka:KAHM MoMmeHT BpemeHM. ‘IToGH
N3MEpPUTL DTH HOJH, BBOAATCA B paccMoTpenne GeckonedHo Majne
npoGHHE YacTHOH, IVIOTHOCTh pacIpefeNeHHs KOTOPHX MHL MOKeM
HEOrPAHMYEHHO H3MEHATh HO Hauemy jkerannmiwo. Onnako mx npu-
CyTCTBHE COBCEM He 00A3aTelbHO, UTOOH HPH/ATh IOTI0 PeanbHOCTh.
ITosie Be3e UMeeT Y€TKO ONpeNiedeNHyI0 BeIUYHHY B 9BOJIONHONUPYeT
HEeIPEepHBHO M [CTePMMHUPOBAHHHM 00Pa30M HE3aBHCHMO OT HAIIETO
JKEeJIAHHA M He3aBHCUMO OT TOTO, €CTh K GeCKOHeYHO Majikle npobHEe
yacTMUE MWiM ux Her. Ilomo6uwim sxe obpasom oBGCTOUT Hemo ¢ reo-
MeTpHedl IpOCTpPaHCTBA.

B sarmiovenne MO;KHO CKaaaTh, YTO KOTJ& MEI MMEEM JeJO ¢ Npo-
CTPAHCTBOM-BpeMeHeM B PaMKaX KJacCHyeckoil GU3HKH, MH BBOIUM
1) nousaTue «BeckorreuHo MaKoil NPOOHOIH YacTHLED N 2) HACAIHIATIHIO,
B KOTOpOil BCA COBOKYIHOCTh WACHTHPUIUPYeMbIX COONTHI o6pa3syeT
HOempepHIBIHOe YeThipexmepHoe MHoroobpasue. Jimmo B komme aroi
KHHUTH MBI PACCMOTPUM HEKOTODHIe M3 OTPAHHYEHHI, HAKIAXBIBACMBIX
KBAUTOBOM TeOpHEil Ha HAIIH BO3MO;KHOCTH ICCJEN0BATh NPOCTPAaH-
CTBO-BPEMSA M MCHOJH30BATH CAMO 3TO IOUATHE.
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Nononnenwe 1.1, MATEMATHYECKHE OEO3HAYEHNSA COBBITHH,

ROOPTHHAT 11 BEKTOPOB

CobbiTHs1 0603maualoTcs OfHOIT 3arTJIaBHOM DPYKONHCHON Ja-
THHCKOII OyKBoii, Halpumep:

Wrorpa ynorpeGasioTes WHAEKCH:

P, G, A B
'4)01 .f)‘, £6

KoopauuaTs! codmitua 7 o0o3HavyaloTcA
N
nau Gonce abeTpakTHO

TAC NOAPa3yMeBacTcs, YTO TPeyecKile HHACKCH MOTYT HpH-
HnMath 3gavcHna 0, 1, 2 nan 3

t(F), z(F), y(&F), z(F),
20 (P), z1(F), 22(F), 23(F),
¥ (%), nan 2% (F),

BpeMenHdsn koopausaTa (CcJinn ofHa M3 4YeTHpex BmOHpacTcs
B KadyecTBe TaKOBOii)

z0(F)

IlpocTpaHCTBCHHBLIME KOOPAHHATAMH ABJIAIOTCA
HHOrHAa uX 0003HAYAIOT
Ilpennonaraercs, 4To JaTHHCKHC WHACKCH JIPUBIIMAIOT
sHavenus 1, 2 w3

zt (F), 22 (&), 23(F),
zi () naun R (FP), nan ...

Coxpaniennnie 0Go3uavenns. BRNHCHBATL KaKAH pas sBBEO

dYEKIMOBANBAYIO 3ABHCHMOCTH KOOPAMHEAT zP () moBoib-
HO YTOMUTeJNbHO, J103TOMy BBOAMTCA COKpameHHoe¢ o60-
3HaYeHME
M KoopauHAaT coOHTHA P M
AJSA NPOCTPAHCTBEHHHX KOODAMHAT.
TNpu wonbsoBaEuMM 3TUMI 0003HAYCHWAMH  TOCTETEHHO
HauPBACT BO3EMKATh NpeicTaBierme 6ynto zP mpencras-
AAIT caMo coOnTne J°, HO Heab3sa 3a0HBaTh, UTO 3HAYe-
mnn z0, z1, 22, 73 saBucAT HC TonbKO OT BHGOpa S°, HO
II OT nPOU3eoAbH020 BHOOPA CHCTEMH KOOpAWHAT!

z)

Jipyrae KoopAaHHATHI TOTO e coburna F° morytr OuTH 060-
sHAYEHH

IITpumep. Ha ¢ur. 1.3 (29, 21)=(77,2, 22,6) u (20, 2l)=
= (18,5, 51,4) COOTBETCTBYIOT 0010MY U moMY Hce COOBITUIO.
C noMompi0 4epToYeK, MITPUXOB M KPHIMIEK MEl OTJHYAEM
OfiHY CHCTCMY KOODAHNHAT OT APYToif; MH pacCTaBifeM MX
HaJi MHAeKcaMl, a He Haj camMuMu GykBaMu, yToGH yripo-
CTHTH fadbHeiimue 0GosEageHus

% (4), nau npocto 2%,
’ r
=% (9°), nan npocto z%,

2% (%), mam opocto z*.

IlpeoGpazoBanne or OAHOII CHCTeMH KOODAMHAT K ApyTroi
OCYIIECTBIAETCA C LIOMOMBIO MCTHPeX PyBKumi

KoTopue KpaTko obo3HagaioTcs

za(z", !, 2, z3),
21 (29, =1, x2, 23),
22 (20, z1, 22, 23),
zs(xo, z1, 22, 23),

za (zﬁ).
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Pasgenaomuii Bexkrop 1) (MaleHbKasA CTPCJIKA), BalpaBAeHAH I
oT cobutTna @ K cobutnio FP, aGcTPaKTHO MOKeT GHTH

o6osHaven

U v, wn g, wan P —@.

Ero MoXH0 XapaKTepu3oBaTh TaK)Ke pA3HOCTAMU 3HATE-
Huii Koopaudar2) & u @ (KOTOpHeE Ba3LIBAIOTCA ¢KOMIIO-
WeHTaMH» BeKTopa) £* = 2% (P)—2%(4),

E* = 2% (P)—2% (@).

TIpeoGpa3oBaHne KOMIOHEHT BEKTOPA OT OfHOH CUCTEMH KO-

OPAMHAT K [APYro#l OCyiNEeCTBAAETCA ¢ LOMOIIBI0O YACTHHX = g%
NPOM3BOAHLIX OT ypaBHEHVHA npeofpa3oBaHNA KOOPAWHAT %= 11
TaK Kak 2) a2P

£% = 2% (P)—2* (@) = (0:%02P) [P (#)— 2P (@)

IlpaBuno cymmmpoBamms Jiinuireitua, KoTopoe 3gech Mc- b 3 %
HoAb3yeTCA: MpPeRmoJaraeTcd, 4TO 110 BCeM HHAGKCAM, oz B B ikl £B
IOBTOPEO HOABIAMUMCH B 1UPOU3BACHIII, IIPOMCXOAUT arb ° < g.B 5

B=0

CyMMI1pOBaBHE

1) Takoe ompejgejeHue BEKTOPA CIPABEIAMBO JUllb JJIA TJIOCKOLO [POCTPAHCTBA-BPEMEHH.
Crporoe ompegeneEde (¢KAacaTeNbHOr0 BOKTOPa») AJAA MCKPUBIGHHOI'O NPOCTPAHCTBA-BpPEMEHH 3feCh
He npuBoAUTCA (CM. Ti. 9), OXHAKO NPUANUOL IJIOCKOH reoMeTPpHH SABJIAIOTCA AOCTATOYHO XOPOIIHM
OpHOamKeAneM 4 B cAy4ae KPUBOXUHEIHON reoMerpuu, KOrfa ABe TOIKH JOCTATOYHO GIH3KH APYr

K Apyry.

%) 9t dpopMyasl BHOOJHAIOTCA TOYHO JUIL B TOM CJAydae, KOTJa paccMaTpUBAaeTCA ILIOCKaA
001acTh NPOCTPAHCTBA-BPEMOHY B JIOPEHUEBOIl cACTeMe KOOPAUHAT. B HpoTHBHOM CJIydae OHU ABJIAIOT-
A JMUMb OPUOAMAKEHHKMY, HO BLHOOJNHAIOTCA TeM To9Hee, deM GimkKe APYr K APYTY TOYKA M deM
MeHbIIe [AHHA BEKTOpa.

CsoGopnoe
nageHue —
ecTecTBeHHOe
©cocTonHHue
ABMIKEHHU R

§ 1.3. HEBECOMOCTDb

«['paButamusi moucrdaHe 3aragousHa. Bpocere Kamenb. IlocmoTpwure,
Kak oH magaert. Ilocaymaitre, kak ox ygapaerca. Hukro ne mouumaer,
modyeMmy 3To npoucxomut»y. Karkoe o6ManamBoe yreep:genne! 3aragka
nageausa? Ho aTo ke eme fesarh KaMHIO, KaK He magath? B magenmn
HET HMYero HeecrecTBeHHoro. HemopMaabHO TO, 4TO HA OyTH KaMHS
OKa3aJicA KaKo#-To 06bekT. Ecian BH xoTHTe 00HAPY;RATh «3arafjKy»,
He HY)KHO CJeJATh 33 TpaeKTopHeil magaiomero Kamas. Bmecro atoro
ofpaTuTe BHUMAHKE HA COyAapeHHe M HONKTAATECh BHIACHHTb, KaKas
cdjla CTOJNKHYJAa KaMeHb C €r0 eCTeCTBEHHOH «MHPOBOH JIMHAH»
(T. €. ¢ ero ecTeCTBeHHO# TPAGKTOPHH B NPOCTPAHCTBe-BpemeHn). ITO
npuBeio 6H K MuTepecHOMY pasfgesy QU3MKU TBepAOTo Tejaa, HO HAC
ceifgac murepecyer He 3To. Hac mHTepecyer mamenume. CmobGoxuoe
majfieHAe SKBUBAJIGHTHO HOBECOMOCTH, T. €. OTCYTCTBHIO KaKo#l OH TO
HA OHIO CHIH, CHOCOGHOM OTKIOHATL TEJIO OT €10 HOPMAJIBHOMU TPaeK-
TOPMH B INpPOCTPAaHCTBe-BpeMeHH. UTOGH MCHOHITaTh HEBECOMOCTb,
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JOCTATOYHO HomacTh B cBoGogiI0 majgaoumyio Kabmny naudra. Wiam
Ha GopT KocMuyeckoro Kopabmas, majgaiomero upaMo Ha 3demao. Mirm,
YTO ropasfgo OpHATHee, HA 0GOPT KOCMHUIECKOro KopabiaA, Haxond-
Ierocs B TAKOM CTAMOHADHOM COCTOSHHM NafeHAA Ha 3eMili0, Koraa
OH JIBH;KeTCA IO Kpyrosoil op6ute. Bo Bcex aTux ciaywadx Teja [BH-
JRYTCA TI0 eCTeCTBeHHHIM TPAaeKTOPHAM B IPOCTPAHCTBE-BpEMEHH.

Y KocMOHAaBTA OJHH XHMHYECKHI COCTaB, y KOCMUYECKOTO KOpaG-
JA — COBCEM APYTroil; OJJHAKO OHH JBHKYTCA BMecTe, H KOCMOHABT
He HMeeT Beca B CBoeil gem:kymeitca kabune. CormacHo Pomny, Hpor-
koBy M [lukke [41], mocTaBUBIIEM OJUH W3 BaKHeAMHX B (n3mke
9KCIePHMENTOB, He JAaBHIAX HOJIOKHTeIbHOro peadyasrara (fpur. 1.6),
npeaMeTHl, HSTOTOBJIOHHEE U3 TAKAX PA3JIMIHEIX MATePHAIOB, KaAK aJio-
MHHHIA H 30JI0TO, HAfAIOT ¢ YCKOPEHAUAMH, KOTOPEHIE COBIAJAT C TOY-
HOCThIO 1), mpeBmmarwigeil 10-1', Huuem He oTiugaercA OT majeHHSN
MaKpOCKONMYECKHX TeJ K IaJeHne OoTAeJbHHX Moxekyx [42], orgens-
Heix HeiiTponos [43], ormenbumx saextpoHoB [44] m oTmenbHEIX
p-mesonoB [45]. Bomee Toro, Hu ogHOMY M3 3THX 00BEKTOB He HAJ0
«BHIJIAZHIBATHY B IPOCTPANCTBO, YTOOH y3HATh, KaK JBHTATHCH.

IlpemcraBum ceGe, 4YTO BHYTPH KOCMHYIECKOTO Kopabia ciaydailHO
(411 mpemHAMEpPeHHO) OKa3aJHuCh HEe3aKPEIIeHHRIMM KJI0Y, MOHeTa,
opex u ropommuHa. Bee 3TH 06beKTH 10 OTHOIIEHA K Kopabio, cTeH-
KaM#d KOTOPOTO OHHM OTTOPOKEHH OT OKpYsKaiomero Mmpa, Jambo
HAXOJATCS B COCTOSHAHM OOKOA, AUGO0 ABHKYTCA IO IPAMOHA JHHHH
¢ IIOCTOAHHOU CKOpPOCThIO, Vl 3T0 0YeHh MOYIATEONbHHEIA M KpacHOpedH-
BHIii OMHMTHHEIHA ¢aKT.

He 6yaem 6o.1ee rosoputh o6 yckopenmm! Haw ato Hm mapamok-
CajbHO, HO JHLIb B CHJAY ONpPEHEACHHHX OGCTOATEIBCTB CTAJIH TOBO-
PHTH, UYTO «BCE Tejla MmafgaloT ¢ OJHAM H TeM Ke YCKOpeHHeMm»,
OTKyma 3e B KOHI[e KOHIOB B3AAACH 3TA yCKopernusa? OHA BO3HHKAIOT
JHUIb TOTAA, KOrXa HaGM0QaTeab HAXOMUTCA HA MOBEPXHOCTH 3eMiH.
3eMada mox HOraMH He JaeT HaOJIOJaTeNI0 ABUraThCA BIOJDL €CTECT-
BeHHOM MApOBoii Juuun. VI u3-3a 9T0il mOMEXH OTBETCTBEHHOCTDb 32 BCE
3TH YCKOPEHHHA ;10;KUTCA HMeHHO Ha Hero. [lomectuTe ero B Kocmmue-
CKOe IMPOCTPAHCTBO I MPHKPEOHTe K €ro HOraM II0 PAKeTHOMY COIILY.
Hurakoit pasannet! 2) B aToM ciayuyae Tak:ke OTBeTCTBEHHOCTH 3a TO,
910 BUAAT HAGII0gaTeNb, naxaeT Ha Hero camoro. OH ToKe 3ameuaer,
9TO0 «BCE TeJa MAJAT C OTHHM H TeM ke ycKopermem». I{aa uabiro-

1) B pabore [46] mocTurEyTa ToumocTh 10-1%.— ITpux. ped.

2) BupasKkeHne «HAKAKOH Pa3HANE DPABHO3HAYHO JIHHMTEHOBCKOMY NIpHB-
OOy JOKAJIbHOH 3KBHBAJICHTHOCTH (TPABHTA{HOHHOrO IOJA» B YCKODEHHSA FiS]:
«Mu npudex % eecoma ydosisemeopumesbHOl ukmepnpemayul. 9Moz0 ONWMHO20
3aKona, ecau donycmux, wmo cucmemn omcuema K u K' gpusuvecku ¢ mounocmu
pasroyenny, m. e. ecau donycmum, umo cucmemy K pasnum obpasom moxcro
paccmampusamsv Kax cucmemy, 1arodawyock e npocmparcmee, €6060duom om
noas msixcecmu, K0 npu IMox mu Goaxcnw paccuampusambv K xax pasnomepno
ycxopennyio cucmemy. ITpu mawxom nodzode neavas zosopumb 06 abcosomHOM
ycKopenuu K0opAunamuoil cucmemst, mar e Kak Heabas ¢ 068YROL meopuu omwo-
cumeabroCmU 2060pumb 06 abcosomuol ckopocmu cucmemt. C 9mol mousu apenus
00unaxosoe ycKopenue ecer nadawWuUr mes 8 2PAGUMAYUOHHOM NOAE O0%esUTHOP.

Boe Tena
nafanT ¢ OXEEM
H TeM me
YOROpeHHEM



A
> 0,59 cn /2

3emas
0,59 cm/c?

0,59 cm/c?

Jlyy orpaxentoro csera,
SKPaHMpOBaHHblil IPOBOAOUKOIH;
NpOBOJIOYKA COBEpPUIAET
GricTphle konebauus

noriepek H306pa)|(eﬂ“ﬂ Ulellu\\\ ,;}

HuTb 13 111aBACHOTO KBApLA, NOKpbITAsA
TOHKO# ARIOMUHHEBOR naeHkoft Aas
Tipc/loXpaeHns 0T HMEeKTPOCTaTH—~
yeckux noJeit

doToysHokRUTE 1D

7

Jlyu ceeTa BhIxOAMT
U3 HEeNOJBWXHOM et

Ksapliesriii Tpeyroabuuk Kpy THABREIX - g
Becos; 60KoRag rpanb OTNOMMpoBaHa, a1~ E3eman

CBOJ(;H\I:O urobbl OTpaxaTh CBET "
Beyepa >
[— EAu — €30 Connue B
u MK 6 u. yTpa

JnexTpoabL

OUr. 1.6.

NpuanuunaabEasd cxemMa oKcnepumenTta Poana — KpoTkosa — JImkKe, KoTo-
PHI mOKa3al, 9To TPABRTANMOHHHE YCKOPeHMA 30]i0Ta H ANOMMHHA COBNajanT
¢ TouHOCTBIO, mpeBhmaromeii 10-1! (IprHcTOH, 1964). B seBoM BepxHeM yriy
NOKa3aHN [Be PaRHHE MAacCH 30J0Ta Il AJTIOMHUHWSA, NPHKPeIIeBHHE K HBYM
KOHLAM CTep:;kHs. CTepiKeHb 3aKpendieH mocepemume. Ecan oba Tema mapgaior
K ComHIy ¢ OLHMM M TeM ske ycKopeHueMm g = 0,59 cM/c2, To cTep;KeHb HemOABM-
aeH. Ecim ycKopeEme MacCH 30J10Ta HeCKOABKO GoJbIle, TO B CHCTEMe OTCUeTa,
CBA3AHHOI ¢ 3emJjeli, KOHel| CTeP:KHA, K KOTOPOMY NPHKDEIIeHO 30J0T0, OTKIIO-
HATCA B cTopoRy ConHna. Yepea apeBapuath yacoB Cosnue 6ymeT ¢ apyroii cro-
POHHI, ¥ HampaBjicHHE NPATAKeBHA mameHntcs. IlepemeBnnni KpyTAmuri MOMeHT
JIeTKO OTAEJMTH OT IIyMa, TAK KaK €ro meprnop paBeH TouHo 24 u. K coskaseruio,
a06as CKONMBKO-UMOYb 3HAYMTENIBHAA Macca No6GIN30CTH, KaK, HANpAMED, KCHe-
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puMeHTaTOp, HaXoaamuiica B M, cospaer Takoil MOMEHT, Ha GoHE KOTOPOTO HCKO-
Mblii addeKT noaHocThio mpomajaer. Il03ToMy peasbHO JKCIIEPHMCHT BHITJIAMEIH
TaK, Kak n3o0pa;keHo Ha OCHOBHOIl YacTH pHUCyYHKa. J[Ba rpysa u3 aJIOMMIUA
1 OTTH A3 30JI0TA NOIBEIIeHb B BepPIIMHAX FOPU30HTAIBLHO PACNOJI0KEeHHOI0 PaBHO-
CTOPOHHETO TpPeyroJbHHKa CO CTOPOHOH 6 cM (6iaarofgaps TpexoceBoil CHMMETPUM
CHCTeMa He pearnpyer Ha HpocTeilmue HEOXHOPOAHOCTH IPaBHTAIHOHHOTO MOJA).
OKCTICPAMEHTATOPH! BO BpeMA N3MepeHIrit BaX0QInch Ha yaaeH, 4To0u MCKIIIo-
9iTh FpaBATAnUOHHBIC 3deKTL, CBA3aHHHE ¢ UX npucytctBuem!). UToGsl uame-
PATH MaJIble YIVIbl II0BOPOTA KPYTHJAbHHIX BecoB ~10-? pai, He BHOCA NP dTOM
CUALHHX Bo3MyweHnit, Poma, IipotkoB m J[ukKe ucmoib3oBagil CiabHil ayu
cBeTa, OTpaKaeMHlii Iri1aKkoit G0KOBOIf IPaHbI0 KBAPLEBOro TpeyrojpuuKa. M3obpa-
JKeHlie HCTOYHIIKA, IIMEIONIero BH Liesa, GOKyCHpPOBAJOCh HA LPOBOJOYKY HpH-
OmIKHTeNIBEO TOIl ke TOJNIMHEI, YTO M paaMep caMoro u3oGpaskeHiis. MuHOBaB
HPOBOJIOYKY, CBCT li0nayan Ha ¢poToyMHOKHMTENh. C MOMOINGI0 OTACABHON Iemu
nepeMeHHOTO TOKA NPOBOJIOYKA HPHBOAMAACH B KoJeGaTeIbHOE ABIKEHME NMOIIePEK
C€BeTOBOTO Jyya ¢ yacroroif 3000 ru. Horma maofpaskeHue HAXOjIMIOCH TOYHO
B UEHTpE, pasiosAeRlie HHTeHCHBHOCTH CBETOBOTO JIy4Ya CO/IEPIKAJO JUIIbL YCTHLIC
TapMOHMKH 4acTOThl rojebaHuil. OfHAKO, KaK TOJbKO M306paKeHHe CMeUaaoch
HEMBOTO B CTOPOHY, B Da3Ji0KeHHH HHTeHCHBHOCTH II0 TapMOHIIKAM IIOSIBJIAJIACH
OCHOBHas1 4aCTOTAa. B BHIXOJHOM 3JIEKTPHYECKOM CIrHajge (OTOYMHOKHTENA MpPH
9TOM LIPUCYTCTBOBAJIa KOMOOHEHTa ¢ 4acToToii 3000 I'. 3mak it BeJMUItHA 3TOH
KOMIIOHEHTH oNpefcldANnCch aBToMatHuecKi. Ha ameKTpossl, IOKasaHHLIE
Ha pHCYHKe, TAK;Ke aBTOMATMYCCKH IOJABAJOCh IIOCTOAHHOE HAIpSKeRUe, BeJH-
4iHa KoToporo 0k1a mponopumoHAJbHA 3TOI KoMHOHeHTe, IlocTOAHHOE 3eKTpH-
4yecKkoe ToJieé BO3BPAllaJI0 KPYTUIABHEE Bech B HyJeBoe MoJjiokeHue. Bemnauna
HaNpsA;KeHUsA, KOTopoe HAJ0 OBLIO MPHJIO)KHTH AJA BO3BpalleHUA BeCOB B HyJe-
BO€ HOJIOKeHHe, HempPepHBEO PerucTPUPOBAIACh Il CAYKHIA MepOHl KPYTHIIEro
MOMEHTa, HCTBYIONIEro Ha MAaATHAK. 3aTeM 3aBHCHMOCTD KPYTAMEIo MOMEHTa
OT BpeMeHH Ha NPOTAMEeHN ! MEOTHX CYTOK IIOfBeprajacs pypre-aHaausy. Beanau-
Ha ¢yphe-KOMIIOHCHTH C TEePHOZOM 24 9 MO3BOJIIA OlPeAeJMTh OTHOMEHNe
dgig = (0,96 + 1,04).10-11, Tarum ofpa3oM, amIOMUHuil 1 30J0TO IALAIOT
€ OMHHM 1f TCM ;K€ YCKODCHIfeM, HECMOTPA Ha CYLIGCTBCHHHE Pa3TNUUA MEKAY
STUMH 3JICMEHTaMil, YKa3aHHHe HHKe.

OTHOWeHHe Al Au
Yucno HelTpoHOB
YHCHO NPOTOHOB 1,08 1,8
Macca, COOTBeTCTBYIOWIAA KUHETHYeCKOM oHeprau K-ajeKTpoHa 0.005 0.16
Macca IOKOA aJIeKTPOHA ’ ’
SNCKTPOCTATHYEC -
P yecKaa dHepruA-Macca AIpa 0,001 0,004

Macca aroma

Teopernueckie creACTBUA 3TOIO IKCHEPUMeHTa 00C ysKuaoTCA 6oiee noxpoGHO
B 1. 16 u 38. Bparunrckuii i ITanoB [46] BRIOXHANY B HPHHIANE TO)KXECTBEHHBII
9KClUepUMEeHT, HO B YCOBepIIeHCTBOBaHHOM BapuaHTe. CpaBHMBas YCKODEHHUSA
IAA OJATAHS H aJIOMIHMAA, OHM moaydunu Og/g <5 1.10-12,

1) HeoGxommo $bl10 HPAHATL MEPH (i OHM OWJII IPUHATH), 9TOOH M3ba-
BHTBCHA OT JAPyrix Bo3mymutemuii. 1. Hycodek jkenmesaa pasmepom 10-% cMm, mome-
LIeHHbI] HA KPYTIUIbHKE BECH, B MATHHTHOM I0Je 3eMiil Jal Obl BKAaJ B KpyTa-
LIl MOMEHT, B COTHH Pa3 HpeBHIUAIOUKIT H3MepCHHoe 3HaucHue. 2. Pasiuyue
B \aBJIeHII} CBETA HA PA3HLIE CTOPORK IPy3a MPUBEIO Obl K HEION yCTAMO OOMbIINM
RO3MYIIEHIAM, ecln OH PasHOCTL TeMIepaTyp 3THX cTopon npesucuia 10-¢ K.
3. Bupenerite rasa ¢ 0JHOIi CTOPOHK Tpy3a 3aKDPyTHJIO OW ero, KaK pakeTa.
Ecayg 0u ras Bumersnca co ckopoctbio 10-8 r/cyTku, To cmiaa cocraBisia Gul
~10-" r.cm/c? — 3Ha4eRMe, ROCTATOYHOE, UTOOH HOBIMATH Ha U3MEepeHus.
4. Bpamenne n3yepaToCh 10 OTHOMEMIIO K 6aJIKe, HA KOTOPOIi (b0 3aKpelieHo
ofopynoBamie. UToGs GHTHL YBODEHHHM, UTO 2Ta GAJKAa caMa He BDAI{aeTCA,
oHa ObllIa BfeNaHa B CKaJbHOE OCHOBaHHE. 5. DIEKTPOCTATHYECKMC CILIN OBLIIL
TaK/Ke HCKIIYeHH; IIHaye OHHM BHeCAH OH CBOM BO3MYI(EHHA.
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JaTeJfl, KOTOPHIl yCKOpAeTcA 3a CIeT paboTH paKeTHHX ABHATATeNei,
¢msuKa cIOKHA B TOi jKe Mepe, UTO M [JIA 3eMHOTO HAGMOfATENA.
Urobr ¢msuKa cTaja mMpOCTOH, Hago 3aGHTH mpPO 060HX 3TEX Habiio-
AaTeseil M MHICIEHHO ImepeHeCTHCh B KaGUHY KOCMIYECKOro Kopabias,
coBepmalomero cBoGoqHHIA NoxeT B mpocTpancTBe. Huuto He MosmeT
OHTH ecTecTBeHHee TOl KAPTHHH, KOTOPYIO MH YBHHM: BCE He3aKpem-
JeHHBEe OPeAMeTH JABHKYTCA HO HPAMEM JHHUAM C HOCTOAHHBIMA
ckopocTamu. Bot kak Hago uayuarb pusukry! [loasayitTech cnenuannuo
BHGpAHHOA CHCTEMOM KOOPAMHAT, B KOTOPOil HabII0AaTeIb HEBECOM,—-
A0KAABHO UHEPYUAAbHOU cucmemol omcuema. Wmm paccumTaiite, Kak
BCe MPOMCXONUT B 3Toi cmcTeme. Mmu, ecim BH BHHYKIEHH HOJb30-
BaThCA CUCTEMOI OTCYeTa, CBABAHHOM ¢ 3emieil, paGoTaiiTe ¢ TakuMH
GHICTPHME YaCTHIIAMH M HA CTONb KOPOTKHX PpACCTOAHHAX, HpH
KOTOPHX HJealbHasfg, CBOOOZHO majgamomas CHCTEMAa OTCYeTa OTIH-
JaeTcd OT peaybHO#, CBA3aHHOU ¢ 3emyeil, Ha BeaAnuuny, npexeGpe-
JKHMO MaJyio B MKaJe aKcnepumenta. |Ecam gnuna auneitnoro ycko-
patexst 1500 M, osueprma axextpona 1 I'aB, To BpeMa mpo.era
~ (1,5 -10% cm)/(3 -10° cM/c) = 0,5-10-% ¢; 3a aTo BpeMsA Teno B CBO-
GogHom magenmu mpoaeraer ~1'/, gi® = (490 cm/c?) (0,5-107% ¢)? ~
~ 10-% cm.]

IlpenMymecTBOM uaydenus (H3AKA B JIOKAJAbBHO MHEPHAANBHOIM
cncTemMe OTCUETA, TAK jKe KaK IMpd HaG/IOREeHHM 32 MypaBbeM Ha MajloM
ydacTke A6I0YHON KOMKYPH, ABIAETCA IPOCTOTA, AOCTUTAEMAs 34 CYeT
OTKa3a OT BCAKHX CCHUIOK HA TO, YTO HpPOMCXOoAuT Baaad. Pusuka
npoCTa TOABKO € JIOKAJBHOH TOYKM BPEHHA — 3TOT BEeJUKHE YPOK
Openofaj HaM JAHmTEHH.

HeioToH roBopmyi coBceM mo-Apyromy: «AGCOTIOTHOE IPOCTPaH-
CTBO IO CAaMOi CBoeil CYIIHOCTH, 0(€30THOCHTENBHO K deMy OH TO
HA OHIJIO BHELIHEMY, OCTA€TCA BCETJA OTMHAKOBEIM Il HEMOXBHCHBIMY.
Ho xak mpupaTh CMHCJ HBIOTOHOBCKOMY aG6COJIIOTHOMY IPOCTPaH-
CTBY, HAHTH €ro KpaeyrojbHue KaMHH, OTMETHTH €ro IpAMHe JUHHN ?
B peanbuom Mumpe, TAie eCTh rpaBuTanmus, HE OJHA TACTHIIA HE JBi-
KETCA 10 HBIOTOHOBCKHM NDPSAMHM JNHUAM. VmeadbHas reoMeTpus
Hreiotona nemabmiomaema. «Komera, npoxoasmas oxoao Coauia,
OTKJIOHAETCA OT HpAMOM JuumE». Her, He cymecTByeT Takoil «io-
CTOBOif», HA KOTOPOU MORHO GHLIO GH oTMETHTH BTy W, «Ageann-
HaA mnpsAMag JjaEnAy — 370 Mudp. Ee nunxorma une O6HIO u He
6ymer.

«[lorpe6oBanach mecTokas Oopvba [mra HeoTonal, d4ToGH
OpHEiTE K TOHATHIO HE3aBHCUMOrO ¥ aGCOJIOTHOTO HPOCTPaH-
CTBa, HEOIEHHAMOMY [JA pasBUTUA Teopuu... Busoan Hbiotona
IpA COBPEMEBHOM €My COCTOSHHH HAYKd OHJIM eZHHCTBEHHO
BO3MOKHEIMA H, B YaCTHOCTH, EJAMHCTBEHHO ILTOXOTBOPHBIMH,
Ho mocnenyoimee pazpuTHe MpobIeME, KOTOpPOEe BPAX JH MOKHO
6RI0 TMpeNBHAETH 3apaHee, NOKasalo, UTO conmpoTuBieHue JleiG-
gana M [lofirenca, MCXOJWBIIMX N3 HHTYHTHBHO NIPaBAJBHEIX,
A0 ILIOXO NOAKPEeIVIeHHHX apryMeHTaMH OpefCTaBIeHWH, HA
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OUr. 1.7.

«HeBecoMocTe®» B KauecTBe TeCTa JIOKAJHHO MHEDHNANBHON CHCTeMH OTCYeTa
(emoperneBoii cacTeMs»). Ecan cuctemMa oTcuera cBOGOEO NMafAeT M He BpPAIAeTCH
(¢ecTecTBeHHAasE MUpPOBAasi JWHAA B NPOCTPAHCTBE-BPEMEHH»), TO 00e NymeuKm
¢ NPY)KHEHHM MEXaHH3MOM IOCHJIAIOT CBOM CHADAAH (CTAJbHHE MAPNKH OT MOA-
HMINIHEAKA) CKBO3b OTBEPCTHSA B IIATAX W3 JIOCHTA, PACHOJIOMECHHEE BHOJL HpA-
MHX JPHU#, OPAMO B neNb (mieTeHHe KOP3WHKMW). Ecam jke cmcteMa B MOMEHT
BHCTpeJia NOfBeMeHa HA BepeBKe, KAK NOKA8aHO HA DHCYHKe (¢CHCTeMa OTKIO-
HAETCA OT €CTEeCTBeHHOM MMpOBOil JMHHHM B IPOCTPABCTBe-BpEMEHH H3-32 HaTA-
JKeHHA BEPEBKH»), TO NONACTh B IeJAb He yAaeTcA (MCKPUBJEHHAs TPAeKTOPHA
¢ mMapMKOM, OTCKOYMBIINM PWKOINETOM, B HEKHe# yacTH pncyHka). Takaa monean
WHepIMaJbHO# cucTeMB oTcyeTa GHia mocTpoeHa FapoabnoM Baare B IIpmacTORE.
IInomapge JIOCHTOBHX HUTOB cocTaBiaAza okojio 1 M2. «3amajbHHeE HIHYPHD»,
CHMBOJIMYECKH 0003HAYANOMME 3a[EP/KKY BO BpeMeHM, GHIM 3aMeHEHH 3JEeKTpH-
yeckmMm pese. IlomagaHms He IPOWCXONWT, €CHHM JBHKEHME CACTEMH ABAAETCHA
1) BpamaTenbHEM, 2) YCKOPeHBHM WM 3) Kakoi-ambo kxoMOwHamwedl mepBHX
aByx. TpynBo npmaymarh Apyroe Jerko peajB3yeMoe YCTPOHMCTBO, KOTOpPOe
6osee NONHO MINIOCTPHPOBAJNIO OBl CMBICH HOHATHA «JIOKaJHHO JOPEHIEBA CHCTEMA
oTCYETAaN.
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camoy Jieac O6uuio BuoaHe oGocuosauo... He meiee nanmpsikennste
yCWIHA H0oTpeGoBajiuch A TOro, YTOOL BIOCJIEACTBAH HpPEOO-
aeTh 310 moHstue [aGcoiTHOro mpocTpaucTBaly.

A, dimureiin [50]

Cornacno ditmureiiity, TeoMeTpusa B J000# JOKAIHLHO MHEPIHATIBHOM
chacTeMe OTCYeTa IPOCTa M MMeeT HpPAMON M sAcHEIA cMmbpica. B aroii
cHCcTeMe Ka;KHas 9acTMIA ABHKETCA IO NPAMON JMHHAM ¢ INOCTOAHHOM
CKopoCcThIo. Onpedesurm JOKANIBHO HMUEPLHANBIYIO CHCTeMy, BHOGpaB

fipocrolt eMbica HeCKOJIbKO YacTHI{ I NoTpeGoBaB, uYTOOH ABWKEHIe JTHX YACTHIL

061aa0 TakuMHU npocTrMK cBoicTBamir (¢ur. 1.7). B onpenenennoii
Takum ofpasom cucTeme Jaw0bas Apyrasa cBobojHas YacTHIA TaKKe
ABICKETCA [0 MPAMOM JHHHUH M ¢ IMOCTOAHHOM ckopocThio. IIpomecent
CTOTKHOBENHA H AQHUATHIANY YACTHI] MOJUHIUAIOTCA 3aKOluaM coxpa-
HeHHA MMIYJbCA M SHEPTHH, CIPABEMJHBHIM B CHCIMAILHONE TeopHHU
orirocuTeabHOCTH. To 00CTOATENHCTBO, UTO BCE IPOHCXOMUT TAKHM
yAuBHTENLUEIM 06pa3osm (a DTO MOATBED:KAAIOT Pe3yJbTaTel MIIOTHX
THICAY 9KCIEPUMEHTOB B (II3MKe DIEMEHTAPILIX YACTHI[), CCTh NMPOAB-
Jenne rayGoYaluX 3aKOMOMEpPHOCTeil, KOTOPHM TOTUMIAIOTCA BCE
Asiennsa B npupoxe. Moxiio kpaTko cPopMyaupoBaTh cleayoliHe
BuBoAn: 1) ¢mauxa Bcerma M Beajie ABJIACTCA JIOKAJBHO JOpPCHIEBOI,
T. €. JIOKAJIbHO CHPABENJIMBE 3aKOHH CHEIIIaJILHOM TeopM:m OTIHOCH-
TeJLHOCTH; 2) 3Ta MPOCTOTa HauboJsee IeTKO NPOABAACTCA B JIOKAJILHO
JopeHmeBoit cucTeme OTcYeTa («MHEPHMAILIONW CHCTeMe OTCHeTay,
¢ur. 1.7); 3) 4TOOH yAOCTOBEPUTHCH, UTO CICTEMA ABJAAECTCA JOKANDIO
JIOPCHIIEBOIl, JIOCTATOYIIO YOEMUTLCA, YTO B Heil MMeeT MeCcTo IHeBeco-
MOCTh!

B a0KaILHO
WHEePRHMATHH BIX
CHOTEMAX
$HR3IPKA HOCHT
JopexHues
XapaKTep

Honoanenne 1.2. BENIECTBA, UMEIOMIE COBEPMEHHO PA3JIHYHBIN COCTAB,
MAJAIOT C OXHUM N TEM JKE YCKOPEHWEM («CTAHIAPTHAA MHWPOBAA JINHUA»)

Apucrorens: «[lagenme MacCH 30J0Ta WA CBAHIA, HJIH KaKoro-aubyge mpyroro
Teda, OPOMCXOXAT TeM ObicTpee, ueM OOJBIIe €ro pa3Mep».

JorannreeBsl HCTOYHHKA: MOTAJIINIECKAR M JepeBAHHLIA Tpy3sl HMagalT ¢ OAMHAKO-
BOil CKOPOCTLIO.

Tananeii: 1) «Pa3nocTh cKopocTel ABMKCHAS B BO3AyXe NI MAapoB U3 30JI0Ta, CBAILA,
Me[ld, Topdapa i ApYIAX TAKOIHX BEIIeCTB CTOJAh HUITOKHA, ITO IPH MaJeHAH C BHICO-
o1 100 moxreit (oxomo 46 m) s0yoToif map He oGrOHAT MeAHHIA M HA YeTHPe HATbLA.
VYeTanoBus 3170 U3 HAGMONEHAA, A HPHIMET K BHIBOAY, UTO B Cpele, He OKAa3HIBAOIIEi
HHKAKOT'0 COMPOTHBJIENAs, BCe Tela GyAyT majaTh ¢ of@HaKOBo# cKopocTrion. 2) Iloan-
Heiimmte, Gojiee TOYHHE IKCOEPHMENTH, B KOTOPHX «TATOTeHHe OHIO ocjabiaeHo»,
NMOKA3LIBAIOT, YTO BPEMs CIYCKA II0 HAKJIOHHOM OJIOCKOCTH IAA PAa3JIATHEIX Tel OHO

H TO k.

HooToH: HaKAOHHAS IJIOCKOCTH 3aMEHeHa AYyroif, Mo KOTOPOM NBHIKETCA TPy3 MAaAT-
HHKKa; «BpeMA NafeHUsA» Tel Pa3jiIN4YHOH NPHPOALI ONpefeTdAcTCs NMyTeM CpaBHCHEA
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geprofioB KoiebGaHEII MasATHHKA C I'PY30M W3 ABYX pa3aMYHHIX BemecTB. IIpemex Tou-
HOCTH B 3THX BKCIEpPAMEHTaX HAKJANHBAETCA TeM, HACKOJIHLKO TOYHO YMAETCA ompe-
Jeanth 3GPEeRTHBHYIO JVIMHY KasKI0To MaATHAKA: (yCKopeHHne) = (2r/mepuon)?(nnnHa).

Jlopan dom Ireem [47, 48] cpaBHuMBaJ ABe BepTHKAJN Ha MOBEPXHOCTH Bpamaomercs
3eMaH, ompeneaseMble 0OTBeCaMy ¢ TPY3aMU B3 pa3amvHoro Marepuania. OGe moxBemenH-
Hble MacCCH, YBjieKaeMble 3aKpenjJeHHHIMH HUTAMA-IOABCCAMHA, OOMCHIBAIOT TOKIECT-
BeHHBe MEPOBHIe JHIHY B IpoCTpaHCTBe-BpeMeHN (B JaGopaTopud Jreemal). Ho Gymyr
JIH OHA JKBHTATHCA HO TO;K/ECTBEHHKIM TPAE€KTOPHAM B IIPOCTPAHCTBe-BpeMeHH («ecTecT-
BeNHKIM MEPOBHM JIMHAAM IPOGHOI Macchy), eciik o6pesaTh HuTn noaseca? Ecau 6yayr,
TO yCKOpeHHe, M3-33 KOTOPOro aKTHYeCKas MUPOBAA JHHHUH OTKIOHAETCS OT eCTeCT-
BEHHOH MAPOBOIl JTHHMH CBOGOXHOTO maeHUs, NMeeT BIOJIHE OpejlesieHIoe 3HAYeHde 8.
B okcmepuMeHnTe JTBema He [eaJ0Ch HONBITKH IPOBEPHTH COBHafieHHe aGCOJIOTHOM
BeITHYHHH @ 1A ABYx Macc. UTo0H 310 chenaTh, Hy:kHO 1) o6pesaTs HETH N 2) mpocie-
JIUTH 32 DafieHEeM o6euX Macc. ITBEM OTKa3aJCs OT TAKOTO NOJX0/a, OTAAB IPefnouTe-
fHe CTATAYECKHM ¥3MEPEeHMAM, KOTOPHC OH MOT MPOBeCTH C (odbmIel TOYHOCTHIO,
CpaBIHUBas Hanpaeienlie BEKTOpa @ JisA OBYX Macc. Ero paccy;kieHHA CBOJMJNCH
K cJCAyIOIeMYy: HamnpaBieHHe, onpefelifieMoe HHTHIO moABeca, €CTh He 4TO MHOe, Kak
uanpaBleHne, BIOMb KOTOPOLO MacCa YXOMUT CO CBOCH €CTEeCTBCHHOM MADOBOH JMNHH
«CBOGONHOrO MmajeHuA» uiad «iepecoMoctThm». CoOTBETCTByIOImEe YCKOPEHHME SBIACTCA
BeKTOPHOI cymMoii 1) ycKopeH:s @, HampaBJIeHHOTO BBEPX HPOTHB TaK Ia3hIBAaCMOTO
TPaBATAIIHOHHOTO HPUTSKEHUA, M 2) YCKOpeHHs, HampaBIeHHOr0 K OCH BPaUICHHA
Seman m paBHOro 2R sin O (w — yriosasa ckopocts, R — panmye 3emnm, 0 —
fIOJIAPHKI yroil MecTa, Ileé HPOBOAMJICH 9KCIepHMeHT, uMaMeperHHit ot Cesepmoro
1oJiioca). BepTHKajdbHas COCTABAAIOMAA 3TOTO IEHTPOCTPEMATENBHOTO YCKOPEHAs —
©%R sin? O canmxoM Mana, 9To65 OPHHEMATh ee BO BHAManue. Bosee Ba;kHOH ABisAeT-
csa cocraBisiomas w?R sin 0 cos 0, HanpaBieHHast Ha ceBep HapajiesbHo SeMHOM
nosepxHocTH. OHAa OTKJIOHAET HHUTH HA YroJ

TOPHBOHTAJNIbHO® YCKopeHmne _ w2R sin Ocos O
BePTHKANLHO® YCKOPeHHe g -

__ 3,2 cm/c2 . _ -3 __Eo
= 380 cwycz SIR 0c0os0=1,7-10"° papman npm 0=45
OT npAMoit IMHUHE, COCAUHAIOMEH IeHTp 3eMan ¢ TouKoil HoiBeca. Pa3HOCTL B yCKope-
UNAX ABYX HofiBemeHHHX rpysoB 0g = 10-8¢ mpaBenier k pasHNNe B yriax, onpefeise-
MbIX JBYMS oTBecamu, paBHoii 1,7.10-!! pagman Ha mmpore Bymamemra (0 = 42,5).
ATRem monyum:ia, yro Og/g He nmpeBHmaeT HeCKoapKEX epmuuiy 1079,

Poan, Kporkoe un [Iukke [41] mcnonpsoBaim B KauecTBe NpoOHOTO YCKOPCHHA 16
FOPH3OHTAJNBHYI0 COCTABIAAIONIYI0 IOCTOAHHOTO ICHTPOCTPEMUTCIBHOTO YCKODEHHH
3eMmiloro Bpamenns, paBHyio 1,7 em/c? Ha mmpore 0 = 45°, a mepeMenHoe ycKopenme
€O/ 1HeTHOTO NPUTSKEHNA, MeHsiomeeca ¢ mepaofoM 1 cytku m paBuoe 0,59 cm/c2.
Ouu moayummm, uro | g (Au) — g (Al) V/g ue npeBomaer 10-!' (¢pur. 1.6).

Bparunckuii 1 Ilanos [46], kak u Poms, KporkoB u J[EKKe, MCNOJb30BajJN B Kade-
¢TBe MPoGHOro YCKOpEHMs YCKopeHue COJHEYHOTo mpHTs:keHms. OHH moaydnmian, yto
| g (Pt) — g (Al) |/g ue npesmmaer 10-12.

4-01457
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Buan [45): JimseHue uyacTuu, KoTophle B rpaBATan@oHHOM mode 3emanm n Connuna
OTKJIOHAIOTCA MeHbIme, yeM (GoTOHH, 3¢PeKTUBHO IPOMCXOANT CO CKOPOCTHIO, MPEBHI-
mapouieil CKOpoCTh cBeTa. ECJIH 3TH YaCTHIH 3apAKEHbl WIM UMEIOT KaKylo-1260 HHYIO
2JeKTPOMATHATHYIO CTPYKTYpPY, TO OHH, HCOYCKAf JepPeHKOBCKOe H3jiyueHHe, GHICTPO
YMEHBIIAIOT CBOI CKOPOCTH A0 HEKOTOPOTO TNOPOroBOro 3HAYEHMS Ha MAAHE NYTH
mensme 1 Mem. ITopor ae;kut B o6aactd sHeprail nopsaaka 102 me® Xors yaprpapeisi-
THBUCTCKAE YaCTHIH B JHBHAX KOCMHMYECKHX JYy4eit He TaK TO IPOCTO OTOMAECTBAThH,
TeM He MeHee perHCTpanus MIOOHOB ¢ 3Heprmein 10'® 9B cBujerenscTByer 0 TOM, uTO
y MIOOHOB «HefoCTaTOK Beca» HMe mpesnimaeT 5 -10-%. HaoGoport, wactunmr P, rpaeura-
1(MOHHO CHJIBIiee CBA3aunse, ueM GoTonkbl, oTGHPAIOT Y HOCTIEAHEX HMIYJILC, HeoGXo-
MBI A TOTO, 9TOOBI CTAJO BO3MOKHBIM DOJeHHe mapel Y — P 4 P, Ha [iunHe
pacmaja, Aekamell B cyOMuMKponnoM ImanasonHe. CymectBoBanMe (OTOHOB € 3Hep-
ruaMEA, npessimaomumu 10'% 3B, roBopuT 0 TOM, uTO Yy e* «M3GHTOK Beca» He GoJbmre
5.10% y n* — me Gonrme 2-107%, y A, E-, Q- — ne Gojee HeCKOJBKHX NMPOIICTTOB.

§ 1.4. JJOKAJIBHO JIOPERIIEBA TI'EOMETPUA
C KOOPIUHATAMMU N BE3 HUX

Ha nosepxuocru sabjoka B npeferax OTHEYATKA NMAIpIla TEOMETPHUSE
apjdgerca 3BKaupoBoi (Pur. 1.1, BUL B YBeAlUNTEIbHOE CTEKJO).

JloranbHO B mpocrpaiucTse-BpemMenn B mpefiesiaX OTPaHUYCHHON OKPECTHOCTH

reaeTpIR reoMeTpHa ABiserca jopenneBoil. Ha slioke paccToaHusa MexLy
ABaAETCs TOYKAMYU MOJUMHAITCH TeopeMaM reomeTpuu IBKiuga. B mpocrpancrt-
pit

HIPOCTPAHOTBEHHO-
BpEMeRELIM Be-BPEMEHHM WHTepBalkl («COOCTBEHHOe pacCTOAHME», «COOGCTBeHHOE

annonof . UC  BpeMsA») MEKAY COGHITHAMH YAOBJIETBOPAIOT COOTBETCTBYIOILIM Teope-
reomerpam MaM TeoMeTpHE Jloperna — MmueKoBckoro (Homonmenme 1.3). ITm
TEOPeMLI JIETKO NPOBEPAIOTCA Ha ONbITe B COOTBETCTBYIOIIUX KpadHe
cueUnPHIHBIX CHCTeMax KOOPAMNAT: JBKJIMAOBHX KOODJAWHATAX —
B ®BKJIHM[OBO# reoMeTpMM, B €CTECTBEHHOM O0OOICHHH 3IBKJIHJOBBIX
KoopauHAT (JOKAAhHO JIOPEHIIEBHX KOOPAHHATAX, JIOKAJXLIO IHEp-
[MHAJIBIOM CHCTEME) — B JIOKAJBHO JODeNnneBoil reoMeTpuu (QU3MKHA.
Oxuako copepmcande TeopeM He 32BHCHT OT TOH MJIH HHOU CHCTeMER
roopaunat. [lpu nx ¢opMyaupoBKe HMEIOT M€J0 ¢ UHTEPBAJIaMHA
M piuuamu. B Hamu AHE [AaA ompefeNeHMs MJIAHH KOODAUHATE
HY;RHB He Gojiee, 9eM OHHM GHIJIM HY;KHBI BO BpeMena IBKAnAa. Toukm
B OTPOMHOM CTOT'y C€HA — DTO M €CTh IPOCTPAHCTBO-BPEMS; PaccTos-
HHA MKy OTHMH TOYKaMH — 3T0 B ecTh reomerpus! ToBopum mam
MBL O HMX HA fA3HIKe KOOPAMHAT HJH HA APYIOM A3HKe, OHH OT 3TOTO

He MeusioTca (momonmenme 1.3).

HNonoancune 1.3. JIOKAJIBHO JIOPEHHIEBA TEOMETPHA H JOKAJIBHO 9BKJNI10BA
TEOMETPHA (C KOOPAINHATAMM N BE3 HHX)

I. JloxanbHo BKAMROBA reomeTpus

Uro MK EMeeM B BHIV, KOT[la TOBOPHM, YTO Ha IOBEPXHOCTH A0J0OKa B mpejienax HeGodb-
HIOTO OTHEYaTKA NaJiblla TeOMETPHA ABJIAETCSA 3BKJUTOBOM ?
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A. @opmysuposka Ha a3vike, cc0600nom om Koopduram (IBKIHA):
Ilycre man ortpesok A%. Ilpomomxum ero Ha TaKyiwo ke 2
paary 6Z. [Iyctb Touka % paBHOyHajlleHa OT 4 W 3,

HO He npuHamaexnr AZ. Torma

s2 o =s2 §2,. -

48 45 %%

(Teopema Iimdaropa; cnpaBeRAMBE TaK:ke M Jpyrue
TeopeMbl IBKJIUAOBOA reOMETpHH.)

—_———e
@ ¢ 3
B. ®opmyauposka na roopdurammnom aswre ([lexapt): .
~ = 2]
Paccrosinie S OT HeKOTOpO# NpPOM3BOJLHEIM oOpazom * =12 3
BHIGpanHoit ToukH A4 o A06oit Apyroil Toukn # B nmoa- 2.1l -
Xonsmeil (IBKIUIOBOH) CHCTeMe KOOPAMHAT 3ajaetcs . /
BhIpa;KeHNeM
2
x“=9
= [ 1 2 2 2 2
2, 4= 2 (B) = (AP + 12 (B) — 2 (AP :
0{ =8 ‘
o a
Ecnu ynaerca HaliTH HEKOTOPYIO CHMCTEMY Koopamwiat, +7=7
B KOTOPOIt 3TO BHINOJHAETCA [AJIA BeeX ToueK +# u & n3 - 8w T e
paccMaTpHBaeMOR OKpPeCTHOCTH la NMOBepXHoCTH AGIOKa, " e e !
B £l

TO OTCIOfa cpa3y caemyer, uro: 1) oTa ciicreMa Koop-
AMHAT JOKaJbHO 3BKJIMIOBA, W 2) reoMeTpHA NOBEpXHO-
¢t AGNOKA ABIAAETCHA JIOKAJBIIO 3BKINMOBOI.

I1. JiokaasHO XOpeHIEBa reoMeTpus

Yto MH HMceM B BHAY, KOT[a TOBOPHM, YTO TEeOMCTPHS AOCTATOYHO OrpaHMYeHHOM
OKPeCTHOCTH NPOCTPAHCTBa-BPeMEHH B pealbHOM (I3HYeCKOM MHpe ABJIACTCA JIOPEH-
neBo ?

A. @opmysupoexa na aswxe, c8060dnom om roopdunam (Po66 [15]):
IMycrs AZ — mupoBasa aunms cpoGoAwnoil yactunsl, & — coOhiTHe, He NpH-
Hajule;kamee 9Toit MmpoBoii Jmuuu. [lyeth nanee
cobuitne @ oGoaHauaeT mepeceuenne ¢ AZ nyua cie-
ta, HeoymenHoro B %, a & — rtaxoe coOrTHe Ha AT,
4TO MCIYMeHHH B HeM CBeT KaK pa3 monajfaer B .
Torna cofcrenHoe paccrosHue S 4 (NPOCTPAHCTBEH-

HONOJOOHKI AHTEPBAN) HIM COGCTBENHNOE BpeMsl T g

(BpeMeHNTONOOHKI MHTEPBAaJ) ONpefledAIOTCA BHIpaske-
HUCM

=—1

2 —_
SAB AR AT
HokasaTedscTBO CPOPMYAMPOBAHHOIO BHILIE KPHTEPHUS
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J0KaJbHO JOPeH[eBodl reOMeTPHH SICHO W3 pH-
CYHKa W IPHABESHHOr0 HH)Ke BHIPA;KeHHS, 3a-
OACAHHOTO B JIOKANbHO JOpPEHIEBOH cHCTeMe
oTcY4eTa, B KOTOpOHl dYACTANA IOKOHTCH,

1:.2:4$=tz—x2= (t—2) (t+x)='t_’¢50‘to¢a.

B. @opmyauposka na roopdurnammuom sasuke (Jlo-
peni, Ilyanxkape, MuakoBckm#t, JAHmMTENH):
Ecin 3aaTbCA HEKOTOPHM, IPOA3BOJIBHO BHO-
paHHEM cofHTHEM 4, To JN0Goe Apyroe Gams-
ae;kamee coOntme % oTAeNeHO OT Hero coGCT-
BEHHHIM DacCTOAHAEM S _g g HIH COGCTBEHHEIM

BpeMeHeM T g g, KOTOPEIe B IONXORAMEH (ro-
KaJILHO JIOPEHIeBOi) cHcTeMe KOODAHHAT Ompe-
HeJIAIOTCA BHIpasKeHHeM

+(2(B) —at (A +
o . + (22 (B) — 22 (A)P+
o3 7,1: 3 12 (B) — 2 (AP
Z Ecam ymaeTcsl HaiiTH HEKOTOPYI0 CHCTEMY Ko~

o ) OPAMHAT, B KOTOPOl 3TO BRIIOJHAETCH JOKAJNb-
el ((i HO JUIA BCeX Oamaie;xamux coOHWTHd 4 1 F,
w

TO OTCIOZA Cpa3y CleAyer, uTto: 1) ata cHcTeMa
KOODAMHAT JIOKAJbHO JIOPEHOEeBa, B 2) reoMer-
pHsA NPOCTPAHCTBA-BPeMEHH SABISETCH JOKAJb-
HO JODPEeHIEeBOIA.

II1. Honosmxenns, oTpakaniHe CBOIiCTBA HAIIEr0 MEPa

I'eoMeTpns moBepXHOCTH AGJIOKA ABJIAETCA MOBCIOXY JOKaJIbHO 3BKIEA0Bo#. ['eomer-
pHA IPOCTPaHCTBa-BpeMeHH SBIAETCA IOBCIORY JOKAJAbHO JIOPEHIEBOM.

IV. Jlokanpbrasa reoMeTpas Ha A3bIKE COBPEMEHHOW MATEeMaTHRH

A. Mempuka 6 npou3gosbHOM MHO02006pA3UL:
B xas¢moit TouKe Ha IOBEPXHOCTH A0JI0Ka, Y KAKAOT0 COOKTHA B IPOCTPaHCTBE-
BpeMeHII M B0oOme B KakHoil TouKe dI000Oro «puMaHoBa MHOTo0Opasma»
CYIeCTBYeT reOMeTPHIeCKHl 00BbEKT, Ha3HBaeMui Mempuieckum men3opom .
JdTo cBoero poma «MamEHa» ¢ ABYMsd BXORHHME KaHAJaMA, Kyda (BBOMATCS»
AiBA BeKTOpa:

Bxox 1 Bxom 2

} }
g( R )-
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Ecan B 06a kaHasa BBOAMTCS OKHH U TOT i€ BEKTOp U, TO B pe3yJahTate DOJIye
gaeTCsi KBaapaT AJHUHBL WU:

g (u, u)=uz,

Ecim BBORATCA JABa pasidIYBHX BEKTOPA U H V (HEBA)KHO B KAKOM IO~
paAnke!), TO B pesyJbTaTe NOJYYaeTCH YMCJIO, Ha3biBAEMOE (CKAIAPHBIM IpO-
H3BelleHWeM U Ha v» H o0osHagaemoe U-V:

g(u,v)=g(v,u)=u.v=v-u.
Merpuka sBiIseTCs JNHMHEHHON «MAIIHHOIM»:
g (2u -+ 3w, v)=2g (u, v)+ 3g (w, v),
g (u, av+lw)=ag (u, v)+ g (u, w).

CrnenosaTenbno, Te AEHCTBHESA, KOTOPHE OHA TPOM3BONHT HaJ ABYMS BEKTOPaMM
B 33aHHO# (NpPOMBBOJBHO) CHCTEME KOCDJAMHAT, MOMKHO 3amHCaTh B BHJ@
BHpaskeHAs, OMIEHEHHOTO 0 KOMIOHEHTAM 3THX BEKTOPOB:

g (u, v) = gapu®P = g ulv' + gutv? + goutt + ...

Beauunns gop = gpo (0 ¥ B mpoGerator 3navenms ot 0 o 3 B mpocTpaHCTBe-
Bpemend u oT 1 mo 2 — Ha noBepxHocTH sGJl0KA) HA3HIBAIOTCA ¢KOMIOHEH-
TaMd § B NaHHON CHCTeMe KOOPHWHATY.

Komnonenmy. MEMPUKU 6 A0KAABHO A0PEHYEB0L U A0KAALHO 36kAUD060LL cucme-
Maxr Koopdumam:

YTo6H yCTAHOBUTH CBA3b MEMAY METPUKOl M npeAbAyINM ONHCAHHEM JOKAJb-
HOH TeOMeTpMH, BBelleM JOKaJdbliO SBKIMAOBH KOODAMHATH (Ha A6IOKe)
M JIOKAJBbHO JIOPEHIeBH KOOPAMHATH (B mnpocTpalicTBe-BpeMenn). Ilyers
E — BeKTop, pasfelAlOmEl TOYKM o+ W % u HanpaBacHEHI U3 A B F. Ero
KOMIIOHEHTH B JIOKaJbHO 9BKJMAOBHX (JT0PCHI{EBHX) KOOPANHATAX HMEIOT BAX

E® = 2% () — 2% (A)

(cp. mcmomuenme 1.1). Torma KBagpaT AAHEBL BeKTOPa /:B

U_s 4, WIH, 9TO TO K€ CaMoe, KBalpaT pacCTOAHUSA OT A g/’

no &, moxxen cocraBaath (cp. Bume [,b u II, B) /
(8Y)2+ (8%)% na sbuoxe, /‘

B =gt B =s2pg = —EP+HEP+E+E)? 4

B OpPOCTPAaHCTBe-BPEMEHH.

CJIelIOBaTeJleO, KOMIIOHEHTH METPHKH DaBHBI
Bu=2E8n=1, g12=8:=0, T. e. gop="0,p Ha AGIOKe B JOKAIBNO B3BKIALO-
BHIX KOODAHMHATAX;

goo= —1, gr=0, gir=2~0;, B DpoCTPaHCTRe-BpEMENH B JIOKAJLHO JIOPEHLe~
BHX KOOD[IMHATAX.

I1u cnenmbnqccxue KOMIOHEHTH MEeTPHRH B JOKAJBHO JOPEHIeBHX KOOp-
IHHaTax 37ech M HEKe 0608Haval0TCA ooCpeiCTBOM gaé‘ HIH Yo g IO aHAJOAH
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§ 1.5. BPEMA

Bpema onpeneaeno Takmm o6pa3oM, 9YTOGH JBUkeHMe BEITAANENO
TPOCTHIM.

Bpemsa 6odpcmsyem, kozda ece kpyzom cnum.

Bpema cmoum ne weaoxnyswucs, kozda éce kpyzom pywiuimes.
Bpemsa sudum romey ecezo, Ho emy Hem Kowya.

Ecmy, 6b10 u 6ydem — demu epemenu.

¢MAXABXAPATA» (400 r. B, 3.)

[To oTHOIIEHNIO K T0KANBHO JOPEHIEBOM cuCTeMe OTCIeTa CBOGOJ-
Has 4acTHIA «JBH:KETCH MO NPAMOM JMHAH C MOCTOAHHON CKOPOCTHION.
Urto 3nauyuT «mO0 NPAMON JIMHHZ», JOCTATOYHO XOPOMIO THOACHEHO
Ha MOJeJH HHEePHUAaThHON CACTEMHE 0TCYeTa, IpUBeIeHHON Ha ¢gur. 1.7.
Ho rae mposAs;iserca «mocTogHHAaA CKopocTh» ? U rae Boobme mposs-
asetca «ckopocTh»? Ha ¢ur. 1.7 coscem mer dwacos!

B 6Gosee neraibno paspaboTaHHOM MoJeNN JOPEHIEBOIl CHCTEMSI
oTcYeTa JMOJ:KHBl OHITH HE TOJBKO oTBepcTHsA, Kak na ¢ur. 1.7,
HO M 3afBH/KKI HA KajKIOM OTBEPCTHHM, IPHUBOJAMMEIE B HgeiicTBHe
qacoBHM MexaHusmonm. CHapsa momajer B Ledb JuUUIb B TOM clydae,
ecan on: 1) mpoNeTHT no HY:KHO TpPAaeKTOPHM B MPOCTPAHCTBE
I 2) IPOCKOYAT OTBEpCTMEe B HY;KHHHA HMHTEPBAT BpeMeHH («OKHO
BO BpemeEm»). Ho mpempge HeoGxoaumo maTh ompefeleHHe BpPeMeHM.
Bpemsa ompegeasercs Takum ofpasom, 4ToGH [BH;keHHE BHTIAAENO
npocThIM!

Her rakoit cramjapTHo#t MmepH Bpemenn, KoTopas Haurta G
GoJice MMpPOKOE TIPHMEHEHHE, YeM CYTKH — BPeMA OT OJHOTO NOoJyqHA
7o npyroro. Ho cTonT upMHATH MX B KavecTBe 3TajloHa, KAaK TOTYAC
obnapy:kuBaetcss, 9T0 M06GRe XOpoIIHe YacH PACXOATCA C IMHMIL
oo ciaefylomeil npoctoil mpiunme. 3eMJAS BPAaIMAeTcA BOKPYT cBoeit
oCH M, KpoMe TOTO. COBepHIaeT OpOUTANLHOE NBM;KEHHe BOKPYT
Coanra. J{Buskeinte Coanma mo HebGocBOAY ABIAETCA peayibTaToM
He OIUOT0 KaKOTO-HUOYmb M3 3TUX [BHAEHH, a UX ofoMX B COBO-
KYyTHOCTH, XOTA OHH H CUIBHO pPa3JHIATCA B KOJMYECTBEIHOM
OTHONIONNH. YT.JI0Bafg CKOPOCTh GHICTPOro BpameHHs 3eMIH BOKPYT
cBoeii ocu {mpmb.an3ureasto 366,25 oGopoTa B roJ) MOCTOAHHA C VIH-
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BuTeNbHON cTemeHnio TounocTH. CoBcem jfipyroe Mejo — KajRyI[AACH
yraosas ckopocTh Bpauienusa CouHma BoKpyr menrpa 3emuu (o[uH
obopor B rox). Ouna mpesnimaer cpexpuee 3HaueHue Ha 2%, Korja
3emas mpu cBoem JIBH;KeHMH no op6Gute (sxcmenrpmcurter (,017)
okaspiBaeTca Ha 1% OGuamxe k Comnnmy, gem cpepsee ynajienne (3akol
Kenuepa), m na 2% MeHblUIe cpefjHero 3HAUeHHs, KOLAa yAajeiue
3emumn ot Cosnma na 1Y% unpepbimaer cpemgnee. B mepsom cayuae
MrHoBeHHas cropocTh Bpamenusa Connma Ha HeGocBome, BHIpakeH-
Has B oboporax B roji, npuGIM3NTEJBHO COCTABIACT

366,25 — (1 - 0,02);
BO BTOPOM CJIyYae ONAa COCTABJAET
366,25 — (1 — 0,02).

IlonosuB, YTO «cpefgHue COTHETIHHE CYTKH» cojepmar 24 X 3600 ==
= 86 400 sTanoOHHHIX CeKylE, MH BHJHM, 9TO, KOTJA pPacCTOAlMe
ot 3eman go Coanma na 1% menbiie (mam GoJblue) cpefiero aHave-
H1A, YACJIO0 STATOHHHX CEKYHJ OT OAHOTO HOJYIHHA /10 Apyroro Goibime
(Wi Membie) HOPMAJbLIOr0 3HAYEHHA HA

0,02 (nepemaxm B obopoTax 3a rox)
365,25 (cpegnee uuciIo 060pOTOB B TOJ)

86 400 ¢ ~ 4,7 c.

Bce ckaszannoe Bbiliie OTHOCHMTCH K Yy4eTy BpeMeHH, IIPOTEKAaIOIiero
OT noayaHsa Ho noaypua. flcHo, ¥To dTanmoH BpeMeHHM, KOTOPHIH Tak
CHJIbHO MelseTCA OoT Mecsla K MecAny, HegonyctuM. Ecan ero mpn-
HATH, TO M CKOPOCTH CBeTa OyJeT MEHATHCA OT MecAla K MecAmy!

Takoe nepaBHOMepHoOe H3MeHenne, KAK TOJBKO MBI y3HaeM O HeM
{2 0 neM 3naJau yike B IPEBHOCTH), 3aCTABJAET HAC OTKA3aThCH OT CO.I-
HEYHBIX CYTOK B KaYecTBe DTAJOHA BPeMeHH; 3T CYTKM BOBCe He mpu-
BOAAT K TOMY, 4YTO BH;keHue BHIIAAMT mnpocTeiM. IlompoGyem
VCTAHOBATH HOBLIA DTAJOH, OCHOBAHHHI TOJMLKO Ha BpameHHU 3eM.IH
BOKpPYT CBOeif OCH M HCKJIWOYAIOWMil ee ABM:keHue Borpyr Coamua:
cUepUYECKHEe CYTRH — BpeMsA, 3a KOTOpoe 3Besfia M3 3eluTa, COBCp-
mMB noaustie oGopor na me6ocBoje, CHOBA BO3BPAMAETCS B 3EHHT.
Ilpexpacuo! Ilau, Tounec, mpekpacHo Jo TexX 1Op, NOKa TOYHOCTH
HAIIAX M3MEpPeHHH e MO3BOJIHMT HAaM 3aMeTHTL M3MEHEeHMS B CaMOi
CKOpOCTIL BpameHHsa 3eMIu BOKpYyr cBoeil ocu. Uro ke 910 3a wacH,
KOTOpHE OKas3aanch Toduilee, deM cobcTBeMwoe Bpamenne 3eman?
3aronn HefecHOIi MeXaHHKH.

Cnavama y Taxnnes [52], a sarem it y apyrux, Braouasa Kaura
[53], BosnmKno nofospeinye, YTO YTO-TO HEJNATHO, TAK KaK Hpe;iCka-
saig Teopiu TAToTenua HpwToHa oTHOCHTEABHO TOTO, T/le Ha 3eMire
JIOLKHEL HABTIOZATLCA TOJTHBIE COJIHEYHBIE 3aTMCHHA, ChedaHHble
HA OCHOBE MMEIOUerocsi TOTHA HTAJOHA BPEMEHH, ABIO PACXOULIICH
€ TeM, TAe JpeBHHe TPEeKH M PHMIAIE NefCTBHTEILHO 3aperucTpupo-
BAJIl OTH 3aTMeHHA B 1V:kHoe Bpemd. Jlyna B npoctpancTse oT6pachi-
BaeT JBINVINYIOCH TeHb. B Jienb comiewitoro saTMenms aTa Tenb
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mpovepuYMBAeT Mo AUCKY Bpaljaomeincsa 3eMal TeMHYIO I10JOCY, 9aCTO
IVIMNOK0 B THICAYM KIJIOMETPOB, HO IIAPHHOH, KaK NPABHIO, MHOTO
MeHblue ¢Ta KujaomeTpoB. Ecan y mac Ha ¢Toje ecTh Bpamalomuiics
raobyc, ¥ BH XOTHTe OOBEPHYTH €ro Tak, YToGH TeHb mafajia Ha HEro
HPaBILIBHO, TO JJIS 3TOT0 HAJ0 IPOBECTH TiATEIbIbIEe PACYEeTH B OTBE-
THTH Ha JBA OCHOBHEIX Bompoca: 1) rie mo oTHomenno K 3emiae Obian
pacoososkens Jlyna n Connne B KamIplil MOMCIIT TOTO AUA B JAJICKOM
MPONLJIOM, KOTOPHIT BAC MHTEpecyeT, M 2) HA KaKoil yroX NoBepHy.1ach
3emist ¢ TOro MOMEHTA [0 HEIHEUIHero mojosienns. BoskMeM B Kave-
cTBe nmpuMepa saTvenne 14 anpaps 484 r. 1. 5. (pur. 1.8) u npegno.To-
PKHM, UTO HA MNPOTMKEHHM NPOIMEAMHUX NATHANIATI CTOJETHH 3esiis
Bpamnanach BOKPYT CBOeil OCH € TOi i€ YINOBOIi CKOPOCTBIO, KAaK
i B 1900 r. (acTpoHoMuYecKas TouKa OTCYeTa). PacueTsr mpuUBOIAT
K leBepHoMy pesyiasTary. Hyskmo moBepuyTs 3emaw masang una 30°
(nan casunyTh JIyHY ¢ Toro Mecra, KoTopoe mOJAYYAeTCs 13 PacyeTos,
I ¢AesaTh U To M JApyroe), 9To0H HabawmaTeab B AduHax momas
B mpefens TeMHOH mosock. Ytobu mabpamuck st 30° (uam MeHbine,
ecan 3dderT TacTHIHO 06yCIOBIeH MeAJeHHEIM H3MEHeHHEM MOMCHTa
KojudecTBa ABMKeHAA Jlyuw), 3eMas B mpomuioM JoJKkHA OGbLIA
Bpamatbcsi GrcTpee, ueM ceitdac. IlomoknB, uro pacxomxpenue B 30°
B OCHOBHOM OGYCIIOBJEHO 3aMe[JIeHHeM BPaleHAA 3eMid (BHITEKAo-
I{aAg OTCIOEA CKOPOCTH 3aMe[JIeHHs COIJIACYeTCA ¢ AAHABIMH, NOJY-
YeHHHMH € IIOMOIIBI0 COBpeMeHHHX aTOMHHKX 9acOB), U IpeAmoaaras,
UTO CKOPOCTHh 3aMeAJeHHS 32 MHHYBIIUH CPOKX He H3MEHHJIACH
(nompaBka K YIOBOH CKOPOCTH DPONOPNMOHAJLHA NEpPBO# CTemeHH
mpomefmero BpeMeHH; IONPaBKa K CaMOMY YTy IPONOpPOEOHAJbHA
KBafipaTy 3TOr0 BpEeMEHH), MOKHO, 3HAsA HONPABKY

30°, mam 2 waca, 1500 xer masan,
OLIEHIITH ITOONPABKM 1A Gojee GMM3KOM amOXH:
30°/102, umam 1,2 mumH, 150 mer wmasap,
30°/104, mam 0,8 c, 15 mer nHaszag.

Taxkum oGpasoM, MK BUIAM, 9TO BpalleHAe 3eMJI He yIOBIETBO-
pseT TpeGoBaHHAM, NPeNbABIACMHM K STAJOHYy BpPEMEHHd, M HA €ro
MECTO HPHXOAUT OpOHTaNbHOE [BH)KeHHe HeOeCHEIX TeJ, [alomee
JY9IUMHA 3TAJOH BPEMEHM, KOTOPHIA MO3BOJIAET HAM CHENATh elle ONME
mar Ha OyTd K TOMY, 9TOOH «IBusKeHHEe BHIJIAREN0 OpocTeiMy. B Hamm
JHH acTPOIOMAUYECKOe BpeMS B CBOIO OUepeAb BHITECHEHO ATOMHEIM
BpEMEHEM, HrpaioMUM pOJb JTAIOHION eJURAOH u3mepeHHA (CM.
momosmenue 1.4 «Bpems cerogum).

Yrobu dyurie pa3obpaThca B TOM, KaK ONpeneNAeTCA BpeMdA, pac-
cMoTpuM miaoxue vacel. 1lyeTs ¢ — BpeMs mo «xopomum» acam (Bpe-
MeHHAs KOODPAUHATA B JIOKAJHHO HHEPOHAIBHON CIHCTEMe OTCYeTa);
OHO IPHBOJAT K TOMY, 4T0 TPACKTOPHA CBOGOHHX TaCTHI B IOKAJIHHOR
06/1acTH NpPOCTPAHCTBA-BpeMeHd ABIAOTCA npambima. Ilyers T (2) —
MOKA3aHMA «IJIOXHMX» YaCOB; OHH NPHBOSAT K TOMY, YTO MHPOBHE
JIHHEAA CBOOGOMHHIX YAaCTAN B TOH ;Ke JOKaJbHOH 00XacTH HDpPOCTpaH-
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OUr. 1.8.
PaccuuTanEas o61acTh MONHOTO COJIHEYHOTO 3aTMenus 14 aEBapsa 484 r. H. 3. (cieBa; B pacueTax
He yUTeHO 3aMejiJieHye BpPamleHMsi 3eMJiHM BOKPYT CBoedl ocm, YTioBasa CKOPOCTH BpaIleHNs npii-
HATA PaBHOIi TOMY 3HaYeHWI0, KoTopoe oHA mMmeja B 1900 r.) cpaBEMBaeTcA ¢ Toii ske o6GmacThlo,
CMeMIeHHoil HACTONBKO, YTo6K AQUEK monanau B NeHTp 3aTMenns (npu Bocxope Coanna) [Bennumua
CMeIIeHMA o4eHb GamaKka K 30°; npu pacdetax OO OPHHATO, YTO CKOPOCTH 3aMEJJIEHMA COCTaB-
asger 32,75 yraosoit cexysusl/(cTonerne)?]. 310 «HecoMHEeBHO, HamboJsiee ROCTOBEPHOE W3 BCeX
3aTMeHMil B APeBHOCTH Ha TeppuTopuu EBponsi», cornacHo a-py Credencory ua OTtaeaenus reo-
QU3UKM ¥ GU3MKA mAaEeT YHuBepcutera B Hplokacae-Ha-TaiiHe, N106e3HO IOATOTOBABIIEMY BTOT
PHCYHOK cHenuajbpHO s Hameil kEur#. OH OPHCIAA TaK;Ke OTPHBOK U3 NEpBO# IpedecKoil
6uorpadmu Ipoxaa us Adun (ymep B Adunax B 485 r. H. 9.), BanucaBHO# MapuHycoM n3 Hea-
noxs, B KoTopoM ropopurcsa: «He oGouuroce u Ge3 npeasHaMeHOBaEMii B I'ofl, NpenecTBOBARIINIL
ero CMepTH; Haupumep, HabaOfaNoCh TaKoe cuiabHOe saTmeHuHe CoJHHA, 4TO Kasajoch, Gyaro
HOYb cCycTHJIAch cpesu fEA. W60 HacTynusaa rayGoKas TeMHOTa M JlajKe 3BE3Ab NOABUNKCH Ba Hebe.
9To cay4Yusoch B BOCTOYHOE wactm HeGa, Koraa CoaBne Haxopuaoch B cosBesnun Hoaepora»
(m3 xEMra [54]).

Jawt aun atu 30° pja [aHHOTO 3aTMEHHA H COOTBETCTBYIOIME 3HAYCHHWA ANA APYTAX 3aTMe-
HHil «HCTHHHYI0®» nonpaBKy? CJOBO «MCTHHEHIi»— Tpy/iHOe cioBo. Hak mnpapmjio, MBOIO JeT
OTHeAsCT ONHO NOJHOEe COJHEYHOe 3AaTMEHWe OT Apyroro B paiiome CpepmsemHoro MopA. HmaEb
B Pa3JMYHHX IPOBUHUMAX TPEYeCKOT0 M PMMCKOTO JpeBHETr0 MUpa HOCHNA AaJieKo He MMDHHII
¥ YCTAaHOBHMBINMICA XapaKTep, a O TOM, YTOOH BeCTM HOCTOSHEKE BAaGMOREHUA 32 3aTMEHMAMII
1 PErHCTPHPOBATH MX [ HOTOMKOB, He MOrjo OHTh M peud. K coxkaleEnio, sanMcH OPOIIJIOTo
KpailHe OTPHBOYHH; K TOMY e, 4T0 ele o0MaHee, HEKOTOPHe Hef00POCOBECTHHE ¢HCCJel0BATENH)
B HeJalleKoM IpOmJoM ORJIM TOTOBH IOCIEMHO CBASATH Te MIN WHHE HCTopuYeckme cobmTus
€ TeMH WJIH HHBEIMH 3aTMEHUAMU, HOJAYyYeBHRMU W3 pacieToB. Ii cuacThio, Tenepn nMeeTcs oOmupHas
JUTEpaTypa, KaKk acTPOHOMMYECKAs, TAK M HCTOPHYECKAs, NOCBAINEHHAA BEKOBOMY 3aMe[JIeHHIO
BpameHWs 3eMJH M HanvWCaHHAs B JYYIMUX TPaiuuUAX KpuUTHYecKoro moaxoja B Hayke. I{pome
xunr Orto HeiireGayapa [55], Marka 1 MaknoRransna [56], paGotu Iiypotra [57] n mepeuncaenmrx
B GuGnuorpaduax K HNM, CiefyeT YKasaTh pAJ APYTHX KiaoueBHX paGoT. (ABTopH GaaropapHb
npogeccopy Orro HeiireGayapy, KoTopHil yKa3aj Ham HAa HHX.) J[peBHHe 3aMeTKM, a TaKke pac-
4eTH o6iacreii 3aTMEHUIT B AaJCKOM HPOIIJIOM npuBegensl B paGorax [58—60]; ataac paccuntan-
HHX ofnacTeit saTMeHNs1 NaH B KHarax [61, 62); KpuTnuecKunit aBaJIM3 ROKA3ATEABCTB COAEPIKUTCA
B paGorax [63—65]. JlamHOe 3aTMEHHe, a He Kakoe-InGo aApyroe, Obio BHOGpaHO AWIB IOTOMY,
YTO MCTOpMYecKas 3amuch o HeM Hambojee jocroBepHA.
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Xopomue yYacH (cireBa) CpPaBHHBAIOTCA € IJIOXMMH (CpaBa) ¢ MOMOIIBIO TOil
KapTUHH JBHKEHNA, KOTOPYIO OHH JAIOT AJA ORHHX I TeX jKe cBOJONHHIX YACTHIL
B ofHOil M Toit ke o6;acTH NpocTpaHCTBa-BpeMeHH. MHpPOBHE JIMHIM CHpaBa
IPON3BOAAT TaKoe BIEYATIEHHE, OGYATO HA YaCTHOH [EHCTBYIOT KaKUe-TO CHIEL.
Xopomee omnpefesieEHe BpeMeHW MO3BOJIAeT H30ABATBCA OT ATHX (PHUKTHBHHIX
cua. lITPpUXOBHMM JIMHMAMU COEHHEHH COOTBETCTBYIOH[FE MOMEHTH B JBYX
BPEeMEHHLIX IIKaJaX.

ctsa-ppemMenu uckpusiaenn (pur. 1.9). Crapoe siavenue yckopeHus,
3alMcadHoOe la A3LIKe HOBOTO (4IJIOXOr0») BPEMEHHM, NPHHUMAET BHJ

0t _d (dT dz)_ eI ds | (dT )2 d%z
T dtt T dt \ dt dT )] d2 4T at ) d4rz-

Jlnsa o6bACHEeHMA ROKYLIETOCA YCKODEHHA 4acTHI[ PU3HK, MOJIb3YI0-

IUACA HOBHM BpeMeneM, BBOAMT CHJIY, KOTOpAas, Kak Mbl 3HAEM,

Apisierca PUKTHBHOM:

dz azr
Fx=m%%=—miﬂ(;—£()§l). (1.2)
dt

H3a aroro mpuMepa ¢ «ILJIOXHM» BpeMeHeM CTAHOBHUTCH IOHATHEIM, 4TO
Heioron gyman o «xopomem» BpeMeH#, KOT/Ja BEIABMILYJ NpPMIAM;
«Bpems Teger pasHoMmepiio» (d27/dt? = 0). Bpema omnpeneaseres
TakuM 006pasoM, UTOOH [BHIKEHHE BHITIALEI0 UPOCTHM]
Ipuumun paBHoMepHOCTH caM mo ce0e He MO3BOJIAET OHPEREIUTH
nikagay BpemenHoil mepemennoil. Bemwuuna 7 =at 4 b ymosieTBo-
PAET BceM TpeGoBanuAM TOTHO TaK 3Ke, Kak ¥ camo ¢. Ha mpoTsxenuu
BCCil HCTOPHHM CAY/KOBL BpeMeld mo-pasioMy BEGHpaIUCh KaK euHana
H3MepeHnsa, Tak M HAYAJI0 OoTcYeTa. B KasKIOM TaKOM ciyvae HY KHB
ObLIM KAKWe-TO JeHCTBHA CO CTOPOHH YeI0BeKA, YTOOLI HpPHJATh CHIY
aToMy BHOOpY: OT ykKasza ¢apaona 0 KOMMIONHKe 3acefaHus Cilc-
muaabHoi KoMiccud. B 3Toil Kuure 3a ejjuiuny BpeMend OPAHEMAETCSH
BpeMs, 3a KOTOpOe CBET MHPOXOIHUT pAcCTOSHIEe B OJUH CARHTHMETP.
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11pn orom npocTpancTBeHHOMOKOOHEIE M BPEMEHANOAOGHEIC HHTEPBAJIK
M3MEpAIOTCA B OJHHX H TeX ;Ke MeOMeTPHYECKHX eflUHUIAX — B CAHTH-
smerpax. JlioGoe Ipyroe pemeHnme yclIoHMIO GH aHANIM3 TOro, 4UTO
npocTo no cBoeif mpupope. Jl6oit xpyroi BuOop Gui GH HepasymeH
B cBere ciaoB MiHkoBcKoro: «OTHRIHE HPOCTPAHCTBO camMo mo cebe
¥ BpeMs camo no cebe HenaGexHO GyAYT TePATH CBOE 3HAYEHME M ITOCTe-
TIEHHO NIPEBPATATCH B NPU3PAKM — HHAUBHAYANBHO CYU[ECTBOBATH
OyneT JUMb HeKoe MX eJHHCTBOY.

Bpemsa MBI MoskeM H3MepATH Temephb ¢ GoJibImeil TOYHOCTHIO, 4eM
paccrosune. flBisercsa au 3To OBOJOM HPOTUB TOrc, YTOOH IPUHATH
B KadecTBe eIHHUIL M3mMepeHus cautumeTp? Bosce ser, eciu oumpene-
JIMTh CAHTHMET) CIeAYIOMAM 06pa3oM: zeomempoduHamuseckull cmat-
dapmuwii canmumemp — amo

1/(9,460546 -1017) (1.3)

yacmov urnmepsaia Mmexndy O0syma <«IPPexmusHblmy MOUEAMIL DAGHO-
dencmeusar, ozpanuvusarnuumu mponuyeckuti 200 1900,0. Tponuue-
cknit rox B moMmenT 1900,0 yike momyaua me;kayHapomHoe mpuaHaHue
B KayecTBe JTAJIOHHOTO MHTepPBajla BPEMEHM, MOCKOJbKY OH 9eTKO
onpejeieH, M ero IMTEJIbHOCTh M3BECTHA C BHICOKOU TOYHOCTHIO.
HoMuTeTH mo cTamgapraM nocTaHOBHIM CIATATH N0 OnpedeseHuio, ITo
B 9TOM STAJOHHOM HHTepBajie cogep:kmrea 31 556 925,974 sgemepud-
#oli cexyndeu. Ecam 66 CKOpocTh cBeTa GhIa M3BecTHA ¢ abCOMIOTHOM
TOYIIOCTHIO, TO KOMHTETHl II0 CTaHZApPTaM TYT Ke oupegesuid Obl
M YHCJIO CANTHUMETPOB B OHTaJOHHOM HHTepBase. Ho oua uaBecTHa
JIMHIB ¢ TOYHOCThIO JO HIECTOrO JeCATUIHOTO 3HAKA BRJIWIHUTEIHHO.
Boee Toro, Mewdyrapodnuii canmumemp oupepenen B JUIAIIAX BOJH
xpacuoit Jsmmnn Kr®® ¢ ToumocThio Toabko Do HAeBATOTO 3HAKA
(16 07,6373 mamunl BOJNBL), TOT/[a Kak 3TajlOHHAA CEKyHIa M3BECTHA
0 oMHHAANATOro 3maka. YToOw OBITO COOTBETCTBHME C 3TAJOHHOMI
CeRyHJoii, MBI OIpefesdeM ITANOHHEI reoMeTPOANHAMUICCKAN CAHTH-
MeTp TaK, YTO B 9TAJIOHHOM Tpomm4eckoM rogay B moment 1900,0 comep-
HAHUTCA

9,4605460000 -10'?

TARNX CAHTUMETPOB, JOMYCKas HPH 3TOM HEKOTOPLI TPOH3BOI.
CropocTh cBeTa OpH OTOM paBHA TOYHO

9,4605460000- 1017
31 556 925,974

reoMeTPOIEHAMHAYECKAX CM/C. (1.4)

ITo 3naUeHHe COIACYETCA CO 3HAYCHHEM CKOPOCTH CBeTa, H3BEeCTHHIM
B 1967 r. B eIuHAmax «MCHAYHApPOAHHI cM/Cy:

29 979 300 000 + 30 000 me:xkaynapogusix cy/c.
locaenyromue namepenus [30] BHOCAT aumb He3ITAYMTEIbIKE HOMPAB-

KM B npeamiynie paccy:;kaenns, opopmiaennsie Kk 1967 r., u e npu-
BOIAT K OPHHOUOHAJBHBIM H3MEHEHHAM.

BpeMeHH:
reoMeTpOEHAMHE-
YecKHll CAHTHMeTp
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Nonoanenne 1.4. BPEMSI CET'ORHA

Ho 1956 r. cexynaa Guia ompefesena kKak 1/(86 400) gacTh cpeHAX CO.THEYHBIX CYTOK.

C 1956 r. no 1967 r. mom «cekyHpoi» MoppasyMeBand >QeMEPHAHYI0 CEKYHIY,
onpefenenuyio kak 1/(31 556 925,9747) wacts Tpommueckoro roma B 00 9 00 mun 00 ¢
31 nexa6ps 1899 r.

C 1967 r. B KaueCcTBe DTAaJOHHOM CeKYHAN ORJa npuuATa cexkyHpma cucreme CHU
(MesxnyHapofHOU CHCTEMH eJHHHL), KoTopas mo ompefenermio paBHa 9 192 631 770
nepuoiaM ReB03Gy:KIeHHOTO mepexoja B CaHTHMETPOBOM JHANa30He MEMAY HABYMSA
YPOBHSIMA CBEPXTOHKOH CTPYKTYPHl OCHOBHOro cocTosnmsa Cs!33,

Mono6HO TOM 2BOJIOIMH, KOTOpPYIO IpeTepme]a efWHHIA M3MeDeHHA BPEMEHHOIO
unmepeasa, BBONIOIMA BPCMEHHON KoopduHamb TaK:Ke NpoNIIa dYepe3 HECKOJLKO
cTammi.

BcemmpHoe Bpemsa BBO ocnoBaHo Ha mojicuere [Heil, KaK OHH CIeJ0BaJH APYT
3a ApYTOM; APYTAMH CJIOBaMH, OHO OCHOBaHO Ha PeaJbHOM BpameHHN 3eMIH BOKPYT
CBOEil OCH; HMCTOPMYeCKH BO3BHMKIO HAa OCHOBAaHAM CPEeJHET0 COJNHEYHOTO BPeMEeHN
(montoskenme CoJHNA HCHpaBIAAeTCA «ypaBHEHMEeM BpeMeHH», YUUTHBAalOIUM Golee
GHcTpoe ABHeHAe 3eMad mo op6uTe, Korfa oHa Haxoautca Gamxe Kk Comnny, n Goiee
MeJIeHHOe — KOr[la Aajbime), ompefxexenHoro B I'pmHBHuUCKo# oGcepBaTopum.

BB1 — «HaBHranmEOHHas HIKajla BPeMeHA» — TO »<e caMoe BpeMs, HO HCHpaBJeH-
Hoe Ha KoJebammsa 3emadm oTHocmTeabHo ocu Bpamenmsa (At ~ 0,05 c).

BB2 — 10 e caMoe, uTo # BB1, HO mcopaBieEHOe Ha mepHofnYecKHe PAYKTya-
#¥ HeM3BeCTHOTO NPOHMCXOKACHMA C TepmojaMéA B moarofa u B rofX (At ~ 0,05 c;
naMepAeTcA ¢ TOYHOCTHIO 70 3 MC B JieHB).

ddemepuanoe BpeMa (IB) (ero onpenenenne gaerca HCXO0MA M3 TEOPDHHM IPaBHTALAH
¢ NOMONMKBI0 ACTPOHOMHYECKMX HaONIOleAMii H pacdeTOB) CYMeCTBEHHHM 06pa3oM
ommpaerca Ha opOmTambHEoe ABmkeHne 3emiam Bokpyr Coanna. «Heompepenemmoctam
B M3MEDPEeHHAX OrPAaHHIABAIT TOUHOCTE d(eMePHAHOrO BpeMeHM BeNHYHHOM NOpsAlKa
0,05 ¢ nasa cpefHero, BHBEAEHHOTO 32 NeBATH JieT».

KoopnmemposarBoe BcemupHoe BpeMa (BBHK) mepenaerca mo panmo. Oro mpmmsaTo
B MexAyHapofHOM MacmTaGe B deBpane 1971 r. m Bomao B caay ¢ 1 amBapsa 1972 r.
Xon 9acoB KORTPOJNIEPYETCH aTOMHBIMU YacaMH H NOJiePKHBAeTCA Ha BOBMOKHO GoJee

Bpenm OCTAHOBJICHO HA CEKYHRXY

30 wuioHA B TOJAHOYDL BpeMA N0 BceMy Mupy
0CTaHOBUTCA Ha ONHY ceXyBay. Bce paamocnr-
HaJK TOYHOTO BP¢MEHM BCTABAT «TONPAaBOYHYIO
CeKyH/ly», YTOOH NpPUBECTH CpefBee BpeMs IO
TpuHBHYY B COOTBETCTBHE C €KeBEBHOM NOTe-
«TAYIMC» peii 3cMuleill Tpex THICAYHHX JOJICH CEKYHAHL.
21 mions 1972 T B noamous no I'puBBMICKOMY cpemHEMYy Bpe-
MeAn (1 9 1 uoasg no AETIMHCKOMY JeTHeMY
Bpemenu) u3 KoposeBckoit I'pumBnuckoii obcep-
BATOpHM B PagMoCTyAuI0 GyIyT nepeflaHbl mecTh
KOPOTKMX CUTHAJCB, OTMEYAalIMNX CEeKyHAH
¢ 55 no 60 BKANYNTEJBHO, 3a KOTOPHIMHM B cJie-
LyOmyio ceKyHAay nociepyer Gonee piamHHHIA,
OTMEYal0muA Ha4YaJ0 HOBOM MMHYTH.
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pPaBHOMEDHOM YpOBHe B TedeHme rofa (aToMHOe BpeMA U3MEpAETCH C TOTHOCTHIO 0
~0,1 MKc/MIH, K18 COBOKYIHOCTH TAKAX 9aCOB OTKIOHEHHe cocTaBisaeT 0,1 MKc/cyTKH),
HO M3pellka B Hero BHOCAT H3MeHeHHA, N06aBIAA WA OpoOycKas TaK Ha3HBaeMVIO
mompaBounyi cekyHnay, uro6n BBK Hmkorga He oraduamock Goxee wem mna 0,7 ¢
0T HaBHrauWOHHON mKanH Bpemenn BB1.

CaeneHna, m3no:KeHHHe BHme, B3ATH u3 paGorut [31]. Marepman, npepcrasnenusit
HUKe, 3aMMCTBOBAH M3 Tabaume (HeoPMIEANBHOA B MOMEHT MOJNYICHHA), J0be3Ho
npegocrasienHoit OTgenoym BpemeHu M vactotel Hanguowambuoro 6mpo cTaugapToB
CIIA B Boyanepe, mmrar Koaopago.

TogsocTs, ¢ KOTOpPOil HEKOTOPHE, XOPOUIO M3BECTHHIE BHNEl IACOB MOTYT OTCYITH=
BaTh BpeMs:

Kamepronunsle napyunne gacmt (1960 r.)

1 muu/Mecdmn.
Yacer ¢ kBapueBnm kpmcramxom (1921—1930 rr.)
1 mc/cytkm, 1 c/rog.
Hapyunue wach: ¢ kBapmeBmm kpucTamiom (1971 r.)
0,2 ¢/2 mecama, 1 c¢/roxm.

ITygaox aromoB mesua (aTomHEIA pesonaunc Cs'%%) (1952—1955 rr.)
0,1 mrc/cyrru, 0,5 Mrc/mecan.

Py6upuenniii rasoBeii smemeHT (pesomamc Rb87) (1957 r.)
0,1 mxc/cyrkm, 1—5 mrc/meca.
Bopoponuuiii mazep (1960 r.)
0,01 Mrc/2 9aca, 0,1 mrc/cyTkm.

Jlasep, craGuIHsMpoBAHHEIE 1O 9acTOTe ¢ MOMOMIBI0 MOTMOU(ANMENR ATICHKE
¢ Mmerasom (1969 r.)

0,01 mrc/100 c.

§ 1.6. KPHBU3HA

I'paBuranma, kasazocs Gm, mcuesna. I'eomerpms mpocTpaHCTBa-Bpe-
MeHH NOBCIOAY JOKAJABHO JIODEHNmeBa. A B JOPEHHEBOH reoMeTpun
9acTHIB JBHGKYTCA OO HPAMHM JHHAAM C IOCTOAHHOE CKOPOCTHIO.
Tne sxe mpm aToM MOKHO OGHAPY)KATb Kakoe-MTHGO T'paBHTANHOHHOS
OTKJIOHGHA® OT IpAMONUHeRHoro gemkeHNA? UToGH moayTaTs OTBeT,
obpaTtumea cHoBa K mpmmepy ¢ aGmoxom (Pur. 1.1). IIpocmorpure
eme pas OyTH IBMKEHHs MypaBbeB MO Teofe3MdeCKEM HA MOBepX-
noctu s6a0ka. O6paraTe BHEMaHMe, KaK [JBe GIM3KHe reofesamIecKue,
NePROHAYANBHO BEIXOJAMME A3 OJHOH TOYKA B PA3HHX HAIPABJICHAAX,
3aTem omATh cxoxArcA. Kaxoit amamor aromy cymecteyer B peanbHOM
¢usmaeckom Mupe? B wem sammiouaeTcs amaNOrmIHAA KOHNENMEA,
corracyomanca ¢ yTBepkAeHHeM JiHmTeliHa, YT0 (u3EKa mpocTa
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JuUIb Opu JoKaidbHoM aHaam3de? He oGpamiaiiTe BlllMaHMA Ha pac-
cToANKe MEMAY KocmmyecKuMm KopaGmem u 3emaeit. O6parure BHItMa-
HHE HAa PAaCCTOSHHE MeKAY NBYMA COCEJHHMH KOCMIIYeCKUMH Kopab-
aamu! Wnwm, 9T006H He BOBHHK BOIPOC O B3aMMHOM IPHTAMKEHUU
Kopabaeit, 6ymem mnabiiofaTh 3a ABYMS OJAM3KUMM NPOOHHEIME YacTu-
{aMu Ha opOuTe BOKpyr 3emiad. A 4ToOH HAc B 3TO#l CHTYaIluH He OTBIIC-
KaJl HeJIoOKaJbHHI 06bexT (3emasn), GyaeMm mpPOBOAUTH HCCIEAOBaHUE
BHYTPH KOCMHYECKOTO KOpabuA, TaKs;e Haxofsmierocs Ha opbure
Bokpyr 3emmu. Ho MH y:;Ke ofMH pa3 paccMaTpHBaJIu 3Ty objaacTh
B KadecTBe JOKaJlbHO MHEPOUAJLHON cHcTeMbl oTcueTal Mosker ;au
B neii mpoaBAThCA Kakaa-auGo rpapnrtaunA? ller. Ilo oTmomennio
K KOCMUYeCKOMY Kopalilo M, CJIeH0oBaTelbHO, IO OTHOIIEHWIO JApyT
K ApYTY JBe npoGHLIe YACTUIE ABHIKYTCA NAMOJIMHENHO ¢ IIOCTOAHIIOIN
CKOPOCTHIO, IACKOJBKO HAM II03BOJAET CYyAUTH Hpe;no.laraeMas Tou-
HOCTh usmepennit (cM. gomoanenne 1.5 «Hak npoBepuTs, ABAsAETCA JiN
IPOCTPANCTBO-BPEMA IJIOCKUM P»). BoT TyT-To M HOABIAETCA OCHOB-
HAag NmpMUMlIA HEOPA3yMEHHS: TOYHOCTh H3mepenus. Bymem ynpean-
4YMBATH ee JI0 TeX Mop, HOKa He CTAHEeT 3aMETHBIM MaJoe OTHOCHTEblioe
ycKopenue, yaaasiomee Npo6GHEE JaCTHOE APYyT OT Ipyra B cJayuae,
KOT/Ia OHY PACUOJIOMEHH BOJb OJHOTO pajuyca, NpoXOoJAIero yepes
mentp 3emiid, M cOamKawmee NX, KOIAa OHM PACHOTOHEHH BI0:b
JWNMM, NCPNEeHAUKYIAPHOH dToMy pagmycy. Ha wubloTomOBCKOM
A3HKEe MPAYMHON ITHX YCKODEHHil ABJAAETCA NPUIHBHOE BO3JeHCTBHE
co croponnl 3emuau. Opmaxo HabnojaTenh B KOCMHYECKOM Kopad:ec
ne BuAMT nukaxoi 3emau. U, ciegya Jimuteliny, oH 3HaeT, yTo
JBUHKEHHE HAJ0 AaHAJIA3MpOBaTh JokaiabHo. llpexcraBum yagaicune
NpPOH3BOJNbHOR MPOGHO YACTHIEI OT HEKOTOPOH HAYATbHOHR TpoGHOIL
4acTANBl B BANE BEKTOPA tr (k = 1, 2, 3; KOMIOHEHTH, U3MepenHLIe
B JIOKaJBHO Jopenuesoir cucreme). Torga M3 HBIOTOHOBCKOM Guankm
MBI 3HaeM, KaKk HAaiTH YCKOpeHne Kakoii-mu6o npobHoit 4acTHILL 0TiO-
CHTEJIBIO NAYATbHOMH:

azx _ Gmobuan gx

a2z c2r3 !

d2gv GmoGriyn v =
T T a8 (1.3)

d2gz — 2Gmobpun Ez

T c2r3

Jlokasareanctpo: B Teopun HeoTona yckopenue oTiaes1bHOM YaCTINH,
HADDABJIEHHOE K I[EHTPY 3eMJIM, COCTABIACT GMosuwm/T? (BpeMs
namepseTcs B OGHYHHX efmHANax), rae G = 6,670.10-8 emé/r .c? —
HBIOTOHOBCKAS TMOCTOSHHAA THATOTEHHS, & Moguay — Macca 3eMin
B OOHUHKIX efmHAmax — rpammax. Ecam Bpema muamepserca B reo-
MeTpHUYeCKAX elWANIaX (BpeMs IpoxoxAeHusa ceeToM 1 cm), To ycko-
penme paBHO Gmoguwn/c®r®. Korma xBe wacTHOmsl Ha paccTosHmnm §
IPYT OT APYTa HAaXOAATCA B INIOCKOCTH, IIePIEHNKYIAPHOH I, yroa
Mely BeKTOpAaMI HX YCKOPEHH i, HanpaBIeHHHEIX BHU3, COCTaBAET &/r.
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OMr. 1.10.

KpuBu3Ha, NPOABAAIINAACH B «YCKOPEHIN DPasfeseHNs» ABYX GIM3KMX reofie-
sHuecKuX. JIBe reofesnyecKye, epBOHAYAJILHO NAPaJeNbBEE H OTCTOAMME APYT
OT Apyra Ha §, («OTKIOHEHHE Teojie3MueCKnX»), H2 HEKOTOPOM YAQUEHHH s y3Ke
He OynyT mnapajsenpEmMu. PaccrosEpe Me;KAy HuMH paBHO § = Egoc08 ¢ =
= §, cos (s/a), Tae a — pagmuyc cdepsl. ITo PaccTOAHNE® YAOBJIETBOPAELT IPOCTeH-
IleMy YPABHEHHIO TAPMOHWUeCKHMX KojeGammit d28/ds® -+ (1 /a?) £ = 0 («ypas-
HEHMe OTKJIOHEHUS TEOMIe3MIeCKUX»).

Haunpasnerue paspensoimero BeKTopa § moiHOCTHIO ompefieleHO YCJIOBHMEM
OPTOTOHAJBHOCTH K OOPHOI Treomesmdeckoir. IloaToMy B ypaBHeHWM OTKJOHEHHA
reofesndyecKux He TpeGyeTcs M He MCUONB3YeTCH HMKAKHX CBeJleHMi 0 Hampasie-
HEM BekTopa &: B ypaBHeHEMHM QUrypMpPYIOT JMmb BeinuuHa § BeKTopa § u anmb
BeJINYNHA, & He HampaBieHHe, OTHOCHTEJLHOTO YCKODeHHA.

CrnepoBaTeIbHO, OTHOCHTENblIOE YCKOpEHHE YACTHI[ KaK pa3 paBHO
HAONCAHHOMY BHIIe 3HaYeHHI0. Ecam jKe YacTHIH pPAaCIOJIOKEHB
BAOJb OANOIO pafjmyca, TO OTHOCHTEJbHOE YCKODeHHe paBHO pas-
HOCTH HBIOTOHOBCKHMX 3HAYeHM#i mpu r u r -+ § (mna HaxomgeHus
KoTopoi#i Hajmo & ymMHOKuTE Ha d/dr), 970 m Tpe6OBaIOCH [OKA3aTh.

3aKJIOUYEHHE OTMETHM, UTO «JIOKAJBLHOE YCKOpeudHe NIPHIUBHOTO
BOBJEHCTBUAY Teopun TAroTenua HBOTOEa NPMBOAAT K JOKAJIBHOMY
ONMCAHUIO TPAaBHTAIMM, KOTOpPOEe, COFJacHO JiiHmreiiny, u TpeGyercsa
OTHICKATh.

Yto obmero Mexay yCKOpeHHeM IPUIMBHOTO BOSHEHCTBAA M KpH-
pusHo#? (CM. momoanenue 1.6.) Baraanem eme pas ma a6ioxo, uin,
ayume, Ha chepy pagmuyca a (¢pur. 1.10). Paccroanne mesxnay asyms
6IH3KAMA TeofesHYeCKHMI YAOBJETBOPAET «yPABHEHHIO OTKJIOIEHHSA

T€OJe3NTCeCKAX»
d*t/ds® + RE = 0. (1.6)

3pecb R = 1/a® — Taxk HasHBaeMag TrayccoBa KpHBHSHA IOBEpX-
HocTd. Ha moBepxHoCTu s610Ka BHIOIHAETCA TO JKe CaMOe YPaBHEHHE
¢ TOii JMIDb pasHEIEH, 9T0 KPUBHA3HA R MeHAeTCA OT TOUYKH K TOUKe,

Tprannoi
OTHOCHTEJILHOTO
YOKOpeHHA
ABARETCA
XPHBH3HA
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4 reolesnueckas

Onopid

our. 1.11.

Bexkrop §, paspeasionuii jaBe reogesngeckue B KpHBOM TpeXmepHoM MHoroo0pa-
3un. 3aech § MOMKeT He TOJALKO M3MEHATH CBOIO [UIMHY OT TOUKH K TOYKe, HO emle
Il BpPaliaThCA € IepPeMeHHOl CKOPOCTHI0 BOKPYT ONOpHOII reoaesudeckoil. Ciaemo-
BaTeJIbHO, HAPALY € BeJHINHON OTHOCHTENIbEOE YCKOPEHUE Te0ie3nIeCKUX JOIKHO
XapaKTepU30BATHCHA TaKyKe W HANPABJCHAEM: OHO J0JKHO OHTL BekTOpoM D2E/ds?.

B npoctpancTBe, pasmepHocTh KOTOporo Goiablne ABYX, BEIIOJ-
HAeTcA ypaBHeHWe, MMelolee B 00meM TaKkywo ke gopmy, HO ¢ HEKO-
Topumu oTanmaaamu. [lIA ABYX u3MepeHHil Hanpassenue YCKOPEHUs
OXHOI reoe3nIecKoil IO OTHOMIEHHIO K Gau3/exaleil gpyroii, «omop-
HOIi» reoe3andecKoil 3amaeTcd OZHO3HATIHEIM 00pa3oM TpebGoBaHmeM,
4T0o6H BekTop §, MX pasmensomuil, ORI HepHeugnKyJIAPeH K OMOPHOIX
reopesndeckoit (¢mr. 1.10). Mnaue oGcTouT memo B ciaydae Tpex HIH
Gosee mamepenuii. 3gech § MOKeT BpPAMATECH BOKPYI ONOPHOI reo-
HesN9eCKOl, OCTABAACH mepHeHAUKYAAPHHM eit (¢pur. 1.11). Taxum
o06pasoM, 9TOGH OTHOCHTEIbHOE YCKOpEHHe OLUIO ONpefejeHo OfHO-
3HauHO, HeoOXOMUMO 3agaTh He TOJBKO €r0 BeJNYAHYy, HO H Ha-
npaBieHne,.

Torga oTHOCHTENILHO® YCKOpeHHe B ciaydae Tpex uiad Gollee M3Mme-
peunit spiasgercs BekTopoM. OGosnaunm ero D2E/ds®, a veTHpe ero
xommouentn o6osnawam D?E%/ds?. Ho mouemy D, a ue d? Ilotomy
9T0 MBI MOJB3yeMCHA aGCOMIOTHO IIPOM3BOJIBHON CHCTeMO# KOoopAmHAT
(cp. § 1.2). BeuegcTsne KpyueHHs W IOBOPOTAa KOOPAMHATHLIX JHHHI
KOMIOHEHTH £* BeKTOopa § MOryT MeHATHCA OT TOUKM K TOUKe JasKe
Torga, Korga cam Bexrop § ocraerca uemamemnrM. CregoBaTennbHo,
yckopenusa xommoueut d*€%/ds? B o6mem ciydae 1e paBHB KOMIIOlEH-
tam D32E*/ds® ycxopenus!

Kax ;xe Torna ompenenars xommoneutal D2E%/ds® oTiocureasHOro
YCKOPEeHHA B MCKpPUBJIEHHOM mpocTpaHcTBe-Bpemernu? 113 ypasmenus
oTkJoHenuA reofesmueckux (1.6), KoTopoe Tenepp uMeeT Golee CIOMK-
uniit Bufi. B guddepenmuansnoit reomerpun (zacrb 111 gannoit kamra)
BBOIMTCA TeoMeTpHYeckuil 06HEeKT, HABKHBAEMEIH MEH30POM KDUGHIHbL
Pumana R. Tensop R sApiseTcst anajoroM rayccoBoil KpMBU3HBI R
OOBEpPXUOCTU Hamero f6.10Ka B caydae Gojee BLICOKOH pasMepHOCTH
muoroo6pasua. Tensop R — maremaTmdeckmii 00DBeKT, cofepsranuit
B cebe Bce cefenna o6 usrubax m gedopManmuAX TPOCTpalCTBa-Bpe-
meun. Ilocpeactoom R 9T marnGu u gedopmammm (KpHBU3HA HpPO-
CTpancTBa-BpeMeHH) NPOSBISAIOTCA B OTHOCATCNBIIOM YCKOPEHHH Teo-
NIe3NIeCKUX.

Tenzop R, kak n mMeTpuuecknit Tensop § B gomosiHennu 1.3, mosHo
npefcTaBuTH cefe, KaAK COBOKYIHOCTh «MAIIMH», MO OXHON HA Kax0e
coGBITHE B NPOCTPAHCTBE-BpPEMeHH. ¥ KAa/KMOil MAIIMHEL HMEETCS TpH
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BXOJHKIX KaHaja, KyJAa <«BBOAATCA» TPH BEKTOpa:
Bxon 1 BXOX 2 Bxon 3

\ v
R( , , ).
Bribepem B KadecTBe OHmOpHOH TreofesM4ecKyl0 (MHPOBYIO JHHHIO
cBo6ogHONE wacTHOE), HpoXoAAmylo depes cobutme (§, m oGosHadUM
elMHAYHNA BOKTOp, KacaTeIbHHR K Hell (4-CKOpPOCTH 4acTHIH), Uepes

u=dx/dv; xommomentn u*=dz*/dr. (1.7)
PaccMoTpaM eme ofmHy reopesmuecKyw, Gamsxyio K omopHOM, m 060-
311a9EM DPa3feNAIMAA WX BEKTOp, DEePHeHAAKYNAPHHHE K ODODHOMA
reofiesnueckoit, uepes &. Bmemem u B mepBmit Bxopmoit kamax R,

B3ATHI B (, § — Bo BTOpOit ¥ U — B Tperuit. R mauBeT «paGoTATHH
M depe3 HEKOTOpOe BpeMs NpOM3BENeT HOBHI BEKTOD

R (u, &, u).

YpaBHe}me OTKJIIOHEHAA Treofe3uYeCKAX TJacCHUT, 4YTO ITOT HOBHI#

BEKTOD paBeH OTHOCHTEJIBHOMY YCKODEHHIO [ABYX Treofe3H9eCKHX,
B3ATOMY C OOpATHHM 3HAKOM:

D%/dv*+R (u, &, u)=0. (1.8)

Tenzop Pmmana, nomo6Ho MeTpuueckomy TeHsopy (momoauenme 1.3)
H BCEM [ADPYTHM TEH30paM, fABIsSeTCA JuHeiHO# mammuoii. Bexrop,

KOTODHI OH «IPOU3BOAAT», ABJIACTCA JNHEHHOH QPyHKEHEH KaxaOro
M3 BBOXEMEIX B HEro BEKTOPOB:

R (2u, aw 4 bv, 3r) =
=2Xax3R(u, w,r)4+2xbx3R(u, v, r). (1.9)

CnenonaTenbno, B m00oii cacTeme KOOpDAXMHAT KOMIOHEHTHI BEKTOpAa

Ha BHIXO/le MOKHO HpPECTABATH KaK (TPHIHHERHYI0 QyHKOHIO» KOM-
HOHEHT BeKTOPDOB Ha BXOfe:

r=R(u, v, w) <> r*= R%ufvu’. (1.10)
(3aecs Takme mofpasymMeBaeTcsa CyMMEpPOBaHHE no mEmexcam f, v, 6;

cp. nomommenue 1.1.) 4 X 4 X 4 X 4 = 256 umcen R sy Hasu-

BalOTCA «KOMIIOHEHTaMM TeH3opa PuMana B jgaHHOIl cHcTeMe KOODAH-

HaT». BHOMCaHHoe B KOMIIOHEHTaX, ypaBHEHHE OTKJIOHEHHA Teofe-
3A%eCKAX NPHHUMAET BHA

nga o dIB Vv de i

dx2 Bvd —g7 § dt =0. 1.8)

B reoMeTpHueckoil TeopHH TAroTeHmA JHHmMTEHHA HelicTBHe reo-

MeTpHH HA MAaTephio HAXOANT NOJHOe BHPAaKeHWe B YPABHOHMH OT-

KJOHEHAA reo/iesndecKuXx. JTO ypapHeHne B H3AKe IPABATANAE AMEOT
TaKoe jKe 3HAYeHHEe, KaK WM ypaBHenHWe AiA cHAn Jloperna

D2z* . dzP
dt2 _TF% o =0 (1.11)

B TeopmmE diaeKTpomarHetmama. CM. pomoamerme 1.7.
5—01457

Teusop PaMana

B YPABHEHHH
OTRIOHEHES
reofie3HIeckUX
NPHBOXHT

K OTHOCHTETHHBM
YCHODERHAM

Ypanuenne

AHANOrHYHO
YPRBHCHEID
s cRnn Jiopesna
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B mpocTpancTBe-BpeMeHE KPHUBH3HA H3MepPSETCA B TeX jKe eJMHA-
max cM~2, 970 M Ha ODOBEPXHOCTH A0IOKA., ITH eJAHHLE! BHCTYIAIOT
B HanGoliee ABHOM BHJE TOIMa, KOTAA Macca BHPAa;KaeTcd B «reoMeTpd-
YeCKHX EOAHAIAX):

m (M) = (G/c?) Mogman(t) = (0,742 10-% eM/r) Moguan(t). (1.12)
Taxoe ofpamenue rpaMMoB B CAaHTHMETPH C IOMOMbIO COOTHOIIEHHS
G/c® = 0,742 -10-%8 cm/r

IOOJHOCTBI0O OSKBHBAJICHTHO 06p almeHul0 CeKyHA B CAaHTHMETpH

¢ IOMOIOBI0 COOTHONIEHHS
9,4605460000-1017 cm
31 556 925,974 ¢

=

(cm. xomem § 1.5). Macca Conmma, B OGHMYHHIX eJMHANAX paBHaA
Mogpur = 1,989:10% r, B reoMeTpEYeCKMX ENUHMIAX COCTABIACT
m = 1,477 kM. Bouee moapo6E0 c¢M. B pnomonmemmm 1.8.

Mcnonpaya reomeTpHuecKde eAWHHIL M HBIOTOHOBCKYIO TEOPHIO
TATOTEHHS, JETKO ONeHATh B OKpecTHocTH Jemiad @ CoaHOA XeBATH
KOMIOHEHT PHMAHOBA TEeH30pAa KDHBH3HH, KOTODHE IPEJCTaBIAIT
mRambonemmit mETepec. JlenaeTcA 3TO aHAJOTMIHO TOMY, KaK Hamps-
MKEHAOCTh JIEKTPAUECKOT0 NOJA ONpefeNAeTCA IyTeM H3MepeHHS
ycKopeHHA mnpo0HOA YaCTHOH, ABIKYMEHCA ¢ MaJod CKOpPOCTHIO.
PaccmoTpEM paccTosHHe MEXAY Teofle3aWIeCKEMA [ByX Oin3Kkmx
npo6GHEX 9acTHI, ABMKYIEXCA ¢ Majoii ckopocTeio (v« ¢) Ha pac-
crosHnn r or 3emum miam Connna. B o6menpraaAToil NOUTH UHEpOHAIL-
HO#i CHCTeMe KOOpAMHAT HeGecHO# MeXaHMKH BCEMH KOMIIOHEHTaMH
4-cxopocTE HawadbHOH mpobHOMK YacTEMH 3a nMckimodenneM dz®/dt =1
MoxHO mupeme6peus. IIpocTpaHCTBeHHHE KOMIOHEHTH ypaBHEHHA
OTKJIOHEHHA reofe3mdeCKHX MMET BHJ

PR3 R 508 =0, (1.13)

CpaBHuBas ¢ BHBOJAME HBIOTOHOBCKO# TeOpuH, CHOPMYIAPOBAHHEIMA
B BEje ypasEenmi (1.5), moxydaem cieayomyio madopmManao o Kpua-
BH3He NpOCTPAaHCTBA-BPEMEHM BOIHM3H IEHTpA Macce:

CION PPN T s

R*33z% RY93x2% R%%0||=|mm O 0

x Vonn g

R*33% RY%538 R%36 ||=|| 0 mrd 0 (1.14)
E: Vomn EP

R*33% RYs:6 R%sze|=|| 0 O —2m/r3

(8 emmrEmax cM~?). 3mech W HUKe T, Y U T. I.— KOMIOHEHTH BEKTOpa
N TeHs0pa B JOKAJbHO JOPEHIEBoil cucTeMe oTcuera («pmsmaeckme
KOMOOHEHTH» B OTJIAYHE 0T KOMOOHEHT B 00meil crmcTeMe KOOPARHAT).
3uagenusa APYTEX KOMIIOHEHT KPHBU3HH ONPEAEJAITCA M3 TEOPHH

Ditamreitna (mampumep, R*; 2~ = —m/r%); ognako RIS MEOTMX HpH-
JIOKEeHMii TeOpHM TPABUTANWH NPHHOEOAAIbHOE 3HAUYCHHE HMEIOT
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JHUIEDL JIeBATH WIEHOB, BHIMMCAHHHX Bhime. OHH aHAJOTHYHE KOMIO-
HEHTaM 3JEKTPUYECKOTO NOJA B JOPEHIEBOM ypPAaBHEHHU ABHKEHHS.
Muorue u3 WIEHOB, KOTOpHE MH He ONENWIM, AUATOTHIHH KOM-
DOHEHTAM MAarHHTHOTO IOJA: B OGHYHHX CUTYaLAAX OHH MAaJH, €CJH
TOJBKO MCTOYHMK He JBIIKETCA ¢ GOJBINOH CKOPOCTHIO.

Ha sToM 3akanuuBaercsi 0030p TOro, Kak reoMeTpus JeicTByeT
Ha MaTepmio («JeficTBHe KpHBH3HH A6I0Ka, NMpUBOAAIIEe K mepecede-
HHAIO TEORE3NIECKNX»— O0COGEHHO CHIBHOE OKOJO yrayGjeuud B Bepx-
Hell gacTH s0JOKa, TOYHO TAaK jKe, KaK KPHBH3HA NpPOCTPAHCTBA-
BpeMeHH 0CO0eHHO BeJAKa BOIM3M MEHTpa rpaBUTAHOHHOTO HPUTKe-
Ens). Temeps obparmMcsAs K BO3JEiCTBMIO MATePHHE HA TEOMETPHIO
(«meiicTBEe AG6I0YHOrO YepeHKa, NPHBOAAMEE K IOABIEHHIO YIIy6-
JeHA»)!

Jlononmaenne 1.5. KAK IIPOBEPHTH, ABJAETCA JU NPOCTPAHCTBO-BPEMA NJIOCKHM?

1. YKaskaTe mpoTskeHHOCTh B mpocTpancTBe L (B canTHMerpaX HIH Merpax)
U OPOTAKEHNOCTh BO BpeMeHH I (B CaHTHMeTpaX MJIH MeTpaX, KOTOPHE 3a 3TO BpeMsa
IPOXOJAT CBeT) HcclIefyemoit oGaacram.

2. VYxaskmte TouHOCTh O, ¢ KoTOpo#l BH MOKeTe M3BMEpPATL PACCTOAHMHE MEKIY
npoOGHBIME 9JaCTHIIAME B 3ToH 0GIaCTH.

3. Ilpocnenure 3a ABHMKeHHeM B 3TO# 06GJAacTH HPOCTPaHCTBA-BpeMeHH HpPOGHEIX
9acTAI, MAPOBHE JHHAHM KOTOPHX BHaYaje OLJIH mapajljielbHH.

4. Ecam MEpoBHe JWHHMH OCTAIOTCA OapaliiebHHIME € TouHOCTHIO 8% mas Beex
nampaBieHH# NBHKEHHSA, TO TOBOPAT, UTO «B OTpaHMYEHHOH TaKMM oGpasoM oGiacTH
¢ YKa3aHHOH CTeNeHE}0 TOYHOCTH LPOCTPRHCTBO-BPEMS SBISETCA IJIOCKAMM.

nPUMEP. PaccMorpmM 06@acTh npocTpaBCTBa Yy HOBEPXHOCTH 3eMIH pPasMepoM
100 M X 100 M X 100 M (mpoTAKEHHOCTH B IPOCTPAHCTBE) B IPOMELYTKE BPeMeHH, 3a
KoTopoe cBeT npoXxoauT 10° M (T ogman = 3 ¢). Macca 3eMan moguar = 2,98:10% r, m =
= (0,742 .10-%8 cm/r)-(5,98 -10%" r) = 0,444 cM [cm. BHpaskenme (1.12)]. Vckoperne
npHIHBHOIO BO3ReicTBEA R?g,0 (0OTHOCHTENBHOE yCKOpEHHMEe B HanpaBJeHHM OCH 2
JBYX NDPOGHHX 4YaCTHI, NepBOHAYAJBbHO NOKOMBIIMXCSA Ha paccToAHAM 1 cM mo Bep-
TAKAJH JPYT OT APYTa) COCTaBJsAeT

+(5)=—2%=—0,888 cm/(6,37-10° cu’)= —3,44-10°2" cu2
(cM oTHoCHTeNBHOTO CMeNIEHMsT 3a BpeMs, 3a KOTOpoe cBeT mpoitker 1 cM, Ha Bpems,
3a KOTOpOe CBeT mpo#sieT 1 cM, Ha CM paccTOSHEA Ho BepTuKasu). Jlse npoGHEE YacTH-
nbl Ha paccrossma E* = 10% cM apyr or Apyra mo Beprmkasu 3a BpeMa ¢ = 10! cm
(pasHmieil Me;kIly BpeMeHeM M COGCTBEHHKIM BpeMeHeM JIJIA CTOJb MeJIeNHbI X NMPoGHEIX
9aCTHI[ MO;KHO NpeHe6peus) CMEINAIOTCA APYr OTHOCHTEJIBHO APYra Ha

OF = — - RP0uof® = 1,72.10°% cn® (10" cm)?10¢ om=1,72 .

(Ina npyrax HampaBJeHMi JBH)KEHHAs H3MelleHHe OTHOCHTEJILHOTO PACCTOSHHA MEHb-
me.) Ecaim MuEEManbHas HeonpefleTeHHOCTh B paccTosHuM O8F, KoTopoit MOKHO
Joctudb npn m3mepennax Ha 100 M B mpocTpaHCTBe, «Xyiie», UeM OpHBeJieHHOe 3Ha-

bid
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qenne (mpeBnimaer 1,72 MM), To Ba JaHHOM ypOBHE TOYHOCTH PacCMaTPHABAEMYIO 061aCcTh
IPOCTPaHCTBA-BPEMEHH MOKHO CYATaTh HI0CKo#. EciaE sxe HeompemeaemHoCTh mpm
H3MepeHnAX «iydume» (MeHsme), ueM 1,72 MM, To, 9T06H mpmiiTA K 06JacTH NPOCTPAH-
CTBAa-BpeMeHH, KOTOPYIO HA NaHHOM YPOBHE TOYHOCTH MO/KHO CUATATh IMIOCKOI, Heol-
XOIEMO OTrPaHHMYHTL PACCMOTPEHH® MeHbmed o6JacThi0 B NPOCTPAHCTBE MM Golee
KOPOTKAM HOPOMC/RYTKOM BpeMeHu, WJIH U TeM U APpYTUM.

Jonoanenne 1.6. KPHBH3HA YEro?

Ha nepamit B3rasiy uged o ToM, 4TO IpaBATALHA eCTh IPOABICHAe KPHBESHK IPOCTPaH-
crBa (A), xarkeTcA yNBEBATENbHO HMPHBIEKATeAbHOH, HO y)Ke Ha BTOpPOR BBIMIAX OHa

*
¥,
3 'X\.
1 *
*

- -—-%¢
[ S

A. Yckpneaesne CoJHOEM CBeTOBHX Jyuyei H300paj<eHO KaK CIe[CTBHE
KpMBH3HL IpocTpaBcTBa BOAM3E Hero. JIyw cBera ciaegyeT mo reopeamde-
CKoif, HO TaM, Ile OH pPAacIOpOCTpaEAeTcs, reoMeTpasA UCKpuBiIeHA (B meii-
CTBATELHOCTH CBET PAacHpOCTPaHAETCA B NPOCTPAHCTBe-BpeMeHM, a He B
TIPOCTPAHCTBe; MPaBMJIBHOE OTKJIOHEHWe B [BA Pa3a IPEBHIMAeT 3HAYCHHE,
IoJy9alomeecs M3 3JIeMEHTAPHONM KAPTHMHH, KOTOPAas 3/eCh IPeACTABNeHa).
OTKJIOHeHHAe OOpPAaTHO IPONOPHUOHAJIBLHO YIJIOBOMY PACCTOAHAIO MEKAY
sBe3pfoit ¥ neHETpoM CoiaHna. O peaibHHX OTKIOHEHHAX, HAGMIOZaeMHX BO
BpeMs 3aTMeHAs, cM. gomoiHenme 40.1.
1. ®otorpadmsa pacmoyoxkeHns: 3Beaf, Korpa CoiHOe (IOKPHTOe JYHHHM
JHCKOM BO BpeMsA 3aTMEHHA) 3aHEMAOT YKA3aHHOE I0JI0KeHHe.
11. ®otorpagua pacmosokeHUA 3Be3f, Korga CoJEne HAXOAATCA B APY-
roM MecCTe.

KakeTcsA yAuBHTeAbHO cMemHoit (B). Hak Mosker KpEBH3HA TPaeKTOPHH MAYa H OmYJHA
TaK CHIBHO Pa3jHMUATHCH, €CIM OHA ABIAETCA CHEJCTBHEM I'eOMeTPHA HPOCTPAHCTBA P
He yamsaTenbHo, uTo Beamkdil PaMan He monapui deloBedecTBY reoMeTpHYeCKoH
reopan TaroTennsA. J{a, B Bospacre 28 wyer (10 mons 1854 r.) on coamanm MaTeMaTHde-
CKMmii anmapaT, ¢ IOMOIBI0 KOTOPOTO MOKHO aTh oNpe/ieJieAHe KPHBA3HE K BHIHCIATD
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B. Tpaexkropuu MsA49a W OyJM B TNPOCTPAHCTBE
npr HaGaiopeHHn B naGopaToplil MMEOT COBEpPINCH-
HO pasiMYHHE KPNBH3HH.
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B. TpaekTopuy MsYa W NyJM B TPOCTPAHCTBE-BPEMEHIl, M3MepeHHKe B nalopa-
TOpMH, AMEIOT KPMBH3HH OfHOTro mopApgka. OmeEKa KPHBHM3HH TPAEKTOPUM IPO-
m3BoORHTCA Ho (dopMyie, COPABeAMBON AJIA MANKX OKPYKHOCTei: (pammyc) =
= (ropuaoHTaibHOe paccToAHUe)?/8(BHCOTA IOxBEMA).
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ee (MeTpEKka M reoMeTpEs Pmmana). [la, oH HeliCTBATENbHO ImpoBeN IOCJAefHHEe AHH
nepen cmMepThio (B BodpacTe 40 Jer) B pafoTe Haj HOMCKaMHA eAMHOTO IOAXOMA B TEOPHH
sleKTpHuecTBa H TAroTenus. Ho cpemm mpuumm, momMemaBmux emy HaliTH pemeHme
H OTKDHITH TY CBA3b, KOTOPasA CYMECTBYeT MEKAY TATOTEHHEM M KPHBH3HOMN, rIaBHOR
6unia, GesycJoBHO, Ta, YTO OH AyMAaJ O HPOCTPAHCTBE M KPHBH3Ie ONPOCTPAHCTBA, a He
0 IPOCTPAHCTBC-BPCMEHM M KpHBHM3He IPOCTPAaHCTBa-BpemeHH. Urolh cHelaTs 3TOT
mar Boepefi, TOTpeGoBaIoCh COPOK JIET, IPOMIAMAX A0 CO3MAHHA COSIMAJBHON TeopAA
otrHocATeabHOCTH (1905 r.— BpeMa M OPOCTPAHCTBO pPaBHONPABHH), a 3aTeM eIme
mecate Jger (1915 r.— cosmanme of6meit Teopmm orHocmTeabHocTH). Hapmcosammhe
B mpocTpaHCTBe-BpeMeHH (B) TpaekTopEE MA9a W OYJH EMEIOT CPaBHAMYI0 KPHBHSHY.
B pmeiicTBHTENBHOCTH, OXHAKO, HY OXHA M3 BTHX TPAGKTOpHil He MMeeT HAKaKoi KpH-
Bn3nH. Ha pucynke B o6e oHM BHIIAAAT MCKPABJICHAKMA JHIIb IOCTOJIbKY, DOCKOIb-
RY MHI 3a6EIBaeM 0 TOM, YTO IIPOCTPAHCTBO-BpEeMs, B KOTOPOM OHH JesKaT, caMo mo cebe
HCKDHBJIEHO — H MCKPHMBJIEHO POBHO HaCTOJIBKO, 9T00H 5TH TpaeKTopHA OHAM caMEIM#A
OPAMLIME JIHHHAMH, KaKAe BooOIIe MOTYT CYIMECTBOBATEL («Teofie3HM4eCKEMEY).

N ecam MBI cHawasa 4yBCTBYeM Y[OBJeTBOpDEHHME OT TOTO, UYTO KPHBH3HA, OPHYEM
KDHBH3HA IPOCTPAHCTBA-BPEMEHH, TAKHM HEOOCPEACTBEHHHIM 00pa3oM BHICTyHaeT
Ha TepelHAH mJaH, TO HEKOTOPOe HeNpOJOJ:KMTeJbHoe Da3MHIUIEHHe Ha 3TOT CUeT
CHOBA BCeNsdAeT B HAc Tpesory. Hpusmana mo oTHOmeHu0 K ueMy? He mo orHomeHHmIO
me K saboparopuu. JlaGopaTopms, CBA3aHHAasA C NOBEPXHOCTHIO 3EMiIM, OTHIONb He
ABJIAETCA UpOCTeilleil CHCTEMON OTCYeTa NPH CEPHE3HOM DPACCMOTpPEHHMU UPOOIEeMEI.
Bo-nepsrIx, oHa He ABiserca JopeRneBoit cucTeMoit. Bo-BTopHX, yiKe caMo ymOMEHA-
HAe 0 3eMile 3aCTaBIAET PaCCYykKAaTh B PAMKAaX TEOPHHM TATOTEHHA, OCHOBAHHOIM Ha Jeii-
CTBHH Ha pacCToAHHMA (PacCTOAHME OT LEHTpa 3eMiH fo Maga wium nynm). Hamporms,
CYTh B3TJIAJ0B J#HINTEHHA COCTOHAT B TOM, YTO (M3WKA mPOCTa JHITH UPH JOKAJIBHOM
aHaji@3e. A JIOKaJBHHHA B3risAj Ha QE3NKY 03HadaeT, 4T0 HYKHO CPaBHUABATH I'eofie3H-
9eCKYyI0 OAHON mpo0HOI YacTHIH € reofe3MIeCKAMH APYrHX HpoOHEIX JacTHL, ABEGKY-
muaxca 1) Ha Gamskom paccrogHuA, 2) HOYTA B TOM 3Ke HANPABACHHEE H 3) ¢ GIH3KEMHE
3Ha4YeHHAMH CKopocTeir. Torga Mo)KHO HpOCHENUTH 3a PACCTOAHAAMA MEKAY ITHMM
O6nA3KAME DPOGHEMA YaCTANAMA A 10 H3MEHEHUIO 3THX PACCTOAHUI BO BTOpOM HopANKe
o0 BpeMeHH, MCHOOJbL3yA (ypaBHEHHe OTKJIOHeHMs reofesdumueckmx» (1.8), cymurs
0 KpPMBH3HE IPOCTPAHCTBA-BPEMEHH.
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Jlononnenne 1.7. YPABHEHUE NBMKEHHA B I'PABUTAHNOHHOM NOJIE
N YPABHEHME [BIKEHUSA B JJIEKTPOMATHUTHOM IIOJIE: CXOJCTBA H PA3JINYNA

ANeKTPOMarHeTH3M
[cuna JlopeHua,
ypaBHeHune (1.11)]

TpapaTanes
[ypaBHeHWe OTHJIOBEHMA
reonesmdeckax (1.87)]

Ompegeneno mn  yckopesie
AAA OMHOM YacTHUIlbI?

Hax onpepesieno yckoperue?

Ha

HeiicTBuTeapHAA MHEpOBasg
JMHUA CPaBHUBAETCA C MH-
PoBO# JuHUel He3apAMKeHHOH
«HAYaJbLHOH» NpoOHOR wa-
CTHIB, NpoJeTaiomeit depes
Ty e TOUKy ¢ Toii Ke
4-CKOPOCTBIO

Her

Vixe HezapsixerHass mpoGHas
YacTHIA, KOTOpas HE MOMKeT
YCKOPATBCH N0 OTHOIICHHIO
K camoit cebe! VYckoperne
H3MepAeTCA 10 OTHOIMEHHUI K
Onuanexameit nmpobHOH uac-
Tule, BHOpaRHOH B KagecTse
OCHOBHl [Nl CPaBHEHHA
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SneKTPOMATHETHEM T'papsranss
[cana JIopenna, [ypaBrense oTHiONeHNS
ypasnenne (1.11)) reonesadecKeEx (1.8))

3aBACHT M ycKopeHme oOT
BCeX YeTHpexX KOMMIOHEHT
4-cKopoCTHE wacTHIH? Ha fa

CoBnajaer au ycKoperne mis
Bcex NMpoGHHX YacTHI, HAXO-
JAMAXCA B ONHOM H TOM KO
MecTe M EMEIRX oAy H Ty
e 4-CKOpOCTB? Her, omo mpomopnuoBRansEO Ja
e/m

Ilone, remepmpyiomee ycko-
penue

Kaxymeeca wucao pasmus-
HHX KOMIOOHEHT TeHePHPyI-
mero moJs 4x4=16 44 =256
JelicTBUTENIbHOE 9HCTO KOM-
OOHEeRT IIPpH y4YeTe CHMMeT-

DNeXTPOMATHHTHO® IOJe PuManoB TeHSOP KpPWBHIEBH

pun TeH30pa 6 20

HasBanue mauGonee nssect-

HHX U3 3THX KOMIOHERT 3 2JMEeKTpPUYeCKUX 6 KOMIOOHEeAT JOKAJLHOTO
3 MarEATHHX HBIOTOHOBA YCKOPEHMA IpH-

JINBHOTO BO3HeHcTBHA

Hononnenne 1.8. TEOMETPHYECKME EAWHUIBI

Ha mpors:keHuu Bcell KHATA HCHONB3YIOTCA (FeOMETPAYECKHE OMHAIEN, B KOTOPHX
CKOPOCTh CBeTa ¢, HHIOTOHOBA TPAaBHTAIMOHHAA HOCTOAHHAasA G M mocTogHHAA Boasn-
MaHa k paBHH efuanne. Boasmoe 3HaYeHHme HMEOT CAeAyOmue COOCOOH mpeRcTaBie-
HAA eJUHHIH:

1,0 = ¢ = 2,997930 . . . -10' cm/c,
1,0 = G/c® = 0,7425.10-%8 cm/r,

1,0 = G/¢* = 0,826 .10 cm/apr,
1,0 = Gk/c* = 1,140.10-% cw/K,
1,0 = ¢%/GYV? = 3,48-10* cM/Tc-L

Ha enaEu4HE{ MHOKHTENb, BRHPaKeHHH TI00HM B3 3THX CIIOCOGOB, MOKHO YMHOMKATh
moGoit WieH B M060M ypaBHeHAH, He Hapymasd OPH 3TOM ero cupaseaaasocta. Taxmm
06pa30oM, MOKHO MpeBpaIiaTh GAXHALNH H3MEPEHAS H3 IPAMMOB B CAHTAMOTPH, B CEKyH-
OHl, B 9PTH.
Hanpumep:
Macca Conmma = Mg = 1,989.10® r = (1,989.10* r).(G/c?®) = 1,477.10° cu =
= (1,989 .10%) .(c?) = 1,788.10% spr,

B naHHO#i KHATe B Ka4eCcTBe CTAHAAPTHOH €NHHANE, B KOTOPOH BHIPaKeHH BCe BeJH-
9YHHH, HCOOJb3YyeTcA carTEMeTp. ONHAKO H3peAKa YyHOTPeGIAITCS OONIHNEe eAMHMIH
B TAaKHEX CIy9aAX MHOTAa (HO He Bcerpa) maMepsieMas BeJIMYHHA CHAGKaeTca HHJGKCOM
«OOBIIHY;

Motmom = 1,989-10% .



72 1. T'eoxempodunamuxa €& Kpamkom USAONEHUU

§ 1.7. BO3JJEACTBUE MATEPUU HA I'EOMETPHIO

Beaxoe madxceroe meno ¢ ussecmHuM 6€coM,

HAT00AUCECR HA ONPEJeAeHHOM PACCMmOSHUU OM YEHmpa Mupa,
U3MeHAem C60li 6eC 6 COOMEEMCMEUL C UIMEHEHUEM DACCMOAHUR
om yenwmpa, mak ¥mo npu yoaseHuu om yYewmpa

OHO CMaHOBUMCA MmAACEAEE,

a npu npubaiuNceHuu Kk Hemy — Jaezue.

ITo amoi npuuune cuabl maAZOMEHUL HATOOAMCA 8 MAKOM dice
omHowenuu opye k Opyey, Kak DACCMOAHUA OM YeHmpa.

AlIb XA3NHHU (1115 r.m.3.)

Ha ¢ur. 1.12 porasam map, DJOTHOCTH BemeCTBA B KOTOPOM
p = 5,52 r/cm® cosmajaer co cpegHeil mIoTHOCThIO 3eman. B mape
OpocBeplieHo oTBepcTHe. B aToM oTBepcTuM fBe mpoGHHE JacTAIE A
n B copepmanT mnpocThie rapMOHMUCCKAE KOJeGaHHA C HepHOXOM
84 mun. Bekrop &, pasjcnsiommii reofesndeckie STAX JacTHI, Oge-

R 3
? 84 nun
t
I OUT. 1.12.
Yactausl A 1 B ABEMKYTCA Tyna n o0OpaTHO B OTBEPCTHH, IPOCBEP-
! JeEHOM B 3eMze, KOTOPasA NpeAmoNaraeTcs COCTOANIeH M3 Be-
—— 1 mecTBa ¢ ojHOpomHO#l mioTHOCcThI0. Ha pammyce r HBIOTOHOB-
CKOe YCKOPeHWe WACTHIH COCTABJAET
d2r 1 d G (wacca BEYTpH pammyca r)
4 £ B a2 c? dide o {c2 r2
G fan 2
y =—(_r202 ) (T PoGutm’a)——’(ﬂ T.
( Orciona BAAEO, YTO KajkAasA YaCTHOA COBEPIIAeT TPOCTHeE rap-
/// MoEmYecKne KojeGaHma ¢ Toil ke yIOBOi JaCTOTOH, C KOTOopoit
2 COYTHWK JBHKETCA N0 KpyToBoii op6mTe, Kacalomeiicsi moBepXx-
Ao >o8B HOCTH [AHHOW MOMeNHE 3eMJH:

ot ) =22 p (on2),

4nG
mgdmm ()= I‘«; Pobuun (r/cH).
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BHJIHO, TO}K€ coBepmiaeT NpOoCThHe NepHoauIecKne KoJieOaHMA ¢ TeM 3Ke
nepuaoaomM 84 MPH He3aBACHMO OT TOTO, KyJaa OH HaOpaBJeH:

a2 jdet = — (%" p)g’, jmz,y, 2. (1.15)

CpaBuEBasg 5TO [BM)KEHHE C ypDaBHeHWEM OTKJOHEHHMs Treofieamde-
ckmx (1.13) gas MemgyIeHHHIX 4HAacTHI B IIOYTH MHEPOUAJAbHOM CHCTEME
OTCYeTa, MH MOKe€M BHIHCATh HEKOTOpHE M3 KOMIOHEHT KDHBH3HH
ANA BHYTpeHHHX ofaacTeli jAaHHOH Mojexum 3Semunm:

R*35 R4z R oz 100
R*355 RY535 R*450 |[==(4mp/3) |01 0 (1.16)
R®335 R"335 R0 001

ITOT mpUMeEp HIIICTPHPYeT Ty CBf3b, KOTOpAaA CYMECTBYET MEKIY
KPHBH3HON IpOCTpaHCTBA-BpeMeHA H pacHpefejeErneM MaTephd.

Iipegmomosum, d9ro depes 3eMi0 HNPOXOAHT TI'PABATANUNOHHAA
BOJIHA OT BCHOHIMKH CBepXHOBOH. IIycTh 3eMiIsi COCTOMT N3 HAeaabHOro
HEC;KHMAeMOro MaTepHaia, INIOTHOCTh KOTOPOTO IPAKTAYECKH He H3Me-
HAeTcA. B BoNHe KpHWBA3HA HPOCTPAHCTBA-BPEMEHM IOKDHIBAeTCH
«pAbbio», pacHpoCTPaHAIOINEACA CO CKOPOCTEIO cBeTa. PAGHL mposaBATCA
B KomuoHeRTax R’guo TeHsopa PEMaHa i B OTHOCHTEILHOM yCKOPEHHH
AByx mpo6Gueix wacradm. JleBas gacTh ypaeuenms (1.16) ¢mokpoercsa
pabeo», a mpamas d9acTs He uaMmeuntcsa. PasenctBo (1.16) mHapy-
marca. Pumanosa KpuBmsHa He OGymeT 6ojiee NpAMEIM CIEACTBHEM
JIAmMB TOTO, YTO B JAHHOM MeCTe NPACYTCTBYeT BEmEeCTBO 3eMJH.

Tem He MeHee, COIJacHO TeopuW OJAHMITeiiHA, TACTH YpaBHEHAA
(1.16), a wuMeHHO ero ciaex

He MBMEHSeTCA IPH HAJWYAA IPAaBHTANEOHHOA BOJHH. JTO CIHpaBef-
JHBO M B BakyyMe BHe 3eMJud; TaM o6e 9aCTH ypaBHEHAS PABHH HYJIIO
ep. (1.14)].

B o6mem ciysae HexoTopasa wacth TeHsopa Pumana, HasmBaemas
menzopom Siinwmelina m obosuavaemas @, Bcerga reHepHpyeTca
HEIOCPEACTBEHHO JOKAJBHEIM pacOpefelenmeM wmaTepum. Teusop
ditrmTefina ABIAETCA reoMeTpEieckuM obbexToM, ofobmaomam Ry s
B JdeBoit wactm ypasHenma (1.17). Kak n Ré‘ §» Tensop Jiinmreiina G
moxyduaeTca M3 TeH3opa Pmmana R mpum mewkoTopoM ycpenHenmm
Io BceM HanpapieHAAM. I'eoMeTpnuecKEM 0G'beKTOM, T€HEPHPYIOMAM
n ofo0malomum mnpaBylo dYacte ypaBHenma (1.16), aBagerca Tak
HA3HBAGMHI men3op snepeuu-umnysvca Mmatepun. Ero o6osmagawoTr T.
Iaa ompenenenna TeHzopoB G m T He HYKHE KOOPAHHATH; NOK0GHO
TeAsopy Pmmama R m MeTpmuecKoMy TeH30py § OHH CYMECTBYIOT
M TOTAA, KOrfa HET HHKAKAX KoopauHaT. Bodee Toro, aTu Temsopw

Tensop PEMan®
BHYTPH 3euns

Baranue
rpesHTANEOHNEOR
BOMHW 68 TEHBOP
PaMan®

Boenenne
Tensopa
Jinmrelinn

Beenenne
TeHs0pA
SHEPrRH-HMIYALO®



Ypasaenne

nona Sinmrefina:
RAK MATEPHA
soxpHuBAAeT
OpPOCTPAHCTBO-
BpeMa

CnefoTsNs H3
simmTeiliHOBCROTO
YpapHeHMA NOAA

[Ipanomennn
shEmTEAROBCKOr0
YpaBdenns moas

T4 1. FeomempoduHAMUKG 8 KPAMEOM USBAOMEHUU

BCEraa paBHH APYr APYLY € TOYHOCTBIO JO MHOMKUTEJNA S
G=28nT. (1.18)

910 ypasHenue noas IJUHwmelHa; TepPeOHCAHHOE B KOMIOHEHTAX
B IPOM3BOJHHON CHCTeMe KOODHMHAT, OHO MMeeT BHJ

Gap = 8“Tqa- (1 .1.9)

YpaBuenne moxsa JiHmMTeHA H3AMHO M OYeHb GOraTo mO Cojep-
aanuio. Hu onno ypaBrenne pusnku e uveeT Goee mpoCTOR 3aUCH,
M vu ogHO M3 HEX He MMeeT CTOJAbKO HPUJIOKEHANR H CJISNCTBHIA.

YpaBHEeHAe NOJA MOKA3HBAET, KAK JHEPTAA-UMOYJAbC MAaTEPHH
OPHBOAMT K MOABIEHAI0 BOKPYT ceba cpepseil kpuBaanu (B). B To xe
BpeMsi ypaBHEHUO HOJA ABJIAETCA YpPaBHOHAEM PACHPOCTPAHOHAA AIA
OCTANbHOI, AHA30TPOIHON YaCTA KPHBUSHE: OHO ONMCHBAET KPHUBH3HY
BHEIIHEHX JAaCTH NPOCTPAHCTBA-BPeMEHH IJIA CTATHIECKOT0 HCTOYHHKA
(3emiis1), OHO omUCHIBaeT M3TydeHHe I'DABHTAMOHHEX BOJH (pabb B
KPUBH3HEe IIPOCTPAHCTBA-BPEMEHH) HEPTHei-UMIyJbCOM ABHMKyMeHcs
MaTepud W pacIpPOCTpaHEHHe 3THX BOJH Bo DBceiieHHod. ¥Ypaeme-
HHe NOJA COAep:KHT B cefe ypaBHeHHMe ABUKEHHA («CmiIa=macca X
YCKOPEHHE») MATepHH, TeH30p SHEePTHU-UMIYJbCA KOTOPOH CO3[aeT
KpHMBH3HY.

TaxoBrt caefcTBus ypasHenna B = 8nT. OGpaTumcsa Temeps
K HEKOTOPHIM IPHJIOKEHUIM.

YpapHeHHe NOJNA OOUCHBAET ABMkenne mianeT B CosiHegHO cACTe-
me, oTkIoHeHne CoJHIEM CBETOBHIX Jydei, KOJJIANC 3Be3fsl, NPHBOA-
muiit K 06pa30BaHUIO IEPHOM JHPH; OHO OJHO3HAYHO OmpE/IeNseT Ieo-
METPHMI0 BHENIHEr0 HPOCTPAHCTBA-BpeMEHH 9YepHOM IBIPH («y 4YepHOi
ABIPEL HET BOJIOCY); OLI0 OMHMCHIBAET 3BOJIONHIO CHHIYJApPHOCTE#H mpo-
CTPaHCTBa-BpeMeHH, BOSHHKIIAX B peayJbTaTe KOJJanca, paciiapeHue
u mociaexyiomee c:karne Beenennoit. Y 6oabme Toro, Hamuoro 6oannte.

Yto6n mOHATH, KaK mpocroe ypaBHenue B = 8nT mosker 6HITH
TAKMM BCEMOTYIIHM, JKEIATENbHO BePHYTHCA Has3aJ H DOCBATHTL
HEeCKOJIbKO TJIaB TOMY, YTOOH 3aHOBO IOCTPOHTH BCI KapTHHY IpO-
CTPAHCTBa-BPEMEHH, €r0 KDPHBA3HH, BHABATH [SHCTBYIOMHUE B HeM
3aKOHH — Ha 3TOT pa3 y:xke 0ojiee TmATeNbHO, HOAPOGHO H Ha Gojee
BEICOKOM MAaTeMaTHIeCKOM YpOBHe.

Ha atom Mu 3akaHgmBaeM 0030p BO3ZEHCTBHA reOMeTPHH Ha MaTe-
pHuI0o ¥ o06paTHOrO BIMAHNA MATepdd HA T'eOMETPHIO M CTABHM TOYKY
B mputde o aAbioKe.

YIPAKHEHHUA

1.1. Kpusnsna mmuamsjpa

Ilokasure, 9To rayccopa KpHBH3HA R moBepXHOCTH IMUJIMHApPA paBHA
HyJd10, JIOKa3aB CHa4aja, YTO reoje3UdeCKHe HA 3TOM IOBEPXHOCTH
(pasBepHuTe umiuHAp!) He pacxoparca. I[IpmBeguTe He3aBHCHMOO
AOKAa3aTeIbCTBO  3TOTO  3AKIIYEHHA, HNCOOJb30OBAB  (OpMydy
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R = 1/pyp,, TAe p; U p, — rJIaBHEE PAgAYCH KPHBHU3HH B paccMar- YHPARHEHAA
pHBaeMO# TOYKEe IO OTHONICHAI0 K TPEXMEPHOMY SBKIHOBOMY IIpPO-
CTPAHCTBY, COJEpKamieMy 3Ty IIOBEPXHOCTE.

1.2, IlpaaaBn B aHA CH3HrHi H B JHH KBajgpaTyp 1)

BrrancanaTte 1) B oGEYHLIX eAUHMOAX A 2) B TeOMETPAISCKHX €IMHALAX
BOJIMYAHY HBIOTOHOBCKOIO YCKOPEHHMA INPHIMBHOTO BO3J(EHCTBHA
R (my n = 1, 2, 3) Ha 3eMie, BO3HMKAIOMEro H3-3a IPHTAKOHHA
1) Jyss (mogman = 7,39:10% p, r = 3,84-10'° cm) m 2) Connma
(Mogwan = 1,989 -10% r, r = 1,496 .10'® cm). Bo ckoabko pas Hau-
GoNbIINit NpUJIMB B JIHA CU3MTAI CHJIbHEe HAMMEHBINEro B JHH KBaj-
paryp?

1.3. Koporro o Kenmnepe

YacToTa BpameHHsA MAaJEHbKOr0 CIYTHHKA IO KpPYTroBoi opGmte
pajayca r BOKPYr HEHTPAJIbHOTO Tela MacCH m (cM) paBHa ® (cM~!).
Hcxoasn m3 m3BecTHOro 3HadeHHS ®, HOKa)KHTe, YTO ONpENeIATH I
B m 00 OTAeNbHOCTH HEBO3MOKHO. BHamcamTh MokHO JAmb 3ddek-
THBHYI0 (KEIJIEPOBY IUIOTHOCTBY TejJa — 3HAa4YeHHe, YCpeJHEeHHoe
mo cdepe Toro ke pagayca, 9To m pagmyc opbmrei. IIpusemmre dop-
MyJdy AJdS 2, BHIDRKEHHOW depe3 3Ty KEIIEPOBY HIOTHOCTD.

Iepenucka KHemnepa m Tanmnesa (momonnenme 1.9) Hamomuuaer
o mpeemMcTBeHHOCTH B Hayke. O6 93TOM CBHJETEIBCTBYET TaKKe
| To, 9T0 B rox, xorga ymep lamumeii, poguaca Heloron (gomosne-
uue 1.10). Cnemyromum mocie HpioToHa, KTo KopeHRHHM 0GpasoMm
n3MeHT GOPMYIHPOBKY 3aKOHOB TATOTEHAs, OHJ JifHmMTeHH (qomoJ-
mennme 1.11).

1) Tan cusurmii — JHM NONHOJYHHA W HOBOJYHHSA, AHW KBajpaTyp — AHH
mepBofl m mociefHell JNyHHOII 4eTBepTH.— [Ipum. nepes.

Jononmenue 1.9. TAJHJIEQO TAJWJIEN
TInsa, 15 geBpann 1564 r.— Apuerpn, Oaopennysn, 8 ansapa 1642 r.

«B Bompocax HayKH aBTOPATET THCAYH HEe CTOHT CaMEIX IPOCTEHIIHX A0BOJAOB OLHOTO.»
Tannneo Taxmueir [68].

«Ecam Teno, BHINA M3 COCTOAHMA HOKOS, TafiaeT PAaBHOMEPHO-YCKOPEHHO, TO pac-
CTOAHEA, IPOXOEMEE UM 32 OIpefieleHHble IPOMEKYTKA BPEeMEHH, OTHOCATCA MEKIY
cofoil, KaK KBaJpaTH 3THX IPOMEKYTKOB BPEMEHH.»

Taanneo Tammmeir [69]

«Bce, uTo roBopHiH M mpefcTaBiARE cebe no cux mop [mo moBoay npumnBoB], KaskeTcs
MHe COBEPIIeHHO HeCOCTOATENbHEIM. VI cpefn BeIMKHX JIONeil, pacCy;KRaBIEX 06 3TOM
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YAUBATEJIHHOM ABJICHHH HPUPOMLI, Gojlee BCEX Apyrax yAampiageT MeEa Hemmep, koro-
P, 6yIyYd HajeJeH yMOM CBOGOJHHIM M OCTPHM B OyIY9IH XOPOIIO 3HAKOMEIM C IBH-
JKeHAAMH, IPANACHBAeMbIMH 3emie, JONYCKalx ocobyio BiaacTs JIyHel Hap Bopoi,
COKDOBEHHEIE CBOHCTBA W TOMY IonoOHEE peba-
9ecTBa.»

Tanmneo Tammueit [68)

«B BBICHIEl CTEIEHN TPEKPacHO M ONPHATHO MJISA
3peHHA Telo JIyHH [B HOBHI TejgecKom)... mo-
BePXHOCTH JIYHEI HEKaK He ABISETCS TIafgKO#N
U OTIOJHPOBAHHOH, HO HEPOBHOM H IIEPOXO-
BATOH ... HA HeH CYMEeCTBYIOT IpPOMajHEIEe BO3-
BHIIEHNA, TY6OKHe BUAfMHB M IIPONACTH ...
MEpHaZH 3Be3]], KOTOPHX HAKTO paHee He BH-
Ied, HpeBOCXOAsAMe Ho YACILY CTaphe, M3BECT-
HEe W3/laBHA, Gojiee 4eM B feCsATh pa3. Mhl oT-
KPHIA (X KOBOIUM 3TO [0 BCEOOINEro CBEIEHU)
YeTHpe IVIAHEeTH, HHUKeM emie He BUJAHHBIE OT
Hagajla MApa [0 HaImUX HAHEH ... Kpome Toro,
VHHUYTOKHUJICS mpeaMer cmopa o Lamaxcuu, uina
MnednoM OyTH, X CYOECTBO €0 PACKPHIIOCH HE
TOJIBKO IS padyMa, HO W JJIA YYBCTB ... [allakCHA ABIAETCA He d9eM MHBIM, Kak
co0paHreM MHOTOYMCIEHHHX 3Be3]l, PACHOJNOKEHHHX TIpynmaMu ... MHOKeCTBO ke
Golee MeIKMX 3Be3[ He IOANACTCS HCCIEKOBAHHUIO ... 3BE3MHI, KOTOPHE [0 CHAX IOP
HEKOTOPHIMH aCTPOHOMAMH Ha3HBAaJHCh TYMAHHHEIMH, IPEACTAaBJIAT c000# cobpanms
3Be30YeK, CTOJOHBIINXCS YAUBHUTEABHHM 006pasoM BMecTe.»

Tammiaeo Tammaeir [70]

«HacroamuM counmHeHMeM MBl IHITb OTKPHBAeM [BEPH K HTHM JBYM HOBHIM HayKaM,
H300MIIyIOMAM NOPHIOKEHHAMH, KOTOPHe B OyaymeM OyayT HemsMepumo GoJbIme
IPUYMHOREHBl OBITJIMBRIMA yMaMH ... OJHAa H3 HAYK KacaeTcs opeaMeTra BeYHOTIO,
HMeIIero NepBEeHCTBYINee 3HAYeHWEe B NIPHPOJE.»

Tamuneo Tammaeit [69]

Jomnonnenne 1.10. ICAAK HBIOTOH
Byacropn, JInakoammmp, Amrams, 25 mexabpa 1642 r.— Kencmarron, Jlonmon,
20 mapra 1726 r.

«Camo mpoBefleHMe HPAMHIX JIAHNH B KDPYroB, CiIyKallee OCHOBAHHEM TeOMeTpHN,
B CYITHOCTH OTHOCHUTCHA K MeXaHHKe. ['eOMeTpHA He Y9YHT TOMY, Kak HPOBOJUTH 3TH
JHHAN, HO DpefuojaraeTr (HOCTYJIMPYeT) BHIOJHEMOCTH STEX LIOCTPOEHHIA.»

(A3 mpenmcaosms HrloToma k mepsoMy mamanuio «Hawam» [71])
«AbcoaromHnoe npocmpancmeo MO CaMOH CBOeH CYMHOCTH, (GE30THOCHTENBHO K UeMy
65 To HE OHJIO BHEIIHEMY, OCTAeTCS BCETa OMMHAKOBHM M HENOABHKHEIM.»

«Abconrtomnoe, ucmunhoe MmameMamuueckoe épems caMo mo cefe m To caMoil cBoeif
CymHoCTH, 6e3 BCAKOTO OTHOINEHHA K 4eMy-IH00 BHEITHEMY, IPOTEKAaeT paBHOMEDHO.»

(U8 «Hagam» [71])
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«[IpmunBEy e BTHX CBOACTB CHJH TATOTEHHA A OO0 CAX IOp He MOT BHIBECTH M3 sBJe-
HEl, TAIOTe3 ;Ke A He H3MHILIAL. Bce jKe, 9T0 He BHBOJUTCS K3 ABJIEHAN, HOMKHO
Ha3HBATHCSA 2UNOME3010, TAIOTE3aM Ke ... He MeCTO B 9KCIepIMeHTaIbHO# puirocodum ...
JoBoaBHO TOTO, 9TO TSArOTEHHE HA CAMOM Jeje Cy-
MeCTBYET ¥ IefiCTBYET COTIIaCHO N3I0KEeHHHM HaMI
3aKOHAM, M BIOJHE JOCTaTOYHO RIS 00bACHEHHA
BCeX [IBHKEHHUIT HeGeCHHX Tel M MOpS».

(A3 no6aBreHus B KOHIE TPETh-
eit xamrm «Hawam, cpemanno-
ro Bo BropoM m3fanum 1713 r.;
BTOT OTPHBOK OCOGEHHO 3Ha-
MeHHT ®m3-3a ¢paskl, 4acTo M-
TEPYEeMO#l W3 OPHTHHAJILHOTO
JarmacKOTo Tekcra: «Hypothe-
ses non fingoy.)

«11 B ToM ke ronxy [1665 mau 1666] s mawan my-
MaTh 0 TATOTEHHH, IPOCTHPAIOMEMCS 0 opGHTH
Jlyust ... Bee aro 65110 B 1665 m 1666 rr.— B ro-
OH 9YMH, 160 A B Te JHU ObLI Ha 3ape CBoeil mo-
pH n3o0peTeHni, ¥ MaTeMATHKA U QUIOCOPHUA BOJI-
HOBaJIX MeHS (ojiee, 4ueM Korfa-Im6o mocie.»

(M3 sammckm Helotoma o6 orkpurmax B obmact: mauddepermn-
poBaHns, GHHOMUHAJIBHON TeOPeMH, ONTHKH, AMHAMHUKA H THATO-
TeHHWA, HalMCaHHO® OKoso 1714 r. w malimeHHoi#t AnaMcCOM OKOJO
1887 r. B «IlopTeMyTCKOM Koimexiuu» paGor HrpioToHa.)

«M60 rumoTesH MOJGKHHL... 00BACHATH CBOMCTBA Bemiei, a He NBITATHCA Ipefonpefe-
JUTH UX, 32 HCKIOYOHUEM TeX CjydaeB, KOTJ]a OHH MOTYT IOMOYh B DKCIEPHMEHTAX.»

(M3 nmncema Heioroma Ilapmmey, 1672 r.; muTmpyerca CoTTacHO
TekcTy 3ameTok Hamxopm x msgammio [71].)

«To, aTo ofiHO Telo MojKeT MeicTBOBATH Ha [PYroe Ha PACCTOAHMM Yepe3 BAaKyyM, Ge3
mocpefcTBa KaKoW-TmG0 eme CyGCTaHMEA, ¢ HOMONIBI0O M uepe3 KOTOPYIO JelicTBHe
mIn cuyia Moram OHl mepeflaBaThCA OT OJHOTO K APYTOMY, HPelCTaBIAETCA MHE TaKIM
BeMUaiimaM aGcypmom, 4TO, A IOJaralo, HA ONMH YeN0BeK, CKOJTHKO-HHOYNb MCKY-
meHHH#A B ¢uiocopckux Bompocax, He CmocoO6eH BIACTH B Hero.»

(OrpriBox m3 mmcsma Heoroma Pmuapny Bemram 1692—1693 r.,
9acT0 mpuBoamBmmica Maikiom DapafeeM; UTAPYeETCA COTIACHO
TEKCTY 3aMeTOK K mafaHdio [71].)

«Hpm‘m{cennﬂ TATOTEHMA, MarHeTH3Ma H 3JJIEKTPUIECTBA IPOCTHPAIOTCA Ha BechbMa
3aMeTHEIe PAaCCTOAHUA U MO3TOMY HaﬁJIIOJIaJIHCB «..y HO MOTYT CYIIECTBOBATL U ApYyTHe
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OPUTAKEHAA, NPOCTApPAOMMeCs Ha CTOAb Majhle PacCTOAHUA, YTO N0 CUX HOP OHHA
YCKOJb3aJ: OT HaGmofeHns ... fI O CKopee 3aKJI0YMJ M3 ClicIJIeHMs YaCTHI[ O TOM,
YTO OHM OPHTATHBAIOT OfHA JIPYI'YI0 HEKOTOpO# cmioil, KoTopasi oueHb BeNWKa HpHU
HENOCPe[ICTBEHHOM CONPUKOCHOBEHMHM H Ha MaJhiX PacCTOAHMAX NPOM3BOJANT BHINeE-
YOOMAHYTHE XHMHUCCKHE JeACTBHA, 110 He IPOCTHPAETCHA € 3HAYATCJIBHHM AeHCTBHEM
Ha OoJjbIIme PaCCTOAHHA OT YaCTHIL»

(43 Bonpoca 31 B «Onturey Hrotona [72].)

«UTo HaXONHTCA B MeCTaX, MOUTH JIAMeEHBHX Martepnu, @ mouemy CojiHlle B DJaHeTH!
TATOTEIOT APYT K KPYTY, XOTA MEKAY BHMH HeT mJIoTHoH Matepmu? IToueMy mpmpona
He feJaeT HHYEr0 NOHAOpACHY, M OTKYAa NPOHCTEKAIOT BeCh NMOPANOK H KpacoTa,
KOTopHe MH BAAEM B Mmpe? [[JiA KaKoil Ieidm CymecTBYIOT KOMeThl, H II0YeMYy BCE
OJaHEeTH ABMKYTCA B ONHOM H TOM Ke HANPAaBIEHHH IO KOHIEHTPHUYeCKEM opbmTaMm,
B TO BpeMsi KaK KOMETH [JBH;KYTCA IO BCEBOSMOKHHM HADPABJICHHAM IO OYEHB IKC-
IEeHTPHYECKNM OpOATaM, B 4TO MeIlaeT MAAICHHI0 HENOABMKHHX 3Be3 OflHOH Ha JpY-
Ty

(U3 Bonpoca 28.)

«OH He eCTH BeYHOCTH MaM (eCKOHEYHOCTh, HO OH BeueH ¥ (eCKOHeueH; OH He eCTh
IPONIO/KATENFHOCT: MJIH HDPOCTPaHCTBO, HO NPOAOJkaeT OHITh W BCIOAY npebHBaeT.
Or mpopoikaer GHTHL BCerjga N TPHUCYTCTBYET BCIOAY; BCeria H Beslie CYMECTBYHA,
OH YCTaHABJIHBACT IPOCTPAHCTBO M HPOROJIKHETENBHOCTH ... BOT, 4T0 MOKHO CKa3aTh
o Gore, paccy;ieHHe 0 KOTOPOM, Ha OCHOBaHUHM COBEPMAIOMMXCs SABIEHHHE, KOHETHO,
OTHOCHTCA XK IpeAMeTy HaTypalkHo#l ¢maocodmm.»

(A3 mo6aBrenua B Kouue «Hauam» [711.)

Hononnenme 1.11. AJHBBEPT 3MHMTERH
Yabm, Tepmanusn, 14 wmapra 1879 r. — Npuncron, Hsw-[:kepem, 18 an-
pena 1955 r.

«UTo MeHs meHcTBHTEJIEHO HHTEpeCyeT, TaK 3T0 OHi Jm

y 6ora xkakoit-BmGynb BHIGOp NpPH COTBOPEHME MApPA.»
JitHMTe#H — aCCHCTEHTY; IUTAPYETCA
coracHo Xoarony [73]

€110 TOJH HaCTOHYMBHIX TOMCKOB B TeMHOTe, C MX Halps-
JKEHHOH CTPacTBI0, ¢ NepeMEe;KalMBEMHUCH YBEPEHHOCTHIO
H oTyasHHeM, W, HaKOHell, NpPO3peHAe — TOJBKO TOT,
KTO IIpomiesl CKBO3b 3TO, MOKeT IOHATH.»

ditmmreiin; mmTHpyerca coraacHo Kieitny [74)

«/13 Bcex o6mecTB, NOCTYOHLIX HaM, He CYMeCTBYeT TaAKOro,
KOTOpOMY s GHL XOTel IOCBATATEH cebs, 3a HCKINYEHHEM
o6ImecTBa HCTHHHEIX MCCJAEOBATENCH, YNCIO0 KUBHX WICHOB
KOTOPOr0 BCErJa Majo ...»

ditnmreiin; nacsMo Bopuy, nmtapyerca BoproM [75)
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«fI wayuaww Bamm Beamrwe paGoTEI W — KOTHA
A Tlle-HNOYIb 3aCTPEBAI0 — HMEI0 Teleph YHOBOIb-
cTBHe BHMeTh meped coboit Bame pnpymenoGHoe
MoJlofoe JHIlo, yabiGaiomeecs u 00BACHAIOIIEE.»
ditamreiin, mucsMo oT 2 mMas 1920 r.,
nocae Berpedu ¢ Huanscom Bopowm

«Ecim TeopeMbl MaTeMaTHKH NPHJIATAlOTCA K OTpa-
JKeHHIO peaJJbHOT'0 MHpAa, OHM HE TOYHHI, OHM TOUHEHI
J0 TeX IOp, IOKA OHM He CCHIIAIOTCSA HA JeHCTBH-
TEeIbHOCTH.»

ditrmreitr [76]

«CaMasg HemOCTHKEMA s Bellb B MHpe — 3TO TO, 9TO
MHD BCe-TaKH ITOCTH;KHM.»

ditamreiin [77]

f1 mebeca mameps;

Huime teHn 3emum uamepsio.

Iyx Moit ;xkmm Ha Hebe;

3nech ke TeHb Tejla JIEeKHT.
Noramr Kennep (smmradumsa
HamnMcaHa WM CaMUM Ha
JaTHHA)

Ubi materia, ibi geometria 1),
Horarn Kenmep

1) I'me MaTepusi, TaM reoMeTpus.






HACTb I I

®U3UKA B MIIOCKOM
MPOCTPAHCTBE-BPEMEHMU

B komopoii wumameav écmpewaemcs co cmapvlim
dpyzom — CneyuasvHoli meopueil OMHOCUMEALHOCMU,
00AaUEHHOT 8 HOBULLUL, COBPEMEHHbL HAPAD,

U 6audce 3HAKOMUMCA C €6 NPesecmamu






2. OCHOBbI CNEUMUANBHONA TEOPUU
OTHOCUTENbHOCTH

B zeomempuueckux u usuMecKUT RDPUAONCEHUAT écezda oKasvleaemcs,
YMo 6eAUHURA XAPAKMEPU3YEmCc He MOAbKO NOPAJKOM ceoezo meh3opa,
HO makxce u cummempuel

FEPMAH BEWJIb [83]

Haubosee nopasumesvHulM 6 Pa3sumulL 2e0Mempuu

3a nocaednue 2000 aem, HECOMHEHHO, S8AAEMCH

HenpepbeHoe DACULUPEHUE NOHAMUA (2eOMEMPUNECKULL 06BeKm».
Bravase smo nonamue 0xsamuigaio AUlLb HECKOAbKO KDUBHL

U nogeprHOCMEl 8 CURMEMUNECKOU 2e0MempUL 2DeKos;

60 spemena Pemeccanca 0HO PacuLupuaOCb, 0L6AMUE 6CI0 COGOKYNHOCMb
066eKmo6, onpedessemMulr 8 AHAAUMUYECKOI 2e0MEMPUL;

coécem HeJAsHO OHO DACRPOCMPAHUAOCH ewe Jaabvuie,

oxsamus 6eszpanuunyw Bceaenwnyio, rkomopas paccmampusaemcs

6 Meopuu MOYELHLLL MHONCECTE

KAPJI MEHTEP [77]

§ 2.1. OBIRUE 3AMEYAHRA

Kpususua reomeTpun npossiser ceda B Bufge rpasurauun. llop
AeHCTBHEM TPAaBHTAIMI H3MEHAETCS PACCTOAHHE ME/KIY MHIPOBBIMH
TAHHAMME GIU3KHX YacTun. B ¢Boo ovepeab YACTHIH U Jpyrue HCTOY-
HHKH JUCPTHH-MACCHl ABAAIOTCA NMPHYKHOH NCKPHBIEHHS CeoMeTpui.
Kak ke pasopBaTh 3TOT 3aMKHYTHI KPYT RO3MEACTBHA TreoMeTPHH
HA MATEpHIO H 06paTHOTO JeicTBHA MAaTcpUH Ha reomeTpio? Hamryq-
muit cmoco6 — ma"aTh C aHaaM3a ABHKEINIA YACTHI[ M J{itHAMMKU
moJeit B CTOAb OTPaHNYEHHON 06aacTH TPOCTPAHCTBA-BPEMEHII, UTO ee
MOskHO cumTaTh miaockoii. (Cu. ponoamenme 1.5 «Kax mnposepnTs,
ABIAECTCA JH HPOCTPAHCTBO-BPEMA IJIOCKHM ?»)

Teopun miIoCKOro mnpocTpaHCTBA-BpeMeHH (CIEIHAABNON Teopuu
ornocaTtenbHoctn) moceamenn ria. 2—6. IlogpasymeBaerca, wdTo
9HTATEJIh YIKEe HCCKOJBKO 3HAKOM CO CIEITHAJIBbHOU Teopuell OTIOCH-
TeabHOCTH 1), BRIOYanA: obmee moHATHE 4-BeKTOPA; 4-BEKTOp dHEpran-
MMIyabca; mpocTrie npeobpasoBanna Jlopenma; dopmyay Jlopenma
IS CHJIB, JeHCTBYIoeNl HA 3apsKCHIYI0 JacTHHy; XoTd Obl Geryoe
3HAKOMCTBO C OJHMM ypaBHEHHEeM M3 KaKo#-IHOYIb KHUTH, B KOTOPOM
BCTpeYaeTCA TEH30D O9JAeKTPOMATINTHOro noxs F,; KavyecTBeHHEHI
BHJI depTesked B HPOCTPALCTBe-BpeMeHH, KyAa BXomAT 1) cBeToBoii
KoHyc Oyaymero W Npomaoro, 2) COOTHOMEHMA NPHIUHAOCTH
(¢2 OpomJOM @O OTHOMICHHI K», «B OYAYymIEM IO OTHOLIEHHIO K»,

1) Cm., manpumep, [78—80] nan [81], rae $usuka TparTyercs ¢ reomerpu-
96CKOil TOYKM 3BpeHHS.

6*

TIpeanosaraemn! ii
YpoBelb
TNIOArOTOBKYU
YHTATENA



Jloban
duanueoran
BENUYHUHA
MOxeT GmTH
OIHCaAHA
reoMeTpPHYeCKHM
ofBexToM

Bee B8aKOHLI
QHIAKE MOKHO
DpeacTaBMTH Y

B TFeOMETPHYCCKOM
BEQC
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((HBI?[TP&JIBHO», HJIH «B npompaucmeuuououo6ﬂOM OTHOIUIEeHUHU K))),
3) nopenmeBo coxpamenue, 4) 3aMeljieHHe BPEMEHH, D) OTCYTCTBHE

aGCOMIOTHOr0 IOHATHA OZHOBpeMEeHHOCTH M 6) ToT dakr, uro ocm ¢

I z B MOHOJNHEHHA 2.4 OPTOTOHAJNBHEI JPYT JPYTY, XOTH TaKOBHIMH
ne Kaskvrca. To HoBoe, 4ro guTaTedb OOHAPY;KHT B 3THX IJIaBax,
cBofguTCcsA K ciaegywomemy: 1) 10BHiI IOJAXOR K CHemuUalbHOE TeopHA
OTHOCHTEJLHOCTH, AKIOCHTHPYIOMUN BHUMAHHE HA MOHATHAN, IJIA
KOTOPHX e TpeGyeTcs BBOJUTb KOOPAUHATL, N 0003HAYEHHAX, JErKo
ofo0maemMblx (a4 CJAyIaifi HMCKPUBIEHHOTO IPOCTPAHCTBA-BPCMEHH
(«reomeTpuueckile OOGBEKTHY, TEH30DHI, IPENCTaBIAEeMEHEe B BHUJP
mamud — r1. 2—4%); aubo 2) He3HAKOMBIe pasfeNH CHeqUAJIbHOR
TEOPHH OTHOCUTCIBHOCTU, KOTODHE BAKHH JJIA HOCTE[YIOIMero m3ajo-
JRCHHA TEOPHH TATOTEHUS ((TEH30p DHEPTHM-HMIYAbCA H 3aKOHH
coxpameHmsa», TI1. D; «yCKOpeHHHe Habmiomarenm», ra. 6).

§ 2.2. TEOMETPHYECKUE OBBERTHI

Beemy, 94To nponcxoguT B mPOCTPANCTBE-BPEMEHM, MOKHO JaTh Teo-
METpHUYECKOe Omiicaiie, N MOUTH J0boe Takoe omucaHHe JOIyCKaer
nemocpencTeeHHoe 00o0LIeHNe M3 IJIOCKOTO HPOCTPAaHCTBA-BPEMOHH
B MCKpuBIeHHoe. Baijeldiny pasiganeM MEKIY TeMM HJIH HHBIMA
reoMCTpu4eckiMH 00heKTaMH sAnjAeTcA HX o6aacTe ompejeneHus:
CpPABHUTE OTHEIbHBIA OGBCKRT (BEKTOp) AIA MMIYyJbCa HEKOTOPOil
9ACcTHIBI HA oNpeernendoil ase ee HCTOPUU M DPOTS;KEHHHE reoMeT-
pHudccKui 06BEKT, OMICHBAWIIN 3JIEKTPOMATHUTHOE I0Je, KOTODBL
oIIpefeJeH BO BCEM IPOCTPANCTBC N HA IPOTAKEHMH BCETO BpPEMEHH
(«moste anTHCHMMETPUYHOTO TEH30pa BTOPOro panra», Wi, Gojee
kpatro, «mose 2-gopmin). HMeroku ugen, uro mdiobyo ¢ramgeckyro
BCJINUNILY MOKHO OLMCATH C IOMOLLBI TeOMCTPUYECKOTO O0OBEKTa,
a Bce 3aKOHAI (UANUKIL MOKHO BHPA3HTh B BUAE ICOMETPHIECKUX COOT-
HOMICHHHT MCIKAY DTIIMH TEOMCTPHIECKMMH OObEKTaMA, BOCXOIAT Clle
K dpaanreuckoi uporpamme Memnkca Kaeitna 1872 r. [82]. Ipn6an-
3HBIINCH K (QH3UKe B DHUITEAHOBCKOM «APHHIHUC o0meil KOBapHaHT-
iocTn» U B paborax Tepmana Beitns [83], ata umes, wo-BEaEMOMY,
BmepBble GrTa 1eTko cpopmyanposana BeGaenom u Yaitrxemom [84],
Il Cerofnsa OHA NPOHUBKIBAET BCIO TEOPHIO OTHOCHTENBHOCTH, KaK cIe-
IMadbHyl0, Tak H o6mylo.

MaremaTiuecKast TEOPUA reoMeTpHICCKNX 00BEKTOB OBLIA pa3BlTa
Hpenxucom [85] m Uepnom [86—88]. Ho uro6m mousaTs reomerpo-
AVHAMAKY 1 BHECTH B Hee CBOM BRI, He 06A3aTeIbHO B COBEPNIEHCTBE
BIajeTh 3TOil M3AMnoll M Kpacmpoil Teopueid. Hy:kHO AWM 9eTKo
OpecTaBiIATh cefe, 4T0 reomMeTpuyeckne O6TLEKTH B IPOCTPAHCTBE-
BPEMEHH CYIeCTBYIOT HE3aBHCHMO OT KOODJAHHATHBLIX CHCTEM M CHCTEM
orcyera. Touxa B mMpPOCTPAHCTBE-BpeMeHH («cobumue») ABIAETCA Teo-
merpudeckaM obbexkrom. Crpenka, coelMHAIMAS JBA COCEJHHAX
cobuTHA (¢6eKkmop»), ABAAETCA FeOMETPHIECKEM OOHEKTOM B IIOCKOM
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OPOCTpaHCTBe-BpeMeHH, a ero 0Go6meHme — «xacamesvhbill eekmop»
SABNAETCA TEOMeTPHIeCKAM O0BEKTOM X B HMCKDHBIEHHOM HPOCTpaH-
cTBe-BpeMeHH. <«Mempuka» (MalmimHa, NOpPOM3BOAAIAs KBaapar
IIKHH J11060T0 BEeKTOpa, cM. qonoauenmde 1.3) — Toske reoMeTpHYECKHIH
obpexr. UTo6H jgaTh ompefeleHAe 3THM HOHATHAM, He Tpebyercs
HUKAaKMX KOOPJAMHAT.

B mnocaemyomux maparpadax BBOAMTCHA HECKOJBKO DAa3IMIHEIX
TeOMEeTpHYECKHX OOBEeKTOB H AEMOHCTPHPYETCA pOJb, KOTOPYIO OHH
HTPAlOT B KauecTBe NpeACTaBATeNell PUSAIECKAX BEJIMIMH B MIOCKOM
IPOCTPAHCTBE-BPEMEHH.

§ 2.3. BEKTOPBI

HaureM ¢ nmoHATHA BexTOpa B mpocTreitmeidl TpakToBke (pur. 2.1,6) —
CTpEJKH, HAIPABJIEHHO! OT OHOTO COOGHTHA B IIPOCTPAHCTBE-BPEMEHH
A («ocHoBanme») K apyromy £ («ocTpme»). 3amuiieM 3TOT BEKTOD

B BAJe
Vp=% —A (gim AF).

Lasa muornx mexeil (B ToM dEcie W AIA umocaeAyiomero oGobmeuns
HAa ciydail MCKPHMBJIEHHOI0 LPOCTPAHCTBa-BpemeHM) ynoOuee BBECTH
ApyrHe, COBEpIIEHHO 3KBUBAJIEHTHHE CHOCOOK HpeACTaBIEHHA 3TOTO
BeKkTopa. llpegcTaBmM CTpenKy B Buje IapaMeTPH30BAHHOHA HpAMOM
auun P (A) = A + A (B — A), the A = 0 cOOTBETCTBYeT OCHO-
BaHMI0 CTpeaku, a A = 1 — ee ocrTpmio. BoabmeM IPOH3BOAHYIO
OT 3TOT0 TpocToro Buipaskenua mia & (A):

(A/dr) (A +M( B —A) =B —A=F(1)—T (0)=
== (ocTpme) — (0OCHOBaHHE) =V 4 .

Crocobu
onpeneneHna
BEXTOpA:

TipaNan AUEHA
B napaMeTpH-
TECKOM
DPERCTABICHUH

a L3 8 A=l

P(r=0,7) Ilpaman B
TIapaMeTpHYECKOM
npeacTaBaeHu

Asa cobbiTus

~

o A0 ?()\)=@+)\(93—@)J

6 BekTop V@g,notumaennii
Kak ctpeaka @B wam B - @
(HenpumennMo B CKPHBIEHHOM

NpOCTpPaHCTBE) dA

Bekrop V33 » \
TIOHUMAEMbIN Kak
dF

{MPUMEHUMO B HCKDPUBACHHOM
npocTpalcTBe)

OUr. 2.1.
OT BeKTOpA, COEMMHAIOMETO ABE TOYKM, K BeKTOPY, ABIAIIIEMYCS IPOM3BOXHOM
(«xacaTenbHBII BEKTOpP»; BMECTO OMJIOKAJIbHOTO HOHATHA — JIOKAJABHOE).



Mponasognan
TOYKH
BAOAL KPHBOIl

Rounonentnt
BeKTOpa
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OUr. 2.2.

OnMH M TOT Xe KacaTeJbHHEIl BEKTOp /A [BYX, COBeDPHICHHO PA3MMIHHX KpH-
Bux. IlpoBeneHa Taxke mapamMeTpU3oBaHHAS NpsMasA, Koropas Gimie Bcero
npubaMKaeTCA K 9THM KPMBHM B Todke J°¢. KacaTeJbHHII BEKTOD JNeKHET MEKIY
Togkamm O 1 1 ma aTo#t mpaAMOIi.

JTOT pPe3yJIbTAT MO3BOJAET PACCMATPHBATH BEKTOP He KaK O0bEKT, CBA-
3aHHHIL ¢ BByMsA ToYKaMmy («GUIOKANbHEINY), 3 Kak 00beKT, CBA3AHHBIR
JUIIb ¢ OJHOM TOYKOM («KacaTeJAbHHI BEKTOP», JOKAJBHHH 00BHEKT):

V= (dF/dA)=o. (2.1)

Hpumep. Ecam & (1) — npamMaga mupoBasg JMHHA CBOGOLHOMR
YaCTUIBI, HTAPAMETPOM KOTOPO# CIYKHT COGCTBEeHHOE BpeMs, TO mepe-
MeOieHHe 33 MHTEPBAX COGCTBEHHOTO BpeMEHU B OHY CEeKYHAY HaeT
crpeiry U = & (1) — & (0). 3Ty cTpeldry Jerko HapucoBaTh Ha Ipo-
CTpPaHCTBEHHO-BpemeHuoM uepTe;ke. OHa OyHeT B TOYHOCTH paBHA
4-cropoctn wactunu. Opuako Brpaxkenue U = d&P/dv paa Toro ke
caMoro mnepeMenieHMs, 3aNHCaHHOE uepe3 upousBofguyw, 1) Oumke
COOTBETCTBYET IMOHATUIO CKOPOCTH H 2) MPHUMEHMMO B CIydae YVCKO-
pennoro papuxenus. Takmm obpasom, ecaun muposas amuusa P ()
HCKpaBIeHna, Kak Ha ¢ur. 2.2, To HeoOXOMIMO clladaja BHYHCIUTH
d#/dv m 1ume motom mnapucosaTh npamyw & (0) + A (dP /d7),
naa crpencku U = dP/dv, usobpamamomei 4-cKopocTh U.

ILns auTaTess Takad TOYKA 3PEHAA MOKET OKa3aThCA HeNpPHBHIY-
Hoit. Gonee 3HAKOMBIMH MOTYT GBITH KOMIOHCHTH 4-CKOPOCTH B HEKO-
TOpoii JIOpEeHIeBOil cucTeme oTcueTa

dt 1 j
0% _ i
ul=— Vi u

dzi vi
Caakve=4 @2

rie
v) == dz’/dt — KOMOOHEHTH «OOLIIHOK CKOPOCTHH,

o= O+ O+ )
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Ho nmame rommoueHTH 4-ckopocTdm (2.2) MOTYT IIOKasaTbCS CJErKa
HeIPUBHYHEIMH, €CIH IATATE]Ib HPHBHK K TOMY, 4TO YeTBepTas KOM-

HoHeHTa BeKkTopa ymHosxaetca Ha i = )/ —1. Ecau 310 Tak, To HEo6-
XOAMO OCBOHTHCA ¢ HOBHIME oGosmauenmsamu. (Cm. momoiamemme 2.1
«lIpomait ict».)

Cam Bexrop — Gonee $yHgaMeHTaJIbHOe NOHATHE, UM €ro KOM-
OOHEHTH. JTO reoOMeTPHIECKHH OOBHEKT, CMHICA KOTOpPOro He 3aBHCHT
OT KoopauHAT. Y wacTMmH ecTh mMupoBas jauuusa & (t) u 4-ckopocTs
u = d&/dr, xoTopHe He CBA3AHH HU ¢ KaKuME KoopgmuaTama. Koop-
JEHATH IOABJIAITCA TOrJa, KOrZa BO3HAKAGT HEOGXOJMMOCTh B CUeT-
HOIi MampHe (KOTOpas He NPH3HAET BOKTOPOB M BOCIHPWHMMAET JHIIb
guciaa). C aToil menbl0 B JIOPEHOEBOA CMCTeMe OTCUETA BBOXATCH
OpPTOHOPMHpPOBaHHNE GasuCHHE BeKTOpH (pur. 2.3) @, 8,, 8, H Oy.
ITo orHOmEenMO K Hagaxy O Takoil CHCTEeMH OTCUeTa MHPOBAA JIAHHA
MokeT GHITh omuMcala Ha KOOPAMHATHOM A3HIKe:

& (1) — O =2° (1) 8o+ ! () 4+ 22 (%) 8+ 23 (T) 83 = 2™ (T) B}

4-CKOPOCTh JaCTHIBl, BHPA)KeHHAS OTHOCHTOIBHO TOM jKe JIOPeHI[eBOik

2¢

Mupoasi IMHUA

Qur. 2.3.

4-CKOpOCTH WaCTHNW B IJIOCKOM TIPOCTPAHCTBE-BPEMEHH. 4-CKOPOCTH W Ipe/CTaB-
AseT coloif eMMEMYHHIE BEKTOP (CTPENKA), KAcaTeAbHHE X MHDOBOH JHHHE
YaCTHIH; KaKIOMY COGHITHIO HA MHDOBOil JMHHH COOTBETCTBYET OAMH KacaTelb-
HHA BeKTOp. B HeKoTOpoi#l KOBKPeTHOH JOPEHLEBOHl CUCTeMe KOOPAMHAT M300pa-
#eHB GasMCHHe BEKTOPH OJWHMYHOH [NHHH, HAIpaBlIeHHHE BIOJNH YETHPOX
KOOPAMBATHHX OCeil: ), 8y, 83, 83. 4-CKOPOCTb, KaK M JII0GOH Apyroit Bekrop,
MO;KHO IPEICTABATh B BHJe CYMMH KOMIIOHEHT, HaNPABJICHHHX Bj0Ab (azACHHX
BEeKTOpoB: U =u%g-}-ules+} ues+ ude; =ue,.

BORTOPR
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CHCTEeMBbl, IIpHHAMAaeT BUJ

u = d&/dv = (dz*/d7) 8, = u'e, + ule, 4 ue, -} uses. (2.3)

Pasnoxenne o
BexTOpa Komnonentn w® :11060ro Kpyroro BeKTopa W B 3Toil cHcTeMe ompe-
o Gaamey AeJdAI0TCA aHAJOTHYIHEIM 00pasoM Kak K0o3Q(MIUenTH B pa3iioKeHHH

w=u"e,. (2.4)

O6paTnTe BuAMaHHe: HIJEKC & ¥ 8, 0003HagaeT HOMEp BeKTOpa, a He
HOMEep KOMIOHEHTH!

Nononmerme 2.i. MPOIMARN ict!

OT 0oJHOTO MaTEeMaTHUECKOI0 TWOHATHs, HEKOIJa HPHUCYTCTBOBABINEr0 B CIENHAJIbLHOH
TeopHHK OTHOCHTEJNBHOCTH, 1Teo6x0AnMo H30aBAUTECA. ITO MHAMAA KoopAmHaTa 2% = ict.
Ona GhJa BBeeHa A TOro, 4ToGbl reOMeTPHs HPOCTPAHCTBA-BpeMeRH (opMalbHO
KaK MOKHO MeHbINe OTJAYaJach OT reOMeTPHHE 3BKJINA0BA IPOCTPAHCTBA, 9T00H mpeol-
pasopanusa JlopeHiia no BuAy GbLiN H0X03 M Ba BpameHHA # 9To6bl He 6bu10 pasnnyms,
KOTOpOe B POTHBHOM Clydac HeoGX0InMO IPOBOANTH MeKAY BeJTMINHAME C Bep XHAMHA
AEfeKcaMi (TAKAMA, KaK KOMIOHENTH p* BEeKTOpa 3HEPTHA-EMOYJIBCA) M BeJHIHHAMA
¢ HIKHEMH HMHAeKcaMu (TaKHMH, KaK KOMOOHEHTH p, 1-Gopmu sHeprmm-mMmyJnca).
OngHako, u36aBHBINACEH OT 3TOrO Pa3jMuMs, MBI TOJBKO mpoMrpaeM. Bes Hero HeBo3-
MOKHO y3HATh, UMeeTCsi i1 B BHAY Bektop (§ 2.3) mam coBceM MEO# reoMeTpHueCKHi
ob6mext, apasgomuiica 1-gopmoit (§ 2.5). Bosee Toro, EMeeTcA cymecTBeHHOE pa3jHIne
MeXIY YIJOM, OT KOTOPOTO BCe 3aBHCHT HepHOAWYeCKH (BpameHHe), H IapaMeTpoM,
yBeJHUeHHEe KOTOPOTO BCerfia NPUBONMT K BO3PACTAHAI0 PasHEIH B EMOYJhce («mapa-
MeTp cKopocTE» Tpeobpasosanuil Jlopenna, monoanenume 2.4). Ilpm BBemenmnm MHAMOM
BpeMeHHON KOOPAMHATH OT HAC He TOJLKO YCKONB3aKT XapaKTepPHLE 9epPTH TeOMeTpH-
9eCKOro 00beKTa, ¢ KOTOPHM Mbl mMeeM Jelo, M IpApOAa mapaMmerpa B mpeoGpaso-
BAaHHM KOOPAHHAT, HO NPOUCXOAHT HeuTo eme Golee CYyDeCTBEHHOE: YCKOML3aeT CoBep-
MeHHo pasiEYHas CTpyKTypa Merpukm (§ 2.4) B reomeTpu:m + 4 - H B TeoMeTpHHA
— <+ -+ 4. Ecnu B 3BKAUOBOH reOMeTpHE PACCTOAHHE MEKAY ABYMA TOYKAMU PaBHO
HYJI0, TO OTH /(B¢ TOYKH SABJIAIOTCA OAHOR M ToH ke TouKoil. Ecam ke B reoMerpunm
Jlopernia — MAHAKOBCKOTO MHTEPBAJ Me;KAY ABYMA CoOHITAAMH paBeH HYJIO, TO ONHO
coOLITHE MOKET IPORCXONATH Ha 3eMile, a pyroe — Ha CBepXHOBoIi B rajaxktuke M 31,
XOTAl OHH COefHHEeHH HYJEBHM JY4yoM (AesKalmpEM Ha CBEeTOBOM KoHYce). B cseroBom
KOHyCe, HaOpaBJEHHOM H3 NaHHOTO COORITHA B IPOIIIOe, COREP:KaTcA BCe COOMTHA,
KOTOpHE MOFJH HOBJHATH Ha fAaHHoe coOhrtme. B cBeToBOM KOHYCe, HampaBIEHHOM
B Gynymee, cofiepskaTCcs Bce COOHITHA, HA KOTODHE OHO C€CaMO MOKET IOBJHMATH.
MHo3KecTBO NBOMHKX CBETOBHIX KONYCOB, BHIXOAANAX M3 Ka)kKAOro coOHTHA B mpO-
cTpaHCTBe-Bpemend, o0pa3yeT sauemIAIOMYIOCA OPHIMHHYH CTPYKTYpy. Baaromaps
BTOH CTPYKType (uamueckume 3QKOHOMEPHOCTH B MHpe TAKOBH, KaKue OHHM ecTh (Goiee
nonpo6Ho o6 aroit cTpykrype cM. [89—91]). M ecam B obGmactm npocTpaHCTBa-
BpeMeHH, ABIAAIMENHCH LJIOCKOH, MOMKHO 8aMaCKHPOBATH 3Ty CTPYKTYpPY, HaOHCaB

(As)* = (Azl)? + (A2%)? + (AZ¥)? + (Aat),

rae z* = icf, To eme HHKTO He Hamea cmocoba, Kak BBeCTH MHHMYI0 KOODAHHATY
B 00meM Ciiydae RCKPUBIEHHOTO NPOCTPAHCTBEHHO-BPEMEHHOTO MHOT000pasua. A ecnm
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z* = ict HeJB3s BBECTH TaM, TO MH He Gy/neM mCHONB30BaTh ee M 37ech. B 3Toii riaBe
H HH)Ke, KaK H BO BCei JETepaType Mo o0meii TeOpHE OTHOCHTEIHLHOCTH, HCIOIbL3YETCH
BeIIeCTBEHHAS BPeMeHHAA KoopAMHaTA 20 = f = cloguqm (AHAEKC 0, a He 4, wrobm
u36e;kaTh BCAKOM BO3MOMKHOCTH CIYTaTh C MHUMOM BpPeMeHHO# KOOPAHHATOM).

§ 2.4. METPHYECKAA TEH30P

Merpngeckmit TeH30p, KaK yie TOBOPHIOCHh B fomoanenun 1.3, IV,—
3TO CBOEro poja MAaIIMHA JJIf BHYUCJICHHA KBajJpara JAMHH OXHOTO
BEKTODA H CKaJXfApPHOTO LpPOM3BeNeHHUS [BYX PA3MAYHEIX BEKTOPOB.
Tounee, MeTpuuecKHil TeH30p § HmpefcTaBaAAeT coGoii MammHY C ABY-
MA KaHaJaMH JiA BBOJA BEKTOPOB:

Bxox 1 Bxom 2
} [ (2.5)
g9( )
Ilocne BBOmA BekTOpOB MammHa BHAeT BEMIECTBEHHOE YHCIO:
g (u, v) =cKansapuoe mpom3sefieHHe U Ha V, 0603HagaeMoe Takxe U- Vv,
(2.6)
g (v, u) =KBagpar FIMHHE U, 0GO3HATAEMHH TarmKe U2,

JTO UYNMCIO He 3ABHCHAT OT NMOPSAAKA, B KOTOPOM BBOJATCH BEKTOPH
(«MeTpuveckmil TeH30p CHMMETpPHYEH»),

9(u, v)=g(v, u), 2.7

U JHHeHHO BaBHCHT OT CaMHX BEKTOpPOB:
g (au+bv, w)=g(w, au+bv)=ag (u, w) +bg (v, w). (2.8)

Tak kax merpmdeckas «MalUMHA» JAHEHLA, €C (IPOTYKI[HION MOKHO
BRIYUCJIUTD A JIOOBIX BXOJHEIX JaHHHIX, 3HAfA JUIIb Pe3yJabLTaT ee
BO3MEHCTBHA HA 6Ga3UCHHE BEKTOPH @, JOPEHEBOl CHCTeMH. JTO
HenaercA cCiaemylomum obpasom:

1) OmpenemuM CHMBOJE («MeTpUYECKHE KOIPPHUIUEHTE) 145t

Nap =g (8a, 8p) = 6 - €. 2.9)

2) Boiameaum uX UMCACHHEE 3HAYECHHS, MCHOOJNbB3YS M3BECTHOE BHpA-
KEHHe JUIA KBajfpaTa AJIAHH BeKTopa § = Az%@,, pasjgelAmero
IBa coOmITHA:

(As)*= — (Az%R+ (Aat)2 4 (A2 + (A2 =g (Az"8a, Adleg) =
=A2"Az%g (6, 05) = Az*AzPn,p npE m06oM BHOODe Az* =
—1000
0100} B ar06oit m0permesoit (2.10)

0|l cucreMe oTcuera.

=>”na§“E 1
01

00
00

MeTpura
ompeRenneTon
KaK MAINHHA
A BEYBCHCHNS
CRANAPHOro
NpPOH3PefiCHES
BEKTOPOB

MeTpuauecKue

EOSDGHIHEATH



TIpepcTaBneHne
1-gopunt

© NOMOIMbI0 BONH
ne Bpoiina

BexTop
nepeceraeT
1-popuy
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3) BuuncamM cKaJdApHOe NpoM3BeJleHMe RBYX INPOHM3BOJBHEIX BEKTO-
poB U H V:

u-v=4g (u, ¥)= g (uaeu.v vﬂeﬁ) = uavﬁg (8, ©p),
u-v= uavb'r]aﬂ = —u%? L ulpt - uP? 4 udvl. (2.11)

Tor ¢aKT, 910 HampaBieHUA M BEKTOPH B NPOCTPaHCTBe-BpPeMEHH
MOKHO pa3buTh Ha «epemenunodobHsiey (C OTPHNATENBHEM KBagpaToM
IJIHHH), <MPOCMPAHCMEeHHOn0d06HbNey (C HON0KUTEAbHHEM KBagpaTOM
JMIAHE) H «HYaesbiey, HMIAH «CBeTONOXOGHHIE» (C HYJNGBHIM KBAAPaTOM
IVIMHH), 00YyCIOBJEeH OTPANATEJIbHHM 3HAKOM METPHYECKOTo Ko03(-
dumHeHta 14,

Hononnenne 2.2 DOCBAMEHO NPHJIOKEHA M3JI0:KeHHHX BHIIe
Hpelt u CECTeMH o003HaYeHH# K ABYM OpocTedmuMm mpobieMaM coe-
IHEAJIBLHONM TEOPHH OTHOCHUTEJIBHOCTH.

§ 2.5. TUOOEPEHIIMAJIBHBIE ®OPMBI

BexkTopH u MeTpWYecKH# TeH30D HpeACTaBIAT co6oil reomerpude-
ckue 00BbEKTH, y)Ke 3HAKOMBe IUTaTeNI0 H3 1. 1 U M3 djeMeHTapHHIX
KYpPCOB CHEMHAJALHOH TEOPHM OTHOCHTeAbHOCTH. Meiee mH3BecTen,
HO He MeHee BajKell TPeTHi reoMeTpHYecKUd 06LeKT—«dudgepenyu-
aavhan gopmar, uau «I-gopmas.

PaccmorpuMm 4-mMOyabc p Kakoi-nubo gacTHOH, HampEMep 3JIeK-
TpoHa. K mousTHIO MMIyJaBCa MOKHO DOJONTH, BBEeAA cHadaka 4-CKo-
POCTh 3TOTO 3NMEeKTpoHA U = d&P/dt («mepementenme B mPOCTPAHCTBE-
BpeMeHU 3a eJUHANY coGCTBeHHOro BpeMeHHM BHOJb IPAMOH, ammpo-
KCHMUDYIOHIEA MHPOBYI0 JHHHIO»). JTO BEKTOP eAUHHIHON IIAHEL.
YMuokaa ero Ha Maccy YacTHOH m, HOTYdaeM 6eKmop UMNYAbCq

p=mu.

Ho B ¢n3uke m3BecTeH M APYroil HOAXOA K HOHATHIO HMOYJIbCA, NPH
KOTOPOM KaK[Ioit JacTANe HpUIACHBaeTcA BouHa ae Bpoinsa. Boxee
TOTO, 3Ta BOJHA MMeeT CaMiil HemocpeICTBeHHH QA3UMIECKHI CMEICT.
[IycTs 3Ta BoAHA HCOHTHBAET AUPPAKOHI0 HA KPHCTALINIECKOH
pewrerke. Kaprnra puppawkmuu mo3BoJAeT oONpeNeNuTh HE TOJBKO
IJIMHY BOIH g¢ Dpoitaa, Ho B Ty KOHPHIYypamuio B IIPOCTpaHCTBE,
KOTOPYI0 00pasyioT MOBepXHOCTH PABHEIX HEN0YACHEHHHX 3HATeHHHE
daset ¢ =7, ¢ = 8, ¢ = 9, . . .. ITa KoHPUTypauAA MOBEPXHOCTEH,
KOTOPYI0 MH 000311aaum K, JaeT IpoCTeAUIYI0 HANIOCTPALAI0, KOTOPYIO
ynaerca Haiita gas 1-Gopms.

Jlna dero e MoeT TPHTOTUThCA KOHPUIypammsA HOBEepXHOCTeH
B NPOCTPAHCTBE-BPeMEHM, Co3faBaeMas Takoit 1-gopmoii? Boabmem
nBse 6IM3K@me TOUKH B IpocTpaHcTBe-Bpemenu & u &, Ilposemem
crpeary V= &F — P, uz P, 8 #. Ona mepeceder oupepenenioe
quCca0 MoBepYHoCTel 1eaoit ¢pasul BoaH ge Bpoitasa. [Tyers kakmmit



§ 2.5. Judpepenyuasvnvie gdopun 91

4

4 I TNonoxwurensnoe
ll HanpablieEde ©

OUr. 2.4.
Bexrop ¥ = P — Py, paspeasiomuii gpa cocexBUX cobmrua Py u F; 1-gopma o;
BeKTOp V, HepeceKasCh C HNOBEPXHOCTAMH C, [aeT UHUCIO

(o, v) = (uncio mepeceKaeMHX IOBepXHOCTeil) = 4,4

(4,4 «ypapa Kojaokxoaa»). Ecaum ¢ cocraBieBa H3 IOBePXHOCTel MOCTOAHHHX
sHageHu# pasn ¢ = 17, ¢ = 18, ¢ = 19, ... pebpoilneBcKoil BOJHH 3JMEKTPOHA,
T0 (0, V) paBHO pasHOCTH (a3 Me;xmy coOHTHAMH Py B F. OTMeTHM, UTO
¢ MOMOLIBI0 OAHMX HOBEPXHOCTeHl He YAAaeTCs MOJNHOCTHI0O 0XapaKTepu3oBaTh O
Beo0XofMMO eme yKasaTh opueHTauuio. Kakoe HampaBiieHile OT II0BEPXHOCTH
K NOBEPXHOCTH SABJAETCA (MOJOKUTOJbHHM», T. €. B KaKoM HanpaBAeHHH
yBenuuHBaeTcA ¢?

pas, Korjga CTpe;lKa IPOKAJLIBAET OdYepejiyi0 NOBepXHOCTb, 3BYHT
yaap BooGpaskaemMoro Kojaoko.ja. UHCI0 HPOKOJOTHIX IOBepXHOCTed
(4MCca0 «yAapoB KOJOKoIa») oGosHavaeTcs

&k, v).
o1

nepecexaeMaa 1-gopma —  '— mepeceraioll@ii BEKTOP

B paccmarpEBaeMOM DpHMEpe OHO pPaBHO PasHOCTH ¢(as MexAy
ocrpueM (&) m ocmosammem (P,) Bexropa v (dur. 2.4):

(k, V)= (F)— ¢ (F).

Kak npasmio, un &, uu P ne 1e;kaT B TOUKAX LETOIUCICHHOM Pa3HL.
ITooTomy HeoGxoauMo NpeACTABHTEH cebe, YTO MEKAY IMOBEPXHOCTAMM
mesnoit $ass paBHOMEpHO pacupeneneHo OecKollegHoe YHCIO MOBEpX-
HOCTEH! CO BCEeMM IIPOME;KYTOUHEIMH 3HaYenusamu gassl. C nX HOMOLEbIO
MOKHO ompefennTb Tounoe 3Haucuue (K, V) = ¢(F) — $(&F,).

Yro6bl ynpocTHTh MaTeMAaTHYECKYI0 KapTuHy, Gyaem TpakroBaTh Kk
He KaK rnobanbayo KOHQUTypaguio nosepNHocTei BorHN ge Bpoitns,
a Kak JOKaJbHYI0 KoHPUTypauuoo BOJIN3M HEKOTOpPOH TOYKM B IIpO-
ctpanctee-ppemenn. Ilogo6io Tomy, kar Bextop U = d&/dt xapak-
TepuayeT JIOKAJbHOE TOBEJEHHE MHPOBOH JWHAM YacTUOH (IUHeHad
anmpoxcuMalAa KpuBoil B o6mem caygae), Tak u 1-gopma Kk xapaxTe-

1-dopua,
paceMaTpuBaeMasn
KAK COBOKYIHOCTb
TJI0CKHEX
nosepxaocreii,
PACHONOKEHHBIX
yepe3 paBHbie
NPOMEXKYTKH
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k=d ¢ C Tpems
[IONOAHUTEAbHbINU TOBEPXHOCTAMMU
nna 6onee scHoro H306paxeHus
CTPYKTYPh!

[loBepxnocts "~1"

OUr.~2.5.
9rta ¢urypa cnyKuT ABOAKOi 1ean. a) OBa sBaAeTcA muaocTpanue ans 1-popmst

Fne6poﬁnencxoi& BOJIHH B COORTHH P, (ceMeficTBO HIOCKMX MOBEpXHOCTeil, pac-
TMOJOKeHHKX 4Yepe3 pPaBHHE HPOMEKYTKHA, WM (THIEPIUIOCKOCTEi», anmpoKCH-
MEPYIOIMIX NOBePXHOCTH NMOCTOSHENX 3HadeHnii ¢asu). 6) Oma ABadeTcs niaio-
cTpaumeit mua rpaguerTa d¢ GyEKUHU ¢ (HOHATHA, onpefeseHHoro B § 2.6), xoTo-
PHIii mpegcTaBaser coboil To ke OPMEBTHPOBAHHOE CEMEHCTBO INIOCKMX HOBEpX-

Hocteli K = d¢. PasmuumbiM COGHTHAM COOTBCTCTBYIOT DasjiHuEHe K = d¢ —
ceMeiicTBa [0-Pa3HOMY OpPMEHTHPOBAHHHX H PAacIOJ0KEBHHX Yepea pasHHe
NPOMEKYTKH NJIOCKocTeil. MaMeHeHWe ¢ MeKNy OCHOBAHMEM M OCTpHEM OYCHN
KOPOTKOTO BEKTOpa V paBHO UICHy moBepxHocTeil ¢, mepecexaeMEIX TUM BEeK-
TopoM, {(d¢, v); Ha sToil durype omHo cocraBmser —O0,5.

pu3yeT JoKaiabHY0 ¢opMy HOBepxHocTeit BOJHE e Bpoiinsa (B muueii-
HOM NpPHOIM;KeHHH; NOBEpPXHOCTH ABJIAKTCHA NIOCKHMH H DACIOJOKe-
HHEL 9epe3 paBHbE HPOMEKYTKH, Qur. 2.5).

1-bopMy MOKHO TpPaKTOBATh H KAaK MAIMKMHY, B KOTOPYIO BEORATCA
BEKTODH, a B pesyibTaTe moaydaioTcs ducia. Beoxs v, Ha BhIxNOTe
moayaaem (K, v). Ilockoapky moBepXxHOCTH K sABIAOTCA MIOCKEMH
A pacumoiyoxeHH depe3 pPaBHHE NPOMEKYTKH, Pe3yihTaT Ha BHXOAEe
32aBUCAT OT BXORHEIX JAHHHX JAHEHHO:

&, au+bv) =a (K, u)+ bk, v). (2.12a)
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Tonoxureastoe RanpasJachue

&

4
Tonoxurensioe! _
HanpaBJeHie E u N + ) —
i N A
w w A

OUT. 2.6.

Cnoxerue AByx 1-popm @ n B, B peayianTaTe KoToporo moxydaerca 1-popma o.
TpebGyerca, ucxonsa u3 m3obpaxkenna a u f B Buge ceMeiicTB IIOCKoCTell (Hampu-
mep, (@, P — FPd=...—1,0,1,2,...), mocrpouth Takoe ke M3o0pa-
sKeHWe [ o6 =a + f. IT0 TmocTpoeHWC, OCHOBaHHOe HAa XUHEHBOCTH
(2.126) onmepamuM cioKeHMA, BHOOJHAETCA ciaeaylomuM obpasom: 1. BriGepem
HOCKOJbKO BEKTOPOB U, V, ..., NapajJeJbBHX moBepxHocTAM P (1epecevyeHHEA
OTCYTCTBYIOT!) Il mepeceKaomuX POBHO 3 MOBEPXHOCTH @&; Ka)All M3 HUX TOTAA
NOIKeH nepecedb POBHO 3 MoBepXHocTH ¢. 2. BriGepeM eme HECKOJIBKO BEK-
TOPOB W, ..., NAapajielbHLX NOBEPXHOCTAM @&, HO IepeceKalomux poBHO 3
moBepXHOCTU f; OHU To)Ke NMOJ:KHH mepecedb poBHO 3 moBepxHOCTH ¢. 3. Temepn
CTpOMM TO €AWHCTBeHHOe ceMeficTBO ToBepXHOCTell, paCIoNOMKEeEHHX depes
paBHHIC TIPOMEKYTKM, Ha NCPBOH M3 KOTOPHX JIeKAT OCHOBABHA BCEX BEKTOPOR
4, V,..., W, ..., 2 Ha 9eTBOPTOX — HX OCTPHA.

B neiicTBUTEIBHOCTH MMEHHO 3TO M CCTh MATEMAaTIIecKoe OnpceaesIciie
1-dopmer:  I-gfopma seasemcst AUHEUHOU, eceujecmeeHHol @dynryuel
éexmopoe, T. €. TUHEGHHON MAIMHHOM, B KOTOPYIO BBOJATCH BEKTODH,
a Ha BHIXOJIe MOJNYYAOTCA wicaa. 3ajanme sMamunsl K m03BOJACT 1eTKO
HapUCOBAaTh COOTBETCTBYIOUIHE MOBPPXHOCTH B IIPOCTpAICTBe-BpeMe-
ui. Depem Toury &, B xoTopoit pacnoroxena sta maunma. ITpoxo-
maneir sepes &, mopepxnocTH K mpuuamneskar Toary P, 1A KOTOPHX
(k, P—&,) = 0 (uu ogmoro ymapa Komokona). Jlpyrum mosepxio-
CTAM NPUHANTEKRAT TOUYKI, 118 KoTopux (K, P—FPy) = 1, +2,
+3, ...

NMuorga 1-dopMer 0003HAYAIOT JKUPHEIMM JAaTHHCKAMH OyKBaMH
¢ THABLOH HaBepXy, nanmpiumep K, RO uaule — NOJYMKHPULIMH GyK-
Bavu rpevecroro aadasnTa, naupusmep o, p, 6. Pesyavrar neiictnus

1-GopMBI G HA BEKTOP U HABLIBAIOT (IHAUCH'1eM G Ha U> HIN «C6ePMKOI
o ¢ W.

1-PopmEl, Kar M M00re GYHKIAN APYTOro BHAA, MOKHO CKJIAMIH-
Barb. 1-dopma aex + bP npencrasaser coboit MamMHy (COBOKYNHOCTH
HOBEPXHOCTEl), Pe3y IbTaTOM JEHCTBHA KOTOPOM HA BEKTOp U ABIACT-
cA YNCHO

(ac+bP, u)=a (a, u)J-b(p, u). (2.126)

Ha ¢nr. 2.6 370 cioenne m306pa;keHO ¢ TOMOMBIO MOBEPXHOCTEH,

Hoaoxureashoe
HalpasacHie

1-popma,
paccMaTpnBacMam
KaK JEHeliHasn
dyurnua BeKTOpPOB

Cnomenne
1-gopu



du3nuecKoe
COOTBETCTBHE
MeKRY 1-popmammu
I BEeKTOpaMH

MaTeMaTHYECKO®
COOTBETCTBHE
MeKRy 1-popMaMm
M BeKTOpaAMH
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Herpynno y6enutnca B ToM, 9YTO COBOKYIHOCTH Beex 1-gopM B man-
HOM COOHITHH 00pas3yeT «BeKTOpHOe NPOCTPAHCTBO» B abCTpaxkTHOM,
anreGpanvecKoM CMBICIE ITOTO TOHATIISA,

Bepuemcs k uwacTume u ee jgebpoiiteckoit Boane. Touno Tak ske,
Kax crpexxka P -: mdP/dt npepcTaBaseT HAMIYIWIVIO AUHEUHYIO
aNIPOKCHMAIMIO MUPOBOH ntuuM dwacTuusl BOausn &, mmockue
moBepxuocTi 1-popmsr K 7aT Hamayumrylo JuHeRHYI0 anmpoKcHMa-

0 KPABHIX TIOBepXHOCTEH ebpoitneBckoit BOMHBL YaCTHIIN, a cama K
ABIACTCA AUHEUHOU Pynkyueli, KOTOpaA HAMAYIUIHM 06pasoM anupoK-
cumupyer fmebpoiiteBckyio ¢asy ¢ B6amam P

& ()= ¢ (Fo) + (K, & — &) + anenn Goiiee BHCOKOro mopAnKa
o (P —Py). (2.13)

Ha cason gene neGpoiisieBckas 1-gpopma K it BeKTOp HMIIyabca P iecyT
OHY M Ty ke HHPOPMAIHIO, KAK C MaTeMaTHYeCKOif, Tak m ¢ ¢m3n-
9ecKOil TOYKII 3peHua (B KBaHTOBOM Mexamike). 1A BoiAmienns
COOTHOMICHMA MC/KAY HUMH 00O3HAYHM MOBEPXHOCTH K mocpen-
cTBoM 7 X dasa m nodyqmM opn 3ToM «I-ghopmy umnysvcar i ITepece-
ueHHe 9T 1-PopMBI IPOM3BOTBIEIM BEKTOPOM V IPHBORUT K Pe3yib-
tary (ympaskuenue 2.1)

p-v={p V. (2.1%)

CroBaMu 3TO MOJKHO CKA3aTh TAK: HPOEKIUA BEKTOPA V HA BEKTOP
4-mMmynbca P cOBmajaeT ¢ WICIOM OOBEPXHOCTEH, KOTOpHE ¥V mepe-
cexaer y 1-dopmu nmmyasca p. IIpunmepsi. Bekrops v, nekamue Ha
HOBEPXHOCTHX i (ue mepecexalompue 11x), IepHeHAAKYJIAPRL p (mpo-
eKI|A OTCYTCTBYCT); CaM BEKTOp P ImepeceKaeT MOBEPXHOCTH P P2 =
= —m? pas.

s mo6oro BekTopa P CYI(ECTBYET CMHICTBEHHAS COOTBETCTBYIO-
mas emy 1-popma (amHeiiHasg PyHKIuA BEKTOPOB) P, ompefexseMas
ypaBHenuem (2.14). Has awGoit 1-dopmu ff CYIEeCTBYeT eJNHCTBEH-
HEI COOTBETCTBYIONMIUIM €My BEKTOP P, ODpPEReNAEMHIl N0 NPOEKIHAM
HAa BCEBO3MOKHHEIE APYrHe BEKTOPHI, KOTOpPHE HAXONATCA U3 ypaBue-
pna (2.14). Ha ¢ur. 2.7 noxasano 1ecKOJIbKO BEKTOPOB M COOTBET-
cTByomux uMm 1-gopm.

OTpenbras ¢pusudeckas BeJMINHA OAUHAKOBO XOPOIIO ONMCHIBACTCS
KaK BEKTOPOM P, TaK M COOTBeTCTByIomeil emy 1-dopmoit i Huorga
0ojiee TPOCTHM H eCTECTBEHHHM SMBJISAETCH BEKTODHOE ONHCAaHMeE,
a yuorga GoJblue NPUBIEKaeT OOKCAHue ¢ NoMOmbio 1-gopM. Ipunmep.
Pacecmorpam 1-dopmy, xaparTepusayomylo M3MeHEHME JOPEHLEBOK
BPEMEHHO# KOODJUHATH B CTOPOHY GYAymero — moBepXHoCTH z° =
=...,7,89,... CooTBeTcTByIOImAii BEeKTOp HANPABJEH B IPOII-
aoe [pur. 2.7 nan ypasuenne (2.14)]; onncanue ¢ ero noMompio HOP-
MAJBHOTO TeUCHHA BPEMEHH He TaK YK IPHBJIEKaTeJabHo!
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OUT. 2.7. -
Heckoapko BexTOpOB A, B, ¢, D, E n cooreercrBylonygie mis 1-Gopmar A,
B, ©, D, E. Hapucosats U, kotopas craButci B COOTBeTCTBHE BekTopy U,

NoBOALHO jJerko. 1. PacnoiosknTe moBepXHOCTH U oproromajbHO BeKTopy U.
[Mouemy? Tlotomy urto mawGoii BekTOop VY, NepueEuKY 1A PHB U, e nmomxen

mepecekats mosepxmocteit U (0= U.V = (U, V), a 3HAUMT, JIOJKEH INpH-
HAIE}KATh 1I0BEPXHOCTH U] 2. PaamecTnTe 110BepXHOCTH U Tarmm oGpasomM,
9ro6H KOJIMYECTBO IOBEPXHOCTCll, liepeceKaeMHX HEKOTODHM IPOM3BOJBLHBEIM
pexkropom Y (Hampumep, Y = U) Owmao pasmo Y-.U

CnepyeT oTMeTutbh, 9TO noBepxmHocTH B Ha camoMm jiese opToroHaibHH B,
nopepXHOCTH § HA caMoM fele opToroHanbHH € w T. A. Ecan OHI TaKOBHIME
He KajKyTcsl, TO TOJBKO NOTOMY, 9TO UNTATEAb NPUOHCHBAET NPOCTPAHCTBEHHO-
BPeMEHHOMY 11306Pa;KeHIII0 9BKINZIOBY TEOMETPHIO, & He Joperueny. OH JOJIKeH
NOMHHTL, HaOpHUMep, YTO TaK Kak C — HyJeBoil BeKTop, To OH OpPTOroHaJIeH

caMomy ceGe (C-C = 0), a moaTOMY CaM JOJKEH JeKAaTh B IIOCKOCTH 1-dopMu C.
Te, XOMY TPYAHO OPMEHTHDOBATBCA B LPOCTPAHCTBeHHO-BPEeMEHHHIX ucPTeKax,
MOTYT O3HAKOMHTECA ¢ HAMH IO djleMEeHTapHKM DPYKOBOACTBAM, Bampumep [81].

Tuabga nax 1-dpopmoii p, COOTBCTCTBYIOIICIT BEKTOpY P, 4acTo
omyckaerea, n AaA obo3HadcHUA 000OUX HCIOAL3YeTCA OOUH H TOT
ske cumBoy p. Taxoe ynpomeinie ompaBRaHO TeM, YTO MEKAY P M p

CYHIECTBYeT B3aIMHO 0JHO3HadHOE COOTBETCTBUE (Kak MaTeMaTHUeCKoe,
Tak H usiuecKoe).

2.1. YOPAKHEHNE

Ilokamkure, uro ypaBuenue (2.14) coraacyeTca ¢ KBaHTOBOMEXa-
HUYECKHUMH CBOiicTBaMu BOJHH fge Bpoiina

Y =e®=exp [i (k- —wt)].
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Jonommenne 2.2. YIIPAJKHEHWA C PENIEHHAMHU, B KOTOPHIX NCHOJB3YETCA METPHKA

Ynpascnenue. Tlokaskute, 9To KBafpaT AIAHH 4-CKOPOCTH mpoGHOI YacTHOH paBeH

Pewenue. B npouspoannoil JopeHeBONl cHCTeMe, UCHOAL3Yy# KoMmoHenuTtel (2.2),
Jerko HaxoauM

u?=g (u, u) =uubnep= — ()2 + (u')? 4 (u?)* + (’)*= — 1_,,2 + 1_,,2 =—1

.Vnpa.wcuenue. Honamm‘e, YTO MacCa NOKOA 4YaCTHL LI, €6 IMIOYJAbC H 9HePIruda CBA3aHbI
8HaMEHHNTHIM COOTHOIIEHHEM

(me?)?= E*— (pe)?,
HJIH, 9TO TO Ke CaM0e (B reoMeTPHIECKHX eIHHHANAX!),
m2= E?— p?,

Ilepeoe pewenue. 4-mMpynpCc ompegeneH Kak p=mu, e U eCTb 4-CKOPOCTb,
a m—wmacca nokosa. CrenosatenbHo, KBafpaT ero AJIAHEI

m2y2
PP=mAut = —mP= — (MO miut= — T |
E? p?

Bmopoe pewenue. B cmcteMe HaGaomatess, rae usMmepsanTea F v p, 4-umnoyisc
pacoajiaeTcd Ha BPeMCHHYI0 W ITPOCTPAHCTBCHHYIO COCTaBIAOULMe
— 30 —
p°"=E, p'ei+ p’e;+ple;=p,
a, BHAYHT, KBAJpaT €r0 JJIHHKI
p2= — E2+ p2.
Ho B cmcreme, rme wacTEma mokomTes, P pacmajaetcsi HA COCTABJISIONLAE
0__ 1__2__ 230
p'=m, p=p°= —0’
cllefloBaTeJNbHO, KBAJXPAT ero JUIMHE paBel p2 = —m?. OgHaKo KBaJgpaT JUIMHBI ABIAET-
CA TEOMEeTPII9eCKUM 00BCKTOM, ONPEICIICHHLIM BHC 3aBMCHMOCTH OT KaKUX-JEGO CHCTEM
KOODJANHAT, TO3TOMY Pa3JIMIHBIC METOALl ero BHIYMCJICHUS HOTAHBI MPABOAUTE K ONHO-
My H TOMY K€ pe3ylbTaTy:
—pP=m2= E2—p2,

§ 2.6. TPAIUEHTHI U ITPOU3BOAHBIE 110 HAITPABJIEHNAM

Sw:‘n;-;l IIpocreiimeit 1-dopmoit asiseres zpaduenm df pyuxnnn f. I'paguent —
S 1n-(pop1|a 1-gopma? Kak aro momer 6mrh? Bens Bcerma cumramock, 4To rpajgd-

eHT — 3T0 BeKTop. [la, HO TOABKO HOTOMY, 9TO HaM He GELIO 3HAKO-
Mo Goxee momxoxsmee momsatume 1-dopmet. I'pagment, KoTopmHi#t Ham
Gojiee 3HAKOM, — 3TO BCEro JHIIb BEKTOP, NOCTABJICHHHHE B COOTBET-
cTBHe ¢ momombio ypaBHenas (2.14) 1-popme rpagmenra. I'mmepmioc-
KoCTH, XapakTepusyiomue df B Touke & , npexcrasuasior co6oi moBepx-
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HOCTU YPOBHA caMoil yHKIuUM f ¢ TOYHOCTHIO A0 MpoueaypH Ipubiu-
JKeHMSl MX OJOCKOCTAMM M pasMeilleHHsl depe3 paBHbie IPOMEKYTKH
(cm. dur. 2.5, Ha KoTopoii ¢ caenyer oTosraecTBUTh ¢ f). Tounee, onn
SIBIAIOTCA MOBEPXHOCTAMH YPOBHA IS JUHEHHOH QYHKIUHM, aNIIpPOK-
cuMupyiomeii f B 6eCKOHEYHO MAJOA OKPEeCTHOCTH TOYKH P,
IloweMy Bo3umwio nasBanue «rpajguent» !)? IToromy uro df B mep-
BOM NOpANKE OMMCHIBAET H3MeHeHHe GYHKIUH f B OKpecTHOCTH P,

f(F)=f(Fo) + (8f, P — Po) + Henuneiiune wnens,  (2.15)

(B kagecTBe cpaBHeHMs HOJIe3HO BCIOMHHUTH, 9TO (QyHAaMEHTAIBHOE
TMOHATHE (IPOM3BOIIIAAY Yero-A1u6o o3HAYaeT «HAWMIYYINAs JiMHeidunas
ANNPOKCHMAIMA 3TOTO 4ero-jinGo B TOYKe»,— TPAKTOBKA, IPHMEHH-
Mad jlaske B caydae QyuKiuil, apryMeHTaMM U 3HAYEHHSMHU KOTOPSIX
ARIAWTCA GeckoneyHomepHuie pektopn! Cwm., mampumep, [92].)

Bo3bMeM HeKOTODHIE BEKTOp V, MOCTPOMM Kpusywo F (A), ompeje-
asemylo paseHCTBOM & (A)— Po=AvV, u nponuddepennupyeM ¢yHK-
UM [ BHONB ITOH KPHBOI:

Ouf = (d/dMrmof [ (W] = (df/dD) oy (2.16a)
«lnddepennmansunii omepaTop»

0y = (d/dA) npwr = 0,8n005 xpHBOR P (A) — Po = AV (2.166)
KOTOpPHIl npon3BoAUT 9To JuddepeHIupoBaHNEe, HA3KIBAETCH «ONEPAMO-
PoM npoussodnoli no nanpasaeruio éexkmepa ¥». llpousBognHas mo Ha-
TpaBXeruo Jyf u rpament df TecHO cBA3aHH. JTO Cpasy BUAHO, €CJIH
UpHMEHNTh dy K ypaBHeHnwoo (2.15) m BHLIYACIUTH pe3yJbTaT B TOY-

Ke &, 410 Haer
0vf = (df, dP/dM) = (df, v). (2.17)

Bripaskennniit caoBamu, 3TOT peayJbTaT riacut: @f — guueitnas ma-
IMMHA OJIA BHYUCACHHA CKOPOCTH H3MEeHEeNudA f BIOJb IIPOH3BOJIBHOIO
BekTopa V. Beeas v B df, Ha Bhxoxe nmoiayuaem 8,f («auciio mepecexa-
€MBIX HJIOCKOCTeﬁ, YUACJIO yIrapoB }(OJIOKOJIa))) — YHCJ0, KOTOpOe mpH

JIOCTATOYHO MAJIOM V PaBIO MPOCTO MpUpAIeHHI0 [ Mey OCHOBAHH-
€M M OCTpHeM BeKTopa V.

§ 2.7. KOOPIUHATHOE IIPEJCTABJEHHUE
TEOMETPUYECKNX OBBEKTOB

B n:1rockom npocTpancTse-Bpemenn 0coboe BHEMaHNE YAAALTCA JOPet-
1eBLM cucTemam orcyeta. HoopauHaTe B nopenueBoii cucreme z° (P),
2 (F), 2 (P), 2* (P) sapaAoTea GYHKIUAMH, H MBI  MOJKeM
BHIUICJNThL MX rpaauentel. B xavecTBe runepmiocrocTeit Kascmoir n3
Mo TIyvalILKXCA B peaviabTare «6asmcuex 1-gopr»

0% = dz® (2.18)

1) ABramiickoe cioBo «gradients umeer 3mauenMe «cKaT, YKIomH».— ITpux.
nepes.

7--01457

Oupepeiente
onepaTopa
IPOH3ROAHON

10 HAPABACHHUD

BaznacHne
1-popMns



Paanosxenne
1-gpopmnl
no Gaamey

Boiunc:ienne
KOMIIOHENT
BEKTOpA
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u obpaueHne
¢ HHMH
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Hlosoxurennhoe
HanpasaeHue

Nonoxureavhoe
xanpasJerue s
4
» f >
R ’ Tlonoxurenntoe:
HanpasaeHue:

QUT. 2.8.
BasuceHe BOKTOpPH H 1-YOPMH HeKOTOPOll KOBKPETHOM JOPEHLEBOH CHCTeMES

xoopauear. Basucmue 1-popum pacmouomemH TaK, uro (0%, eg) = §%.

BHRICTYNAIOT KOODJAMHATHEI® IOBEPXHOCTH 2% = const (dur. 2.8). Cremo-
BaTelbHO, 0A3ACHHI BEKTOp 8, IEPeceKaeT POBHO OfHY MOBEPXHOCTH
Gasucnoit 1-opMH @%, Torga Kak OCTAJbHHE TPH BeKTOpa mapai-
JeJbHH MOBEPXHOCTAM ®% M HE NEPeceKa T HA OfHOH W3 HAX:

(0%, 8g) = 8%p. (2.19)

(ToBopaT, uro coBokymHoctm GasmcHHx 1-dopm {@*} m GasmcHBIX
BEKTOPOB {8p}, obiafanomume aTHM CBOUCTBOM, «JyasbHu» APYT APYTY.)
TouHo Tak ke, KaK NPOM3BOJNBLHBIA BEKTOD MOKHO Da3lOKATH
no 6asmECy @, V= 1%8,, OPou3BOAbEYI0 1-popMy MOKHO PpasnOKHTH

o ob:
¢ = 0pob, (2.20)

KoaddpunmenTs pasiomeHns o HA3HBAOTCA (KOMIOHEHTaMH G B Ga-
suce Py,

ITH ompefeNeHHsA NPHUBOAAT K H3AMHEOMY BHYHCIHTEIbHOMY fop-
MaJASMY: BHYACIHM ¢ momMomblo ypapeenmil (2.19) u (2.20), ckoasko
IOBEPXHOCTEH O mepeceKaeT GasHCHEI BEKTODP 6@

(6, 8.) = (0p08B, 8,) = 03 (0B, 85) = 0gd®,,
T. e.
{0, 85) =0gq. (2.218)
AHajormuHas NpomeaypPa JJIS MPOM3BOJLHOIO BEKTOpa V= egv® mosso-
JAer HaUTH (®%, V):
(0%, V) =%, (2.216)
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Ymuoxasa ypasHendme (2.21a) ma v* m cymMupya iaubo yMHOKas
(2.216) Ha 0, B cyMMEDY#A, HOJydaeM B 06oMX ciaydasax OJMH H TOT
e pesyabTar

(o, V)= o V%, (2.22)

9To BHpaKeBHe NO3BOJAET, HCHOJNb3YyA KOMIOHEHTH, BHYHCIHTH
(0, v), He 3aBHCALNEe OT CHCTEMHl KOODAMHAT.

B kampoit JAopeHneBoil cucreme J06GOH reoMeTpHIECKHMHA OOBEKT
UJH COOTHOIIEHHE MMEET CBOE HpEACTaBJIEHHWe, 3aBUCAMEEe OT CHCTEMBI
KOOPJAMHAT: BEKTOP V IPEACTaBIEH CBOMMH KOMOOHeHTamu U%, 1-¢gop-
Ma ¢ — CBOMMH KOMOOHEHTaMH Oy, TOYKa & — CBOMMM KOOpAMHATA-
MHu %, cooTHomemMe (6, ¥v) = 17,3 mpeacTaBieHO B BHIE O U* =
= 17,3.

YT1o6H HaWTH KOOPAMHATHOE IpeACTaBJIeHHE omepaTopa IpPOM3-
BOJHOI IO HAmpaBleHHIO Jy, nepenunmem ypaeuenue (2.166) u npous-
BefieM 3JieMeHTapHhle BHKIAAKU

Oy = (di}v)gao= \%Z_};) B o Bpoab P (\)—Po=Av (;a“) ’

v*, cM. ypaBHeHHe (2.3)
B pe3yabTaTe mOJLydaeMm
dy = v%0/02%, (2.23)
B uwactHOCTH, MPOM3BOJHAA BIOADL GasHCHOrO BEKTOPa 8, (KOMIOHEHTHI
[ea]ﬁ = (0B, 8,) = 68,;) MMeeT BHJ,
0o == 0, = 0/0a", (2.24)

910 mokHO GHTH fACHO Takxe m3 ¢ur. 2.8.
Kommonentn 1-dopmm rpagmenta df, oGosnagaempie f o,

df =f 0% (2.25a)
JIETKO BHIYACJIHTH, MCHOJNb3Ys NPHEEJEHHHE Bhime GOoPMYJIH:
(df, 8,) [o0ObuHmit cmoCO6 BHIYMCIAEHMA KOMIOHEHT, ypaBHe-
nue (2.21a)],

fa=1% 0af [u3 coorHomenus (2.17) Mexpmy rpajgmeHTOM H TPO-
W3BOJHOWl IO HaNIpaBAEHHIO),

| 0f/0z* [u3 ypammenma (2.24)].

Taxkum o0pasom, xoMnonentTaMu @f ABAAIOTCA YaCTHHE HPOM3BONHEE
BJIOJIb KOOPAMHATHRIX OCeii:

f.o=0f/0z>, 1. e. df = (0f/02%) d2®, (2.256)

YTO BIOJIHE COTAAacyeTCA ¢ ImpocTeiilieid TPAKTOBKOIl rpajuensTa B aug-
depennuansuoM ucuuciaenan. (Hanomuam, aro @* = d2%.) s dopmyan
df = (9f/02%)d2* nanpawmBaeTcd TPaBUJBHEI BHIBOM, 4To Of ABAAET-

7

an
Jepes KOODIMHATLS

KoNnoHEeHTH
rpapMesTa
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ca cTporoit ¢opmoil «xudpdepenmuanar, MCOOJIB3YeMOTro B OOKHTHOM
aHajiHu3e; cM. aomoaHenHme 2.3.

HApyrue Ba;KHbHe KOODXMHATHHE NPEJCTABICHHA IeOMeTpAYECKHX
COOTHOINEHUH HCCHeRYIOTCA B NPHBEJeHHHX HIKe YIOparKHEHHAX.

YOPAKHEHUA  BuiBeaute ciaegyiowue GopMyJaH, HoJie3Hble OPH BHYACICHHAAX.

2.2, Onyckanne MHEKCa, B pe3yJAbTaTe KOTOPOr0 HOXYYaeTcs
1-jopMa, COOTBETCTBYIOLIAA JAHHOMY BEKTOPY

KomuonerTn g 1-90pMHL U, KOTOPasA COOTBETCTBYET BEKTOPY U, MOTYT
OLITh TOJNY9eHB «OIMyCKaHMEM MHAEKCa» ¢ IOMOIMBI0 METPHYECKHX
KO3PPHIIMEHTOB T)op:

Ug="Napub, T. €. Ug= —u®, u,=uk, (2.26a)

2.3. HoguATne MHAeKca, B pe3yabTaTe KOTOPOro
BOCCTAHABIMBAETCA BEKTOP

MoskHO CHOBa HmOJY9YMTh KOMIIOHEHTH BEKTOpa U, HOTHMMAs MHIEKCH!

u® = 1*Bug; (2.266)

marpuna || n*P || no onpenenenmio o6paTHa MaTpuLE || Neps || ¥ B mHaHHOM
cjydae COBUIAaeT ¢ Heii:

nebng, = 6%, N*P=nes maa Bcex a, P. (2.27)

2.4, Pasnnunnie cnoco0bl BHYHCIACHAA CKaJNAPHOTO HNPOH3BEREHHHA

CranapHoe mpou3BeJileHHe U M V MOKHO BHIYACIHTH JIOOHM H3 cie-
ayolux canocobos:

u-v=g(u, v) =uvPr,p = u%v, = u.vpgn®h. (2.28)

Hononnenue 2.3. NNOOEPEHI[MAJIBI

«Buemnsis npousBoAuasy, wiad «rpagueHT df dysrumm f sBasgerca Gosee CTpPOroi
dopmoii mpocreiiimero mosATHA «qudPepeHiEaI.

B saeMentapunix yue6HmKax OguddepenHuman df BBomATCH TakuM obGpasoM, dUTO
OH XapakTepuayer «beckoHeaHo Manoe maMeneHme ¢yrkumu f (F)», coorBetcTBy0OmEE
HEKOTOPOMY GEeCKOHeYHO MajoMy CMENIeHMI0 TOYKH &; HO MBI JIerKO IpHIOMHMHAaeM,
4TO Ha cMemeHHe 7 He HaKJAaJALBACTCA HAKAKNX OrPAaHWYEHMiT, KpoMe GeCKOHETHOM
Manoctu. TakuMm oGpasoM, df XapakTepuayeT U3MeHeHVe [ B HEKOTODOM HeompeeeH-
HOM HAaIpaBJIeHHH.

Ho ato Kak pa3 To, 9TO XapaKTepusyer BHemHss nponssofnas df. BrGepeM kakoe-
HAGYIb KOHKpeTHoe GeCKOHeYHo Majoe cmemende V Todku . Pesyanratom mepe-
ceaenun @f BekTopoM cmemenns V ABiaserca umciao (df, v) = df. ITo umcio paBHO
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HBMeHEeHMIO f IIpM mepexofie OT OCHOBAHEA BEKTOpa V K ero octpuio. JHaumt, df nepen
TeM, KaK ero mepecekaeT V (B peayJibTaTe dero IOJYdYaeTCA UMCJO), XapaKTepH3yeT
HBMeHeHHe [ B HampaBJIeHHH, KoTopoe He 3afiano. Ilepeceuenne df BexkTopom ¥V sBiser-
cs feficTBHEM, KOHKPeTH3MPYOIUM HampaBjieHHe, B KOTopoM TpebyeTcsa HaiiTu usme-
Aenne. EQnHCTBeHHBI HENOCTAaTOK OnpefeieHHsA M3 y4eGHMKA COCTOMT B TOM, YTO
non df monpasyMeBaeTCA CKaJAp, MJIA YHMCIO0; ACHO OCO3HAB, 4TO HJfA TOro, 9YTOOH
csectn df x uncay (df, v), Heo6xo/imMo 3ajaTh HampaBJeHAe V, Mbl MPAXOUM K BHIBO-
oy, 910 B HgeiicrBuTenbHoctu df ABaserca 1-dpopmoii, rpapuentoM f.

§ 2.8. HEHTPU®YT'A U ®OTOH

Bekropri, merpuka, 1-popmu, ¢QyHKmHMH, rpagHeHTH, NPOH3BOAHLIC
[0 HaNpaBIeHUAM— BCE 3TH reoMeTpHIecKre 00BEKTH M MHOTHE ApY-
THE HCIOJB3YIOTCA B INIOCKOM HPOCTPAHCTBe-BPEMEHU [JIsA IPEJCTAaB-
JeHN s PN3ATIECKHUX BEJNYAH; BCE 8BAKOHH PH3MKM JOJKHH BHPasKaThCA
¢ ITOMOIIBIO TAKHX TeOMeTpHYeCKHX 0GHeKToB.

._B KadecTBe OPHMEDPA PACCMOTPHEM DKCHEPHMEHT, B KOTOPOM C BHICO-  eomerpirecnue
KOH TOYHOCTHI0O M3MEPAETCA KpacHOe CMeN[eHHe C HCIOJIb3OBAHHEM g pefcramm:
adpexra Méccbayspa (pur. 2.9). Usayuatenr u npuemuuK QoToHOB FRIEEP ... ..
ycTaHOBJeHH Ha 06oje MeHTPEPYrHM B TOUKAX, OTCTOAMUX APYr OT M doroHoM
Apyra Ha yroJ o, A3MepeHEHI B HHepOuaabHOi JabopaTopun. Usiry-

JaTealb M NPHEMHHMK 00 JafopaTopHHM HsMepeHHsAM HAXOJATCA Ha
pajgmyce r, a HeHTpadyra Bpamaerca ¢ yrJI0BOi CKOPOCTEI0 ®. 3adaya:
Kak no JaHHEM @, I B o HAliTH KpacHOe CMeImeHue

z2 = (Aopumumaenos — Mmsnyuensoe)/Ansayuennoe,
KOTOpOe IOJYYHTCA M3 H3MEepeHHil?

Mpuemunk 8

MOMEHT W3JyueHHs Haayuarean B

MOMEHT H3JyUYeHUst

[Tpuemnnk B
MOMEHT NOTAOUEeHHS

®Ur. 2.9
Lenrpudyra u ¢oron.
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Pewenue: Ilycts U.—4-CKOPOCTh M3ayYaTesNs B MOMEHT H3Ay4eHHA
naHHOro (OTOHA, U,—4-CKOPOCTH NPHMEMHHKA B MOMEHT TOIJIOIMEHHS
aToro goroHa, p — 4-umnyiabc doTona. Bece Tpu BeMMUMHH ABIAOTCA
BEKTOpaMH, odpefejleHHHMA 0Oe3 obpamenus k Koopaumaatam. Hmka-
KOro OTHOIIEeHMA K KOOpAMHATAM He MMeloT M dHeprmm ¢ortona E,
u E;, nuamepennsie nanydarejem u npuemHuxoM. Iiis onmcanusa Toro
darTa, 4To MaHHHI H3TydaTelb, M3Jy4Iad NAHHHZ PoToH, coobmaer
eMy 2Hepruio E,, KOOpAMHATH TaKke He HYKHH, KaK He HY>KHH OHH
¥ A TOro, 4ToOH HAmUCATh reoMeTpHYECKOoe COOOTHomeHme nns E,:

E,=—p-u,. (2.29)
{B ToMm, 4To aTa opMyna BepHa, MO:KHO y6GemuThCA, BCIIOMHHAB, 4TO
B cHCTeMe MOKosA m3nydarelsa ug = 1, a ul = 0; Torxa
Ee= —pouf= —po= +p°

B COOTBETCTBHHM C OTO:KJeCTBJIeHHeM (BpeMelHAs KOMIIOHEHTa 4-HM-
nyabca) = (aHeprus).] Auamormano (2.29) uyMcTo reoMeTpuIeCKHM
SABAAETCA U BHpPAKEHHE

E,= —Pp-Ua
JUIA TNorJoiaeMoil 3Heprmu.

OTHomeHMe NpUHUMAeMOd IJIWMHH BONHEL K WM3JIyIaeMoOH [JIMHe
BOJXHH obpaTHo oTHomeHWI0 JHeprmir (Tak kKak E = hv = hc/A):
ro _ Ee _ —B-Ue
Ae. Eg —P-lUg
JTo oTHOIIEHMe Jerde BCeIo BHIYHMCIUTH B MHEPLMANbHOU maGopaTop-

HOIl cHCTeMe OTcYeTa

7\'_41= poug—p"u'; = Poud—p-u, (2 30)
Ae  poul —piud  POUG—p-u, )

(3aecy n HUKe IS TPEXMEPHBIX BEeKTOPOB B /JAHHOM JOPEHIeBOi CHC-
TeMe MCIOJb3YIOTCA IOJYKHDPHBE JaTUHCKHe GYKBHEI, a IIpH BHIKJIAJ-
Kax ¢ HUMH ynoTpebasiorca obnansie o0o3HaueHMA U QOpPMATINIM
BEKTOPHOTO aHaNH3a B TpeXMepHOM OJBKJHUFOBOM NPOCTPAHCTBE.)
IMockoabKy Bexuunna 0GRTHOM CKOPOCTH 00012 MEHTPpUPYrd v = oF He
U3MEHAETCA BO BpeMeHH, uf M u% paBHH APYT APYrY, M BeJHYUHH (HO
fle HanpaBieHHsA) ¥, U %, COBOAJAIT:

uoe—‘——‘ug: (1 —02)_1/2’ luel——‘ I ual :v/(i_vz)llz'

"3 reomerpun okcmepuseunra (pur. 2.9) Bugmo, d4TO U, COCTaB-
JACT € P TOT sKe Yroi, 4To u U, Cienosarenpio, P-#U, = P-Uqg, 4
Anpunuvaemoe/Mzayaesnoe = 1. K pacroe cmewenue omcymcmeyem!

OTyeTunm, UTO HPU pEIIENMH COBEPIIEHHO He MCIOJDb30BAIHCH Ipe-
o6pasoBanus Jlopena — o Hux emie m pedu He OhIIO B 3TOi KHuTel
JlocTonHcTBA reoMeTPHYECKOH TOUKM B3pEHAs, He MCIOOJb3yIoMmed
KOOpAMHAT, HAXHNO!
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Yro6u moAb30BATHCA IeOMETPUIECKOH TOYKOi 3peHHA, HEOOXOAMMEL
MHOTOYHCJICHHHE TOYKM CONPUKOCHOBEHHSA C IKCIEPHUMEHTOM Ha A3H-
Ke, cBoGogHOM OT Koopauyar. OgHON M3 TaKMX TOYEK COMPHKOCHOBE-
HHS ABJIAETCA Bupaskenue £ = —p-u gas sneprum foroHa ¢ 4-um-
myJbcoM P, M3MepeHHoil HabaofgareneM ¢ 4-ckopocTbio U. ¥YGenurech
B HAIHIAK M APYTHX TOYEK CONPHMKOCHOBEHMH, YKAa3aHHHX HIMMKE.

2.5, JHeprus M CROPOCTh Kak QYHAKIUH 4-AMOYyaAbCA

Ha6monarens, umeomuit 4-CKOpocTh W, M3yIaeT YacTANY C4-MMIOYJIb-
com p n Maccoit nokos m. IlokaskuTe, 9T0 HAPARY C
a) M3MEPEeHHHM MM 3HAYEeHHEeM DHEPTHA

E= —p-u, (2.31)
6) OH DPHOACHBAET JACTHIE MAacCy HOKOS
m?= —p?, (2.32)
B) HMIOYJBbC, KOTOPHH OH M3MepseT, PaBeH
|| =1(p-u)?+(p-p)1"% (2.33)
r) oOuaHAA CKOPOCTH, KOTOPYIO OH H3MePAeT, HMEeT BEIHIHHY
|o| =181 (2.34)

(| | u E onpenensiotcs u3 Gopmyi1, NpABEXOHHBIX Bmme),
I) 4-BeKTOp ¥, KOMIOHEHTH KOTOPOTO B JIOPEHIEBOi cucTemMe Haluio-
JaTelas AMEIT BHJ

W =0, V= (d:cj/dt)nm, uacinm = OOBIYHAA CKOPOCTH,
3aqaeTcA BHIP AyKeHHAEM
p4(p-w)u (235)

V=T.

2.6. TpagmenT TeMmepaTypsl

Ra:kjiomy coGutuio @ Buytpu CosHIAa IPUIOMCHBAETCA TeMIepaTypa
T (@) — remmeparypa ropAtero rasa, HM3MEpeHHAsA IOKOAUIUMCH
OTHOCHTeJbHO Hero TepmosmeTpoM. T (@) ABaAercsa QyHKIHeH; ITOOH
€e OompeneJuTh M BBECTM B PACCMOTpPeHHe, KOODAMHATH He HYKHH,
Kocmuueckmit syd n3 BHelHEro OpOCTPAHCTBA MHPOJETaeT CKBO3b
Conuge ¢ 4-ckopoctoio u. [lokaskure, wTO mMpPOM3BOANAA OT Temmepa-
TYPH 10 BpeMEeHH, H3MEpEeIHOMY MO 9acaM 3TOro Jyda, B ero oKpecT-
HOCTII [JaeTCA BHIPa;KeHHeM
dT /dv = 6,T = (T, u). (2.36)
B mokanbpHo mopenuesoit cucreme BuyTpu CoJIHI{a 9TO BHpaKEHHE
MO)KHO 3alucaTh B BHIIE
dar 0T or
4 —un o+ Z.
dt 1/1 v2 at ]/1 v2 Ozi

B uem cmHICH 3TOTO pesyanaTa?

(2.37)

YNPAKHEHRA




11peobpaszosanusa
Jlopenua:
8) KOOpAMHAT

6) GasECHRIX
BEKTOPOB

p) Gasmenmx
1-gpopu

r) KOMIIOHEHT
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§ 2.9. IPEOBPA3OBAHUA JIOPEHIIA

Yrobst yOpoCTETH BHYHCIEHAS, IACTO OMEPHPYIOT C KOMIOHEHTaMHA
BEeKTOpOB K 1-fopM, a He Ha sA3HKe, CBOGOXHOM OT KoopAauHaT. B Ta-
KOro pojia BHKJIAAKaX MHOTJAA BO3HHKAeT HeoGXOXHMOCTH B mpeolpa-
30BaHAAX OT ONHOM JIOPEHIEBOM CACTEMHl OTCYeTa K fpyroi. Yurarenb
yiKe 3HAKOM ¢ TakuMu npeo6pasoBanuama Jlopenna, HO KpaTKas CBOA-
Ka B JIONOJHEHAH 2.4 DOMOKET eMy OCBEKHUTH HX B MAMATH M HO3HA-
KOMHT ero ¢ 0003HA4YEeHAAMH, MCHOJb3yeMEIMM B 3TOi KHHTE.

HioueBnmr o6bekTamm B mpeoOpasoBaHmM JlopeHma ABIATCA
marpamu ||A%8 || 1 || As.,,ll; mepBas M3 HHUX mpeo0pasyeT KoopAHHA-
TH HENITPHXOBAHHOMK CHCTEMH B KOODAHHATH INTPUXOBAHHO, a BTO-
pas — Hao0opoT:

2% =A%p2b, z28=AP,ze (2.38)

ITockonbky ouM coBepIIalOT OJHO M TO ke npeobpa3oBaHue, HO B pa3-
HHX lanpaBIeHUAX, OHM JOUKHH GHTH oOGpaTHH oxHa Apyroi:

A% AP, =8% ., APLAY, =8P, (2.39)

Ucxomsa u3s Toro, 4ro 4-cKopocth W = (dz*/dt)e, mo cBoell mpupone
He 3aBHCHT OT KOODAMHAT, JIETKO IIOJYYaeM BhIpaKeHUA

8. =0pAPy, @5=0,A%p (2.40)

AnA 6a3UCHBIX BEKTOPOB OIHOM CHCTEMHI Yepe3 6a3ucHble BeKTOPH Ipy-
roif; M3 JAPYTUX TEOMETPUMECKHX COOTHOILEHMIl, TAKUX, KaK

V=8qU%=8pVP’, (0, V)=0,0%=0pgF, 0=0,0%=0p0f,

nmoJjiyuaeM cjeqyiomue 3aKOHH IpeobpasoBaHuA:

0% = A% pob, of= AP, .0%; (2.41)
v = A% B, b= AP e (2.42)
Ogr = O'BASQ', 0= Ga'Aa'ﬂ. (2.43)

B atux 3akonax npeo6pasoBaHUs He HYIKHO 3alIOMUHATH PacHojo;Ke-
Hue uHgexkcoB. lleobxogumo ammb pAacmoONOKMUTH HX TaK, YTOOM
1) cBoGopbie MIJCKCH 10 06€ CTOPOHH 3HAKA PaBeHCTBA 3AHMMAJIU
OJIMHAKOBHIE TO3MLUM, & 2) MIJEKCH, [0 KOTOPHIM IPOU3BOIHTCHA
CYMMHpOBaHME, BCTPEYAJNCh OJUH pa3 BBepXYy U OfMH Da3 BHH3Y.
Torga Bce 6ymer npasuiabHo! (IIpumeganue: ungekcH y A Bceraa pac-
HOJO/KEHH «C CeBepo-3amajia Ha I0T0-BOCTOK».)
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2.7. Byer B NpOM3EOAbHOM HANpPAaBICHHM

Marpuunsie kommouenTs: nanbosee ynorpeburenbnoro us npeobpaso-
Bauuit Jlopenya umewT BUJ

1 . ., .
= =" AY ;= AN'y= —PByrd, (2.44)
Aj'h=A"',=(y—1) n'n® 4 &,

A", = (komnonentn A", y xoropmx P samemeno ma —op),

A0'0‘—‘ v

rae B, n!, n?, n®— mapamerpn, npuyem n2= (n!)2+ (n?)2-+ (n3)2=1.
Hokaxure, 910 a) 3TH MATPHIK YHOBIETBOPAIT yeaoBHio ATMA =1,
HaKJIajpiBaeMOMy Ha mpeobpasopanme Jlopenua (cM. nomoanenue 2.4);
0) nna wHabnonaTenss W3 HEIUTPHUXOBAHHON CHUCTEMB! INTPHXOBAHHAR
cucTemMa JBH}eTCA ¢ 00BI9HO# CKopocThio fm; B) mua nabmopatens
H3 ITPHXOBAHHOH CHCTEMH HEIITPUXOBAHHAsA [BIKeTCA C OOLIYHOM
ckopoctsio —fn (1. e. V!’ = —Pn!, v2’' = —fn?, v¥ = —Pnrd); r) opu
ABH)KEHMM B HAIPaBJeHHM OCH z MAaTpHIHl mpeoGpasoBanms npuobpe-
TAlOT 3HAKOMBIH BHJ

vy 00 —By v 00 By
010 0 An 0100
001 olf "vi={y 010"
—py 00 v By 00 v

HAY )= (2.45)

YNIPAKHEHHE

Nonoanenue 2.4. IPEOBPA30BAHUSA JIOPEHIIA

IloBopor crcremn orcuera Ha yroa 0 B miockoeTn x — ¥ 1)
1

Hakaon s=1tg0, sin0= 0= —q-
(14522

—
A+’

y
¥

Aal |
|

0s 0—ysin0,
in @ +-g} cos 0, ? ®

[ —— I
z2=3z1 g

[«

wn
Il

I

w8~

% z.

t,
zcos04ysin0,
—zsin0-4ycos,

Bce 3nakn BHITEKAIOT M3 3HaKa 3TOro wieHa. O NOJIOKUTEJIEH, KaK JerK0 YCTAaHOBHUTH

H3 OOJOEeHHA TOUKH &P,

1) B auTepatype uHorna pasiyvalOT NOHATHA CHCTEMH KOOPAMHAT M CHCTeMBl oTcdera [cm.,
HanpuMep, 3exsManos A. JI., JAH CCCP, 107, 815 (1956)]. Ilox cucTeMoil oTcueTa NOHAMAIOT COBO-
KYNHOCTh BCeX KOOPAMHAT, HENOABIYKHKX [PYI OTHOCHTEJbHO Apyra. C 3Toil TOYKM 3pEHMA «1OBOPOT
ReKapTOBOil CHCTEMH KOOPAMEAT B IIJIOCKOCTH  — y» HE €CTh NEpexoj K APYroil cucreme OTCUETa
U peajbHHH II0BOPOT CHCTEMbl OTCUeTa CO BpeMEHeM B IPOCTPAHCTBe. Jl@HCTBUTEJALHO, CHCTEMA
OCTaeTcA HEH3MEHHOIi ¢ TeyeHHeM BpeMeHM, Ha Heil «PHCYIOTCH» [Be CHUCTEMH KOODAUHAT: Z, ¥, 2 U Z,

Y, Z. B nammoit xEure A4BTOPH HE [eAal0T Pa3JAHYMA MEKNY NOHATHAMHU CHCTEMH OTCYETA M CHCTEeMEl

KOOpAMHAT.— ITpum. ped.
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JIB& noCcHeaOBATECABHMX HOBOPOTA

— 51tse
1 —s459

, wamm 0=0,-+406,.

3anyck nemkymeiica cucreMnsl orcuyera («BycT») !) ¢ mapamerpom cropoctH o B IUIO-
CKOCTH 2 — {
1

CKOPOCTB ﬁ: th o, sh a=_E— cha:m_____,‘,’

a—p3"2

tg 0 = crxopocte B=tha.

t=tcha+zsha, t=tcha—zsha,

r=z, I=2z

y=y, .17=y1

z=tsha-+4zcha. z= —tsha+zcheo,
Nttt

1 %

Bce stiakn BhITeKawOT m3 3HaKa atoro wiena. OH HOJIOKMTENIeH, TAK KaK 06’beRT, OOKOoA-

mpmiica npm z = 0 B cucTeme, cBazanuoii ¢ paxerod, B JaGoparopHoil cHCTeMe JIBH-
3KeTCA B HANPABJICGHHH YBEJIHYEHAA 2.

MaTpnuane o0603HaueHHA: ¥ = A“;:z:-‘;, v = Av,zH,

cha 0 0 sha choe 0 0 —sha
0 10 O = 0 10 0
Al‘_ = v = o
sha 0 0 cha —she 0 O cha
4-BOKTOD BSHEPIHH-HMIYIHCA 4-BeKTOpP IJIOTHOCTH 3apAfa-TOKa
E=Echa+pisha, p=pcha+jsha,
P =r F=7%
PU=P"’ _ jll=]'y’ _
p*=Esha+ picha. j*=psha4 jzcha.

AGeppaumsa csera, GoToH HPEXOFAT K HabnmwjiaTenio:

—p _ (1—p2)Y/2s5in8""

—I_7_L (1—B2sin 0

sin9= 5 T—poosd sin®= ==—T1Pcost
_ —p* __cosB—p A -7 _ _cosB-+P

08 = = peost 080 = = T poost *
1g (6/2) = e* tg (6/2). tg (6/2) = e-= tg (0/2).

1) BycroM HasnBaeTca HpeoGpasoBaHUe CHCTEMH OTCYETa, COOTBETCTBYIONIE® KOHOTHOMY 3HadTe-
HUIO cKopocTH.— ITpum. nepes.
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JiBa mocaenoBaTeabHBIX §ycTa B OHOM HANpPABICHAH

ﬁ‘—‘-‘ ﬂl+62
1+B48;’

IIponsBoanEas mocie0BATEABHOCTh OYCTOB H IOBOPOTOB

aIA a=0ay 1 a,.

Counopamit opmanmsm, ra. 41.
1IpeoGpasosanue Ilyamkape
a# = A¥2® + a*.
Ycmosue, HakTagHBacMoe HA JIOPEHIEBY 9aCTh 9TOro npeoGpasoBamms:
ds'? =ngrp dz* dzP’ = ds? = n, AP AVp dz® dz®',

i ATnA='r] (MaTpEuyHOe ypaBHeHEHe, rmge I' 03HAYAaeT «TPAHCHOHHPOBAHWE», HIH
IepecTaHOBKY CTPOK H CTOJIGHOB).
Heiictsue mpeoGpa3oBaHMA Ha APYTAe BEJIMIHMHLL:

ut = A¥u® (4~cxopocTs) Ugr = uyA Yy,

p'= At p™ (4-mMuyanC) Par = pul\¥ars
F* = A% .AVg F*® (anexrpomarnmraoe mose) Fa.p = FuyA¥4 A",
8y = 0, \", (6ascHHE BEKTODH),
0% = A", 0" (GazmcHEIe 1-pOpMBL),

U= 85-U* = @,ut =u (6exmop 4-cKopocTH).

§ 2.10. CTOIKRHOBEHHMA

Rakoit On ¢mandeckuit 06beKT HEM paccMaTpuBajca — Oyab To oOT-
JleibHAA ABHKYIMAACA Macca, IOTOK ;KHAKOCTH, IOJ€ CHJ, reOMeTDHSA
€aMOTO HIPOCTPAHCTBA,— B KJIACCHYECKOH OOImeil TeOpHE OTHOCHTENb-
HOCTH OH OHMCHIBAETCS CBOMM FeOMETPHIECKAM OGBEKTOM OIpexeseH-
Horo Tuna. Ilocrpoenne kamaoro Takoro o6beKTa Aub0 HEMOCPEACTBEH-
HO OCHOBAHO HA MOHATHHM HACHTEQHIHPYEMO# TOUKH, JHbGO IPOHCXO-
IET myTeM aGCTparapoBaHMA OT HEro; HO B J00OM ciyuae 3TOT 06HEKT
HE HYKJaeTcsa B KOOPAUHATAX AJA CBOero mpeacrasienua. Mu sagenn,
KaK TaKoe oOMcaHUe, He HCOOJIb3YIOMee KOOPANHAT, MOKHO IepEBECTH
Ha A3HK KOOPAIHAT I KOMOOHEHT M HAa0G0pPOT; M KaK ¢ MOMOIIbIO IIpe-
ob6pasoBanmii JlopeHma mpeoGpaayioTcd KOMIOHEHTH B JIOKAJBHO
JIOpeHIeBHX cHcTeMax oTcueTa. IlepeiimeM Temeps kK gBYM mpocTedmaM
NPHIOKEHHAM BTOTO MAaTeMATHYECKOTo ammapaTa, KAacaloluMCA JBH-
sKymeiica mMaccu. OZHO U3 HAX MMeEeT AeJI0 ¢ KOPOTKOASACTBYOIMAMHE
cmiaMn (CTOJKHOBeHHA, MAaHHHA maparpad), Apyroe — ¢ 3JEKTpo-
MATHATHHIMH CHJIAMH, NOHACTBYIONAME HA BHAYATEJIBHOM IPOTAMKe-
auE (Popmyna masa caan Jlopenma, ciegyiomas riaBa).



Pacoeanue
SACTHI

Coxpanenue
SHEPrUR-HMITYJILOR
npH CTOIKHOBEHNE
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Ilpu croaxHOBeHMH BCe HN3MEHEHHE MMOYJbCA INPOHCXOAMT 3a
NPOMEKYTOK BpPeMEHH, MAJIBIA 10 CpaBHEHHIO CO BpemeHeM Habaione-
HudA. Bojiee Toro, Mumenb, KaK OPaBHJIO, HACTOJBKO Mala M HACTOMdb-
KO CHJIBHO XPOABJAKTCA KBAHTOBOMEXAaHHYECKHe JQQeKTH, dTo
OpaBMJIbHEIM ABAAETCA JHMb BepOATHOCTHoe omucanwe. Bennuuna

do = (j_g)e aQ (2.46)

npejicTaBiseT coGoit ceuenue (cMZ) paccessiHHA B 2JIEMEHT TeAeCHOTO
yria dQ npu yrie oTkjoHeHus 0; Goiee cioikHOe BHIpajKeHHMe Mpeq-
CTaBJIAET BEPOATHOCTH TOrO, YTO MCXOJHASA YACTHIA BJIETAeT B dJie-
MEHT TeJecHOTO yria dQ ¢ JaHHHM NOJAPHHIM yrioMm 0 u agumyToMm ¢
¢ sueprueit meskay £ u E 4 dE u oaHoBpeMeHHO NPOAYKTH peaKIHM
BHUIETAIOT TOKEe B ONpefeseHIbIX HHTePBAJaX SHEePTHU H B ONmpe/ie.leH-
HBle TeJecHble YIJbl, XOTA 3TO OJHUH U3 YBIEKATEIBHHIX DPa3[esioB
aTOMHO# Pu3MKru, GEI0 Obl HEYMECTHO 3aHMMATHCA 37eCh BHIYHMCJICHM-
eM Takux cedenuit. J[0CTATOYHO OTMETHUTH, YTO CedeHHEe — ITO IJIO-
majKa, OPUEHTHPOBAHHAA NMEPHEHAUKYJIAPHO TPAGKTOPHM Mafalome
gactunnt. [10aToMy OHO He U3MeHsAETCA IPU mepexofe B CUCTEMY Koop-
AUHAT, JBHKYIYIOCH BHOJb TPAaeKTOPHM, NIPH YCJIOBHM, KOHEUHO, YTO
COOTBETCTBYOIUM 0GpasoM mpeoGpa3ylOTCA IHEPTHUH M YIVIH pasiera
9acTHI (¢OIHU M Te 3Ke COOBLTHA B PAa3HBIX CHCTEMAaX OTCUETa»).
Oxuako, Kak CleyeT U3 JOKAJIBHOTO TUHAMHYECKOTO paccMoTpe-
HHfA, HapARy C JIOGHM HOOXPOGHEIM OmMCAHHEM COYHAPEHHA TAKOro
pPoAa, BCerga BLIMOJHAETCA 3aKOH COXPAHEHHA 3IHEPTUM-HMOYJbCA:

D= 2 px (2.47)
Ha4albHhEIE KOHEURHne
4acTul, J vacruusl, K

¥ixe M3 OFHOIO 3TOr0 COOTHOIIEHHsA, He mpuberad k Gosee moapoGHo-
My aHajJu3dy, MOKHO MOJYYHTh CJefyiolmue INpPOCThe pPe3yJbTATHI:
1) doToH, pacnpocTpaHAOIMICA B BHAE INIOCKOH BOJHH B IyCTOM
NpPOCTPAHCTBE, He MO3KEeT PacIlenuThCA (3TO HecupaBeJIMBO B Cjydae
PoxycupoBannoro ¢oronal); 2) ecaim 3JeKTPOH ¢ Goabmoit smeprueii
YOPYro CTAaJAKHBAeTCH ¢ NOKOAUIMMCA 3JeKTPOHOM, M TOCJE 3TOro
OHH pAa3JeTATCA ¢ ONAHAKOBHIMA JHEPIMAMH, TO YTOJ MEMXAY HX
HanmpaBJeHUsAIMM pPa3jieTa MeHbIIe HbIOTOHOBCKOro sHavenus 90°,
H Pa3HOCTH MEKAY HUMH CIYKHT IPOCTOM Mepoil 9HEPTHH NEePBUYIOTO
dJIEKTPOHA; 3) BEIpa)keHue JJIsA [OJNU KNHETUIECKOH 3HEPTHH, KOTOPYIO
3JeKTPOH MepeJaeT NPOTOHY IPH IMEeHTPaJbHOM YNPYTOM COyAapeHud,
UMeeT PA3JIMYHHIA BHJ B Tpex UpPENeJbHHEIX CXydasgX, COOTBETCTBYIO-
MUX HEPeJATHBUCTCKON, PENATHBUCTCKOH M YJIBTPApPeJATHBHCTCKOI
9HEepPTHAM 3JIeKTpoHa; 4) mopor pokgenua maps (et, e”) doronom
B IOJIE CHJI MACCUBHOIO Afpa paBeH 2m,; 5) MOPOT POKAEHHA MapH
(e*, e7) doronom mpu coygapeHHR C MOKOAMUMCH JJIEKTPOHOM paBeH
4m, (anu dm,—e, eciM yd4ecTb SUEPrHi0 CBA3H OYEHBb IJETKOM «Mo.Jde-
KYJB», KOTOPYIO MOTYT 06pasonaTh e *e~e~). Bce aTu pesynnsTaTs (Teambt
JUISL OT[eJBHEIX ynpasKieHuid!) ¥ mexslii pAf APYTUX MOMKHO NOJIYYUTH
N3 B3aKOHA CcoXpaHeHAA sueprum-mMoynsca. Ilogpobuee o6 sTom
cM. [57, 58], a Tawke ri. 4 M mOCHENHIO 9acTh ra. 5 B Kamre (59]



3. QNEKTPOMAITHUTHOE NOIJIE

B naw eex asexkmpuvecmea 6pawyaouuiics AxKopb

xancfozo zenepamopa U Kaxcd0z20 34eKMPOMOMOPA
HeycmaHnHO npogo3ziauiaem Ccnpasediusocms

meopuu OMHOCUMEALHOCMU — HYICHO AUULDL YMEMDb CAYuLamo.

JI. AR

§ 3.1. CHJIA JIOPEHOHA M TEH30P 3JJIEKTPOMATHUTHOI'O
noJs

PaccmMoTpuM Temepph caydail mIaBHOrO M3MEHEHMA MMIYJbCAa 3apd-
JKEeHHOM JaCTHIH NOJ JEHCTBHEM 3JeKTPUYECKHX M MATHUTHHIX CHJ,
NPOTHBOIIOJNOKHBI 00CYyKNaBileMyCcA B KOHIE IJI. 2 mpoleccy mepe-
JaYH HMIYJbCAa NPH COyAapeHMsAaX.

[lycte Ha COBOKYNMHOCThL 3apsyKEHHBIX YACTHI[ JIEHCTBYIOT dJieK-
TpHYECKOe U MATHUTHOE TIOJIA. Y CKOPEHUSA YacTHIN, MO3BOJAIOT CydUTh
0 CHJIE DJIEKTPHIECKOr0 M MAaTHATHOrO noJield. Jlpyrumu croBamu, MoKHO
CYHUTaTh, YTO BEHIpa;keHHe JJA CAXH JIopeHna B COBOKYIHOCTH C H3Me-
PeHHEIMM KOMIOHEHTAMU YCKOpPeHHA NpPOOHHIX YacTHH HO3BOJIAET
onpeendTh KOMIOHEHTH 3JIEKTPHIECKOro ¥ MarHUTHOro noJueit. ITocae
TOTO KaK MO0 YCKOPEHMAM KAKHX-IH60 HPOGHEIX YacTHI( OIpejeleHH
KOMNOHEHTH I0JIA, HX MOKHO MCIOJb30BaTh JJIA ONpefeleHHsA yCKo-
peHnii gpyrux mpoGueix wacturm (momosnnenue 3.1). Tawum oGpasom,
BEIpaKeHUe JUIA CHJIH JlopeHua Mrpaer ABOAKYI0 poiab: 1) maer ompe-
JeleHne MOJA M 2) MO3BOJIAET NMPEACKA3aTh JABHKEHNE 3apAYKeHHRIX
qacTHIl.

Kar neodnokpamno nodueprueas Anpu Ilyankape, ¢ smoi u dpy-
2ux 0064aCMAX HAYKu yice ycmapea nPuHyun, ymeepiucoanouyuii:
«Ilpexcde, uem usaazamo, daii onpedeserue UCNOALIYEMBIM NOHAMUIMY.
Bce ¢giusuueckue sakonw u meopuu, ¢ mom uucae u 3akon Jlopenya,
obaadarom mem 24Yy60kuMm U MPYGHOYA0BUMBLM CEOLICINBOM, UMO 8 HUX
xakx daemcs onpedesenue ucnosvsyemulr nonamull (adece B u E), mak
u Oeaarwomcesa ymeepxcdenus o nux. Hanpomus, omcymemsue raxoii-mo
OCHOBHOU meopuu, 3aKOKA UAL NPURYUNA ALLWLAEM 603MONCHOCMU damb
ucuepnuisaioujee onpedeserue NOHAMUAM U 0axce UX UCROAL306AMD.

cnaa JlopeHna
no3BsoaneT

KaK AATH
onpefenenne
noas, TaK K
DPeACKA3aTH
ABHKEHHE



TpexMepHan
¢dopma zanncH
dopmyan Jiopenna

Onpenenenue
Tenzopa

371K TPOMArHHT-
HOro nojis

TeoMeTpHYECKARA
¢dopma nhIpaKeHHA
AnA CHALL
slopeuna
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B nexomopom camvicae 410600 waz 6neped 8 HUEA0BEHECKOM NOZHAHUL
AeAfeMCR NOUCMUHE co3udanuem: meopusi, KORYenyus, 3akoH u cnocob
uaMmepenus — écer0a Hepasfeaumble — ROAGAAIOMCA 6 HEPAPHIEHIM
edurcmee.

®opmyna Jlopenna, sanucaHHad B OPUBHYHOM TPEXMEPHOM BHJE,
rie E — sitekTpuyeckoe moje, B — mMarHuTHoe moje, ¥ — oOHYHaA
CKOpPOCTb 9ACTHIIN, ) — UMIYJbC YACTANEI, & € — ee 3apAH, HMeeT BHJ,

(dp/dty = e (E + v X B). 3.1)

XoTa Takasa gopma 3aMICH I MOKeT 0Ka3aThCA HCKIIOINTEILHO M0Ie3-
HOH, TeM He MeHee OHA AaleKa OT reoMeTprHyeckoil opMEH B ayXxe
ditnmreitna. YucTo reomeTpmyecKkoe ypaBHEHUE JOKHO COAEp/KaTh
4-BeKTOp HEPrHA-UMOYJLCA MPOOHOI YACTAHBI P, a He OHY TOJBKO
OPOCTPAHCTBEHHYIO €ro 9acTh P, M3MEPEHHYI0O B HEKOTODOii JIopeHIe-
BOHl cHCTeMe: M3 1ero MOJIKHA ONPEeNeNATHCA CKOPOCTh H3MEHEeHHS
HMIYJbca, M3MEPEHHAsA He KAKUM-TO KOHKPETHHEIM JOPeHUEeBHM HabTi0-
nareaem (d/dt), a usMepeHHAsA MO eIUHCTBEHHKIM 4acaM, KOTOphIe HpU-
CYTCTBYIOT B 3ajade Anpuopu, — IO COGCTBEHHRIM dYacam HpoOHOM
gactunue  (d/dt). Taknm o6pasoMm, JeBafg 4acTh YHCTO TeOMeTpHU-
YeCKOT0 YPAaBHEHHA NOJKHA UMETb BHJ

dp/d-~.

IlpaBas wacTh — 4-cusma JlopeHNAa — TakKe AOKHA IPEACTABIATH
co6oit 06LexT, He 3aBHCAINHAI OT CHCTeMH oTcyera. OHA HOMIKHA OLITH
JIAHeHHOR OTHOCHTEIBHO 4-CKOPOCTH YACTMOH U, TaK KAK 3aBuCHNIee
OT CHCTEMH OTCYETa BHIpakenne

ip __ 1 dp _ e 0 )

JMHEeilHO OTHOCHTEJbHO KoymoneHT U. ClIegoBaTeNbHO, MOJIKHA CYLIe-
CTBOBATH NMuNeiinaa mammnua F — «TEeH30] 3JIEKTPOMATHUTHOTO IMOJMA»—
¢ OJHEM BXOJHHM KaHaJIOM JJA BBOJA 4-CKOPOCTH NPOGHOH YaCTHIIH.
Hponanene}me TOT0, YTO IOJIydaeTCA Ha BBIXOJE 3TOM MAUIMHBI, HA
3apAN 9ACTHIR JOJGKHO TPEeAcTaBIATH co00il 3TeKTPOMArHHTHYIO
4-cuy, NEHCTBYIOMYI HA TY YacTHIY:

dp/dx = eF (u). (3.3)

CpaBHHBas 3TO reoMeTpHYECKOe yPaBHEHWe C 11epBOHAYaJLHLIM BHpa-
senneM Aasi cuunl Jlopeuma (3.2a) W ¢ COOTBETCTBYIOIUMM €My 3aKO-
HOM W3MEHEHHMS 3JHEepriuH

dpo 1 dE _ A

v T YT—v2 & Yi—0?
MO’KHO HAaWTE KOMIOHEHTH F B HEKOTOPOH ompejieleHHOR JIOPEeHIeBOH
cucreme. Komnorentamm dp/dv apiswrcs dp®/dv, a komnorenTs eF (u)
MosKHO 3ammcath B BHAe eF*puP (ompenenemme F*gl). CirepoBarensHo,
BHIPaKeHH®

eE-v=¢cE u, (3.26)

dp%/dt = eF*gub (3.4)
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JOIKHEO CBOOUTHCA K BHpaskenuam (3.2a, 6). U aTo peiicTBATeNBbHO
EMEeT MECTO, €CIH OTOKAeCTBHTBH

p=0 =1 p=2 [p=3

a=0[0 E, E, E,
«  a=1lE. 0 B, —B, Kounouexrss
“ F [] ” =2 E,, _ Bz 0 Bx . (3-5) ::'l’;:a'rpouarmnoro

a=3|E, B, —B, O

B anrepaType wuamie BCTpeYalTCS «KOBADMAHTHEE KOMIOHEHTED),
moJyqaomuecs B pe3yJbTaTe OOYCKAHHS MHAEKCA ¢ HOMOINBIO KOM-
DOHEHT METPHKH:

Faﬂ = navFvB; (36)
IPH 9TOM
0 —E, —E, —E,
E. O B, —B,
" FGB " = E” —Bz 0 Bx (3.7)

E, B, —B, 0

JT0 MAaTPpHYHOE YPaBHEHHE [EeMOHCTPHPYET eAWHCTBO HJIEKTPHUECKOTO
u MaTHETHOTO moJteis. Hu opno m3 Hux camo mo ce6e — um E, nu B —
He ABJIAETCA TeoMeTPAIECKAM 06GBeKTOM, He 3aBHCAMHAM OT CHCTEMB
orcueta. Ho camreie Boegmuo B o6bexTe F, orm o6peTaioT cMucH 1 8HA-
9eHHE, BHIXOAAMHAEe 34 PAMKH KOODZHMHAT H CACTEM OTCUeTa.

3.1. YNPAKHEHHME

Busemure ypaBuenus (3.5) m (3.7) gaa xommonent F, cpaBmms (3.4)
¢ (3.2a, 6) m mcomoap3oBaB omnpepexenne (3.6).

Jlononnenre 3.1. ONPENEJEHME NOJIA M NPEJNCKASAHUE JIBMKEHUA
10 ®OPMYIJIE JIOPEHIOA

IIponenypa ompenesieHAS KOMIOHEHT 3J€KTPOMATHATHOTO NOJA IO M3MEPEHHHIM YCKO-
peHHsM B IpHHIHEIEG COBIajaeT ¢ aHAJOTHYHOM HPOUEeNypod IjisA IpaBHTAI{MOHHOTO
monsa. CpaBHEM ypaBHeHHA NI [BYX CJIYdYaeB:

]
‘i!z-:z =';T F*uP B nopemmesoit cucreme (1)
a
20 '
ljz-f’z ] = — R%,s’t"u’ B npomssonsmoil cmcTeMe xoopnmBart. (2)

PagoGpaB Gonee mpocTyio mpoueAypy AIA 9JeKTPOMATHHTHOTO IOJA, MBI TEM CaMbiM
yKas;keM B 0GmAX 9epTax, KaK B TEOPHHA TATOTEHHS NOAOGHHM e 0GpasoM onpefensoTca
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Bce KommoHenTh R%,s. HauHeM ¢ Bompoca o ToM, CKONBKO Hy;XHO MPOGHHIX gacTHi,
uro0bl OmpefeJSHTh B M3yuaeMoil OKPeCTHOCTH TPHM KOMIOHeHTH B W Tpm KoMmoHem-
T E. M0oKHO M3MEDATh TPH KOMIIOHEHTH YCKOPEHAR IJIA ONHOM 9YacTULH, M ee
Tpu — Ans apyroi. Jlocrarouno au sroro? Her! Madopmauus, monyuenHas ot nepsoii
qaCTHIlB, YaCTAYHO XyOmuMpyercsa B MHQOpPManuu, IMOJY4eHHOH oT BTopoil. BoT moka-
3aTelipcTBO. HaK OH HEM IBHrajach meppas 9acTAild, BHOHpaeM JOpEHLUEBY CHCTEMY,
JBHKYMYIOCA TOYHO Tak jke. IlokoAmascsa B 3Tod cHCTeMe WaCTHIA He pearHpyer
Ha TNPHCYTCTBHEe MaTHHUTHOro mois. Ha Hee HeHCTBYeT TOJBKO 3IEKTPHUUYECKOE II0JIe.
Tpr KOMIOHEHTH YCKODEHHA 3TOH 9acTHIH Cpa3y jXe JAaloT TPH KOMIOOHEeHTH E .,
E,, E, anexTpHueCKoro nojA. Eciam MH XOTHM IOJAYIATH XOMOJNHATEAbHYI0 MHPOPMA-
M0 OT BTOpOi#l Mpo6HOM wacTAIE, TO OHa He JoJKHA HoKomThcA. HampaBuM ochk
CHCTeMH OTCYeTa NapajyieJbHO HANPABJEHAID JABMKEHAA BTOpPOHl gacTAOH. Temepb
Ha Hee JedCTBYIOT KOMIOHeHTH MAarHATHOTro mois B, u B,, n Ml MO:keM MX ONpe/lelATh.
Ho mur 11e MoskeM onpenenuts B! amepus yckopeHHEe BIOJB OCH , MH elli¢ pa3 ompe-
AenuM y;xke usBecTHoe E,. Iasa ompenenenna B, HeoGxonmMma Tperbs npobHaa uacTH-
112, HO IPHE 3TOM MKl JIMIIHWEA pa3 mOJYYHMM Y:;Ke M3BeCTHYI0 MHPopManuio o APYTHX
KOMOoHeHTax moisa. HakoB ke Buxoj? McmoinnayeM ofHOBpeMeHHO Ha paBHHIX Hpa-
Bax Bce N 9aCTHI[ KaK JAJMA ompefeleHHs IIeCTH KOMHOHEHT F, g, TaK W JJIA HpO-
Bepku ¢opmyant Jlopenna, mpEMeHHMB MeTol HaWmMeHbmHUX KBafpatoB. [{as aroro
3anuimeM pas3HOCTh ME/KAY NpefACKa3LBaeMHM M HaGuiofaeMeM yckopenmamu K-it
YacTHUH B BHAE

M '¢ e . K
Ug —TFapuB K=5aa . (3)
BosseneM 3Ty pasHOCTP B KBafpaT M OPOCYMMHpYeM IO BCeM WaCTHIAM:

S = X n*P8a*6a%;. (%)
K

B aroM BhipaskeHMM MBI CUMTaeM HM3BECTHHM BCe, KPOMe IIeCTH KOMIOHEHT F,g. Muum-
MH3EPYA ero N0 OTHOMIEHMIO K STHM INeCTH HEM3BECTHHIM, HOJYyYaeM IIeCTh ypaBile-
it gna komnouent B u E. Paspemus atn ypaBuenus, Bo3BpalaeMcs K ypaBHeHHIO (3)
u npoBepsieM dopmyny Jloperua.

Ecayn uMeroTcs TOJbLKO [Be MpoOHBIe YacTHLUBI, To AeTepmuHant 6 X 6 MaTpHum
KodpduiuenTos B ypaBHeHUAX s Fgy g TO/KAeCTBeHHO ofpaliaeTcs B HyJlb. AHaJIOIHY-
fible pacCy)KAeHNs INO03BOJAIT ONpPEAeNNTh MHHMMAIbHOE YMCIO HPOGHBIX YacCTHL,
-seo0XouMoe IS ompefielleHAA BCeX KOMIOHEINT pMMaHOBa TEH30pa KPHBM3HEL.

§ 3.2. TEH30PEI B CAMOM OBINEM BHJIE

3necn neobxonuMo caeaaTh HeGoJbIIOE OTCTYMIeHHe. B xoje usioske-

‘{Ll:l‘;’:;g:' HMA MBI BBEJIM HECKOJHKO PAa3IUYHBIX TEH30POB: METPUUECKHIl TeH-
3o0p g (§ 2.4), Tensop kpuBususl Pumana R (§ 1.6), Tensop smxexrpo-
smaruuruoro moixsa F (§ 3.1). Kamnastd u3 Hux OnuT ompefmeneH Kakr
JIMAEHTas MallMHA ¢ BXOJHRIMM KAHAJAMU JJIS BEKTOPOB M BRIXOJHBI-
MM JaHHREIMH au60 B BHJE BeleCTBeHHBIX 4uceJ, Haupnmep g(u, V),
aubo B Bupe BexTopos, naupumep R (u, v, w) n F (u).
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HysxHo jgu genaTh pasiduue MEXAY TeMH TeH30paMHd, HA BEIXOAe
KOTOpHIX HOJIYYalOTCH CKaJApH, M TeMH, HA BHXOH® KOTODHX HOJY-
gaoTca BeKTopH ? Her! Tensop ¢ BeKTOpOM Ha BHIXO/Ieé MOKHO JIETKO
OpefCTaBATh B BHUJE TeH30pa, HA BHXOJe KOTOPOTO MOJy7aeTcA CKa-
asp. Bossmesm, nanpumep, F. JlobaBuM K HeMy HOBHIi BXOTHOH KaHAJI
AJdS BBojJla IpPOM3BOABHON 1-fopmnl ¢ Takum obGpas3oM, 4TOOH Ha
BHXOJe ImOXYydaJoCh

F (0, u) = (0, F (u)) = BemecTBeHHO® YMCIIO. (3.8)
Teneps M0 HO BHOHpPATh: BBECTH JH BEKTOP H IOJIYYHTH HA BHIXOJ@
npyroit sexktop F (..., u) = F (u) unun BBectn 1-PopmMy M BeKTOp

0 HOoXy4uTh Ha Brixoje wucio F (0, u). Ogna ¥ Ta )e mamMuHa copa-
putca ¢ obemmm omepamusamu. Doiee Toro, oGe onepamum BEIIOJHA-
I0TCA COBCEM MPOCTO, €CJH HX PAcIuCcaTh Yepe3 KOMIOHENTH B AaHHOIM
JIOPEHIeBO# CHCTeMe:

F(..., u)=Bekrop ¢ xommonentamm FguP,
F (0, u) = unmcio (0, F (..., u)) = 0, F*gub.
ITo anagoruu MOKHO AaTh OMpegeeHne TeH30pa B caMoM obmen BHje:
n «
TEeH30POM H paHra (m) Ha3hBaeTCA JUNHEUHASA MAIIIMHA C » BXOXIIBIMHA

KaHajaMa I n 1-Gopy 11 ¢ m BXOJUEIMH KaHAJIAMH IS M BEKTOPOB,
mocje BBOJA KOTOPHIX Ha BHIXOA€ MOJNYYaeTcsi BenuleCTBeHHO® IHCJIO,
obo3Hataemoe

(3.9)

Hio, A ...,Bu v, ..., w). (3.10)

2

>
n 1-gopm m BexTOpOB

,uJIﬂ 0OJBIIMHCTBA Tel30pOB HmepecTaHOBRA BEKTOPOB HAa BXOj€ INIPH-
BOAMT K H3MEHeHMIO 4YuCja Ha BHXO[e:

R(o,u, v, w)s=R(o, v, u, w). (3.11)

To me camoe oTHocuTCA M K mepectanoBkam 1-dopM Ha Bxofe.
PaccMoTpuM HeKOTOPLI TeH30p § M HONOKMM [AA ompefeleH-

2
HOCTH, YTO €ro paHr paBeH (1) BBB}.{eM B nero GasmcHuie BEKTOPH

¥ Gasucuee 1-gopMEL onpeiesIeHHOM JTOPEHIEBOil CHCTEMBI KOOPAKHAT.
Torga ma BHXOJe NMOJYYalOTCA KOMOOHEHTH § B 3TOH cHCTeMey:

5%, =§ (0%, b, 8,). (3.12)

9T0 TOMKAECTBO ABIAETCA ONpefeleHHeM KOMIOHEHT. 3HAfA KOMIOHEH-
TH B ompejeJeniiofl cucreMe KOOPAMHAT, JETKO BHIYMCIHTH YIHCIO HA
BHIXO/IE 1A JIIOOHIX BXOAHEIX 1-dopM H BeKTOpoB:

S (0, p, V) =8 (0,0%, pgeb, vVe,)=
= Oapab?$ (0%, 08, 8,) =S, 0,pp0". (3.13)

A 3nag xommoneHTH S B ofHOH JopenmeBoii cucreme (HemTpPAXOBaH-
HO#), MOKHO, MHCHOJb3ys MaTpume mnpeobGpasosanns Jlopenma
8—01457

OnpepieneHne
TEeH30pa

Kak JnHelinoi
MALIHMbI,
npespamanouedl
BERTOPbI

n 1-popmm

B uNCIAR

HKOMNOHEHTH
Tensopa

IleficTpite
TEeH30PHOIl
MAILINHbL,
pacnucantoe

yepe3 KOMITOHEHTHI



MpeoGpasopanne
Jlopexrna
MIA KOMIOHEHT

Moaudurauun
Texaopa,

B peay.bTare
KoTopol

B KAKABI BXORHON
KaHaA MOMHO
BBOIAHTDH KaK
BEKTODBI,

TaK B {-GopMbl

ITopuatue
H onycxaude
HHERCOB
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1l A“'g | =7 | Aba' ||, XoToprle CBASHBAOT 3Ty CHCTEMY € ApYyToif
(mTpEXxoBaHHOi), BHYMCIATH KOMIIOHEHTH $ B fpyroit (INTpuxoBaH-
Ho#) cmcreme. Hak mokasaHo B ynpakHeHHH 3.2, AJA 9TOTO HYKHO
JAIIb OPAMEHATh MATPHLEY K KayKOoMy HHAEKCY S, pacmosoxup
MATPHYHHE AHAEKCH B COOTBETCTBHH C NPABHAJIAMH

S*V = 8% AM AV AT, (3.14)

HeGoapmoe usMeHeHEe BHYTPEHHEr0 CTPOCHMA TEH30pa II03BOIAET
BBOAMTEL BEKTOPH BO BXOJHEIE KAHAJK, NpefHAa3HAUeHHHe I 1-gopm.
Jaa sTOoro Hy)KeH JMIIb MEXaHH3M, NPEBPANIAIOIHA BBOAAMHI Bek-
TOp M B COOTBETCTBYIOMYIO emy 1-popmy M, KOTopasm saTem BBOAMTCS
B COOTBETCTBYIOIIMiI KaHaJd HAYaJbHOTO Tendopa. Tawkum obpasom,
0603naunBE MOZAQHOAPOBAHHKEI{ TEH30D TEM sKe CHMBOJIOM S, KOTOpHIit
HCIOJIL30BAJCA NIA HAYaJbHOTO TeH3opa, morpebyem, 4ToOH

S(o,n, v)=S8 (o, m, v), (3.15)
HJIM B KOMIIOHeHTHEIX 0003HA4eHUAX
8%, 0anbu? = S* a,ngu? (3.15")

Ilocnennee nerxko MOCTHraeTcA MOMHATHEM M ONYCKAHHEM HHCKCOB
TEen30pa § ¢ NOMOMBI0 KOMIIOHEHT METPHKII:
a ap LT} o

Sy =18y, S, =1n#BS%, (3.16)
(cM. mpke yopaskuenme 3.3). Mcmonssysa opus M 10T ke cumBoax S
KaK Jif Ha4daJbHOrO, TaK U [MJIA MOAUQPHIHPOBAHHOTO TEH30pa, MH
JOmyCKaeM, 4TO B KaKALI BXOXHON KaHAX MOKET BBOAHUTBHCHA Kak
1-popma, Tak u Bexrop. IloaToMy MHI He MO;ieM yiKe IO BHUAY CHM-

2 1 3 0

BoJa § cKasarb, HMeeT JU TEH30P pPaHT (1), (2), (0) HIH (3);
ME MO)KeM yKasaTh Jumb o0muil ero paur 3. Tepmunosozun: «<BepXHue
MHAEKCH» HA3HBAIOTCA <«KOHTPABAPDMAHTHEIMA», a (HHEMKHHE»— «KO-

BapnanTnuvmy. Takum obpaszom, y S%y o — KOHTpaBapHanTHHH
HHJIEKC, TOTAA KaKk B M y — KoBapHaHTHHE NHAEKCH.

IockonbKy TeH30pH mpexcTaBaAioT coboit He UTO HHOe, Kak
QYHKIOUA, UX MOKHO CKJIAJHBATHh (€ClM y HUX ORMH U TOT ;Ke panr!)
I yMHOKATh Ha YACHO0 OOKYHHM oGpasom: mociie BBOJa BEKTODOB W,
V, W Ha BHIXOJe TeH30pa Tperbero panra a8 -+ b moxyzaercs

(aS+05Q) (u, v, w)=aS (u, v, w)-+2Q (u, v, w). (3.17)
Papg gpyrax BasKHEIX omepanmii Haj TeH30paMH BBOJMTCA B IpHBe-
NeHHHX HUKe YOPAKHEHAAX. JTH OmEPalud M JpyrHe pe3yabTaTH
yopakHenmit GyAyT MCIOJNB30BATLCA 0OpH  JajJbHeimeM H3.10-

JKEeHHH.
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3.2, 3axon npeoGpasoBaHHA KOMIOOHEHT TEeH30pa

Hcnonwaysa 3axkonn npeo6pasoBaHHA KOMIOOHEHT BeKTopoB u 1-dopm,
BEIBeiuTe 3aKOH npeobpasosamua (3.14).

3.3. IlopEATEE M OmyCKAHHE HH[EKCOB

Buisepure ypaBrmennsa (3.16) n3 coornomenus (3.15°), Bocmoab30BaB-

IINCh BHIPA;KEHAEM N, = T4 gnP MIA KommoHeHnT 1-gopMH N uwepes
KOMIIOHEHTH COOTBETCTBYIOIIEro eii BexkTopa .

3.4. Tensopuoe mpoussejenne

Ecam sagmaEn aBa BeKTOpa U W V, TO TeH30p BTOPOTO paHra U ®@ v
(¢TeH30pHO® @pomM3BefileAHMe U HA V») OOpPEleseTCAd KAK MamHHA
¢ HBYMs BXOABHIMH KAHAQJAMH, HA BEHXOJe KOTOPOH NOCjJe BBEeJACHHA
1-dopM 6 m A moayuseTcsa UmCHIO

(u ® v) (ai A') = (0’, w ()"1 V). (3'18)

Tlokasxmre, uT0 KOoMmOHeHTaMH T=U @ V ARIAITCA HOPOU3BEJAECHHA
KOMIIOHEHT U W V:

T =uoB, T P=unb, T.p=uqrs. (3.19)
PacupocTpanuTe ompesenenme Ha Clydaili HeCKOILKHX BEKTOpPOB H gopm
WRVRB W) (s, A, m D)=(o, u), v)(B, n)(, w) (3.20)

H HOOKa)KhTe, 9YTO H B 3TOM CJyvYae BHIOJHSETCHA MPaBHIO INpom3Be-
JeHHAs1 NJIA KOMIOHEHT:

S=u®V®P® W nMeeT KOMIOHEBTH

SH,E— UMLVBAE. (3.21)

3.5. Basucunie TeH30pHI

IToxaskare, aTo Tensop M ¢ KomMmomneHTamu M“B.," B JaHHOU JIOpeH-
IeBOH CHCTEME MOYXHO BOCCTAHOBHMTH II0 €ro KOMOOHEHTaM u 6asuc-
BuM 1-dopmaM M Bekropam 9TOH cHCTeMH ciaeiylomum o6pasom:

M=Mle, @ e @ 07 R 8. (3.22)

(Hacremit caydail aToro mpepcraBieHHst 0GCY:kaaeTcA B JOMOJHE-
mnn 3.2.)

3:6. Tenzop F B peitersmn

Ha6aonarens ¢ 4-ckopocThio U BHGMpaeT TPH HAOpaBIEHHA B IPO-
CTP3HCTBE-BPEMEHHM, KOTOpDHE Inpn HAGIIOMEHMH H3 €ro CHCTeMH
ABJIAIOTCA OPTOTOHAJLHEIMH W 9HCTO HPOCTPARCTBEHHEIME (He copep-
xar BpemenHoii uactn). Ilycrs @5, @5, 83 — mpaBoBHHTOBasA TpoiiKa

8*

YOPAKHEHHA
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VOPARHERAA  equuMYHEIX BEKTOPOB BJIOJNb JTHX HanmpaBieHuit (87 -85 X 85 = + 1

Ha TpexMepHOM si3HKe). IloueMy BHINOJTHAITCA CHeRYIOIIHE COOT-
HOUIEHHA:

93-"II=0, 0;"05=61h?

Kaxkue BEKTOPHI HY;KHO BBECTH B ABA BXOJHBIX KaHAJa TEH30pa 3JJIECK-
TPOMArHUTIOr0 MOJA F, 9T00R HNOJYYUTbh M3MEPEeHHOe 3JITHM Habr0-
jJgaresesM 3HaueHue I JICKTPUYECKOr'o mnoJadA BHOJb Oj? KHaxue BEKTOPH
HYMHO BBE€CTH, YTOOH TOJYYATh H3MEepeHHOe MM 3HaYeHue MAar"HuT-
HOTO IIOJIA B HANpaBJIeHHAU e;?

Mononuenue 3.2, METPUKA HA PA3HBIX f3BIKAX

A. T'eomerpmuecknii ALK

TeH30p § — 9710 JUHeHaA CUMMeTpHYHAsA MamgdHa ¢ ABYMA BXOAHBIMM KaHaJiaMH
1A BBOXAa BCKTODOB. BBO)],H BEeKTOPH U 4 V, HA BEIXOJl¢ § MH HoJiyJaeM HX CKalApHOEe
mpou3BeneHue:

g(uv)=u-v.

B. flauk xoMmomenT

KoMnoneuTaMd MeTpHKH ABIATCA 1,y. OHM HCHOJNB3YIOTCH AJIA BHYMCIEHHA CKa-
JAPHOTO IPOU3BENEHUsA ABYX BEKTOPOB II0 MX KOMIOHEHTaM B HEKOTOPO# JopeHmeBoi
cucTeMe:

u-v=n,u"".

B. Teomerpmyecknii A3HIK, OCHOBAHHBIH Ha KOOPAWHATAX

Merpuxy g MokHO 3amucarth wepe3 GasucHbie 1-GopMbl HeKoTopoi JopeHIeBoi cHCTe-
MBI:

g =Mo" @ 0’ =1, dz" @ dz’
lcM. ypaBuenusa (2.18) u (3.22)].

I'. Ceasp ¢ mpocreiimuM NOHATHEM JHHEHHOrO 3IEMEHTA

B ponosnrenun 2.3 mpofeMORCTPMPOBAHO COOTBETCTBHE, CYIIECTBYIOMee MeKAY rpa-
amentom ¢yuxnan @f u mpocreitmuM moHaTAeM df nupdepeHIHaILHOrO M3MEHeHHA f
B HeKOTOPDOM HCYKa3aHHOM HampaBicuud. [logoGHoe ke COOTBETCTBHE CYIIeCTBYeT
My MeTpHKoii, 3amucanHoil B Bujae 1),,4z* @ dx¥ u mpocTeilliuM moHATHEM «IMHEH-
HOTO 3JIeMEHTa», 3allACAHHOIO B BHAe ds® = 1) ,ydz¥dz¥. JTOT mpocTeiimnii THHeHHKII
aJeMeHT, KaK 00bACHAETCA BO MHOTHX HOCOGHAX mO CHEHAJbHOR TeOPUH OTHOCHTEI b-
HOCTH, TpeAcTaBisieT coGoil KBagpaT NIMHE CMelieHMs dr" B HanpaBJeHHH, KOTOpoe
He kKoHKpeTusupyerca. Ho TOT ke CMBICH HMeeT M MeTpHKa 1),,8z* ® dz¥. Bospmem
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onpefeseHHR BeKTOp GeCKOHETHO MAJIOTO CMeINeHns § | BBeieM ero B 1), .0z2* @ dzv,
Ha Buxome Mo monydmm & = n,,EPEY, T. e. kBampaT januHE cmemenus. [[o BBene-
nus § mMerpuka 1,.d2* ® d2¥ ob6nanaeT moTennMaNbHON CHOCOGHOCTHIO JABATh KBalx
paT AJHMIH JI060ro BeKTOpa; mocie BBefleHMA § 3Ta moTeHMajibHasa cnocoOGHOCTH mpe-
BpamaeTcs B JIeACTBUTENbHOCTh — YUCJCHHOE 3HaveHHe &°.

ITockoapKy MeTpuka 1,.0z* ® d2¥ n anuBeiinnlii snemenT ds* = 1, .dx*dzV BrION-
HAIOT ONHY M Ty e QYHKIUHUIO, XapaKTCpHU3ys KBaApaT AJAMHH GeCKOHEUYHO MaJoro
CMeIICHKSA B HEKOHKPETH3MPOBAHHOM HAaNpPaBJIEHMM, C TOYKM 3peHusa o0mMuUX mpefcTaB-
JIeHU OHM HMOJHOCTHI0O PaBHO3Ha4HH. /1A 0G03HaueHAA METPHKH UAOrAAa RMCHOJAB3YIOT
cumBoan: 08%; B ueasX IKOHOMHHM MecTa vacro numyTt 08 = 17),.daPd2v, omyckas
3HaK ®; MHOTAA fa;ke He MOJB3YIOTCH ;KUPHHM HpPHPTOM, TaK uTo 00o3HaueHHA IaA
METPDHKH M JIHHEHHOTO 3JeMeHTa NOJHOCTHIO COBIAJAIOT:

n = dsz = dsz = 'nuv dxu d.’tv.

§ 3.3. TEOMETPUYECKAAA TOYKA 3PEHUA B CPABHEHUH
C TOYKON 3PEHHIA 3 1

T'eomerpnuecknii mogxon B ¢pusuxe, paspuTHil Jitnmreitnom, o6iaagaer
OTPOMHEIMM BO3MOKHOCTAMM KaK C BEIYHCJMTENBHOH TOUKM 3penus, OrpoMume
TaK M ¢ TOUKH 3peHusA TPAKTOBKA OCHOBHHX moHATHHA. Te uaen, KoTo- reomerpaseckore
PHE KaKyTCA CIOFKHEIMH, €CIM K HUM NONONTH C HOBCEHEBHON TOUKA  p fuonke
3PEHHS «HPOCTPAHCTBO IIKOC Bpemsa» (miad «3 + 1»), oxkasuBawTCA
OPOCTHIMA H W3AMHLIMU, €CJIH K HUM HONOMTH KAK K COOTHOUICHHSM
MEKIY TeoMeTPUYeCKMMH 00BEKTaMKi B YeTHIPEXMEPHOM NPOCTPAHCTBE-
BpemeHn. PeayabTaTh, KOTOpHE TPYAHO HOJYYHTH HA sA3mKe 3 + 1,
ropasfo Jerde BRIBOOATCH HA TeOMETPHYECKOM SI3HIKE.

XopomuM mpuMepoM ABJIAETCA dJeKTpoMaruuTHoe moixe. Ha reo- .!,3.';1’:;2.';‘}:33.’3'
MeTPUYECKOM S3HKe OHO ONMMCHIBAeTCA AHTHCUMMETPHUIHRIM TEH30pOM M8
Broporo panra («2-gopmoii») F, mas onpepenenns KoToporo He HY-
HH KOODAMHATH. JTOT TEH30pP NO3BOJAET HANTH 3HAYEHUE 4-CHIIHI,
JelCcTBYIOIEH HA KayKAYI0 3apMKEHHYIO YacTHHY,

dp/dv = eF (u).

Bce rak mpocto!

Teneps cpaBuuM 3710 ¢ Toukoit 3penus 3 + 1. B gauuHoii sopen-
IeBoii cuCTeMe MMEIOTCA dNeKTpudeckoe noie E u maruutHoe moje B.
Hx BoapeiicTBHe HA YACTHIy ONMCHBAETCHA BHA:KEHHEM

dpldt = ¢ (E + v X B)j§

Ho 3naveuns p, E, v u B u3MeHAIOTCA NpPU Nepexoje U3 JalHoi Jo-

PEHIIeBOM cUcTeMH B Jpyryl cuctemy. Hampumep, ajekTpuueckue .?;;‘3;‘,,.,0,,.,..,,,
M MAaTHHTHHe ToJA Jias HabGaiomaTens, HaXOAAIErocAd B paKere ooty i
(cmcTeMa «c 4epTOii»), BHPAXKAIOTCA Yepes Te ke HOJA A Jabopa- monei
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TopHOTO Habmogarens (cucreMa «Ge3 4epThY) ciledylmuM 00pa3oM:

= - 1
E\=Ey, EJ.="V‘1-—_-__=ﬂ-;(EJ. +PxB,), 623
B,=By, B, =

—B X E,).
]/ 1—
(3aech UHAEKCOM || DOMEYEHH KOMIIOHEHTH! BJIOJIh HANIPABJIEHUS JBU-
7KEHHSI DaKeTH, & MHAEKCOM | — KOMOOHEHTH, IepHeHAUKYJIAPHHE
atomy Hanpabiennio; P’ = dxjayerw/dt — oGbIIHAA CKOPOCTH pa-
Ketel.) Ecau K aromy fgo6aBuTh eme aHAJIOrMYHHE 3aKOHH mpeobpa-
30BaHUsA [IA MMIYJIbCA TACTALH P, ee OOKHIHON CKOPOCTH ¥ H BpEeMeH-
HOil KOOpAMHATH {, TO JMIUb MOCJE 3TOTO BHpa;KeHHMe RIS CHIH Jlo-
penna (Kak OyATO KAKHM-TO 4yAOM, KaK Ka)KeICA C TOUKA 3peHAd
3 + 1) okamkeTca chpaBeIMBHIM BO BCeX CHCTeMax OTCYeTA.
I'eomeTpruecKHit HOXXOL HEe TOJIBKO HAMHOIO IPOIIE, YeM LOAXOX
¢ ToYKH 3peHuA 3 + 1, HO ¢ ero moMoIbio M ypaBHeHds B Bage 3 + 1
BHIBOJIATCA TOpasf o Jierse, IeM B PaMKaX CaMOil TOUKH speHEs 3 - 1.
PaccmorpuM, Hampumep, 3axkoH npeoGpasosanus (3.23) naa aneKTpH-
9eCKOro M MarHnTHOro mojeii. Ilpum mMcmosnb3oBanuu reoMeTpHIECKOro
moAXoxa OH BHBOAMTCA ciaegylomuMm oGpaszom: 1) Hampasmm ocm
IBYX CHCTE€M OTCYeTa TaK, YTo0H OHM ABHTAJNCH JPYI OTHOCHTEIBHO
Apyra B HanpapiaeHHH z. 2) [I[ppMeHHM K KOMMOHEHTAM TEH30pa dJIEeK-
TPOMarHATHOTO moOJsA mpocToe npeoGpasosamme Jlopenma (2.495):

Ey= E, = Fgg= A*5APiFop = Fso+ Bv*Fus = (1 — ) y*Fao=
=Fy=E,=E, (3.24)
E, F——A A iFap="Fio+PyF1s=v(Ex—PBy) m 1. 1.
ITogxox 3 + 1, mamporus, ropasno 6oaee rpyRoemox. CraumapT-
HAas OpoIefypa OCHOBAHA HAa BHIPAa)KeHHAX AJAA cHiAH JlopeHma m cko-

poctu uaMeHenus smeprud (3.2a, 6),3amHCAaHHEIX B HECKOJBKO MOJH-
¢unupoBaHHOM BHAE

2z (7 dt dz , zm dy 5 dz
mog=e (B +0F+Bg—Bg), (32

.. (TpH HOmMOJHHMTeNHHHX YPAaBHEHAA) ... .

Ona saxkiogaerc B clefyomem (IOApoOHOCTA ONYCKAKTCA IO IpPH-
9MHEe HX TpomosgKocTn!):

1. Iogerasum BMecto d%zr/dt? u T. X. MX 3HAYEHHS, BHPAIKECHHKIO
yepes d?xr/dt?, ... (mpeoGpasosanue Jlopenma).

2. Ioacrasum BMmecTo d2r/dt?, ... BHIpOKEHHA IJIA DTHX YCKO-
penmit uepes 1aGoparopusie 3uavenns E u B (BHpakenue ;i
cnaul JlopeHna).

3. B 5TuX BHpaKEHHAX BCe KOMIOHEHTH 4-ckopoctH dz/dt
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B 1aGoparTopHoil cucTeMe BHPAasuM Yepe3 KOMIOHEHTH 4-CKO-
pocTH B cucreMe pakeTsl (o6paTHoe nmpeobpasoBanue Jlopeniia).
. B npeoGpasoBanunix Takum o6pasom ypaBmemusax (3.25) mo-
TpebyeM BHIOOJIHEHMS pPABeHCTBA IPABHIX M JEBHIX dacTei

VIS Beex sHaveHuil dr/dt u 1. . (copapemauBOCTb AIA M0G0
OpoGHOH dacTULH), _ _
5. Iloxyeum orcioga 3uavenus B m B, BHpamensanie yepes E
1 B [Bupaskennsa (3.23)].
Pazuuma B TPYAOEMKOCTH oOdYeBHAHA!

%

§ 3.4. YPABHEHHUA MAKCBEJ/LJIA

OTBiiegeMCs HOKA OT BO3AEHCTBAA IOJXA HA 3aPAM H IepeiigeM K pac-
CMOTpEHAIO JeAcTBHA 3apAna Ha moje, miau, B Goaee obGutem Bupie,
K PacCMOTPeHHIO JHHAMUKH 3JEKTPOMATHATHOTO HOJA KaK B caydae,
KOIJa ecTh 3apAMH, TaK U B cIydae, Korga ux Her. Haunem ¢ npocreii-
fmero m3 ypaBHeHAMit MaxcBeiana B ompeJeleHHOR JIOPEHIEBOM CUCTe-
Meé — ¢ YPABHEHHM, M3 KOTOPOTO CIEXYET, ITO OTCYTCTBYIOT CBOGO-
HEle MATHATHHE IIONIOCA:

— 3 an aBz
V:B=divB=—X -|- ay -|— = (3.26)
970 ypaBHedHe OIKHO BHOONHATECA BO BCOX JOPOHIEBHX CHCTeMAX,
& 3HAYAT, d© B CHCTeMe, CBA3AHHOH C PAKeTOM:

aB” "Bz (3.27)

B caygae GeckomeaHo Maioro npeoﬁpasonanna Jlopeana B HampaBie-
HAE I (HOPeAATHBUCTCKAA CKOpOCTh ) mMmeeM [cM. Xomoxmenme 2.4
u ypasueHus (3.23)]

B.= B,,, E,, =B,+BE,, B,=B,—BE,; (3.28)
a a [/} a /]
az +ﬁ 6t ] 'a—!-/-'='5y—, T?z=-=—a-;. (3.29)

IloncraBuM 3T BEHIpA/KCHIIA B YCJIOBHE PABEHCTBA HYJIO JHBEPreHIHH
B cucreme pakeTH. lIpm 3TOM MH CHOBA HOJY4HM YCIOBHE HYJIEBOMK
TUBEepreHEmuUM B .1a60paTopHOl cucreMe HIIOC CJASAYIOIYIO AOMOJIHH-
reibiryio mHGopManuio (M3 TpeGoBaHMA PABEHCTBA MYy KO3ddumu-
€HTa mepejx CKo.Ib YrogHo MaIoit ckopoctbio P):

OB, , OE, OE,

= TR =0, (3.30)
Ecan ckopocrs, koropas Bxogur B mpeoGpaszosanue, mampaBHTb
BIOJb OCeHd y M 2, TO MOJKIIO MOJYIATh AHAJIOTHIHLIE ypaBUCHHA 1A
0B,/ot u 0B,/dt. C noMombi0 TPeXMEPHHX BEKTOPOB 3TH TPH ypas-

MargETOARHAMEKA
RAK CJNefOTBHE
MArHETOCTATHRR



MarsuToguHaMHKa
B MBrHMTOOTATHKA,
CBeeHRLE

B eAHHLIN
reoMeTpnyecKnil
3AKOH

DNEeRTPORUHANKARA
H BNeKTPOCTATHRA,
¢eBefeHHble

B efHHMI
reoMeTpEYecKuil
3aKOH
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HEHUA CBOAATCA K OJHOMY

B vxE=22 ot E=0. (3.31)
Kak ato KpacuBo — 1) npHHIIMIT KOBapHAIITHOCTH (3aKOHH (PM3UKH
OMUHAKOBH BO BCEX JIOPEHI[EBHIX CHCTEMAX OTCYETa, UTO IKBHBAJEHTHO
reoMeTpuuICCKOMY NOAXOAY B (n3mKe) BimecTe ¢ TeM (AKTOM, UTO
2) MarHATHHE CHJOBHE TPYOKM HUIZe He OKAHYHUBAIOTCH, NPHUBOIUT
K 3) aumammueckoMy 3axony MakcBesdna JUIA CKOPOCTU HM3MEHEHHMA
MATHATHOTO 10J15! ITO HATAJKHABAET HA MEIC]Ib, YTO VPaBHeHNe MAaTHMH-
toctatukn VB = 0 ¥ ypaBHenne maruumroguHamMuku 0B/dt +
+V X E = MOXHO CBECTH B OJWH TeOMETPHYECKHI 3aKoH, HE
3aBHCAIONIA OT CHCTEMHI OTCYETA. JANMCANHHIA Yepe3 KOMIOHEHTH TEeH-
sopa moas F, aT0T 3aKoH [oiKeH MMeTH BMJ

Faﬂ.v‘l'FBv.a‘i"Fva, B= 0, (3.32)

Tak Kak opu o = 1, § = 2, y = 3 ou cBogurca kx V-B = 0, a ecan
KaKAHM M3 UHAGKCOB IO OYEpeAd IOJOAUTH PaBMBIM HYJIK, TO OH
ceeferca K 9B/t + V X E = 0 (cM. unxe ynpaxuenue 3.7). Ha
reoMeTpHMIecKOM A3HIKE, HE 3aBUCHIIEM OT CHCTEMEE OTCYETa, STOT 3a-
KOH 3a2ucmnae'rcﬂ B Bume (cMm. § 3.5, ymp. 3.14, u oGosHageHnsa
B M. 4)

(3.33)

9TO MOKHO copMyaupoBaTh ciaegyromus obpasom: «Bosbmem 2-¢gop-
My dJjexrTpomMarauTHoro moiA F (reomerpmueckmit o6bexr, onpenenen-
HHit B TOrfa, KOTJAa KOOPAHMHATH OTCYTCTBYIOT); HOCTPOMM HO HEH
HoBHit reomerpmueckuit o6vexr OF («BHemnss npomseoguas Fr);
dF moikno OmTh paBHo Hymo». IloapoGumocTm 3Tolt mpomexypw,
He MCHOJb3yIONel KoopAuHAT, cM. B yup. 3.15 u B § 4.5 (rypc 2).

Ocralorca eme aBa ypaBHeHHMA MakcBesIa: ypaBHEHHeE BJIeK-

dF = 0, mau, aro sxsuBaientHo, V -*F = 0;

TPOCTATHKH
V -E = 4np (3.34)
H ypaBHEHAE SIEKTPOAMHAMUKH
0E/0t—V X B= —4nJ . (3.35)

HOHOﬁIIO YpaBUEHMAM MATHUTOCTATMKH H MArunToJUHaAMHKH, OHH
npeacTaBJIAIOT coboit JIBe pa3JiMyHble 4aCTU OJHOTO0 reoMeTpU4YecKoro
3aKoHa. 3amuCaHHBII yepe3 KOMOOHEHTEI ITOJA, 3TOT 3AKOH MMeéeT BUL

F® g=4nJ%, (3.36)
rge KOMIIOIeHTaMH BeKTopa «4-rokan J ABjIANTCA
J%=p unoTHOCTH 3apana
’ (3.37)

(JY, J2, J3) KOMHIOHEHTH BEKTOpa LJIOTHOCTH TOKa.

3anucaHuHiZ HAa TeOMETPHYECKOM SI3BIKe, CBOOOJHOM OT KOoopaMHAr,
3TOT 3AKOH JJEKTPOJMHAMHKM HMeeT BHJ

6*F = 4n*), wam, uto sxsupajentno, V-F=4n). (3.38)
(ITogpo6uo cm. B ymp. 3.15 u B § 4.5, oTnocsmemcsas K Kypey 2.)
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3.7. Ypasuesna Maxcseana

Houamme, pacmucaB B ABIOM BHAE Yepe3 KOMIIOHCHTHI, YTO ITCOMeT-
pHYeCKUEe 3AaKOHLI

Fop, v+ Fpy, o+ Fya, =0, FaB,g=4ﬂJ“

neiicrBuTeabuo cBogATcH k ypaBHenmam Maxceenna (3.26), (3.31),
(3.34), (3.35), Kak yTBep:KAAJIOCH BHIIE,

YNPAKHEHUE

§ 3.5. OIIEPAIIMM HAJl TEH30PAMH

Heo6xomrMo cpenaTh emie ofHO MaTeMaTuddeckoe orcrymieHue, Ilo
OpOHM3BOJIGHOMY 3a/[aHHOMY IIOJIO TEH30pa $§, paHr KOTOporo TosKe
OpOWM3BOJIEH (OAf KOHKPETHOCTH IIOJOKMM €ro PaBHHM 3), MOKHO
€ IOMOMBIO PA3NUIHHX Omepamuili NOCTPOMTH HOJA HOBHX TEH30POB.

Opuoit m3 rakux omepamuit siBasierca zpaduewm V. (Cumson d
Acmonbayercs AiusA o6o3madeHuss TPafdenTa CKaxsapoB, Torga Vf =
== 8f, u «BHEIIHMX NpPOM3BOAHEX AuddepennuaIbHEX GOpM»I— HOHA-
THe, ompepensaeMoe B Kypce 2, cM. § 4.5.) Ilono6uo 8, VS asnserca
MamuHOH. Y Hee ueTHpe BXOXHHX KaHauxa (ecad y 8 Tpu). Ona onuch-
Baer u3meHenue $§ oT Touxm K Toure. TodHee, eCIM HYKHO Y3HATS,
KaK Opu cMemeHHH § mamensercsa wmcio S (u, V, W), Korga U, v, W
gurcuposars, TO NOCTaTOYHO BBECTA U, V, W, § B deTHpe BXOJHEIX
Kanama VS8: -

VS(u, v, w, §)==0;S (u, v, w) npu QEKCHPOBAHHLIX U, V,\W ~
~ - [spauenme §(u, v, w) ma ocrpme §]—
— [snavenme 8 (u, v, W) Ha ocmOBammHm §). (3.39)

3anucanHoe gyepe3 KOMIIOHEHTH B nopennenoﬁ CHUCTEME 3TO COOTHOIIe-
HHEe NPpUHUMAET BUJ

VS (u, v, w, §)=0; (Sopu®vPu’)= (—?iaf—? §°) usPy? =

ox
= Sepy, suVBWVES.

Taxum oGpasom, KoMmoHeHTH V8 B JIOpEHIEBOil cucTeMe mpejcTaB-
aaT coboit He 9TO MHOe, KAK YACTHHE NPOM3BOJAHHE KOMIOHEHT S.
OrMernm, uTO IpajHenT DOBHITAET PAHT TEH30pPA Ha eqMHHLY (¢ 3 1o 4
B cayuae §).

Hpyroii onmepamueii, B pe3yIbTaTe KOTOPOH M3 CTApOro TeH3opa
oGpasyerca HOBHIi, ABiAAercs céepmka. OHA CBORUTCA K GIOKHMpPOBKe
(¢«cBepTKE») MBYX BXONHHIX KAHAJIOB CTapOT0 TEH30pa, IPH KOTOPO
€ro paHr IOHMKaeTcsa Ha ABe efuHuNH. Tounee, ecam R — remsop
gerBepToro paura, a M saBasercs ceeptroit R no mepBomy m Tperhemy

Cnocobni
o6pasoBaHEA
HOBHLIX TeH30POB
BB CTApHIX:

T'papuent

Ceepra



JinBeprennus

Tpancnosunua

CHNMeTDHESAIHA
€ AHTHOEMMETDH-
sanua
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BXOXHEM KaHajxaMm, To Ha Buxofe M moaydaercsa (mo ompepeseHuio!)
qUCI0

3
M(u, v)= }_]on(oa, u, 0% V). (3.40)

3nech @, 1 ®* — GasncHHe BeKTOPH H 1-PopMH HeKOTOpO# mpoma-
BOJIbHOH JOpeHIeBoii cmcreMu KoopauHar. He mmeer HuKaKoro 3Ha-
9eHds1, Kakad BHIGpana cucrema; pesyabTat Becerga OymeT OfHAM H TeM
ke (ympaksHeHue 3.8 Hume). 3anmmcaHHoe B KOMOOHEHTAX B IIPOM3-
BOJBHOY JOpeHmeBoil cucreme, Bupaxkenue (3.40) mpuEEMaer BHJ
(yupa;kuenne 3.8)

M (u, v) = My utv’ = Ry & utv,
TAK 4TO
Muv = Rauojvo (341)

Taxkum oGpasoM, Ha A3LIKE KOMIOOHEHT CBEPTKA PABHOCHJIBHA pasMe-
mEeHUI0 OJHOTO HHAEKCA BBEPXY, & APYToro BHA3Y C MOCIEAYIOUIM
CYMMHEDOBAaHAGM OO HUM.

Husepzenyus — TpeThbs omepamus oﬁpaaonamm HOBHIX TEH30pOB
n3 crapux. OHa BHOOJHAETCA CIERYIOMUM 00pa3oM: cHadajga BRETHUC-
aAseTcsA TpagueHT, 3areM BXOAHONA KaHAJ TrpagueHTa CBEepPTHBAETCH
C OXHAM M3 HAJAJNHHHX BXOJHHIX KaHAJOB:

(maBeprennua 8 Do mepBoMy xanaay) =V -$§
3T0 TaKasd MANIEHA, 9YTO

V-S(u, v)=V8(a%, u, v, 8,) =%, ubo?, (3.42)

T. e. Kommomentamy V-$ ssamiorca S%y, «

Tpancnosuyus — verBepras, AOBOJBHO NPOCTAsA HpomeAypa M
DOJYyYeHAA HOBHIX TeH30poB. OHA CBOAMTCA HPOCTO K IEPeCcTAHOBKE
HBYX KAaHAJOB:

N monywaercs TPaHCHO3HO@EH BTOPOTO M TPETHEIO KAHAIOB S =
=N(u, v, w)=8 (u, w, v). (3.43)

Cummempuszayus i aHMUCUMMEMPUIAYUS TIPEACTABIAIOT cOGOM NATYIO
M IIeCTYI0 OmepandH, B Pe3yJbTaTe KOTOPHX 00pasyiorcd HOBHE TeH-
3opsl. Tenzop coBepuIeHHO CUMMETPHYEH, €CIH €TI0 3HATEHAE HA BHIXO-
Je He 3aBHCHAT OT MEPECTAHOBKM /IBYX BeKropos uan 1-gopM Ha Bxope:

S(u, v, wy=8(v,u, w)=8(u, w, v)=... .  (3.44a)

Tenaop coBepUIEHHO AHTHCUMMETpPMYEH, €CJH OH MCHAET 3HAK IIpH
KQOKOO0 mepecTaHoBKe BXOMHHIX JAHHHX:

S(u, v, w)= —8(v, u, w)= +8(v, w, u)=... . (3.440)

Jl6oii TeH30p MOKHO CHMMETPH30BAaTh HJIK AHTHCAMMETPH30BATh,
HOCTPOMB COOTBETCTBYIOILYIO JHHOHHYI0O KOMOMHAOUIO A3 HEro CaMmoro
H ero TpaHcmosundil (cM. yopaxkaenue 3.12).
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Kocoe npoussedenue — ceapmass omepanmuA 00pasoBaHMA HOBHIX
TeH30poB H3 cTapuix. OHO npexcrasisAer coGoii Bcero JUmb AHTHCHM-
METPH30BaHHOE TEH30DHOE IPOM3BEHeHMe: eCJW JaHH [Ba BeKTopa U
¥ V, TO UX KOCoe Ipou3BefieHme — «Gusekmop» W /\V — ompepejsaer-
€A BHpa:KeHHEM

UAV=UQRV—VY Q u; (3.45a)
mooGHLIM sxe oGpasom m3 aByx 1-dopm obpaayerca «2-gopmar
a\f=aRpf—P R a. (3.456)

3 Tpex BeKTOpPOB U, V, W MOKHO HOCTPOHTH «MPUBGEKMODH:
UAVAW=(UAVAw=uA(vAw)=

=UQ® Vv Q® W (21ensl, o6ecOeIMBANIIHEe COBSPUIOHAYO
aHTHCUMMOTPHIO) =

=UQVAWT+VOWRUI+WRURV—
—VQURAW—URWRV—WRVYRu (3.45m)

s 1-popm a, P, y nDogoGamM :xe 06pasoM MOMKHO IOCTPOHTH
«3-gpopmMy» a/AP/AYy. Kocoe mpomssegenne moasoiisieT 0Yellb HPOCTO
NPOBePATH KOMIIAHAPHOCTH (JIHHEAHYI0 3aBHCHMOCYTH) BEKTOPOB: eCIH
U ¥ V KOJXAHHEAPHH, T. €. U=aV, TO

uAv=av/Av=0 (BcaegcTeme aHTHCHMMeTpHIHOCTH /).

Ecin w xoMnimamapeH u uw v, T, e« W=al+bv («cmromessas
ropob6Kka»), TO

WAUAV=auAUAV+IvAuAv=0.

CumBOI A Ha3HBaeTcA «3HAKOM BHEUIHEro NpousBefeHus». Ero
CBOMCTBA MCCIETYIOTCA B IVI. 4.

Oé6pasosanue dyasvHozo men3opa — BOCBMAA oOmepamus HOCTpOe-
Hudg HOBHX Ten3opoB. OHa mMeer yHAaMEHTAJIbHOE 3HAUYEHHME B Kyp-
ce 2 3TOif KHUTH, HO TAK KaK OHAa He HY)KHA B Kypce 1, To ee onpefene-
HHe M CBOMCTBa paccMaTPHBAIOTCA JdmbL B ynpaxuenmax (3.14
n 3.15).

ITockonbKy reomerpuueckne o603HadeHHs, He 3aBHCAMINE OT CHC-
TeMH KOODAMHAT, 0 HEKOTOPOH CTEHeHH HEOJHO3HATHH (M0 KAKAM
KaHajaM OPOUCXOJAT CBepPTKA? IO KAKOMY KaHAJy BHYHCISAETCA
AVBePTeHOMUA? 10 KAKMM KaHajJaM OPOHCXO/JAT TPAHCIO3UEHA?), TO
npu GOpMYJIMPOBRE HE 3ABUCAUAX OT KOOPAMHAT reOMETPUYIECKHX
COOTHOINEHHH MERIY TeOMEeTPHYECKHMH OOBEKTAMH YacTO HCHOJb-
3YIOTCA KOMIOHeHTHHIe oGosmadenus, Hampmmep,

Jﬂv=Saﬂv.a

osHagaer: «J — TeHsop, npeAcTaBAAIUA cofo# UBCPreHOUIO IO
mepBoMy Kanaay Ttemnsopa $». Tarmxe

vV = (Fqu'w)' V= (Fquw). [ nﬂv

Koooe
OpomBpeNeHHE

BupexTOop

2-popua

TpHBERTOD



JKonranposanme
HMHAEKCAMH
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o3HnagaeT: «¥ mpepcraBider co6oil BeKTOD, NOJyJeHHHI B pesyJbraTe
1) o6pasosanuss Tensopuoro npomsBemenua F ® F remsopa F na
cebna camoro, 2) ceepruBandsa F @ F mo mepBomy M Tperbemy, a Tak-
JKe IO BTOPOMY M 4eTBepTOMY KaHajaM, 3) BHYICIEHHUS IpagHeHTa
HOJIyYeHHnoi B pesyibraTe CKaaApHOM (yHrKmum, 4) upeBpamenus
3TOr0 IpajueHTa, KOTOpPHI ABIAeTcA 1-Poproil, B COOTBETCTBYIOIUIA
BEKTOP».

«#HouranpoBanne MHAEKCAMI)»— TEXHHKA ONEPHPOBAHHA B KOM-
MOHEHTHHIX 0603HaYeHUAX U PACHOJO:KeHUS HHIAEKCOB B COOTBETCTBUH
¢ TpaBUJAaMH, KOTOpas NO3BOJAET BHACHUTEL COjepP:KaHHe TeoMeTpH-
YeCKMX COOTHOINEHMH M KOTOPOil 1eoGXxoamMo OBJageTb, €ClM GHTa-
TeJb HaMepeBaeTcA B JajbHeillleM NPOM3BOANTH CJO;KHBEIE BHITHCIIE-
HMA B TEODHH OTHOCUTEJABHOCTHM KaK CIENMMANbHOU, Taxk M obuiei.
B pomonnennn 3.3 mpuBeieHH HEKOTOpHIE DMEMEHTH GROHIAMPOBAHUSA
AHAeKcaMu», a ympaskHenus 3.8—3.18 Moryr cCay:KuTh NpaKTHKOM
OpH OBJIAJIEHUH 3TOH TEeXHHKOM.

YHOPASKHEHHAA

3.8. Ceeprra He 3aBHCHT OT CHCTEMbI KOODAHHAT

Ilokaure, uTo cBepTKa, ompemensemas Brpa;xenueMm (3.40), He 3a-
BACHT OT TOTO, B KaKoii JIOpeHneBoii cucreMe MH GepeM 8, B 0%, Ilo-
KaKHTe TaKKe, 4T0 u3 ypasuendsa (3.40) ciaemyer

M (ll, V) = Rauavuuvv.

3.9. Nndpepennuposanne

a. PaccmoTpeB konkpernmit caywait p = 0, v = 1, yGegurech, 4ro
BepHa caepyomasa ¢gopmyia:

d (u,v)/dt = (duy/dT) vV + u, (dv¥/dr).
6. O6BacaaTe, MoYEMy
(Taﬁvﬁ). n= Taﬁ. ws -+ Tapvﬂ. ne

3.10. Caosa pudrpepennmponanme

a. Pacumcas B siBHOM Bume cymmy ujub = n,ubuv, ybegurech, 4ro
BepHa clefyomas dopmyaa:

d (ubuy)/dt = 2u, (dut/dT).

6. Ilyctp 8 osnavaer Bapmanuio, HJIM Majoe uaMeHeHne. ¥ 6eaurech
B CHPABEIMBOCTH CJCAYIOMIEr0 BHPAKEHUSA:

8 (FopF®®) = 2F 6 F°*,
B. Buumcimre (FopF®?) .
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3.11. CammeTpnn

Ilycts A,, — anTucumMMeTpHuHHE TeHsop, T. e. A,, = — A,,;
nycTb Takke SHY — cuMMeTpUYHHHA TeH30p, T. €. SHY = SVB,

a. Ybegarech B cupaBefIaBoCTH paBeHcTBa 4 ,, ,S¥Y = 0 1ByMAa cmo-
coGaMn: cHAYAJa PACOMINNTE CYMMY B SIBHOM BHJe (BCe ILIECTHAIATDH
CJIaraeMHx) M NMOKa;KUTe, YTO BCe WIEHH B HeHd IomapHo yHHYTOMKa-
10TCA; 3aTeM 060CHYiiTe Ka)K/slil 3HaK pPABEHCTBA B CIERYI0I el HenoaKe:

ApSW = — A 8% = — Ay ST = — A4S = — 4,,8" =0.

6. YcradosuTe NBa CTEAYOMUX TOMASCTBA ,AIA HPOUIBOJBHOTO
Tensopa Vy:

V A= (P = V™) Ay V8= = (P V™) S

3.12. CuMmerpn3anusa M AHTHCHMMETPH3AIKA

Yrobu «CHMMETpPH3OBATL» TEH30p, €ro HY:KHO YCpPeAHHTh II0 BCEM
TPAHCOO3UIIUAM. IIH;IGHCH Y KoMOOHEHT HOBOI'0, CUMMCTPH30BaHHOTI'O
TeH30pa 3aK/JII4Yal0TCA B KPYTJILIC cKOOKN:

V(uv) = ';— (Vuv + Vvu) ’
) (3.46)
V(p.vl.) = 3T (Vu.vk + Vvhu. + VML‘V + Vvu.A. + Vuhv + Vkvp,)-

«AHTHCHMMETPH3AIUA» TeH30PA NMPOU3BOJUTCH aHAIOTMIHLIM 0Gpa3oM
(dHJeKCH B KBagpaTHHIX CKoGKax):

1
Vipv = 5 (Vv —Vw)s

X (3.47)
V[u‘vl.] = T (Vuvl. + Vvhu. + VMJ.‘V — Vaour— Vul.v - Vkvu)-

a. HOKa}KﬂTe, 4YTO0 CMMMETPHM30BAHHLIC U AHTHCHMMMETPH30BaHHBIC
‘TAKUM 06p330M TEeH30PHL I[eﬁCTBHTeJIbHO CHMMETPHYHEL M AHTUCHM-
METPHYHH II0 OTHOIICHHID K TIIepeCTaHOBKe BEKTOPOB, BBOXHUMEIX
B HX KaHAJBIL:

V(aﬁ?)uavﬂwv= —I—V(apv)v“uﬂw'V: . ey

Viapyu™Buw? = — Viggypubu? = . ..

6. Hoxamme, YTO TEH30p BTOPOro panra Mo;KHO BOCCTAaHOBHUTb
mo ero CHI\[!\IBT[)II‘IIIOﬁ u allTHCI[MMGTpH‘{lIOﬁ YacTAM:

Viv=Vuw + Vv, (3.48)
‘TOTla KaK [1A TEH30PA TPeTbero paHra 3Toro CAeaaTh HENb3A; Vigpy
¥ Viapy] B COBOKYIHOCTH COJIePRAT «MeHbITe MHGOpMAnmm», dem Vopy.
Hpyrue, Goiee CIO/KHEIE CUMMETPHHM, KOTOpPHIe cofiep;KaT HeZOoCTalo-

myio mEPOpMAnNHIO, OOMCHBAIOTCA «Amarpammamu lOmra» (cm., Ha-
mpnamep, [60]).

YIIPAKHEHH A
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YNPARHEHUA B. llokaykute, 9TO TEeH30p JEKTPOMATHMTHOTO WLOJSA YAOBJETBO-
PA€T COOTHOLIEHUAM

F25=0, Fop=Flqap. (3.49a)
r. Ilokamurte, uT0 «MarsmTHOe» yparmenme Makcreensa
Faﬁ.v+Fﬂv.a+Fvu. B"—"O

MOXHO TlepenucaTb B BUJe
Fiap, ,7=0. (3.496)

3.13. Tenzop Jlesn-YupuTH

«Tenszop Jlesu-UmBuTH» € B IpPOCTPAHCTBe-BPEMEHI NpeACTABIACT
coboit COBEPILIEHHO amncmme'rpnqnmﬁ TEeH30P YeTBCPTOro paHra:
e(n, u, v, W) m3MeEseT B8HAK NIPH NEpeCTAHOBKe JI0OHX

ABYX BEKTOPOB. (3.50a)

PaccMoTpuM onpepmenennyio, TPOH3BOJBHEIM o0Gpa3oM BHOGpaunyio
JIOpeHIleBy CHCTeMY, BEKTOD @, KOTopoil HampaBieH B Gyayiuee,
a @;, 83, 8; — NpaBad TPOWKA WPOCTPAHCTBEHHHX O(A3WCHHX BEKTO-
poB. HoBapnanTnhie KOMIOHEHTH & B 3TOH cHcTeMe 33Jal0TCA BHIpa-
Kenuem

€123=2(8, 84, 63, €3)= 1. (3.506)

(OTMGTHM, YTO B n-MEpPHOM NPOCTPAHCTBE € AHATIOTHYHO ABJIAETCA
COBEPIMEHHO AHTMCHMMETPHYNBIM TEH30POM paHra n. Ero xomMmouenTs
3aJaI0TCA BHPpa)KEeHUEeM

812..n=28(0y, B3 ..., 0,)=41 (3.50B)

B (HOJNOKUTEJABHO OPMEHTHDOBAEHOM» OPTOHODMMWPOEaEHOM 6asuce

84y ...y 0,.)
a. BocnoabsoraBmucs aHTY.CHMMETPUYHOCTEIO, IOKaKuTe, 970

eupys =0, ecam cpepm a, B, ¥, § ecTs ABa onWHAKOBLIX MHIeKca,

(3.50r)
-1 mas veremx nmepectranoroxk 0, 1, 2, 3,
8"°"""’“’=={ —1 IJA HEYeTHHX NEpPeCTAHOEOK. (3-50m)
6. Iloxaxkmte, uTO
e = — gy v mory- (3.50e)

B. C nmomomprio ppeobpasorasus JlopeEna nokaxute, dro e%Pvo
B g;555 BMEOT Te ke BHAYEHWA B a6oit fmpyroit JopeHHEBOit
cucTeme, B KOTOpoii @; HampaeieH B 6ynymee, a @7, 83, 85— IpaBas

Tpoiika. Yxazanue: Ilokasxmre, 9T0

e@bv A0, AT AZ A%y = det]| A%, ||; (3.50:%)
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ncnonssosae A™MA = 1, moxakute, uto det]| A¥,||==41, n ynocro-
BEpPbTECh, UTO JIETCPMMHAHT paBeH -1 1JIsA npeoGpascBanmit MCKALY
cncTeMaMu, y KOTODHX @, M €; Happapiensl B Gynymiee, a ey, €, €3
n e, 85, 85— IpaBble TPOHKH. )

r. Uemy paBRH KOMIOHEHTH € B JIODEHLEBOH cucTemMe C €, Ha-
npasrenHnM B npomioe? C jeBoidl Tpoiikoit e;, e;, e3?

n. Ucxons us tensopa Jlepr-UmpuTH MOKEO HOCTPOMTDH Ppasjindg-
HHE (TEH30pH IIePECTAHOBOK». B HWHIAEKCHHX 0G03Ha4eBMAX OHM
WMET BHJ

8%V, =—eobipg, (3.503)
1 1
Gaﬁuv = 5 6am,uv}. =—3 goBhp Epvaps (350n)
1 1 1
=g %= 5 = — e, (3.50K)

Iloxaxmre, uToO
+1, ecan offy— yeTHaAa NEPECTAHOBKA WUVA,
6“”,.\,;‘: —1, ecim afy— HeueTHas mepectaHOoBKa pvA, (3.50m)
0 B ocranpHHIX crydasnx;
6°8,, = 8%,8%, — 6%,8%, =
+1, ecam afy —ueTHas mEpeCTAHOBKA UV,
—1, ecan off —nevernHasm nepectanoBka pv,  (3.50M)
0 B oCcTaXBHRX CIY9asXx;
6““={ +1, ecim a=y,
0 B ocTampHHX CAyuUaAX.

(3.50m)

3.14. iyansBne TeH30pH

Hdas moboro sextopa J, n11060r0 aHTHCEMMETPAYHOIO TEH30PA BTOPOTO
paEra F (Fop=Fiap)) ® 2160T0 8BIHCYMMETPEYHOIO TER30pa
Tperbero panra B (B.p,= B{egy)) MOXKEO BOCTPOMTL HOBHE TEH30DHI,
ompefiefisieME€ PAECHCTEAMHE

1 1
'Jaﬁv = Jueuaﬂ‘yv ‘Faﬂ =3 F'wel,waﬁy *B, = ar B“wl-lnwa. (351)

Tensop *) wasmpaercsi «ayanrsbm» Temsopy J, *F—pyaarnem F,
*B—pyaarEnM B. [Bume (B § 2.7) caoro «ayanrmmii» 6piao ymo-
Tpe6JIeHO COBCeM B APYIOM CMECHE: ccéokyniccmy €asmcHbx 1-Gopm
{©*} Grina Haspama AyedbHON COBOKYIHOCTH Ca3ECHEIX BEKTOPOB {€.},

ecan (0%, 6g)= 6“5. K cuacThi0, HeT HAKAKEX OCHORABME I'yTaTh JBa
THDa AyanasHOCTH. OpMN P3 HEX YCTAHARJMEAET CCOTHOIIEHME MEXKIY
COBOKYDHOCTBIO BEKTOPOB M COBOKYDHOCTEIO 1-(opM, Apyroii — Mekny
AHTHCHMMETPAYHKMH TEH30paMH PAHTA p H SHTHCHMMETDAYHHMA
TeH30paMHE paHra 4—p.]

YOPAKHEHNAS
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a. ITokamure, 4uTo
**j=), **F=—F, **B=B, (3.92)
T. e. aw000f coBepmeHHO aHTACEMMeTpHIHEIH Teusop H MmoxxmO
(c TOYHOCTEIO N[O 3HAKA) BOCCTAIOBHTh W3 AyalbHOro eMy Temsopa *H,
npaMeRns eme pas ayaiabHocTs **H. JTO rosopmt o tom, uto H m *H
cofep:KaT a0COJMIOTHO ONMHAKOBYIO HMHPOpMALIHIO.

6. IlpogemoncTpHpyiiTe B ABHOM BHEe TOT (JaKT, 94TO [yaJbHEHIE
TOH30PHI COAEPIKAT OJHY M Ty jke MHE(OPMALA0, PACOINCAB KOMHOOHEHTH

*A* qepes A%, a Takme *F*P —uepes F*® y *B* _uepes B,

3.15. T'eomerpnuecran ¢opma ypasHemmii Maxceaaa

Ilyers F — Trensop anexrpoMarautaoro mojis. Ilokaxnre, uro V- *F=0
npejcTaBiageT €000 reoMeTPHUECKYi0, He BaBHCANIYI0 OT CHUCTeMbI
KoopauuaTt, ¢opMy ypaBHeHuit Makxcpesua:

Feg v+ Fpy, o+ Fya,8=0.

Amagoruygo moxa;kure, 910 V.F=4n) (quseprengums wo BropoMy
wanany F) mpeacrasiser coGoii reoMerpudeckyio ¢opmy ypaBHeHHH

FGB_3=4NJG.

3.16. Coxpamenne 3apsAna

Busegnare u3 ypaeuenmit Makcseana F*® p=4nJ® (ypasnenme cox-
paHeHMA 3apALA»

Ja Ia-_—-'O. (3.53)

IToxa;kuTe, 4TO 3T0 ypaBHEeHUE XeHCTBHTEIBHO ONNCHIBAET COXpalleHHe
sapsana. [anbHeliniee ero M3yvyeHHe IPOBORMUTCA B TI. D.

3.17. Bekropnmii noreHmuan

Bexropusiit moTeHumax A B TEODHH 3JIeKTPOMAarHeTH3Ma relepHpyeT
TeH30p BIEeKTPOMATHHTHOTG IOJA HOCPEACTBOM YpaBHEHHA

= — (aurucumMmeTpuyHas dactb VA), (3.54)

T. €.
Fyy=Ayu— A4, ve (3.54")

a. [loka)knrte, 9T0 9JEKTpUIECKOE M MATHUTHOE NOJIA B onpeeleH-
HOH JIOpEeH1eBOI CHCTeMe 3aJal0TCA BhIpakeHWAMHU

B=V XA, E= —0A4/0t—VA° (3.55)

6. Ioxkaskurte, uaro F ymosaerBopser ypasmenmaM Makcseimaa
TOrga 4 TOJABKO TOrJA, KOTAA A YAOBJETBOPAET COOTHOLIEHHIO

AWP L AM % (3.56)
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B. [ToraxaTe, 9TO IPH «KAaAHGPOBOYHHX MPeoGpPa3OBAHHAXH YNPARHEHHA
Asosoo = Aorapoe + ¢, ¢ —mpomssonrmas $ymxmas, (3.57)

F me mamemsercs.
r. IToxaskmte, 4T0 KaAMOPOBKY MOKHO BHOpaTh TaK, 9TO

V:A=0 («aopeanesa KanmGpoBKa»), (3.58a)
OAm —4n). (3.586)
3mecb [ —BoaHOBOH# omepaTop («mamambeprmaH»):

OA=4%", je,. (3.59)

3.18. [IuBeprenmusa 3AEKTPOMATHHTHOIO TEH30PA SHEPIHH-AMIYIbCA

Hcxona a3 TeHsopa 3JdeKTPOMATHHAT: oro mo.A F, MoskHO caemyomum
00pa3oM DOCTPOMTH CHMMeTPHIHHI TeH30p BTOPOro paHra T («reH3op
HEPTUA-AMOYNLCA», PACCMATPHBaeMHHA B TA. D):

Tuv=zi;(FuuF~a__i_nquaﬁp¢ﬂ). (3.60)

B xadecTBe yHmpaKHOHHSA WO KOHIIHPOBAHHIO WHIOKCAME»:
a. Iloxkasxkate, aro VT HMeeT KOMHOOHEHTEH

I,y =g [P Bt PP, y— 5 P *F* ). (3.61)

6. IIpeoGpasyiite ar0 BHpaKeHE® K BHAY
T, v=gz [ = FuaF ™. y— 5 F*® (Fap,u+ Fu 0+ Foua) |5 (3.62)
saMeThTe, uTO mepBHil wieH B (3.62) moaywaeTca HemocpepncTBEHHO

B3 proporo wiexa B (3.61).
B. Mcnoarays ypaBmenne Makcsenna, moaydmre

™ = —F"J,. (3.63)

Jonoanenne 3.3. TEXHUKA «KOHI'JTUPOBAHHSA NHAEKCAMH»

YpaBHeHAe HassaHHe B DoACHeHHe

5%y =8 (0%, e, 8,) Buuncnenne KoMmoHeHT

5%, = $(0%, of, e,) BuuHCNIeREO APYTHX KOMIOHCHT

8$=5%,8,® 0P R 0¥ Boccramosxenne $ 1o ero KounomemtHoli popwe pamra (3})

9—01457
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VpapHenne

Ha3spaHHe H NOACHEHHE

s=San°a® 'B@ .'V

S8, = qPrs%,,
5%y =1,pS*Py
Ml-l = Sau“

ToB, =58, M,

AZ— A%4,

Napn By — Ga.v

S%y=N%, y
Rﬂ = NaB, a

Nog, y=MpuN*),y =gV, 5

NV = N%, unY
(RgMp),y=Rq, yMg+ RoMp, 4!

1
Gap="Flapl = 5 (Fap—Fpa)
1

Hop=Fup =5 (Fap+Fpa)
*Japy =T enapy

1
*Fop= 3 Fuveuvccﬁ

*By = "é— Bhuvei\,uva

BoccTaHOBIeEMe $§ Ho ero KoMnoHeRTHo# ¢opme pasra (3).
(HamoMEnM, 49To 00H9HO Mexk[y pasiuYHnMU (PopMamu He
JefiaeTcs pasiaMvuA; cM. ypaBHCHue (3.15) m ero ofcysxneHue
B TEKCTe)

IlogeAaTEE MEAEKCA

Onyckanue MHAEKCa
CeepTKa 8, B peayabTaTe KoTopoil 06pasyeTcs HOBRit TeH30p M

TemsopHoe mnpomsBefileRMe $8 u M, pesyabTaToM KOTOpPOro
ABisAercA HoBH#E TeH3op T.

KBagpar nauBH BeKTopa A, moXyvaliomumiics B pesyabTaTe
ofpasoBaEusa TeH3opHOro mpouaBemeEusg A @ A ¢ mociegyio-
MeH CBepPTKOM M COBIAJAlOMiiil ¢ TeM ke KBaapaToM MJAHH,
npeacraBagiomnM cofoit  pesynbraT nepecedeBns 1-PopMu
A, cootBercTBylomeit A: A2=(A, A)=A4%4,

Marpuna || ngp ||, 06pasoBaHEas H3 «KOBAPMAHTHHIX KOMIO-
HeBT» MeTpHKu, o6paTHa MaTpuue Iulaﬁlly o0pasoBaBHOI u3
«KOBTPABAPMAHTHHX KOMNCHCHT». MiaH, 4dro To e camoe,
NORHATHE MHAEKCA y METPUKM Tgg NPUBOAMT K CHMBOIY
Kpomexepa

IpapuenT TeHdopa N, saBaswomuiica HOBRM TeH30poM $

HuBepreBunsa Temsopa N, ABIANOMAACA HOBWM TeH30opoM R

BuiuncieHue TpaiMeHTa ¥ TOAHATHC WMJIM ONYCKaHME WHAEK-
COB— KOMMYTHDPYIONIMe ONepanuu
KoBTpaBapuaHTHbIH MHACKC T'PafiNeHTa MONYYaeTCA HONHATH-
eM KOBapMAHTHOTO MHAEKCA

VRRM =

I'paguent TEeH30PHOTO MpON3BeNeHNA:
= tparcnosunag = (VR QM)+ RQ VM

ABTuCHMMMeTpu3alua TeHsopa F, pesyabraToM KoTopod
ABAseTcA HOBHi1 TcH30p @

Cummerpusaiua TeE3opa F, peaysnbTaToM KoTopoil aBiserca
HOBHIi TeH30p H

O6pasoBaHue TCH30pA TPETHEr0 paHra, XyaJsbHOTO BEKTOPY
(ynpaskaenue 3.14)

O6pazoBaBEne aHTHCUMMCTPUYHOTO TEH30pa BTOPOr'0 paHra,
AyalbHOTO [AaBHOMY AaHTHCUMMETPUYHOMY TEH30pPY BTOPOro
padra (ynpaskaeEue 3.14)

O6pasoBanue 1-¢opMel, AyanbHOH aRTHCHMMETPHIHOMY TeH-
30py TpeThero pasra (ynpasksenue 3.14)




4. QNEKTPOMAIHETU3M
N AUODEPEHLUMUATBHBIE ®OPMbI

9Ta rnaaBa NEINKOM OTHOCHTCA K Kypey 2.

Ona Heo6XoguMa B KayecTBe MOATOTOBHTENLHOrO MaTepmaaa jmua § 14.5
u 14.6 (BLYECneHme KpHBHSHM ¢ momMombio upepennmansabx dopm)
H gaa ra. 15 (Toxpecrsa BuaHEKE B TpaHHIA TPaHENN),

HO He HY)KHA JAf DOHEMAHHA OCTANLHOM YACTH KHHIH.

§ 4.1. BHEIIHEE MCYMCJIEHHE

CeMelicTBa HOBEpXHOCTeil, KaK paclojoKeHHbE OTAENbHO, TaK M Nepe-
ceKalomuyecs, B pe3yJipTaTe 4ero o0pasyloTCH «COTHY», ¢(KOPOGKH miad
AAN» M ApYyTHe CTPYKTYPH momobHoro pona («auddepenumanpusnie op-
MEI»), HO3BOJAIOT C eIMHOMH TOYKN 3PEHAA HOJONUTH K TeOMETPHH 9JeK-
TpomMarsernaMa W rpapaTanmn. OfgHako, uToGH OCBOMTH TaKoH HOJ-
xof, Tpebyerca HekoTopoe BpeMA. [loaToMy npm mepBOM 9TeHHHE KHUTH
6oNLMAHCTBO YATaTeNeH MOKET ONYCTATH 9TY IVIaBY H NIOCIeAyomui
MaTepHal, KOTOPHH Ha Heil OCHOBaH.

Ha ananatnyeckoM A3kKe faddepeRnnalpEre GopMH npencTaBia-
10T co00ii COBepIMEeHHO aHTUCHMMETPUYHEE TeH30DH; Ha ABHKE PHCYH-
KOB — 2TO IepPeceKalommecs CeMelHCTBa moBepXxHocTeil. MaremaTuye-
ckmit fopMaan3M, MO3BOJAIOMMIA € JIeTKOCTHIO ONIEPHPOBATE AP PepeH-
NUaJbHLIMA (OpPMaMH M HAa3HBAEMLI «BHEIIHUM HCUNCJIEHHEM», KpaT-
KO H3JI0EH B JIONOJHeHAH 4.1; ero oCHOBHEE 0COGeHHOCTH HILTIOCTPH-
pYIOTCA B OCTaJbHOHI 4aCTH IJaBH, Ifle Ha ABHKe 3Toro opMaTmsMa
Hm3jlaTaeTcs DJIeKTPOMarHATHasA TeopuA. Ilo-BEgmMoMy, HamGodee ad-
deKTHBHHN cHoCO0 M3Yy4ueHHWs [AHHOH IJaBH COCTOHT B CJeHYIOHIEM:
1) mpocmoTpeTs momoaHeHHME 4.1, 4ToGH yHOBHTH CyTH dopmainama;
2) BHMMaTeJBHO NPOYECTh OCTAJBHYI0 4acTh IVIaBH; 3) BepHYTHCA
7 nofipo6HO M3yunTh AomosHeHme 4.1; 4) npopa6oTaTh ympar<HeHWs
AN TPHOGPeTeHMA NPAKTHUECKEX HABEHIKOB B 3ToM (opMaamame.l).

1) Boaee moapoGHO, YeM B 9Tod KHHIe, BHEINHE® MCUHCIEHNEe M3JI0:KEHO
B paborax [97—101], u ocoGemno B paGorax [102] (oTHOCATEABHO HmOCTYNHO,
¢ MHOTOYMCIEHHHIMM HPHJIOKEHUAMH), 7103] (AnNA HeCHem@WAAMCTOB M CTYAEHTOB
MJIAJMHEX KYpPCOB, HO HAa COBPeMEHHOM MaTeMaTHiecKoM  ypobme), [104, 105].

Q%
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Honoxnemae 4.1, MTAOOEPEHIHAJBHBIE ®OPMbI U BHEIMHEE NCYHCJIEHHUE
B KPATKOM H3JIOKEHHH

3nech mpHBeeHH 1A CIPAaBOK OCHOBHH® ompefeNeHAs A GOPMY/IH BHEIIHEr0 HCIACIIE-
mms. Hasmaid myBKT coctodT u3 o0mero mosoxenus ¥ OCHOBHHX NpHJIOKeHHH. Mama-
TaeMHI# gopMaIa3M NPAMEHEM He TONHKO B HPOCTPAHCTBE-BPEMEHH, HO U B reOMeTpH-
9eCKHX cHCTeMaX Golee ofmero BEAA (CM. 3arofoBKA K pasfenaM). 3Mech He HeXaeTcsd
HOOHTOK HHE IPOJXEMOHCTPAPOBATH BHYTPOHHIOK HENPOTHBOPEYHBOCTH (popManamsma,
HE BHIBECTH €ro W3 KaKoi-In60 COBOKYmHOCTH ompeflefeHHil B akcmoM. CHcTeMaTHue-
CKOe H3JI0}KeHHMe HmpeAMeTa MOKHO Hajira, Hampumep, B paGorax [67, 70].

A. Axrebpa I (upamennma B m0GOM BEKTOPHOM IPOCTPAHCTBE)

1. Basucnue I-gopmuw
a. Koopamearauit Gasue o = dz’

(j —mBomep 1-popMEl, a He KOMIOHEHTH).
6. O6muit 6asmc o’ = L’y dz*’.

Il pusosncernue. Tpoctaie GasucHe 1-PopMbl, ECHOIB3yeMbe IPH RHATH3E IIBAPI-
IHJIBXOBCKOH TI'eOMETPHH BOKPYI CTATHYECKOTO, CHEPHYECKE CHMMETPAIHOTO
HeHTP2 NPHTAKeBHA:

0= (1— 2m/r)'/‘ dt,
o!=(1—2m/r) 2 dr,
o’=rdo,
®d=rsin0d¢.
2. O5wyuii eud p-gpopmst (uau p-eekmopa) HpeacTaBaAAeT co0oi COBepMIEHHO aHTH-

CEMMeTPHIHLIA TeH30p paHTra (2) [mm (8)_] Ero MoKHO pa3iIosKHTh O KOCHM
opomssefilendAM (cM. § 3.5 m ympamuenme 4.12):

a"‘}%“ixia...ip"’“ ANOBA AP =0y g, . ip0t Aol A ... A oir,

(Ecim MHEPKCH B3ATH B BePTHKAJBHEE YSPTOYKH, TO CYMMHDPOBAHHE pacupo-
CTPanfAeTCA JNAMb Ha KOMOHHAGHAH iy <Tip << ... < ip.)

Hsa npuaoxenus: 1-popma smeprag-mMmynsca ectp 1-PopMa Bmia a= a0,
HIH

p=—Edt+p.dz+ p,dy+p.dz.
F ectb 2-popma Bana P =P 40" A\ @', BT B IWIOCKOM IpOCTPaHCTBE-BpeMeHR
F=—E.dt \ dz—E,dt \ dy—E, dt \ dz+
+B,8y A\ dz2+ By dz A dz+ B, dz A dy.
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3. Kocoe npouseederue
CopapesiiBBH 6c¢ XOpPOmO MSBECTHHE DPAaBHNA CIOKEHBS H YMHOMEHRSA,
HADpPHEMEp
(aoc+bB) A y=ac A v+PB A v,
@ABAv=aABAV=2ABAY,

3@ UcCKAIONEHUeM MOTH(HIMPOBAEHOrO IPAaBEAA KOMMYyTanmuu p-GOpMH @ H
g-¢opmu B,koTOpOE HMeeT BHA
aB=(—1)"BAc.
p q 4] p
M pusoxcenue k 1-Popman a, P:
aAB=—PAa a\a=0;
. 1 o
a A B=(z0') A Bro") =ape’ A o' =3 @ —B) o’ A ot
4, Ceepmra p-gopmts ¢ p-éexmopor
(@ Ay=ayy...ip A7 PP A LA OP 0 AL Al =
PP S ~

[= 8ji:7:} (cm. yupasmesna 3.3 u 4.12)]

f1...1
=oi...ip1 A e

Yemupe npusoxcenus:
a. CrepTka 1-(opMH SHEPrEE-EMIYIBCA YACTHOH [ = Dg®; C 4-CKOPOCTEI
u=u%e, mabmiopatens (1-BexTop):

—(p, W)= — pu® = PHEPTrEA IACTHIH.

6. Ceeptra 2-dopmu F ¢ GmBektopoM 6 & A A& [rne 86& = (d&/dAy) AN,
B AP = (d&/d),) Ah, — nBa GeckoBeYHO MaJmX BeKTopa Ha 2-OBEpX-
HocTE (A4, Ay), a OHBEKTOP XapaKTepH3yeT 9JeMEHT HOBepXHOCTH, Ha HHX
omEpaiomuiicsi] paBEa MaremrROMY nNoToKy @ = (F, 6 A AJ) gepes
BTOT 9JIEMEHT IOBEPXHOCTH.

B. B Gonee o0meM caydae p-MepHHH DapaJenennmeR, pe6paMH KOTOpOTro
ABIAIOTCA BEKTODH 8,, 8,, . . ., 8,, o6JiafaeT OpHEBTHPOBAHHEIM 06BeMOM,
ONMCHBAEMHM «npocmuM» p-BeKTopom a8, A\ a, A ... A 8, (opmeRTHm-
POBaHHHM HOTOMY, YTO IepeCTaHOBKAa ABYX peGep MeHser 3HaK o0beMa).
CrpyKrypa THOA «KOPOOKH JJA fAMI», CTEHKaMH KOTOpPO# ABJIAITCA THIEp-
ONOCKOCTE p pasnBuHNX 1-dopm o', 6%, ..., oP, omECHBaeTCA «nPOCMOL»
p-dopmoit 6* A 6® A\ ... A o®. Koamuectso sveex 6* A 62 A\ ... A oF,
OTCeKaeMHX 0eCKOHeYHO MaJkM p-o6memom &, A 8, A ... A 8p, paBHO

WAZA ... ANo?,a, Aa, A... A ap)
r. fko6uan cmctreMn p $ymkumir f* (2, ..., 2P) pasem
P P Y
(I APA - AP S A AN g5 ) =
i a2 ..., )
=t (35) | = Fa
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S. Ipocmuwe gopmu

a. Ipocroit p-popMoit HaskBaerca p-PopMa, KOTOPYIO MO;KHO 3alACAaTh B BH/E
Kocoro mpom3BefeHnsa p 1-dpopm:

g=a/\ﬂ/\.../\y.

P MEOKHATeJeH

6. IIpocrasn p-gopma e A'B A ... A y MoeT OHTHP IpeAcTaBIeHa ceMeii-
CTBaMA MepeceKalnmuxcs mIockocreit a, B, . . ., y (cTpyKRTypa THOA «KOpPOG-
KH NI SAO») B COBOKYNHOCTH ¢ HampaBleHmeM o6xopfa (opmeHTammsA).

I pusoxcenua:

a. B uersipexmepHOM mpocTpaHCTBe (HampEMep B HPOCTPAHCTBE-BPeMeHH)
sce O-popmer, 1-Ppopmer, 3-PpopMH ® 4-PopPMH ABAAIOTCA IPOCTHMH.
2-popma F B o6mem cayuae ABiaAerTcA CyMMOil JBYX HPOCTHX (opM,

kak, Haopumep, F = —edt A dz 4 hdy Adz; oma mpocra Torma m
toapKko Torma, Korma F A F = 0.
7. CosokynHoctb 1-dopM a, B, . . ., ¥ IuHeitHo 3aBHCcAMA (OXHA €CTH JHHEI-

Hasi KOMOMHAIHA OCTAJbULIX) TOrAA B ToJbKO TOTAA, Kormaa A B A ...
... A y=0 (comomenHas «kopoOKa IJIf AHIN).

B. Baemsasas npouwssognas (mpumennMa B mioboM «xaddepennupyemoM MHOrooopa-
BHH» KaK C METPHKoOif, Tak M Ge3 Hee)

1. d oGpaayer (p 4+ 1)-dopuy do uz p-gopmu O.
2. Jeiicteue d oupenmensierca mo MHAYKUHH, UcHoas3ys (ria. 2) ompenerenne d/,
rne f — ¢yukuua (0-gpopma), mioc

d(g/\.g)=da/\ﬂ+(—1)"a/\dﬁ,
d2=dd=0.
d (@ A\ df) = de A dB.

Hsa npuaoswcenus:

lna p-dopmsr @, rpe
D=y .ip 10zt A ... A dziv,
mMeeM (Apyroe, skBmBaieHTHOe ompeneinerme d®)

4O =ddys. . 15 A dzit A ... A dzio,

B. Unrerpuposanne (mpaMenmMo B mofoM «xupepeAnmEpyeMoM MHOrOOGPa3HH))
KaK ¢ METPHKOii, Tak n Ge3 Hee)

1. Humepnpemayus ¢ pucyukax

B rtexcre M Ha pUCYHKax Ix. 4 Sa (uaTerpali oT HexoTopoii 3axanHo# 1-Pop-

MH O BIOJb 3aAHHON KpPHBOH OT 3aJaHHON HAYAJLHON TOUKH MO 3aJaHHOH
KOHEeYHO# TOYKU) WHTepHPEeTHPYETCA KaK «IHCJI0 e-NoBepXHOCTel, mepeceKae-

MEIX Ha TOM IYTH»; aHAJOTHIHLIM 06pasoM S @ (uuTerpax ot 3amaHHOH 2-Pop-
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M @ mo 3aaHHOMY YYaCTKY HOBepXHOCTH, Ha KOTOpoOil 3ajlaHO HampaBJeHHE
ofxona, NN «OPHEHTAL[AAY) HHTEPOPETAPYETCA KaK (THCHO AIeeK coTonomo6HoA
cTpyKTypn @, mepeceKaeMHX 3THM Y9YaCTKOM IIOBEDXHOCTH»; MOLOGHHM sxe
o6pa3soM fmaercsa ompeflefieHde s CTPYKTYpP THOA «KOPOOKH HIA AHU», Open-
craBasiomux 3-GopMmsl, A T. H.

2. IIpasusa eévnuciernusl UHMEZPAALOE
Brianciaerne Sa — HmHTerpaja ot p-GopMmsr
a=a|i,_,,;p|(z‘, ceoy x") dxit /\ ee., Ozin
oo p-MepHo#i HOBepXHOCTA — IPOHM3BOMUTCA B J(Ba 3Tama.
a. HoacraBuM B o mapamerpHueckoe mpeficTaBlIeHHe HOBEpXHOCTH
zR (AL, ..., AP)
B TpHBejeM CyMMY K BAQRY
a=a(M)dA A ... A\ dA?

(o mpencraBiena Kak p-fopMa Ha p-MepHO#l HOBepXHOCTH).

6. Ilpomnrerpmpyem

Sa:Sa(k")dx‘dkz...dl.”,

ACHOJIBb30BaB 06bUHOE ompenenenue mHTerpuposanus. [[Tpumep. Cm. ypaB-
Henma (4.12) — (4.14).]

3. Jugfepenyuasvran zeomempus UHMEZPUPOSAHUR
Bruncanm | o ot p-PopmMer @ ciaepyiommm obpasoM.

a. Bribepem p-MepHyI0 IOBEpXHOCTH of, 110 KOTOPOH HY:KHO B3ATh MHTErpal.
0. IlpencraBuM of B mapaMeTPpHYeCKOM BHJAEe B COOTBCTCTBHH C o0mmM mpen-
cTaBJIeHHeM 0 IIOBepXHOCTH Kak 0 (yHKinuu napamerpoB & (AL, A2, ..., AP).
Ilpu stoM Purcupyerca ee opuentanua. Ta ke PGyHxkumMa ¢ Al < A2,
& (A2, AL, ..., AP) ommceiBaeT MpYTyl0 (IPOTMBONIONOKHO OPUEHTAPOBAH-
HYI0) HOBEpXHOCTh —dF.
B. DeckoHeuHOo MaJblil mapaJiielenuiern
0P ray 0P ras 0P rxp
(G 8) A (G2 8%) A -« A (55 4%)
KacaeTrcA BBIOpaHHOi moBepxHoctu. UHCJIO siueeK ¢, KOTOPHE OH OTCEeKaer,
paBHO

0P aF
<a,-a—m—/\ AN an L aae,

Ilpu mepectaHOBKe IBYX BekTopoB 05/9A* aTo umeno MenseT sHak momo6HO
TOMY, KaK M IPM H3MEeHEHWN OpPHEeHTallui MOBEPXHOCTH Ha IPOTHBOMOJOM-
HYIO.

r. Unrepnperaius, BHTeKaomas M3 CKa3aHHOTO BHIIE, NMPABORNT K CJAEAYIO-
meMy omnpefieJIeHHAI0:

SasH...S@,%%/\%/\.../\%>dﬂdv.“w.
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9710 onpefieleEHe B yOpasKHeHHH 4.9 0TOKIECTBIAETCA C IPaBHIOM BHYHC-
JeHHES HHTErpajioB nmpefnpymero paspenaa (B.2).
I puaoncenue: Ilpornrerpmpyem rpapment df Bnoas xpesos & (A) or & (0)
zo & (1):
1

1
[ ar= § (d8f, d6*/dry dh= { (df/dh) dh=11& (1) —1 & (O)].
0

. HcnonssoBanme camMBosia d B Tpex pasHHX sHaueHHAX. ITepsoe: d (cBetioe)

B ABHHIX BHPaKCHHAX JJIA IPOMSBONHKX, TAKHX, Kak d/da, df/da unu dF/da;
9YHCJAHTeNbh B SHAMEHATENb HO OTHEALHOCTH JIAIIEHH CMHCJIA, CMBICH HMeEeT
JIEmMb BCSA COBOKYHOHOCTH CEMBOJOB. Bmopoe: d (cBeTioe) mox 8HAKOM HHTET-

pajia, HampEMep S fda. B manEOM ciydae 3TO JHIIb YKa3aHHAE, KaK BHIOJ-
HATH HHTETPHPOBAHME, H CAMBOJ d JAMEH BCAKOTO CMbICIa 6e3 3HaKa HHTer-
pana; « S ... d ... cymecTByer Kak efaHoe Lexoe. I'pemee: d ((kEpHOe),

sanpaMep @ ormeasmo, wau df, mam da. Temeppr aToT cmMBoN 03Hauaer
BHEIIHIOI® HOPOHESBOAHYI, KoTopas mpeBpamaeT p-Popmy B (p +— 1)-dopmy.
Huorma pna Toit e menm ynorpebasierca d (cBersoe). CiemoBaTelbHO,
oTaenbHoe d, MAE df, Mmam dr, BCerna O3HavyaeT BHENIHIOI NPOH3BOMHYIO,

€CJH MM He CONYTCTBYeT S8HAK S (émopoe sHauenme) mam sBaK / (nepeoe
SHaUeHHe).

4. O6o6ujennas meopema Cmokca (cM. momonHeHume 4.6)

a. IIyets 07" — saMKByTas p-MepHas rpammma (p -+ 1)-MepHoit moBepxHOCTH

7', a 66— p-dopma, onpenenennas Ha Bced 7°. Torma

g

(auTerpas or p-popMu € mo rpanmne 07" moBepxXHOCTH ¥” paBeH MHTErpay
or (p + 1)-PpopuMu do no camoit mosepxHocTHE 7°).

6. Uro6H noaydYETh DpaBHIBHEIA SHAK, He0OXOAMMO comacona'rb opuen'raunn

Y m 8% B clenyomeM CMHCIe: Bm6epeu KoopameaTH Y% ¥, ..., y® Ha
HeKoTopoM yuacTke ¥ raxuM obpasom, uroGu y° < 0 BHmoxHANOCH Ba ¥,
a y° = 0 — Ha rpammme 4¥"; Torga opHMeHTAaNEA

ayo A ayl A /\ ayp

HA 7 DOIHa COOTBETCTBOBATH OPHCHTANHA

0y1 A /\ ayP
Ha 8% .
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B. Ilpumevanue: B ciaydae HeopHeHTHpYyeMoii mOBEpXHOCTH, HaNPHEMeEp KoJblia
Mé6ryca, xornma HeBOSMOKHO HeNpPOTHBOPeYABHM o6pasoM BHGpaTh Hempe-
PHBHYIO opHeHTalnmi0, Tpebyercs Gosee CIOKHBIE MaTeMaTHYeCKHil anuapar,
9T00H NaTh onpeniesieRBe «J», A KOTOPOTO BHIOJHAeTCHA Teopema CroKca.

ITpusoxcenus. YacTEHMA CIy9asaMHE JAHHOH TeOPEMH ABJIAIOTCA BCe MHTEr-
PaJbBHeE TeOPEMH IS MOBEPXHOCTeH NI060H pasMePHOCTH B IPOCTPaHCTBAX
mofoli pasMEepHOCTH, KaK € METPHKOH, Tak M 6e3 Hee; OHa ABjAeTCA
o606menneM Bcex gopm Teopem Crokca m Taycca.

IIpnmepm:

a. 7" —xpuBasa, 0% —ee rpaHEuYHHe TO4YKH, O =f—O0-dopMa (Ppyurnms):

1
Adf-_—_ { (afrdry an= zLf=j(1)—f(0).
0 o

6. ¥ — 2-noBepxHOCTH B 3-mpocTpaHCTBe, 09" — ee TpaEMLa B BHJE 3aMK-
HYTO# KpHBOH, V — 1-jopMa; B 3BKJIHMJOBHIX BeKTOPHHX 0(03HaueHmMAX

BHTErpaJH NOPHRAMAIOT BHJ

S dv=‘f£‘(vxv)-ds, Lv= Sv-dl.
e ) i 44

B. JIpyree npmaoskenms copmepxxatea B § 5.8, 20.2, 20.3, 20.5 u B ympam-
nermsax 4.10, 4.11, 5.2 m mmxe.

I'. AareGpa 1I (npEMeEnMa B A1060M BEKTOPHOM NPOCTPAHCTBE ¢ METPHEOM)

1. Hopma p-gopmu

T
la|f=0y., . ma™

Hea npusoxcenus. Hopma 1-dopMmt paBHa KBanpaTy ee anBH || & [ = a-a.
Hopma anextpomaremteOofl 2-gopmut F: || F |2 = B2 — E2.

2. O6vexm, dyasvnwii p-gopme
a. B n-mepmoM mpocrpaBcTBe 0GBEKTOM, AyaarEHM p-GopMe @, ABIAeTCA
(n — p)-dopMa *a ¢ KoMmoHenTaMH

* a)m...hn_p=¢ peii...iph!...kn_p
6. Cpoiicrea nyaapEHX 00BLEKTOB
**¢ = (—1)?'a B mpocTpaHCTBe-BpeMeRH;
a A *c=|a|*e B ofmem cayuae.
B. Ilpamevasne. Onpenenennme & (ympamuenme 3.13) BieueT B KauecTBe Caeli-
CTBHA OpHEHTALHI0 OPOCTPAHCTBa, T. . 1) BHGop «npanmx» OPTOHOPMHpO-
BaHHHX G(aBHCOB, Z)} JIA KOTOPHX & (@y, ..., 8,) =

IITpunoscenus:

a. Jlaa f (O-popma) mMeeM *f = fe n S fd (o6BeM) = S*f.
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6. HyanasHoii  1-Ppopme 3sapama-toKa J sBaserca 3-gopma *). IMommmit

3apan Q Ha ydacTke f 3-MepHOW TEHEepHOBEPXHOCTH paBeH

Q(J’)=S‘J.
K

3aKoH coXpaHeHUA 3apAAA B ToKadbHoil Popme umeer Bug d*) = 0. Teope-

Ma Crokca cBaseBaeT 3ToT nupPepeHIMaNBHEIE 3aKOH COXpaHeHHSA
C MHTErpaJbHbHIM 3aKOHOM COXpaHEHHA

o={ au= | =.
9° 89°

3 TOoT 3aKOH INpeAcTaBAAeT HaMGoABmMEY HHTepec, Korfa 07 = Fy— o,
COCTOHNT H3 JABYX TIPaHHUL LPOCTPAHCTBEHHO-BPeMEHHOH 06macTH of»

(B Gynymem) m ofy (B mpomiom); B 3TOoM ciydae oH raacat Q (F,)=
= Q (f;); cM. ynpaskHeHHe 5.2.

B. J{yanbHHM K TeH30pYy sJAeKTpPoMarsuTHOro moiad F sBaserca temsop *F.

W3 ypasrennms Maxceemna @*F=4n*) maxoamm, aro 4nQ = 4n 5 )=

- 5 d*F= S *F. 7
¥ oy

3. Ewe pas npocmue gopmol

a. Qopma, nyanapHas K mpocToil ¢opme, cama ABASETCA HIPOCTOH.
6. «HopoGka nasa sauuy dopMmel *G mepmeHAEKYIAPHA «KOpoGKe M Amuy dop-
M6 =a AP A ... A M B cregyomem cMbCIE:

1) Bo3bMeM mpoM3BoIbHEI BekTop VY, IpHHaIe;Ka MMl epeceyeHn0 OBEPX-
nocreil O,

((a’ v)=<ﬁ9 V)= oo ={(M, V)=O),

2) Bo3nMeM mpousBoabHEE Bexkrtop W, IpPHHaJIe;KAMMAA mHepecedeHHO
moBepxHocTeil *0,

3) rorma V u W 3aBegomo mnepneHgukyiaapust japyr gpyry: V-W = 0.

IITpumep. B npocrpancree-Bpemenn ¢ ==3d¢ ects mpocras 1-popma.
a. *6= —3dz A\ dy A\ dz— opocras 3-dopma.

6. OGwmit BAN BeKTOpPa Ha MOBEPXHOCTAX O

V="V<e,+ Ve, +V"e,.

B. O0muAil BUN BeKTOpa Ha mepecedeHAN HOBEPXHOCTEH *o:

W= W‘et.

r. W.-v=0.
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§ 4.2. JJIEKTPOMATHUTHAA 2-OOPMA N CHJIA JIOPEHIIA

‘Tenaop saexrpomaraaTHoro moxsa F sBiasercd aHTUCHMMETPHIHHIM
TeH30pOM BTOporo paHra (T. e. 2-popmoii). BmecTo Toro utoOu pasia-
raTh ero oo TeH30PHHIM HpoH3BeleHHAM Ga3HcHEX 1-Popm

BO BHeMAEM HCYMCICHAHR NPEJNOIATAIOT Pa3jokeHHe IO aHTHCHMMET-
PU30BAHHKEIM TEH30PHHEIM HPOA3BEeNAECHAAM («BHEHMIHUM IINOU3BEJeHM-
AM», yupaxHeHue 4.1):

F= 5 Fopz® \dzb, (4.1)
422 A\ d2f = dr@ d2f — drP @ dz=. (4.2)

IonoGuoe pasmosenne MoKHO HamueaTh AJAA JN0GoH 2-gopMH (aHTH-
CHMMeTPHYHOTO TeH30pa BToporo paHra). CuMBod «/\» HasmBaerca
«3HaKoM BHemHero opousseferusny; dz* \dzf — «GasmcHue 2-Gopmbn
IJanHoit JopeHueBoil cucreMul (cM. § 3.5, ynpakHeurme 3.12 m momour-
Heame 4.1).

CaMmuii mpocTOil COCOG NPOAIIIOCTPEPOBATH TAKOE IPEACTABICHHE
3JIeKTPOMATHATHOTO IIOJA B BHIe 2-PopMH — PACCMOTPETh MaTrHHTHOE
moJie B HANPABJIEHUH I:

iFuz—_" —Fzy=Bx’
F = B.dy A\ dz.

1-popma dy = grad y npexncraBaser co6oit COBOKYDHOCTh IOBepXHO-
creit (TouHee rumepmoBepxHocTeit) y = 18 (Bce ¢, z, z), y = 19 (Bce
t, z,2),y = 20 (Bce ¢, z, 2) H T.0., a TaK:Ke IOBEPXHOCTEH, KOTOPHE
MO;KHO IIDOBECTH ME€KIY HAMH C IOMOOIBI0O JHHEHHON HHTEPHOJAIAM.
AnaornuHsIM 06pa3oM MoKHO mpeacTaBHThL U 1-popmy dz. Ilepeceue-
HHe [I0BePXHOCTeHl 3THX IBYX ceMeilcTB 06pa3yeT coTonogo6HYI0 CTPYK-
TYypy. 9Ta CTPpYKTypa CTaHOBHTCH «2-Qopmoil», ecad ee CHaGmHETH
yKasaHHAMA (cM. cTpeakd Ha ¢uar. 4.1), nosBoaAlmuMu HallThH «Ha-
mpaBJieHHe 06X0Ma» B KaKmoit TpyOKe TaKHX COT (IOPALOK COMHOKATE-
Jelt B «KOCOM mpoM3BefeHuw» B ypaBHenun (4.2); dy A dz = —dz A
A\ dy). 2-dopma F B paccMaTpuBaemoM mpuMepe OTIHYAETCH OT
«6asucHoii 2-popmer» dy A dz amme B TOM OTHOmEHMM, 9YTO TaM, IAe
dy A dz umeer onny Tpy6ky, 2-fopma mosns mmeer B TpyGok.
Korga Mu paccmMaTpuBaeM Tpy6uaTyio CTpYKTypYy, KOTopas 3aKpy-
YuBaeTCA H A3rubaeTcA B NPOCTPUAHCTBE-BPeMeHH, [JIf €e OmMCAHHA
Heo6XognmMo Gospme 9mMcio KoMmoHenT. B o6mem ciaywae 2-gopmy
3JeKTPOMArHATHOrO HOJS MO;KHO 3amHCaTh B BHAE

F=E dz\dt +E,dy/\dt+ E, dz \dt +
+B.dy\dz + B, dz \d -+ B, dz \ dy (4.4)

(6 koMmonenT, 6 GasmcHmX 2-Popm).

(4.3)

Buipakenne

A
JICKTPOMArHHTHOR
2-gopmm  uepes
BHEITHAC
npou3BeeHAA

2-popMa KaK COTHI,
HA TpYGKaAx
KOTODLIX 3AXAHO
HanpaBieHne
ofxona
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2-gpopua

KaK MamuHA,
[POH3BOAAINARA
quca0 B3
OPHEHTHPOBANHON
DOBEPXHOCTH

Cuna Jlopexua
KAK CBEPTKA
SIEKTPOMArHHTHOMR
2-gpopun ©
4-CKOPOOTBIO
YACTHILI

140 4. Jaexmpomaenemusm u Jdugppepenyuaavnne Gopmun

1-opmMa — MampHa, NpPUBBOAAIMAA 4YHACIO H3 BeKTropa (ymaphr
KOJIOKOJIa IPH NMOCJIe0BATEAHHOM NPOKAJHBAEAN BEKTOPOM IOBEPX-
HoOCcTel). 2-PopMa — MammHA, NPOM3BOAAMAA YACAO H3 OPHEHTHPO-
BaHHOH NOBepXHOCTH (HOBEPXHOCTH C YKa3aHHWM HaUpaBJieHHeM
o6xona: ¢ur. 4.1, copasa pHE3Y). CMHCH 3TOTO UACHA TaK e OPOCT,
Kak B npocTeilirell TeOpUA MarHeTASMA,— YACI0 dapafeeBHX TPpYGOK,
OepeceKaeMHX IOBePXHOCTHI0. JiaeKkTpomarEmTHas 2-dpopma F, onm-
CEHBaeMasg TakKoil «TpyGuaTtoil CTPpYKTYpoil» (B CooTBeTCTBYIOmEM alCT-
paKTHOM HOHEMAaHMH; JONOJHeHHE 4.2), peaibHO CYMECTBYeT B pac-
moJIo}KeHa B HNPOCTPAHCTBEe He3aBBCHMO HHA OT KaKHX KOODAXHATHHIX
CHCTEM H HH 0T KaKOr'0 HCKYCCTBEEHOI0 pad0ueHns Ha «3JeKTPHAYeCKOe)
A «MaTHHATHOe» IoafA. DBojee Toro, TakHe TPpYOKH HO3BOJANT HaTh
HaEGoJee HemoCPeACTBeHBYIO (M3 BCeX OpeAIo)eHHHX paHee) Teo-
METPHYECKYI0 HHTEPNpPETAnui0 TOMY, KaK 9JICKTPOMarHUTHOE HoJe
HeACTByeT Ha SapsAKeHHYI0 9acTHNy. PacCcMOTpEM uyacTHOy C 3apA-
oM e, 06NaaIoMyI0 4-CKOPOCTHIO

dz!l
dt

u= 8c. (4.5)

Ilycrs aTa wacTHIa mpoJertaeT 4epe3 06JaacTh, Ifie 3JIEKTPOMAaTHATHOE
nojie opmucHBaercH 2-dopmoit

F =B, dy\dz, (4.6)

opeRcTaBlenHoi Ha ¢mr. 4.1. Torga cmiua, meficTBylomas Ha 9acTANY
(rpakryemas kax 1-Popma), paBHa cBepTke aT0i#t 2-POopMH € 4-CKOpoO-
cTBIO (M 3apAROM):

p=dp/dv = ¢F (u) =e¢ (F, u). (4.7)

HemocpencTBeHRENM BHYMCIeHHEEM, NeHCTBYA DO OYepeAM KakIKM H3
ABYX cOMHOkETelnell 2-GopMH Ha KacaTelNEBHHE BEKTOP U, MojydaeM

P = B (dy \ dz, u)=eB, {dy (dz, u)— dz (dy, w)}=
= eBx {dy (dZ, uzez) - dZ (dyg u”oy)},
HIA
Po 4% = eBu* dy — eBuV dz. (4.8)

CpaBEMBas KoadduuueHTH npH pasanuEnx G6asuceEmnx 1-dopmax
B OPaBoil X JeBOH YaCTAX 3TOT0 ypaBHEHHS, MH NOJyd9aeM B moHApoG-
HoM BHje cuay Jlopesna, oGycnonnermym MarHATHHM HoxeMm B,:

. dp
py= a" Bs g (4.9)
pz dp eB,, .

ITH pacCyK[leHHA JIerKO PacHPOCTPaHUTh Ha o6mni’1 caydait 3JeKTpo-
MarHETHOTO HOJIA, OTKYJAa CJHERYeT BRIBOA: CKOPOCMb U3MEHEHUR UM-
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dy dz
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OUr. 4.1.

TocTpoerue 2-popmsl anexTpoMargardoro moas F = B,1y A dz us 1-popm
dy # dz ¢ HOMOHIBIO- ¢<KOCOTO YMHOMEHAA» (MOCTPOSHMAe COTOHOZ00HOR CTPYKTYPHI,
HampasjieHne o0xoma KOTOpo# YyKasaHo crpeaxama). 2-popmMa mpepcTasiasgeT
coboif «MamaAy IaA 0o0pa3oBaHUA 9uCJHA N3 OPUCHTUPOBAHHON ITOBOPXHOCTH»
(manocTpanmei cayKUT BRIGPAaHAAA B KayecTse 06pa3ua MoBepXHOCTh, OKAUMIeH-
HafA CTPedKAaMH, B OPaBoM HIDKHEM YINy; 9HCIO TPYyOOK, IepeceKaeMhuX 3Toif
NOBePXHOCTLIO, PABHO

F=18;
no 3Toit NOREPXHOCTH

HAIALOO CBA3b ¢ (papameeBCKOil KORMOHNNAEH «<MATEUTHOrO MOTOKA»). Taky Tpak-
TOBKY 2-HOPMH MOKHO CBA3AaThb C TPAKTOBKO TCH30pa Kak MAamUHH, ©ji. 3, cle-
nyomaM obpasom. ®opMa OpUEHTHPOBAHHOR WOBEPXHOCTHA, M0 KoTopoil Gepercs
uHTerpajg or F, He urpaer poam, eciii 3Ta MOBePXHOCTL MaJja. Warerpanx ot F
3aBHCHT TOJBKO OT MJIOMAAY IOBEPXHOCTH II ¢¢ opueHTAIlH. Bo3nrMeM gBa BeK-
Topa U H V, DpHUHAgAe;Kamue moBepxHocTd. OHA ABAANTCA peGpaMd mapan-
JieJIorpaMMa, OpUeHTannA (3a U cjaegyeT V) M IJIOMAAb KOTOPOrO BHIPAKAIOTCH
BHemHWM npousseneHnem U A\ v. IlogGepeM mawHH u n Vv Tak, 9ToGH omupaio-
mEiCsA Ha HAX IapajieJorpaMM U /\ V BMeJ Ty jKe mJIOmaab, 4T0 M MOBEPX-
HOCTh MHTEerpHpoBanna. Toraa

Y F=5F=F(u,v).
no nonlepxnoc-m uAv St
~  TPaKTOBKa
TPaKTOBKa JaHHOX IaBhl . 3

Ynpaxcrenue. Ionyaure 3ToT pesyabTaT gua GeCKOHEYHO Majioil MOBePXHOCTH
uAvuF B oGmem Buie, mcmoasaya QopmannsM nomoxHesms 4.1.
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p+12

OUr. 4.2.
2-popma smexrpomaremtHOro moaa F mpeacraBaser coGoit MammBYy, HpOU3BOMA-
myo 1-popMy (CKOPOCTH HBMEHCHHA BO BPEMEHH MMIYJALCA 3apPAKEHHOH TACTHIN

p) H3 KacaTeJIbHOIO BEKTOPA (Ipon3Be/ieHAe 3apAAA JACTHIH ¢ Ha ee 4-CKOPOCTD U).
B npocTpaHcTBe-BpeMeHHm 2-Gopma o6mero BHAA ABJIAETCHA «CyNePHO3MIHEEi»
(cM. pomonHeHMe 4.2) ABYX CTPYKTYp, HOROGHHX Toif, KoTopasg HMaobparkeHa
B BepXHeil JacTu (Urypsl, mpudeM HAKJIOH H 6yna1<omca Tpy6oK mepBoil m3 HEX
COBHARAIT ¢ yKa3aHHHMH Ha QHErype, a TpyOKH BTOpPOli HAKIOEEHH B XPYToM
HaOpaBJIeHHY ¥ WMEIOT APYTy0 IJIOTHOCTh YHAKOBKH.
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nyavca (I-ghopmul) co epemenem pasna 3apady, YMHONCEHHOMY HA C6ePM-
xy F ¢ 4-ckopocmvio. Ha ¢ur. 4.2 mamocrpupyercs, kak 2-Popma F

.
BHCTyHaeT B PoJid MaIlMHH, mpomsBoiAmeir 1-gopmy p M3 KacaTenn-
HOTO BeKTOpa el

Nonomaenne 4.2. KAK ABCTPATHPYACH OT IIOHATHUSA «COTONONOBHON CTPYKTYPBI»
OPAATH K MOHATHIO 2-®OPMBI; CIYYAH 3-TIFOCTPAHCTBA
1 NMPOCTPAHCTBA-BPEMEHH

OTKpoiiTe KapTOHHYI0O KopoOKy, cofepamyio MIOKMHY OYyTHUIOK, H DOCMOTpHTE
Ha COTOHONOOHYIO CTPYKTYPY, KOTOPYI0 06pasyloT KapTOHHHE CTEHKU MEKAY OYyTHUI-
KaMH, pasfelsfiolide AMAK B HaOpaBJeHMM C ceBepa Ha IOT M C BOCTOKa Ha samaf.
Taxas coTomogo6Basa CTPYKTypa M3 «TpyGOK» («oTAelieHHM# nusA OYTHIIOK») ABAAETCA
AOBOABHO Xopomeil wmimocTpanueil 2-gopMe B ciaydae OOHYHOTO 3-mpOCTPaHCTBA.
KakmoMy TiafikoMy 9JIeMEHTY 2-HOBEPXHOCTH, IEPeCeKalIeMy 3Ty TpPeXMepHYIo
CTPYKTYPY, CTABHTCA B COOTBETCTBHe YMCIO (IHUCIO HmepeceKaeMHX Tpy6ok). Onnako
nepeceKalomuecs KapTOHHHE CTEHKH — 3TO yKe M3JIHIIHAA KOHKpermsauusa. Bce, urto
MO3KeT JaTh HacTofAmas 2-dopMa,— 5To JMIIb YHUCJIO mepeceKaeMEX TPYGOK, HO He MX
«popmy». IloBepunTe Kopobky Ha moay Ha 45°. Temeph pasfenuTenbHHE CTCHKE HAYT
C ceBepo-3amafla Ha IOr0-BOCTOK M C CEBEpO-BOCTOKA Ha 10T0-3amajl, HO 9HCJIO TPYOOK,
IPOXOJAMMUX depes3 JaHHHM y9acTOK 2-noBEpXHOCTH, PHKCHPOBaHHOM B 3-mpocTpaHCT-
Be, mpu oToM He MeHsAercs. IloaTomy, moap3ysack momaTHeM TpyOoK, ciaemyer GhiTh
BHHMaTeJbHHM N NIPeJCTaBJIATH ceGe aTH TPYOKH B NOGCTaTO9HO abCTpaKTHOM BHIE,
T. e. ¥Mesl B BHJYy HX HampaBieHde (B JaHHOM mp¥Mepe BEPTHKAJBHOE) M MIOTHOCTh,
HO OTHIOAb He KOHKPETHOE PacHoJIoKeHHe W opueHTauuio mx cTeHokK. Hampumep, Bce
npuBeAieHHHE HWKe NpeACTaBIEeHHA ONHCHBAIOT OJHY M Ty e 2-dopMy o

o6=RBdz A dy;
o=B(242) \ (5 99)

(Kap’ronnme CTEHKH, HanpaBJieHHbIe C CeBeépa Ha IoT, pacooJioxNsensl B IBa pa3a vamie,
YCM B mpellnaymeM cilyvae, a HalpaBJeHHBe ¢ BOCTOKA Ha 3alajl — B JIBa pasa p(’ﬂ(@);

o=Bd (1) /\d("l;féf')

(cTeHKE moBepHYTH Ha 45°);

— podz+Bfdy ydz48dy
9= co—pp7s "\ (av—pye

(opmenTanms M pacmoJioykeHMe KaPTOHHHIX CTEHOK MeHAIOTCA OT TOUKM K TOUKe, TaK
KaK Bce YeThipe ¢pyHknuma a, f, y m & saBucaT or Towkm).

Qusnueckoit pealbHOCTHIO 06llaflaeT He KakJas U3 1-dopm, B3ATAA B OTHENBHOCTH,
a Iump cama 2-opMa O, KoTopasa M 06pasyeT peasbHEI reoMeTpHUeCKHii 06BeKT. ITO
06cTOATEeNLCTBO NMOMOTaeT 0OBACHATE, OYEMY B JHTepaType Mo (MBAKe WHOrAA COBO-
PAT 0 «CHIOBHX TpyOKax», a MHOT[a O «CHJOBHX JHHASAX». ¥ 3THX JBYX TEPMHHOB,
00603HavalOMUX ONHY H Ty Ke CTPYKTYDY, oOmuM ABAfeTcH TO, 9T0 06a OHH CTABAT
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B COOTBETCTBHE YYaCTKY II0OBePXHOCTH, HepeceKalonieMy 3Ty CTPYKTYpY, 4ucao. Hapra-
Ha CHJIOBHIX JHHEH HMeeT TO LPeUMYI[eCTBO, 9TO He 3aCTABIsAET AYyMaTh O KaKOH-TO
KOHKPETHOH CTPYKTYpe «IHCTOB KAPTOHa», T. 8. 0 KAKOM-TO KOHKDETHOM Pa3loKeHHA
2-popmut Ha mpousBenerde 1-popm. OxHaKO AMEHHO 3Ta 0COGEHHOCTH ABIACTCA W HEJO-
CTaTKOM TaKo# KapTHHH, TaK KaK OPH BHYIACIGHAAX 7acTo GHIBAeT MOJIE3HO MMeTh
X0poImo ompefielleHHOe mpeAcTaBaeHHe 2-PopMH B BANE Kocoro mpomaseReHasa 1-gopm.
Boxee Toro, KapTuHa Tpy6oK fa)ke B Tod abGcTpaKTHoit fopMe, KOTOpPOi OHa TOJIKHA
o61anaTh, 9T00H GHTH BepHOH, HMeeT TAKKe TO NPEEMYMeCTBO, 9TO IO3BOJAET JIErKO
VKasaThb OpHeHTanmi0 TpyGok (HampaBiemme o0XofZa, yKasamHOe, HAIpHEMEp, CTpeI-
rama Ha ¢mr. 4.1 m 4.5). [loaToMy Ha Bcex PECYHKaX aToil KHHrE MH GyxeM H306pa-
sKaTh TPYOKH CO «CTeHKaMM», KOTOpHe OYAYT HaOMAHATH HAM O TOM, 9T0 2-popMul
MOryT OHTBH mocTpoedH 3 1-PopM; HO 3Xech H HAMKe BCETAA CJIOAYeT HOMHHTHL, KaKAM
MHOKE@CTBOM CI0COGOB MOKHO BHGpaTh OoTXenNbHHE 1-PopMur.

IlepeiineM Temepb OT Tpex H3MEPeHAH K 9OTHIPEM M HOKa)KeM, YTO B 3TOM cjydae
NOHATHE (COTOMOXOOHOH CTPYKTYPH JOJKHO CTATh eme Gojee aGcTpakTHRM. B Tpex-
MepHOM IPOCTPAHCTBE IPOM3BOJIBLHOCTH pasino:keHaa 2-gopMu Ha 1-Popmsl mposaBas-
Jach B HAKJIOHEe M YIAaKOBKe «KAPTOHHHX CTeHOK®», HO HEKAK He CKa3hlBalach Ha Bep-
THKAJBHOCTA «OTHEJNeHAN A GYyTHIIOKY (HanpaBiaeHES dapajleeBCKAX CHIAOBHX JIHHAH
HJIA CAJOBHX TPYOOK); HHadYe OGCTOUT JeJ0 B CAydae YeTHpeX A3MEpeHNid, HAR OO0 Kpaii-
Heil Mepe, B ofieM ciydae YeTHIpeXMepHOro MPOCTPaHCTBA.

B wacTHHX clIyIagX B YeTHIpeXMePHOM NpPOCTPAHCTBE BCe OGCTOHMT IOYTH TaK Ke
HPOCTO, KAK M B TPEXMEPHOM IIPOCTPAHCTBe. B3AB ONATH B Ka1eCTBe IPHEMEpPa IaCTHHII
cayyqait 2-popme 6 = Bdzx A dy, MB HMeeM Te ke BOBMO)KHOCTH pa3ixoxkeHns Ha 1-¢op-
MHI, KOTOPHIe y)Ke YOOMUHANHCH BRI, IpHYeM KaK[AHi BHOOD TOTO MJIM HHOTO pas-
JIoyKeNns ODABONET K OXHOMY M TOMY e «HampaBaeHmO» TpyOox. 1 ecam Temepn
CJI0BO «HAIpPaBJISHWE» BMECTO CMHIC/A «IBM)KEHHe B HaNpaBICHAM YBeJAIEHAA 2z He
COIPOBOKAAETCA HepecedeHHeM CTEHOK TpyOKm» mpmoGperaeT CMHICH «ABHKEHHE
B HaIlpaBJIeHAA yBeIUd9eHNA Z, MJIM B HAIPABJIEHAA yBeJHIeHHAA {, MW B HAPAaBJICHHUN,
npefcTaBIAOMeM JUHC{inyi0o KOMOMHAI(HIO 3THX JABYX HAOpaBieHA, He CONPOBOK-
JaeTcsa IepecevucHHEeM CTeHOK TPYOGKM», TO 3TO BIOJHE eCTECTBEHHOE CJeNCTBHE IOsB-
JeAMA ammiero usMepenus. Bodee Toro, Ta jKe mpocToTa CymeCTBYeT W B Cilydac
IVIOCKOIT 3JIeKTPOMATHMTHON BoMHE. IlycTh, HampuMmep, BOJHA pPACHPOCTPAHAETCS
B HANABJEHUA Z, M OYCTh OHA IOJAPH30BaHA TAK, 4TO JIEKTPHUECKOE LIOJE HMeeT
COCTABJAKMYIO JAML BROJb OCU Z; TOTAA IS MOHOXPOMATHYOCKOW BOJHH HMeEM

E, =B, =FE;cos0(z —t) = —Fy = Fy,

a BCe OCTAaJbHALIC KOMUOHEHTH paBHH HYyJI0. TeH30p aaexTpomaramtnoro mona F
AMeCT BUI

F=Fyudt \ dz 4 Fy dz A dz=Eycoso(z—t)d(z—1) A dz,

7. . 70 TAKIKE MOJKHO IPeACTaBATH B BHEIE OXHOTO KOCOTo mpoH3BefeHns AByx 1-popu.
Ho B o6iem caydae sto He mMeer Mecta. 2-fopMma obmiero BHRA B Ciydae deTHpex
B3MePeHHH COCTOHT M3 IMeCTH Pa3IMIHBIX KOCHX IPOH3BeleHH

F=Foudt ANdz+Foodt Ady+ ...+ Fpsdy A dz.

BE10 GH CAMNIKOM OOTHMACTAYHHM HaResATHCHA, YTO 9TO BHIpA)KEHAEC BeHOTCHA B o6meM
caydae K OHOMY KocoMy mpomssefexmio AByx 1-dopm («upoctoit» 2-dopme). U 310
nedicTBATEAbHO He TaK. Ho 3aMedyaTeJdBHO yike TO, YTO 5TH IeCTh BHEIMHAX IpPOH3Befe-
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Huil cBogaTca K ABym (moapoGHOCTH cM. B ynpascHenwda 4.1), T. e.
F=al \ B 422 A\ B2

Kaxmoe otneabsoe mpoussencmue x° A &' MoskHO paccMaTpuBaTH Kak coTomoOR0GHYIO
CTPYKTYpY, Hofo0HYI0 MoKa3aHHWM Ha ¢ur. 4.1, 4.2, 4.4 u 4.5. Hamayw Tarywo
CTPYRTYPY B OTACABHOCTH MOSKHO H300parkaTh COCTOSIIEH N3 IepeceKaoinaXcsl HoBep X-
Hocteit (1-dopM), aGeTparnpysach mpm 2TOM OT TAKHX JleTajleil, KaK HAKJIOH U YIaKOBKa
arax 1-dopM. Tlpm mepecedcHEd ¢ DIEMCIITOM IOBEPXHOCTA KajKIasA TAKast CTPYKTYpa
naer ancno. Ho masa 2-gopmu F mmcer 3nadenme ne umcio tpyGor st A &l, orcekae-
MBEIX IOBEPXHOCTBIO, H He uuciao TpyGox w2 A &2, oTceKaeMHX TOil e HOBEPXHOCTHIO,
a JUMb CyMMa 3TAX [BYX YMCCN. JTa CYMMA ® Ha3bIBaeTCA B TEKCTE «YHCIOM TPY-
ook F », orcexaeMrx moBepxHoCThIO. Braam Kaxmoro Kocoro mpomsBefenas B OTHeNb-
HOCTHA He sIB.I9eTCs1 CTPOTO ONpPefeJCHHHM II0 NPOCTOH HpUIUHE: mpeAcTaBienne 06 beK-
Ta M3 MeCTH KOCLIX Mpou3BefdeHuil B BA/e ABYX KOCHIX mpoussedendit (kaxam G uymec-
HEIM OHO HE Ka3aJoCh) Ha CaMOM JCJIC He CHAICTBEHHO (NOAPOGHOCTH CM. B yIpask-
Aendd 4.2).

Nves B BEAY HeoOXOMUMOCTH MHCHOJMb30BAHHA HpeNCTaBiIeH:Esi obmpeil 2-gopMel
B BHAe ABYX mpouspencHuit 1-gopm, orMeruM, uro paBeHcTBo Hyio OF («mer mMarmmr-
HEIX 3apAROBY) OTHIOAh He BJeJeT aBroMaTHdeckn paBeHcTBo Hymo d(x! A §') mam
d (x% A &%) mo otneanuocTu. OTMETEM TakiKe, 4TO JI060e HPOCTPaHCTBCHAONONOGHOC
ceueHne (mepexoj OT 4CTHpeXx umaMepcenuit K Tpem) 2-popmur F olmero Bmaa Bcernma
MOKHO ULpPEACTAaBATh B BHUAe COTOmOMOGHOH CTPYKTYpH («mpocras» 2-opMa B Tpex
uaMepeHaax; dapalecBCKad KapTAHa MATHHTHHIX CHJIOBHX TPYGOK).

HecMoTpsa Ha aGerparmpoBanme, K KOTOPOMY HPHINIOCH MpHOErHYTh, paccMaTpH-
Bas 2-popMH B caMoM ofiIeM BHIE, HET HAKAKUX OPAYAH, HPCIATCTBYOMEUX Aalibieii-
meMy MCHOJB30BAHUIO TCPMHEHA (COTOMOROGIAsT CTPYKTYpa» B IIEPOKOM CMEICIE A
ONHCARAA ATAX OGBCKTOB, UTO M NPAKTHKYCTCA 3/eCh M IIPA KaJbHeHMIeM H3JI0;KeNnH.

§ 4.3. ®OPMBI ITO3BOJAIOT JTYYIIE IIOHATH
SJIEKTPOMATHETH3M, A 3JJEKTPOMATHETHU3M IIO3BOJIAET
JYYME HNOHATb P®OPMbI

Bcio Teopmio 3jeKTpoMarHeTHaMa MoOiHO CPopMyJaApOBATH Ha A3LIKE
2-dopM — coTomomoGHEIX «CTPYKTYpP» (B aGCTPAaKTHOM CMBICIE (CTPYK-
Typ» HRomoxHeHHus 4.2) W3 TPYGOK, 3aMONHAOMEX BCE NPOCTPAHCTBO-
BpeMfA,— Kak B ciydae IIOCKOTO, TaK M B Clydae HCKPHBIECHHOTO
npocTpaHCTBa-BpeMeni. HpaTko MOMHO CKasaTh, YTO HMEIOTCH HRBe
tTakne cTpykrypu: F u M=*F, nyannusie apyr gpyry («nepueHmAKY-
JADHEE» NpPYr OPYry — eOWHCTBEHHOE MeCTO, Iie B paccMoTpernue
spopATCcsH MeTpuka). Haykgas m3 nux ynoBieTBopsieT mpPoCToOMY ypaB-
HeHAI0

dF =0 (4.10)

(«Tpy6xm F HArge He OKAHYMBAIOTCAY) M

d°F = 4n*) (4.11)
1001457
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(«amcmo TpyGok M, oKaHIABAOMUXCA B dJIeMenTapHOM o6beMe, PaBHO
JIeKTpHUYECKQMY 3apAny sToro o6beMa»). Utobn moapobHee o3HaKo-
MHTBCA ¢ OPEMeHeHHEM 5TOro ammapaTa HA OPaKTHKe, PacCMOTPHM
nocnefopatenbro: 1) onpenenenne 2-gopmer; 2) Kak nanHOe AEKTPO-
MaTHATHOE IIoOJie HaXORMT cBoe BEIpasyiende B Bupe F m M; 3) cTpyxk-
Typy M 1y DoKosimerocs TouegHOro 3apAfa; 4) To ke A ABHMKYIIe-
rocs TOYEYHOro 3apAna; D) XapaKTep NOJA 3apALa, ABMKYMIErocs
paBHOMEpDHO, 3a HCKJIIOYCHHEM KOPOTKOTO IIPOMEXYTKa BpeMeHH,
B TedeHHE KOTOpPOTo OH yCKopsercd; 6) crpyrrypy F nas mona ocnmi-
JApYIOMEro MHIONA; 7) DOHATHe BHENMHEe# mpPoHM3BORHONA; 8) ypaBHe-
naa MaxcBenna Ba aswke dopM; 9) pemenme ypasmenmit Makcsenaa
B IJIOCKOM NPOCTPaHCTBe-BpEMeHH C HMcmoin3oBanmeM 1-gopmm A,
oo KoTopoil Mo:cHO BHUMCIAHTL 2-gopmy F JImemapa — Bmxepra ns
coorHomerEmss F = dA.

HKak moxasano ma ¢ur. 4.1, 2-dopma ABAAerca mammHoit, npomns-
BORAMe# 9dCH0 («IHCIO IepeceKaeMBX TPyOokr) m3 M060# «opHeHTH-
poBaHHOH 2-moBepxHOCTH» (2-MOBEPXHOCTH, Ha KOTOPOM VKas3aHO
«HampaBJieHAe 00 XoMa»)

('mc.no nepece- )= " F. (4.12)
KaeMBIX Tpy6ox J
TOBEPXHOCTD
Paccmotpam B KauectBe npumepa 2-PopMy, M306paykeHHY Ha
¢ur. 4.1,
F=B,dyAdz,

¥ BO3hLMeM B KadeCTBe 10BePXHOCTH MHTETPAPOBAaHAA YYaCTOK NOBEpPX-
HoctH 2-chepu 72 4 y? 4 22 = a?, ¢ = const, 3aKJIOUEHHHI MEKIY
0=70°n 0 =110° m mesxay ¢ = 0° u ¢ = 90° («aTnaHTHHECKMIX
paiion TPOHHKOBY). 3ammuicm

y=asin0sin g,

=acos0,
dy = a (cos 6 sin @ d6 - sin O cos ¢ do),
dz = —asin 0d6,
dy A\ dz = a?sin®cos ¢ d0 A\ do. (4.13)

Crpykrypa 46 A dO BRIraAmuT Kak «CHAOMCHHAA KOpoGKa NiA AMIN
(dur. 1.4, copaBa BBepXy) U MMeeT HYJEBYIO BMeCTIMOCTh — dakr,
KoTopoi#t (gopManpHo odeBHfeH m3 Toro, uro aAf = — pAe =0,
ecim a==P. [Ipm mocroaHHOM B, pe3yJnLTaT MHTErPHPOBAHMA AMeEET
BHJ
110° 90°
F=a2B, j sin0 do S cos ¢ dep. (4.14)

NOBEPXHOCTH 70° 0°

Yucto aneKTpAYECKOe IIoJie Topasfio TpyAHee HATJIANAO BPEACTaBHTH
mo cooTsercTBylomeit emy 2-gopme F (fur. 4.4, cnema), uem 9mCTO
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OUP. 4.3.

IIpocTpaBCTBeHHONOAOOHKE CEYCHHA dNEKTPOMATHATHOH 2-PopMu F — reo-
MeTpHYecKoro o0beKTa, mpeicTaBAAmEero cofoii COTOBYH KOHPHrypamuio Tpy-
6GOK, 3aIONIEAIOIIEX BCe MPOCTPAHCTBO-BPEMA («COTOBYIO» B aGCTPAKTHOM CMHCIeE,
cpopuysmposansoM Goxee TouHo B momonHeHEH 4.2). IloBepxHocTH Ha Qurype
He HOX0kH Ba 2-fopMy (COTH), TAK K&K BTOPOe CeMeiiCTBO MOoBepXHOCTeH, obpa-
3yIOIUX COTH, MPOCTHEPAGTCA B TOM NPOCTPAHCTBEHHOM HaIpaBjeHHH, KOTOPO®
HEBOSMO}KHO HM300pasuTh Ha (Erype. a — mpocTpaHCTBeHHOHmOmOOHO® CeveHHme
2-popMu (0Ch BpeMEHW HAUpPABJIGHA BBepX). 6 — mpoeKnuA 2-§opMH HA 3TY
IPOCTPABCTBEHRONOO0HYI0 IHMIEPHOBEPXHOCTH, KOTOpPAas B JAHHOW TPOXMOPHOM
TeOMETPHH OPeRCTaBJAeT MATHATHHE CHIOBHe TpyOkm dapages (ecad noGaBUTH
HeflocTatoliee N3MepeHre, T0 TPYOKA CTABYT AeACTBETEIbHO TPYOKaMu, a HO NOJO-
CKaMM ¢ JIMHHEAMH B K&9eCTBe IDaHHOH). 8 — APYroe MPoCTPaHCTBeHHOMORoGHOe
cedeHHe (TEIEOPHOBEPXHOCTL OHOBPEMEHHHKX COOHTRI ns HabmofaTens B Apyroi
JIOpEHIeBOH CHCTeMe). ¢ — KOHPETypan@a MArHATHHX TpyGOK B 3To#l CHCTeMe
0TCYeTA, CHABHO OTAMYAOmMaAAcA oT mpeawaymeil. [loTpeboBas, 9TOGH B KammoM
OpOCTPAaBCTBOHBONOA0OHOM cedenny F MaTHUTHHe culoBHe TPYOKH HUTAe He OKaH-
unBanuck (V-B = 0), MH noayvaem cooTHomenne dB/dt = —V X K, Koropoe
ROJI;KHO BHIONBATHECA Bclofy. Takmm o6pasoM (MarHHTOCTaTHKA) + (KOBapHaHT-
HOCTh) — (MarHETOAMHaMuKa). Ilono6HNM ke ofpasoM, cM. 1. 17 u 21, umeem:
(reomeTpocTaTHKa) -} (KOBAPHAHTHOCTH) — (reOMETPOAHAMAKA ).

10*
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OUT. 4.4.
Crpyxrypa F

|==-;- Fuyda® \ w=% Fordt A dx+i Fiodz A\ dt=E, dz A dt,

COOTBOTCTBYIOMAA BJIOKTPHIECKOMY IIONI0O B HaOpaBleHMA z, B AyajibBag («mep-
OeHAUKyJIApHaA») corononobHas 2-gopma M

* =%*F,w dz* £ do¥=*Fyqda? )\ dad=
— FOl g2 \ deS= Foda? \ ded=E dy \ ds.

MarHuTHOE MHoJie 10 cooTBercTByomeli emy 2-popme F (Pprr. 4.1—4.3).
He cymecTByeT 1 KaKo#-unGYAL METOX PAaCCMOTPEHHS, JPH KOTOPOM
atH noaAa Godee papHompasHH? [la, Takoit MeTod ecTh, m dToON
UM BOCHOJH30BATHCA, HYKHO mocTpouth 2-dopmy *F (dur. 4.4,
cnpaBa), Gyaavhyio («IepHEHNAKYIAPHYIOY; HomojHenHe 4.3; ympask-
nenme 3.14) F.

IlpencraBuM B reoMeTpHYecKoil opMe moJe ToI€THOro 3apAma e,
NOKOAMEroc¢d B Hauajlle KOOPRHHAT. B miaockoM mpocrpaHCTBe B cde-
pHYECKUX HOJHPHHX KOODAHHATAX HMeeM

dSz = —d1:2 = guvdxudva =
— _df & drt + r%d8* + 1® sin® BdgP. (4.15)

IMockoNpKy BJIEKTpHUECKOE moJe BAONEL pagmyca r pasHo E, = e/r?,
orciofia ciefyer Bhpasienne gas 2-¢opmbr F

F——Fuvdx"/\dx"— —E, dt\dr= — - dtAdr.  (4.16)

CornacHo ympaskHenmio 3.15, nmyanpuo#t F saBaserca 2-gopma M
M=*F=esin0d0Adoy, (4.17)

usofpakeHHasa Ha fur. 4.5.
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OUT. 4.5.

Tlone 2-popum M = *F = ¢ sin 6d0 /\ dp, ommcuBaomei 9IEKTPOMATEATHO®
TIOJI® 3APARA e, MOKOAMEToCA B Hadajge KoopAWHAT. MsobpaskeEHas KapTHHA
HA CAMOM fiejie ecTh mepecedeHne *F ¢ 3-moBepXBoCTHIO (MKCHPOBAHHOTO 3HA-
YeHHS BpeMeHHG KOOpAMEATH {, T. 6. BpeMeEEGe HapaBleHWe He NPeACTaB-
qeE0 Ha ¢Erype.

CoBepmaM 06xofi B 10JI0KATeLHOM HaOPABJICHAHE IO 3aMKBYTOMY
KOHTYpPY, OrpaHHYMBAIOMEMY HEKOTODHH YyJacTOK HOBEPXHOCTH Ha
cdepe, mokasamHo# Ha ¢ur. 4.5. Uncno Tpybox *F, oxsaTeIBaeMBIX
S9THM KOHTYpOM, B TOYHOCTH PaBHO

(‘mcno = ('re.necnuﬁ) .

Tpy6oK yrox
Ilonnoe wmemo Tpy6ox *F, mpommswBaomux BCio cPepy, paBHO 4e,
4YTO BIOJHE CorjacyeTcAd ¢ (hapafieeBoil KapTHHOH CHJIOBHX TPYyGok.

Kak ompemeants koBdmrypanuio TpyGoK, CBABAaHHYIO C 3apsiieH-
HO#l vacTHNe#, ABEKymei#icd ¢ HOCTOAHHOM cKopocThio? CHauaaa
BHpasEM *F B mpaAMoyronpHHX KOOpAMHATaX, ABHKYMEXCH BMECT®
¢ uacTANe# (KoOpAWHATH B 9Tol CHCTeMe OTCYETa, NBMIKYIIEHCH BMe-
CTe ¢ «paKeToi», IOMEYeHH 4epPToil; HCIOJIb3yeMble HHME KOO PAHHATH
6e3 uepTH oTHOCATCH K JaGopaTopsoit cmcteme). CooTBeTCTByNOmMME
3TANK MMEIOT BHJ

a) *F=esin8dd\dp= —e(dcosB) Adg;

| 6 P = ¢ g— —=M'
) e=arctg =, do=—rr—
B) cosﬁ——%, —d (cos8) = = + = (zdz+y dy +2 dz);
r r

r) o6reanHAs HAONCAHHOE, MOJYYaeM

dy \dz+ydz\dz+2zdz A\ dy) (4.18)

2

Hoae peEmymero-
O TOYEeUHOro
sapapa
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(3eKTpOMaTHATHOE HOJe TOYETHOTO 3apAfa B KeKapTOBOH CHCTeMe,
ABMKYmeicA BMecTe C HAM, cPepmieckH cHMMerpagHO). Temeps
BHOONHEM NpeoGpasoBaHAe K JaGopaTOpHHM KOOpIHHATAM:

mapaMeTp CKOPOCTH .,
ckopoctTh f=tha,
1 _ B _
Vip =cha, Viep =sha,
{ t=tcha—zsha,

a) zZ= —tsha+4zche,
y=¥ 2=z
6) r=[(zch @ —t sh a)2 4y + 23)"/%;
B) *F=(e/r’) [(xcha —tsha)dy A\ dz+ydz \ (ch & dz —sh & d¢) +

+ 2z (ch a dz —sh a dz) A dy]; (4.19)
r) CpaBHHBaA ¢ AyaJbHOH 2-Qopmoit B o6meM BHAe
*F=E.dyA\dz+ E, dz\dz+ E,dzA\dy+
+ B.dt Adz- B, dt Ady + B, dt A\ dz,
mo/y4aeM BHPA)KOHHAA AJA HCKOMEX OTAGAbHHX KOMIOHGHT MOJIA:
E.=(ejr’) (zcha—tsha), B.=0,
{ E,= (e/f‘*) ycha, By= — (_e/;‘") zshe, (4.20)
E,=(e/r’)zcha, B,=(e/r’)ysha.
Jlerko ybenuThCs, YTO BHAYEHHAA HHBAPHAHTOB
B*— I = - FupF®, (4.21)

E-B=- Fog*F® (4.22)

R)

B naGopaTopHo# cCHCTeMe B B CHACTeMe PaKeTH, KaK M TpeGoBaloCh,
copmafaor. OTMeTAM, 9TO caMa coTomomo0HasA cTpyKTypa Amddepen-
nuanbEOl PopMH IpHE mepexofie M3 CHCTeMH paKeTH B JaGopaTopHYIO
CHCTeMy Ho HM3MeHseTCA. MeHAeTCA JBMb MaTeMaTHIecKaa dopMyna,
KOTOopaf ee ONHCHIBaeT.

DIonoanenne 4.3. IYAJIBHOCTD 2-®OPM B NIPOCTPAHCTBE-BPEMEHH

Ecas mMeercsa 2-popma obmero BERa (Comepkamas IeCTh BHOMHHX, HJAE KOCHX,

npousBeReHMIT)
F=E,dz \Ndt+E,dy Ndt+ ...+ B,dz A\ dy,
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TO AyanbHag K Hell («mepmeHAMKYJIAPHaA») 2-gopMa 3ajaeTcA BHpaKeHHEM

*Fam —Bgdz \ dt— ...+ E,dz Ndz+ E, dz \ dy.

JAyaabHEEe KXOBOPOTHI

OrMeruM, 9TO ABYKpaTHOE HpUMeHEHMe [AYaJbHOCTH BOCCTAHABJIUBaeT NEPBOHAYAJb-
Hyl0 2-(hopMy ¢ oOpaTHHIM 3HAKOM:

#F=_—FE. dz \dt—...—B,dz \ dy= —F.

B aToM cMbicae cuMBoa * o0jafilaeT TeM ke CBOMCTBOM, YTO M MHUMAas eJUHHNA i: ** =
= ji = —1. [loaToMy Mo)kHO HamHcaThb

e**=cosa 4 *sina.

Ilpumenss aTy omepamuio x F, Mu B3 2-gopmu obmero Buga B mpocTeiimeM xpeacTaB-
JeHuM (cM. ympakuenue 4.1)

F=E.dz \ dt+4B.dy A\ dz

nonydaeM «AYaJdbHO IOBEPHYTOE IEKTPOMAarHATHOE IIOJE»
e*eF = (E cosa—B,sina)dz A\ dt + (B,cosa + E.sina)dy A dz.

Ec.iu HagaxbHOE IIOJE YROBJeTBopAeT ypaBHeHMAM MaKcBeiia B nycroTe, TO HM Y/OB-
nersopsAeT M Hosoe moje. CoOTBETCTBYIOIIUM BHIGOPOM «yria AyalbHOTO HOBOPOTA»
G MOKHO 3aHYJHTh OfIHO M3 JBYX KOCHX mpou3BefeHnmis B J06oil, 3apaHee BHGpaHHOH
TOYKe ITPOCTPAHCTBA-BPEMEHH, [OCHe 4ero BTopoe mpHobpeTaeT BHUJ

(B2+ E%)'2dy A dz.

§ 4.4. IOJIE M3JIYYEHHUA

Crpykrypa M (opencraBieHHass B BHEAe TpyOOK), COOTBeTCTBYIOI[ad
pPaBHOMODHO OBIKYIIeMYCA 3apAnLY, HMeeT ropasxo GoJnime saMeda-

TeJBHHX CBOMCTB, YoM MOKET IOKa3aTHCA C IEPBOro B3TJAAAa, Haske

eciid IpEHATHL BO BHAMaHHe JIOPEHLIEBO COKpameHHe TpyGok B Hampas-

JICHHHE [BH;KeHAs. [[BmxeHEe TPYGOK, PaCHOJ0KeBHHX KaK YrofaHo

JajieKko, HaXOXATCA B CTPOTOM COOTBETCTBHE C JBM:KEHHEM 3apsAnfa, Ha

KOTOPOM OHA OKAaHYMBAIOTCA, HECMOTDS HAa OTCYTCTBHe BPeMeHH, 3a

KoTopoe mHEpopManmmsA, «HCOYLeHHAA» 3apAAOM B NaHHHHA MOMEHT,

moryia G6H XOCTArHYTH B JaHHELH ke MOMEHT yaaJeHHoik Tpy6ka. Ciemo-

BaTelbHO, KOHPATYpanas yAaJeHHHX TPYOOK B JaHHHHA MOMEHT H0J-

Ha 00YCIOBIHMBATHCA COCTOSHEEM 3apfAfa B (olee paHHHE MOMEHT

€ro paBHOMEDHOTO JABH;KEHHS IO NPAMOJRHEHHOH TPaeKTOpEM. ITo
06CTOATENBCTBO HATHE He HMPOABAAETCA TaK I€TKO, KaK B H3MEHeHHH,

KOTOopoe HmpeTepHeBaeT HOJe B pesylbTaTe BHESAUHOTO (3a KOPOTKOe Kax yomopeuue
BpeMsi AT) mepexofa OT JBMKeHHA C OJHHM BHAUCHHEM HOCTOSHHOH g maayoamwo
CKOpPOCTA K NBHIKGHHIO C APYFHM B8HaueHHeM IOCTOAHHOH CKOPOCTH

(bmr. 4.6). Honpurypaumm Tpy6ok B 0GoHMX COCTOSHAAX HBHKOHHA
COOTBETCTBYIOT PaBHOMEpPHOMY [BH)KeHHIO: BHYTpU cpepH pamuyca r
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Mezanusn usayvenus. Ilpmmapnesxkamee J(x. TomcoHy o6bscHeHBe Toro, 4To
HAIPSKEHHOCTh B BJIEKTPOMATHHTHON BOJIHe IafaeT 06paTHO NPOHOPIEOHAJILHO
JAmMb NEePBOl CTOIEHW pAcCCTOSHMSA r ¥ YTO aMIUINTYAa BOJHH MeHAeTcA (IpPH
MAJINX CKOPOCTAX) Kak Sin 0 (MaKCHMyM B HIIOCKOCTH, IEPIeHAAKVAAPHOR NOHEK
ycxopeBus). CHavasa 8aps/ MBHTAJCA BJIGBO C IIOCTOAHHOH CKOpocThIo. CHNOBHE
JUHER BARNH OT HEr0 IPOAOJKAl0T ABHTATBCA TAK, KAK €CiAM OH IOCTOABHAA
CKOpPOCTh HOJJIeP;KHBANACH BCe BpeMA (KyJAOBOBCKOe IoZe TOYEUBOIro 3apsja,
ABEDKYIEToCs ¢ MaJoil cKopocThio). OfBaKo B6AMSNM moNe ABNACTCA YiKe mOJeM
TOYETHOTO 3apAfa, ABHKYMEroca ¢ IMOCTOAHHOH CKOPOCTBHIO BIpPaBo (HAIpPAKEeH-
HOCTb SABHCHT OT paccroamma Kak 1/r?). Mlepexon oT om0l KoEPErypanum moas
K APYTOH OCYINECTBIAGTCA B CJOe TOJIMMEHOH AT, HAXOAAMEMCA Ha PacCTOSAHEH r
OT TOYRH %cuopemm (ycunenme noas sa cuer «paKkTopa pactsaskenss» r sin 0AP/Ax,
CM. TeKCT).

onHa KoBQHrypaums, BHe ee — Apyras, ODpHYeM r PaBHO BpeMeHH
(¢«cM myTH, npolleHHOr0 CBETOM 832 9TO BPEMA»), HpPOMeEXIIeMYy C MO-
MeHTa YyckopeHmA. HeoGxopmmocTs CIIEBAHAA ABYX KOHQHrypaiimi
B NPOMEKYTOUHOM 30He TONMHHH Ar = AT npABOZHT K TOMY, 4YTO
mojie B Hedl HY}KHO YMHOIKHETH Ha «$aKTOD pacTAxeHHA», OPOOOPLHUO-
HaapHH# r. IMeHHO 9THM MHOKHATeNeM 00yCI0OBJIEeH TOT XOPOIIO U3Be-
cTHHI ¢aKT, 4TO moJIe UBNYYeHHs cnafaeT o6paTHO NPONOPUHOHATILHO
JWNb IepBOM CTeHneHm pacctoaHna (par. 4.6).
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Ecnm cocTosinme ABHKeHMA 3apAfa M3MEHAETCA HempepHBHHM
0o6pa3oM, CTPYKTypa 3JIeKTPOMAarEAMTHOrO HoJdA, OyAy4H oCHOBaHHOI}
Ha TeX ke HPOCTHX IPHHUHMOAX, KOTOpHe mLTocTpapyer ¢ur. 4.6,
IMeeT TeM He MeHee Gojee cioxmmii Bup. Ilpm atom 2-gopma F nin
IOJXA 3AeKTPHYIeCKOr0 RHIOJA BeJIMYHHH Dy, OCUMIIAPYIOMEro BBepX-
BHH3 DAaPaledbBO OCH Z, MMeeT BHJ

FeE,dz\dt+ ...+ BedyAdz ... =

= BeMeCTBOHHAA YACTh { pyetor-iot [2 cos O (—:,- —% ) dr A dt+

naer E,
+5in0(%—2—2) rdoAde+sin0( 52— 2 ) drArde]) . (4.23)
naeﬁe Jaer B,

HOyansnaa 2-Popma M=*F B aTOM cirygae mMeeT BHf

*F= —B,de\dt— ...+ EdyAdzt ... =

_ 2
= BEMECTBeHHAA 9acTh { pyetor-iot [ sin0 (_r:_m — -‘i— ) dtA\Arsin6d¢é +

naer B,
+200s6 (55— 13 ) 4O Arsin0dg +

naer E,
-|—sin9(-’%—i—(:—-‘%2—)rsin9d¢/\dr]}. (4.24)
naer Ey

§ 4.5. YPABHEHUA MAKCBE/LIA

2-gopma F B ofmeM ciydae 3aOHCHBAeTCA B BHAe CYNepHO3AIIA
KOCHIX IpPOM3BONECHHH C MHOXKHTeAeM 1/,:

F=— Fu dz \d2v, (4.25)

TAK KAK KaK[AHH 9IeH BCTPEYaeTCSA /MBAMKAL: OAMH pa3 B BHIe
Fyydz\dy u Bropoit pas B Bupe Fy.dyA\dz, mpnuem F .= —F,,
n dyAdz= —dz A\ dy.

Ecam B pesynnrate mmpdepennupoBaBmaA («BHYHCIEHHA TIpajil-
eHTa», omepaTop d) ckanapa moaywanace 1-dopma, To nuddepernmpo-
BaHHe (oMATH omepaTop @, Ho y:Ke M3BeCTHHIA MOJ| Ha3BaBUEM «BHEII-
Hee nuddepernmposanne», speneHHnM HapranoMm) 1-Popmur B ofmien
ciydae OpUBONHT K 2-Popme, muddepennmposanne 2-GopME mpABOAUT
K 3-dopme, nupdeperumpoanme 3-PopMu mpEBomET K 4-Popme —

Hloae
OCETHPYOULErC:
REnons



sacmaelk
aponsnoypeel
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dopMe HaWBHCIIEro paHra, KOTOpas MOKeT CymeECTBOBaTh B LIPOCT-
paHCTBe-BpeMenu. 3anameM f-fopmy B obmeM BHAe

o= -71!-¢G1¢z- . .Gj dz“‘/\ dza’/\ e A dzaf’ (4'26)

rae KospdEmmenTH ¢¢‘¢’_,_¢t, KAKX H KOCHe IpOHMSBefeHH], HepeJ

KOTODHMA OHH CTOAT, AHTACHAMMOTDHMYHH OO OTHONIGHHMIO K Iepe-
cTaHOBKe JIOOHX ABYyX HMHAEKCOB. Lorja BHemIHSA OpouapogHada @
paBHa

4 Pag, .

(0]
¢ fl 9270

2 daPoAdzMAdz®IN .. N2, (4.27)

Buivmcienme BHemHe# npomsBopHOoir F cormacmo aromy mpaBuiy
DOKa3kBaer, 4T0 0HA O0GpalaeTCs B HyJb He TOAHKO B 9aCTHOM Clydae
JEOONBHOTO OCOHIJAATOPA, HO M B Clyyae dJIeKTPOMArHHTHOIO DoJA
camoro ofmero BAfa. B KoopamHATaX, COOTBETCTBYKILWIMX JIOKAJBHO
Jlopeﬂuenoﬁ CHCTEMe OTCYeTa, UMeeM

dF=d(ExdzA\dt+ ... +BedyA\dz+...)=
("E"dt+"E" %y dy-{-aE"dz) A dz A dt+

+. .. (eme 5 Tarkux cxoﬁox 0o 4 wieHa B Kaxmoi)... . (4.28)

OtmetnM, yTo Takoil wieH, Kak Ay A dy A dz, TosknecTBeHHO paBeH
Hy10 (¢kopoGKa NIA AUL CIIIOMUBAETCA, €CAM HA Hee HACTYHHTH»).
CoGpaB He paBHHE HYJNI0 WICHH, NOJyYIaeM

(08x+@1+""= ) dz Ady Adz+
+(""=+"”" I
+(aB,,+aE,, aE,) de \dz \dz +
(L ) e\ (4.29)

Kampauit ulen B 3ToM BHpOKeHAH y:Ke 3HAaKOM HaM H3 ypPaBHEHHH
Maxcseana

divB=V:-B=0
a

ot E=V X E=—l§,

H Bce 9TH WIeHH paBHH HyJi0. TakaM oGpasoM, MH BHAHM, ITO BHOMI-
Has opouseopHas F o6pamaercs B HyJb:

dF =0. (4.30)
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Jlpyramu cropamu, «F sBaserca samkHyTo# 2-gopmoii», «rpy6rm F
HATN® He OKAHIABAIOTCSY.

Ilogo6HEe BRYNCIEHES NPHBOAAT K CAEAYIOMEMY pPe3yJibTaTy MIA
BHemHeH mpom3BojHOH HRyanbHO# 2-Popmur M:

d*F=d (—B,d:c/\dt— coet Exdypdzt...)=
= (gt +0 ) daAdyAde+

+(%=— "B=-|- ) dAdy NG+ ... =

=4n(pdzA\dyAdz—J dt AdyA\dz—
—JydtNdzAdz—J, dt \dz A\ dy) = 4=*);
d*F=4n"*).

B nycroM mpocTpaHCTBe 3Ta BHEIIHAA HPOH3BORHAA TAKKe paBHA
gynio; B Hem M Toxke ABiasercA 3aMKHyTod 2-Popmoii, m TpyOkm *F
nonobuo Tpy6ram F Hurge He oKaHIMBAIOTCA.

HNuage o6cTONT 610 B Toi 00xacTH, e eCTh 3apaAd. B Takoi ob6aa-
cta GepyT cBoe Hagaxo TpyOku M. IlaoTHOCTE OKOHYAHME ONMCHBaAGTCS
3-dopmoii *J, mpeacTaBagomeil €060l «COBOKYOHOCTh A9e6K KOPOG-
KM Al SIAN», BRITAHYTHX (B 9eTHPEXMEPHOM IPOCTPAHCTBE-BPEMOHH)
BJOJb MAPOBHX JHHAH,

HdBa ypaBuennsa

(4.31)

dF =0]

d*F = 4n*)

€24 TeOMeTPHIECKOM A3HKE O JHOCTHIO HepefiloT COfe KAHHe ypaBHe-
mait MawcBesa. [aa ommcanma ¢opm F u *F = M MoskHO BHIOH-
parh mi00He KOOpPAWHATH HJAA SASHK (CTPYKTYPH, MOZOGHEE coTaM
AIu «kopobke XA Anm»), BooOmle He HCHOJH3YIOMUA HHKAKAX KOOD-
AMHAT. 3aMedaTeabHO TO, YTO HH ONHO M3 YPABHCHHA He HYKHAeTCA
B NOHATAHE MeTpAKH. (1A BBefeHHSA MOHATAN POPMH H BHEIIHEH mpo-
HA3BORHOH METPHKA He Hy:KHA, KaK HEOAHOKpAaTHO mogdepKRmBax [ep-
Mad Be#inp — ofuH M3 CaMHX FOpAYMX CTOPOHHHKOB 3TOH mMAeH (cM.
rakke riI. 8 m 9). MeTpuxka mosBmiach TOJABKO B OJHOM MeCTe —
B NOHATAHN RYaJbHOCTH (¢HePONEHAMKYJIAPHOCTH»), KOTAA MH TIOPOILIK
ot F x pyansmomy oGberty *F,

§ 4.6. BHENITHAA ITPON3BOAHAA 1 3AMKHYTBIE ®OPMbI

ITousiTuA «cOTB» M «KOpOOKA ANA ANN» MOIIHM HATH HEKOTOPOE Npen-
CTaBIeHHE O Te0MeTPHH, CBABAHHOM ¢ anekTpopuaaMukoil, Teneps MH
OOTHITAeMCA H3JI0)KHTh 9TH HOHATEA (ojee T€TKO H HPOMILIIOCTPHPO-

2

Crpyxrypa F:
TPYORE BErge
He OKAHTHBAWTOR

Crpysrypa M:
IAOTHOOTH
pacnpeneieHns
oxonvaunft TpyGox
Raerca 3-gopmolt
sapapa-Toka

XyansHOOTh —
eJ(HHOTBCHHOS
MEOTO B TEOPHE
BNEXTPOMArHETHS
Ma, rae
noaBAgeTOR
MeTDEEA



OTamyne
SAMRHYTHIX 2-JopM
or 2-gopm
ofmero BHAA
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BaTh B FeOMETPUYECKUX TEPMHHAX HA HpHAMEpPE IeKTPOAHHAMUKHA, 4TO
nofpasymeBaeTca Hoj «BHemEEM AuddepenmupoBannem». O6xom Bo-
kpyr rpasanu? Ja. Ho Kakoii, moueMy H 49TO H3 HETO BHTEKaeT?
IMoxesno BepHYThCA K PyHKIuAM n 1-dopmam W B3[VIAHYTH HA HHX
u ua 2-popmet F 1 M u Ha 3-Popmy *) Kak Ha WIeHH YHDOPAROIEH-
HOHl mocJHefoBaTeNbHOCTH (cM. pomoxmenme 4.4). Ha pononuenms
4.4 BugHO, uTO 2-PopMH GHBAIT ABYX THNOB: 1) 9acTHHIA caywai
2-gopm —«¢3aMKHYTHe» 2-PopMH, obGnagaromue TeM CBOHECTBOM, 9TO
9uca0 TpyGOK, BXOAAMAX IOA 3aMKHYTY0 2-HOBEpPXHOCTH, PaBHO
gmcay TpyGoK, BHIXOAANIEX H3-IOX Hee (BHEMIHAA INPOW3BOJHAA
2-popMH paBHA HyJI0; B3 Hee HeNb3f MOJAYYATh ApYrod 3-popMH,
KpoMe TPHBHAJAbHOM, paBHO# Hyaol), m 2) obmmit caygait 2-dopwm,
Yy KOTOPHIX TOJIHOE YACJIO TPYGOK, IPOHM3KBAKMIEX 3AMKHYTYIO 2-1O0-
BEePXHOCTH, HE PABHO HYJIIO M KOTODHE HO3BOJAIOT ONpeneauTh HeTpH-
BEaNbHEYI0 3-PopMy (¢BHEIIHIO HPOM3BORHYI0 2-POpMBIY), copepsKa-
Y0 BHYTPA KaKI0H 3aMKHYTOM 2-I0BEPXHOCTH POBHO CTOJBKO AYCEK
¢KOpOOKA [JA AHINp, CKOABKO H3-IOJ 3TOH MNOBEPXHOCTH BHIXOJHT
Tpy6ox mepBomavanbHO# 2-Popmu (06o6menne BBemennoro Papageem
HOHATHA CHJIOBHX TPYGOK HA CIydYail NpOCTPAHCTBa-BpeMEHH, KaK
IJIOCKOr0, TAK M HMCKPHUBIEHHOIO),

JNonoanenne 4.4. MOCJIENOBATEIBHOCTh ®OPM M BHEMHHNX ITPON3BOAHBIX

0-popma, wm craxsap f

IIpamepoM B ciyuae 3J-mpoCTPAaHCTBA E HBIOTOHOBCKOM (H3HKHK ABIAETCS TeMmepa-
rypa T (z,y,2), a B CiIydae IIPOCTPaHCTBa-BpeMEHH — CKAJAPHWA IOTEHIIHAX

$ (¢, 2, ¥, 2).

Or cxaaspa x 1-gopme

BulyucanB rpaJuedT, HAH (BHEMMHIOID OPOU3BOJHYIO»
CKalxApa f, DoJyYEM 49aCTHHIL caydadt 1-fopmur y=df.
Bamevanus: a. IIpom3BoAbHAA AaANATHBEASA OOCTOSH-
HasA, poGaBieHBas K f, opm muddepeBInpoBAHAA HCTE-
3aeT; BHaueHMe n Ha ¢Urype HeH3BeCTHO H HEBa;KHO.
6. 1-dopMa Yy ABNAETCA JACTHHIM CYyUaeM B TOM CMEICIe,
9T0 MOBEPXHOCTH H3 OJHOH OKPECTHOCTH «3aImemIalTCa»
¢ HOBEPXHOCTAMHA H3 COCefHeHd OKPECTHOCTH («3aMKHY-

taa 1-dopmar). B. MuTerpan mo xontypy AF gllf He

3aBHCHT OT HYTH MHTerPHPOBAHHA B KJIACCe TPaeKTOPHil, SKBHBAJEHTHHX APYT APYry
IpH HenmpepHBHoii gefopManmm. T. 1-dopMa npencrasaser coGoil MaMEHY, IPOA3BONA-
IMy10 9uCI0 («yAapH KOJOKOJa» IPH KAa3KAOM IIepeCedeHHH OdepefHOH HETerpajbHOMR
HOBEPXHOCTH) M3 CMemeHHA (aUDPOKCAMANME HOHATHA KacaTeJbHOTO BEKTOPA).
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1-ghopma B oGuienm cayzae f = Bz

Omna ppenctaBideT cofoil KoOHPUrypanmo moBepXHO-
cTeit, HIIOCTPHpPYeMYI0 Ha ¢urype, T. e. MamAHY,
OPOH3BOAAMYI0 9ACHO («yaapel Kojokosa», (B, u))
U3 BeKTopa. PeaabHoCTh cymecTBoBanmA 1-PopMul @
ee IOJIO;KeHHE B MIPOCTPAHCTBE He 3aBUCAT OT BHIGopa
cucTeMH koopnumHAT. [loBepXHoCTH, KaK HpaBHJIO

He 3anenadwTcs. VHTerpaa Sﬁ oo YKasaHHOMY

3AMKHYTOMY KOHTYDY He paBeH HYIIO («yHapoB 60Jdb
me, 9eM aHTHYIAPOB»).

Or 1-dopmnr k 2-gopme & =dff = Z—ﬁﬁ— dat A dz=
r

§ mpepcTtaBafer coGoii KOHPUCYPALHUI0 COTOMOMOGHKEX AYE6K ¢ yKasaHHWM HampaBie-
HueM o0Xoda, pa3MeUmeHHLIX TAKAM o0pa3oM, 4T0 YACHO AYeeK BHYTPH 3aMKHYTOrO
DYHKTEPHOTO KOHTYpPa COBHAZaeT C CyMMAapHHM 9HKCJIOM (Pa3HOCTBIO MEXAY yldapaMn
M aATHYZapaMd), HOJYIeHHHM npH o0Xole TOro >Ke KOHTypa Ha ¢urype, HILIIOCTpH-
pyomeit B. «BEemEAs mpom3BofdHam» ompeNeieHa TaKEM o6pasoM, dTO 3To BCerna
BHIIOJIHAETCA; B 3TOM COCTOMT yrBep:kiaeHdc oGob6menHod TeopeMmbl Croxca. CioBo
«BHEemHAA» 00A3aHO CBOHM IPOHCXO:KNeHHEM TOMY (paKTy, YTO KOHTYp o06xoma pac-
HoJI0:KeH Ha Kpaio paccMaTpmBaeMoil okpectHocTd. TakaM oGpasoM, 2-gopMa ABIAETCA
MampHON, TPoH3BoAAmeHl Tucao (dmeao TpyGox (§, u A V)) H3 yyacTKa mOBepXHOCTH
(u A\ v), Ha KoTopoM yKasaHo HampaBiaedme o6xoma. OnpemenerHas TakaM o06pa3oM
2-gopMa ecTh JACTHHIE Ciyuait 2-PopMH B CHeAYIOMEM CMHCIe: Pe3HHOBYIO IJIEHKY,
«3aKPeN IeHHYIO [0 KPaoy NYHKTHPHHEM KOHTYDPOM HIN KaKo#H-TnGo fpyroil 3aMKHYTOMH
KPHBOii, IepeceKkaeT BCerga ofHO B TO e IACI0 TPYGOK HE3aBACHMO OT TOTO, a) BCHY-
9EBaeTCA JU OHa mocepeduHe, 4ad 6) IpolaBIABAETCA HoCepefAHe, ATH B) HCOHTHBAET
KaKy0-THG0 HApYyryio HempepuBHY HdepopManmio. 2-popMa 3JIeKTPOMarHUTHOTO
noisa F, KoTopywo Bcerma Mosxeo Brpasuth B Buie F = dA (A = 4-morennmasx, 1-dop-
Ma), TaKiKe ofJazaeT STUM CHENMEATLHHEM CBOMCTBOM J(«CoXpaHeHHA TPYGOK»).

Or 0-dopmur k 1-dopme, a 3aTem k 2-dopme? Her!

Ilepefinem oT craaspa f k 1-Popme y = df. OxHaxo
crepynomu# mar K 2-popMe € yiie He HMeeT CMbICJA.

Tonnoe 3HaueHMme mHTerpafa | y IO IYHKTAPHOMY

8aMKHYTOMY KOHTYDy aBTOMAaTHYeCKHd obpamaercs
B Hyab. UToGH mpENCTaBATHL 3TOT HYJIEBOH pPe3yb-
TAT, HYKHa HyJeBasa 2-fpopma. Taxam oGpasom,
o = dy = ddf nomxeo 6ure HyNeBoit 2-popmoit. IroT
pesyxsTaT ABJNAETCA JACTHHIM OpPEMepoM obmero pe-
syasrata dd = 0.
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O6mmii cayvaii 2-¢gopumt © =-;— Ouplz® A dzP, rue Opp= — Opq

\ 910 TarKe coTomogobHaA CTPYKTYpa M TaKiKe Mailu-
\ Ha, IpoM3BORAMAaN dHCHO (YHCHO TPYGok (0, UAV))
| H3 moBepXHOCTE (U A\ V), Ha KoTopoil yKas3aHO Ha-
| upaBiaeHne o6xona. OHa ABaAeTCA 06MIEl B TOM CMEIC-
| J1e, 9T0 COTONONOOHKIEe CTPYKTYPH H3 ONHOH OKpecT-
' HOCTH, KaK IPaBHIO, HEe 3ANEMIAITCA ¢ TAKEMHE KO
|
|

N

CTPYKTYpaMm| U3 COCeflHe# oKpecTHocTH. Belemcrare
3TOT0 BaMKHYTYIO 2-IIOBEPXHOCTH, HOR06HYI0 mOBEpX-
HOCTH B BHJe AINAKAa, MOKa3aHHOro Ha QHrype myH-
KTHEDPOM, IepeCceKaeT, KAK NpaBuUio0, He HYJeBoe mOJ-
Hoe uwmcdo TpyGok. OpHako HOJHOE dYHCIO TPYGOK,
BEHIXOAAMMUX H3-IION TaKOH 3aMKHYTOH IOBEPXHOCTH,
B TOYHOCTH PaBHO HYJIO, ecand 2-fopMa ecTh BHEMHAS
npom3BofHaAa 1-gopmMu

e — s et —— I

a
Or 2-popum k 3-dpopme pu = do = —l—(; ?' dzv A dz= A\ daB,
x
rae dzv A dz® A daf = 31drlY @ dz* @ daf)

Jdta cTpyKTypa, mogobHas KopoGke ANA AMI, Opel-

- CraBuser coGoil MalIAHY, NPOUBBOAAMYIO YACIO (THC-

A 10 sageek (W, u A v A W) n3 oOpema (oGmpema

7 | u A v A W,B KoTopoM mofcYMTHBaIOTCA Aveiikn). Ha

| Gonee mosHo# cxeMe moiKHA OHITH yKasaHa OpPHEHTa-

] uma xaxnpo#t Aveldik®m M caMoro ob6beMa HMHTErpHpO-

| BaEmA (aHAaJOTMYHO CTpeJNKaM, VKa3HBAIOMAM Ha-

npaBiaesne o6xona B Ageiikax 2-popmu). Ilpa moncue-

| Te Jmcia sueex BKIaX DaHHOI A4elK: paBeH +1 wan

/ —1 B 3aBHCHMOCTHA OT TOTO, COBUANAeT JIA €€ OPHeH-

J TalUA ¢ OpHeHTanHdel 06beMa MHTETPHPOBAHEASA HIH

7/ OHA OPOTHBOLOJOMKHH. UHCIO0 AYeeK «KopobOKu mis

AAWY, COOTBETCTBYIomel p = 06, B 11060M 3aKaHHOM

. o6peMe (HomoGHOM TOMY, KOTODHMA NOKasaH IMyHKTH-

~N- / / POM) B TOYHOCTH PaBHO HOJHOMY 9HCAY TPYOoK 2-dop-

=~ MH O (purypa BEe), BEXOASMAX M3 3TOT0 0OBEMa

(0606mennasn Teopema Crokca). B amexTpoMarseTHsMe BHOMHAA MpouspogHas 2-opMel

F naer myaeByio 3-gopmy, a Bemuss npoussofHas 2-Gopmut *F = M maer 4n, ymHo-
eHHOe Ha 3-PopMy sapsama *J:

U=pdz ANdy Adz—J, dt A dy A dz—J, dt \ dz A\ dz—J, dt A\ dz A dy.

Or 1-dopmut k 2-popme, a 3aTem k 3-hopme ? Her!

Baap 1-gopmy (snexTpoMarmmTHH 4-IOTeHIHMA]) M BHYACIHB ee BHEMHIOI HPOH3-
BoHYI0, monyunMm 2-popmy F = dA. Tpy6rm sroit coTomomoGHoit CTPYKTYpH HHATHe
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He 0KaHYHBAIOTCA, T. €. YACI0 OKOHUAHEH TPY6OK B KaskaoM GeckoHedHO MasmoM oGneme,
a caenosaTtensHo, 1 3-gopma dF = ddA apromaTHuYeckm o6pamaioTcs B Hyab. ITo
eme onuH mpumep ofmero peayanrata dd = 0.

Ot 2-gopmmt k 3-Popme, a saTeM K 4-popme? Her!

Bsap 2-popmy *F m, BHYHCIHB ce BHEIIHIOI0 IPOHM3BOAHYI0, mOayuuM 3-dopmy 4n*J.
fueiiku 9T0# CTPYKTYpPH, NOA06HOM KopoOKe NS AMN, BHTAHYTH BAOABH UETBEPTOH
KoOpAMHATH («rEneprpy6rm»). Uncio Taxax raneprpy6oK, OKaHYEBAIOmMHAXCA B GeCKo-
HeYHO MalloM o6beMe, a CIefoBaTeNBHO, M 4-PopMa

d (4n°)) = dd*F

aBTOMaTHYeCKM o6palIaloTCsa B HYJb — eme OfMH npEMep obmero peayasrata dd = 0.
3ToT VEBYABTAT TIIACHT

. ap , af, 9y  or, _
)= (gt 3=+ + 5= ) Gt Ndz A dy A\ ds=0

(¢3ar0H coxpaHeHWs 3apsafas). I[Ipmmewannme:
dzx A dzB A dzv A dod = 4! dz(* @ d2f @ dax¥ @ dad).

Orciona caepyer dt A dz A\ dy A dz=e.
Or 3-popmm x 4-opme T =dv=-—r-av' ZBYl 28 A dzg A d2B A\ dav
oz

drta veTHIpexXMepHas CTPYKTypa, momoOHasA «cymepKopobke fus suuy, OpeAcTaBIAeT
co6oit MaIIEAEY, NPOMSBOAAMYIO uncHo (uncao sAgeex (v, N A u A v A w)) m3 4-065e-
M RMAUAVAW

Ot 4-dopmm & 5-popme? Her!

ITpocrparcTBO-BpeMsA, Gyaydd dYeTHpPeXMEpHHM, He MO;KeT BMECTHTh NATAMEpPHHE
CTPYKTYDH THNa KopoGkE aaa saun. [lo KpaiiHe#t Mepe mBa M3 comHOHTenelr dr* B

dze \ dzB A dav \ d20 A da®

AOJKHH COBIAMaTh, OTKYAAa IPH yueTe aHTACHMMETDHMHE /\ ciexyeT, uTo 3Ta «Ga3mCHaA
5-popma» momiHa o6pamaTeCs B HYJdb.

PesyapraT BHemEEro maddepeHqEpoBaENA

opMa b4
1-popma df A
2-bopma ddf=0 F=dA SF
3-bopma dF=ddA =0 4n*)=d*F v
4-popma d (4n*))=dd*F =0 T=dv

M
5-dopma? Her! dv=0 dp =



2 160 4. Suexmpomazremusn u Ouppepenyuasonne Gopmu

Hosrie (opmbl, 00pa3zoBaHHEIE M3 CTAPHIX ¢ HOMOINGIO ONEPA{HE
nyarsaocTn (cM. ynpawmaenne 3.14)

Jyanbuoit K ckansapy [ aBaserca 4-popma: *f=fdz® A\ dz! A dz® A dz® = fe.
HNyanveoit k 1-popme ) apmsercs 3-popma: *J=J0dz! A dz? A\ d2® — J'da2 A\ do® A
N 420 J2d® A d2® A dot — T3 d2® A dat A d2?,
Lyanpmoit x 2-popme F ssaserca 2-gopma: *F=F'"Plg g . det A dzv, rme F*P=
= n*nBOFy,.
Hyaapmoit k 3-popme X sasaserca 1-popma: *K=K2dz3 — K123ds0 | K230dz! —
— K dz2 rpe K= yesnbvqng, ..
Nyansuoit K 4-Qopme L sBuserca cramap: L == Ly;,3dz® A do! A dz? A d2?; *L=
= LM28 = — Ly53.
Mpameuanne 1. JTo HOHATHe AYadbHOCTE MexcdY HOpMAMU CIERYET OTIMYATB
OT NOHATAA AYRIbHOCTHA M2xcdy 6eKmopHHM 6a3ucom 8, u 6aaucom 1-fopm @* pamvOiH
cAcTeMH KoopauHaT. Me/K1y 3TAMHA NBYMA THOAMHE KYaJbHOCTH HeT Hudero obmero!
[Tpameganie 2. B mpocTpaHCTBe-BpeMeHH omepames AyalbHOCTH, OPAMEHeHHAs
IBa;KI1W, CHOBa NPHBOAUT K HOpBOHATAJbHOH dopMe — Aad GopM HedeTHOro paHTa
H K mepBOHAYaTbHO# Qopye ¢ 06paTHHM 3HAKOM — B GopM YeTHOro paHra. B sBKim-
0BOM 3-IPOCTPAHCTBE BCeTAa BOCHPOM3BOMATCA NMepBOHaYadbHAd GOpMa He3aBACHMO

OT ee paHra

dyansaocTs mmoc Buemuee nuppepenmuposanne

Bosomem ckaasp ¢. Ero rpazuent d¢ ectp 1-Popma. OGpasyem ayanpuyio emy 3-dop-
My *d¢. Ee BEemHaA mpousBofHad ecTh 4-Popma d*d¢. dyansHnM k Heit o6bekTOM
AB1sercsa craaAp (J¢ = —*d*dé. [IponenaB cooTBETCTBYOMMAE BHKIAJKE B HAHACKC-
HHX 0603HaUeHNAX, MOYKHO VOOMATHCH, 9TO omepaTop [J, ompeleJeHHH TaKAM o6pa-
30M, €CTb BOJHOBOH omepaTop, T. €. B JI000# JopeHHeBOH cucTeM® [J¢ = ¢,o°® =
= — (0%¢/3t%) + 2.

Bosvmem 1-ggopmy A. Tloctpomm 2-dpopmy F = dA. OGpasyeMm AyansHyw K Hei#t
2-popmy *F = *dA. BuiunciuM ee BHEIIHIOW OPOU3BONHYI0, HOJYYAB OPH BTOM
3-popmy d*F (paBmywo 4n*) B smekrpomarmermame). [[yaapHoit K Heill ABIsercsa
1-popma *d@*F = *d*dA = 4n) («BoaTHOBOe YypaBHemHe I 3JIEKTPOMATHHTHOTO
4-noreHnmanar). B mHmeKcHEX 0603HaYeHAAX 3TO YpaBHeHHe CBOMHTCA K

Fuv,v = A‘V. liv -_ Au' vv, = 431.’,1.

(Bonee moxpoGuo cm. {102, 106]; cM. Takxe ynpakuenme 3.17.)

§ 4.7. JENCTBUE HA PACCTOAHHNU KAK CJIENCTBHE
JOKAJIbHOI'O 3AKOHA

B kagecTBe HHCTpyMeHTa B TEOPHH dJIeKTpoMarueTisma gudpdepenmu-
aabuble GopMH 00JaXalOT OTPOMHEIMH BO3MOYKHOCTAMHE, HO, 4TOGH
HCHOOJIb30BATH MX B IOJNHOH Mepe, Heo0XOAUMO BIAAJEThL U APYTUMH
nHeTpymenTama., OcoGeHHO Ba)KHEL METOIHI, MCIOJb3yeMmble HPH OIM-
caunu feiicTBuA ua paccrosunu («dpynxkuan I'paras, «ipomaraTopy).
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Bosee Toro, mepexox 0T MaKCBENJIOBCKAX YDABHEHHH HOJA K 3JIEK-
TPOMArHATHOMY JIeHCTBHIO HA DPACCTOAHAE BO MHOTOM UPEJBOCXHMa-
eT TO, KaK JUHINTEAHOBCKHE JOKAJbHHE YDAaBHEHMA BOCIHPOH3BOJAT
(oprbamxenno) sakon HeioToma 1/r.

B nnockoM mpocTpaHCTBe-BpeMeHH BHIDA3UM KOOPAMHATH TaCTHIK

A B nopeHNEBo# cUcTeMe KOOPAHHAT KaK QyHKOIA ee coGCTBEHHOTO
BPeMeHH 0.

s=ar@), meir), SHoii@. @32

Hupax Hamea ynoGHoe mpejicTaBieHde AJs pacHpefeleHMS 3apAfa
H TOKAa ABMKYmEeiicA TakaM oGpa3oM 9acTAOH C 3apAROM € B BHMAO
CyIepHmo3unEd 3apAf0B, KOTOPHE BO3HUKAT HA MTHOBeHHe (¢BCIH-
XHBAOT»), a 3aTeM HCYE3a0T M HE CYMECTBYIOT 3a IpEeJelaMH 3TOro
MT'HOBEHHA. JIoKaIM3amaio KasKAOH TAKOH BCHHIIKA B IIPOCTPAHCTBE
1 BpeMeHHN MO>XHO 3amHCaTh B BHE Opon3BeNeHUA YEThIPEeX NADPAKOB-
CKHX Rembra-Qynknmir (cM., Hampmmep, [71, 72]):

8¢ (zh—a*) =8 [2° —a’ (a)] 8[zt—a! (@)] § [22—a? (a)] § [2®—aB (@)).
(4.33)

HKaxpaa ¢ynaxnua {upara § () («cumBonmueckas pyBKmua»; ¢pacope-

Teednen; «mpejes rayccoBoit yHKNENM omaboK» ¢ 6eCKOHETHO MAIOR

IMAPHHOR, 66CKOHETHO BHCOKAM MAKCEMYMOM M PaBHAIM e[HHAI® HATEr-

pasioM) B otTenbHocTH 1) paBHa Hy;io npu x % 0, a 2) mATerpai oT Hee
400

paBen S 8 (z)dz = 1. [Ipm TakoM onmmcaHMm BEKTOp 4-TOKA YACTHIEI

OPeACTaBIAACTCA B BUAC («CyHepHO3UNAA BCIHIMEKY)

Jt=e S 84 [zv —aV (a)] a* () dat. (4.34)

4-tox (4.34) npmBomuT K nosBiaennio 3ackrpomarmutHOoro mous F.
3annmem ero B Bafte F = dA, 9T06H ya0BAETBOPHUTE TOMKIECTBEHHO
nojosuHe MaxcBemnoBckux ypasrennilt (dF = ddA = 0):

Fuo=a_ 2% (4.35)
B mmockom mpocTpancTBe ocranbHuie ypasHenus Maxcsemana (§*F =
= 4n*)) npuunmaT BHJ

oz

=4nJ,,
nan
2
0 e T
az%* ozVv az” 3z%

4nd,. (4.36)

11-01457
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Bocnoarayemcsa TemM mpousBOJIOM, KOTODHIA CymecTBYyeT npH BHGope
4-noremnmana A¥, m moTpefyeM BHIOJHEHHA YCIOBHS

24" _0 (4.37)

az¥

(;ropernmeBo ycnoBme Kaambpomkd, cM. ympaskmenume 3.17). Taxmy
o6pasom, moaydaeMm
OA4,= —4nJ,. (4.38)

IlockoaMbKy 4-TOK €CTh CymepHosMIHs «BCHHIIEK», geiictaae (A) aToro
4-TOKa MOKHO BHIDA3HTh B BHJEe Cynepmosunuu BosfmeiicTsmit E aie-
MEHTapHHX BCOHIIEK, T. €,

A% (x)= S E [z—a ()] a" («) da, (4.39)

rae «dJeMeHTapHOe BosfeiicTeue» E («agpo», «pynknnsa 'purar) ymo-
BJIETBOpPSAET YPABHEHHAIO

OE (z) = — 4nd* (z). (4.40)

OpHEM U3 peleHnit ABIACTCA «IONYONepeKAIOIAN ITI0C H0JIy3ana3 k-
BaODIA# IOTEHIMAJ»

E (z) = 6 (apz®z®). (4.41)

On paBer HYJII0 BCIOAy, KpOMe HANPABJIEHHHX B GyAyIIee K B HPOILIOe
CBETOBHIX KOHYCOB, B KOTOPHX OH mocrosiHeH. OO6wuno Gojee moies-

HHM OKAa3HBAETCA 3Aama3[HBAIOMee pelmeHHe

R 2E (z), ecmm z°>0,
)=
() 0, ecim  z2° <0,

KOTOpO€ moJyuaeTcs npml yjaBoenu (4.41) B cBeToBOM Komyce Gymyme-
ro m ofpamieHuM B HYyAb B CBETOBOM KOHYCe mpoumaoro. Besa siek-
TpoguEamMuKa (cmiaa Hynona, sakonm Ammepa, 3JeKTPOMarHMTHas HH-
AYKOusd, H3JIydeHHe) BHTEKaeT W3 HPOCTOTo BHpaykeHus (4.39) mias
BEKTOPHOTo IoTeHnumaia (cm., Hampmmep, (89, 901, a ramsxe [109]).

(4.42)

YNPAKHEHHA

4.1. Tlpocreiimasn d¢dopMa JOKAABLHOIO 3JEKTPOMATHMTHOIO HOAA
B 00meM caygae

B maGopartopHoii I0peHIeBo# CHCcTeMe 3JIeKTpUYecKkoe moJje pasHo K,
a MarmuTHOe moJje paBHO B. UacTHHMH caydaamu ABagoTcA: 1) ancro
anerTpudeckoe moxe (B =0), 2) amcto MarmutHoe more (E = 0)
¥ 3) «noJie U3AyUEHAA, HAH «HyIeBoe moae» (E u B paBHH N0 BeJIHYHHE
H HANPABJEHH MepHeHAUKYIAPHO APYT Apyry). Bee cayuan, oTamunne
OT 3THX Tpex, ABIAKTCA «obmumu». Brumcamre B o0mem ciayuae
nIoTHOCTh moToka suepraE E X B/4n (Bekrop IloitETHAra) M mioT-
uoctb aneprun (E? 4 B?)/8n. C noMompbio OTHOMEHAA MOTOKA BHEPTHA
K OJIOTHOCTH dHepruu 3ajaiiTech HaupaBjieHAEM eXHHUTHOTO BEKTOpa 72
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I BeAMYMHOH mapameTpa CKODOCTE a:

2EX B
E:+B2 *

PaccmoTpuTe TO ke 2JeKTPOMATHMTHOE IOJNE B CHCTEMe PAaKeTHl, [BH-
/Kymelici B HampaBJIeHMU 72 C NAPAMETPOM CKOPOCTH ¢ (HO He 2a.; MHO-
ATEAH 2 BOmeN HOTOMY, 4T0 IMOTOK HEPIHM M IJIOTHOCTH DHEPIMHU
npeAcTaBAAIOT 060 KOMIOHEHTH He BEKTOpa, a TeHaopa). Mcmoansys
Popmyan npeobpazoBauns Jloperma (3.23) uam KakuMm-HEUGYAh HHHM
cmocofoM DOKajkUTe, UTO B CHCTEME DAKeTH HOTOK JHEpPIUM DAaBeH
HYJII0, OTKyAa caenyer, aro E u B HapaJeabHH. Ocb z Bceryia MOXKHO

HAOPABHTHh B HampapleHHH, obmem mas E u B. Ilokaxure, aTo opm
TaxomM BHOope opmenrtammu F mpunEMaeT Bmp

F=E,dz\dt+ B,dz\dy
(RY3®HO TOJBKO B KOCHX IPOU3BeJeHNs, YTOOK IPECTABATH JOKAIb-
Hoe moje o6mero BHJa, «KAHOHMYECKOE MPEACTABACHHE»; eCJIH COpa-

BeJJIABO B OfHON CHCTeMe, TO, CAeZOBATEIBHO, COPAaBEAIHBO B Ji060it
CHCTeME).

nth2a=

4.2, Tlponssoa B BriGope 1-jopM B KaHOHHYECKOM HPEACTABICHHA
JOKATBHOrO NOAA ofmero BAja

Bynem mpoBojmTh paccMOTpeHHmE B CTOJb OTPAaHAYEHHOM OKpPECTHO-
CTH, 4TO MSMEHEHUEeM HOoJsA OT TOYKH K TOYKe MOMHO IpeHebpedn.
3anmmeM F B KaHOHAYECKOM NpECTABIOHAA BH/A

F=dpr Adg'+ dprr Adg",
roe pa (A = I nmum II) m g4 — craaApHue QYBEKOUHE TOYKA B OPO-
cTpancTBe-BpeMenn. OmnpepeauM «KaHOHAYECKoe mHpeoGpas3oBaHUe»
K HOBHIM CKANAPHEM GyHKIMAM TOUKY P =B gA ¢ HOMOIIBIO <yPABHERHA
npeobpasoBaHHAY

palg4 = dS + pxdq4,

rie «reHepupyiomeii ¢yHKIuei» § mpeofpa3oBaHAA ABIAETCA NPO-
H3BOJIbHAA (QyHKIOMA ¢4 n g4

dS = (8S/9g4) dg4 -+ (35/0¢%) dgA.
a. Iloryumre Bmpamenma pns obomx p, m obomx p; wepes S,

OpEpaBHAB IO ouepen® KoabdmmmenTtn npm dgf, dgll, dgf, dgl
mo oGe CTOPOHH ypaBHeHHA mpeo0OpasoBaHMA.
6. Hcoonpsya aTm BHpa)KeHHs RIA Py H Pz, LOKayKHTE, 9TO

F=dp,N\dg4 uF= dp—A/\qu, OTIMYHEE N0 BHAY APYr OT Jpyra,

HA CaMOM JeJie ABIAIOTCH BHPAKEHHAMH JJA ORKHOX W TOH Ke
2-popmMir uepes pasianmuHbe COBOKymHOCTH 1-PopMm.

11*

2

YNPAKHEHH A
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4.3. 3amrayran, man GesemxpeBas, 1-dopmMa ecTh rpagmeHT

IMoxaskure, 9To ecam samana 1-popma @, Taras, uro de = 0, 10 ©
MoOKeT OHTH upefcrapieHa B Bupge ¢ = df, rme f — HeKOTOpHii cKaIAD.
1-popMy O HasmBawT «0e3BHXPEBOil», ABIANMENCA JACTHEM CJIyTaeM
1-gopmut «Ges Bpamenms» (mpemcraBnmoil B Bume ¢ = hdf), KoTopas
A3yYaeTcA B CIOAYIOIMOM YIPAayKHEHAN M KOTOPasA B CBOI 0Yepefb ecTh
6onee yskoe momstue (cm. ¢ur. 4.7), gem «l-popma ¢ BpameHmem»
(menpencrapuman B Bufe ¢ = hdf). IloxakmTe Tarke, 4To ecam oy
eCTh KOMIOOHEHTH pasiokenus «GessmxpeBoit» 1-popmu o mo Gasme-
BuM 1-Popmam 2%, To BHOOJNHAETCA COOTHOMEHME Of,, g = O.

4.4, Kanormueckoe Bupaxenne qaa 1-gopMul Ge3 Bpamesns

B TpexmepHOM HpPOCTPAHCTBE TBep/Oe TeJNO, BPAIAIOMeEecs BOKPYT
OCH Z ¢ YIVIOBOH CKOPOCTBI ®, HMEET KOMIOHEHTH CKODOCTH U, =
= oz, Vy = — ©y. Beauauna rot ¥ = V X v HMeeT z-KOMIOHEHTY,
paBHYI0 20, 8 OCTAIbHHE KOMIOHOHTH DaBHH Hyio. TakmMm o6pasom,
CKaJIApHOe IpoA3BefieHAe ¥ HA rot ¥ paBHO HYJIIO: -

v, omy="0.
dtor gakt obobmaercA M HA caydail 4eTHPEXMEPHOr'o IPOCTPAHCTBA
Via, gty =0

A MOKeT OWTh BHpajieH Ha fA3HKe, CBOOOJHOM OT KOODJMHAT, KaK
TpeGoBanne ofpameHns B HyJb HEKOTOPOH 3-(opME

dvAv=0.
IIpomsponsnas 1-Popma v, yI0BIETBOPAIOMIASA STOMY YCJIOBHIO, Ha3hl-

Baerca {-gopmoii «Ges Bpamenus». Iloxakute, 9To 1-Popmamm Ges
BpAIIEHHs ABJAAIOTCA T€ H TOJIBKO Te, KOTOPHE MOTYT GHTh IpejcTaB-

2\ N 3

\—

("6espuxpenas") Y \_ ("0es spauleHitn") Y,

5

= Z| & =
= |

=
v = hdf
\_ (c BpauieHnem) )

v=df

DUr. 4.7.
CpaBHeHHe 4 IPOTEBONOCTABJIPHHE HEKOTOPHX HPOCTHX TAHOOB i-fopm.
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v =hdf’

rme b m f — cxkanspHEHe QyHKOHEH ToukH (¢Teopema DpobGemmycanr).

4.5, ®opun, obrajaompe NONAPHHIMH CHEIYAAPHOCTAME

[lepeanmcanTe OCHOBHHE pe3yJbTAaTH, Kacaomuecd NPeACTABICHAR
Takax ¢opM, HanpEMep

0= Avit0y,

¥ YKa)KATO® yCJOBHS OIPAMEHAMOCTA Ka)K/OT0 M3 HEX (CMBICI 3TOTO 3a-
HDaHUA M OTBET MOKHO Haiita B paGore [110l).

4.6, Hone ocmmuamEpyomero AEOOIA

Y6epnrech, aro Brpakenus (4.23) m (4.24) pnA 2AEKTPOMATEATHOTO
HOJMA OCHEANMPYIOMEro AWNOAA YyHoBAeTBopsaioT yciopnio @F = 0
moBciony u yciaosuio @*F = 0 noBciogy, 3a HMCKAO9eHHEM Hadajla
KOODAMHAT,

4.7, Casp anmapata 2-QopM ¢ TEH3OPHBIM mapamu

dro ympaxmemHe CHOpPMYJIHPOBAHO B KOHO® mogmndcH K ¢ur. 4.1.

4.8. KyaoHosckoe mone B 9KBaTOPAAAHHON IIOCKOCTH

Ha ¢ur. 4.5 noxasamo npocrpancTBenHOmofo6HOe (= const) ceue-
Hue M qasa mokosmerocAa Togeduoro 3apama. C moMompio caegyomed
CepHH PHCYHK@B yOefuTech, 9TO mpd HaOXOReHAN H3 ABHKyme#csd
JIOPEHNeBOH CHCTEMH JMHUH 3JIEKTPUIECKOTO MOJA CKEAMAITCS B IO-
nmepeuHoM Hanpabiaenmm: 1. M3o6pasmre axBaTopmadbHOEe (6 =
= n/2, t, r, § — nepemennne) ceseame M = *F. 2. Hapucyiite pas-
JAYHEe OPOCTPAaHCTBEHHONOJOGHHE CeYeHHA MOJyIHBIIEHcH TreoMer-
PHYECKO#l CTPYKTYpPH, COOTBETCTByIOmMHEe (PHKCHPOBAHHOMY 3HAYCHHIO
BPEMEeHHOH KOODAMHATH B Pa3JAYHHX JOpeHneBHx cucremax. 3. Ilepe-
ceqesnio M = *F ¢ kaKmpmM JOpeHIEBHM ceueHHEM HAaiiTe HHTEp-
OpeTanmio, AHAJOTMYHYIO HpHBefieHHO# Ha ¢ur. 4.3.

4.9. BoluEcaeHAe HHTErpajoB IO MOBEPXHOCTH

B mononmenmu 4.1 fano ompepenenne

Sa=s. S<a SN N S A

nHTerpasa p-popMu e o p-nosepxuocta & (AL, . . ., AP) B n-MepHOM
mpocrpaHcTBe. Vcxons m3 Hero, oGocHyiiTe ciefyiomee OpaBHIO AN
BHYHCJIOHHH (TaK)ke npuBefeHHOe B JomoJiHeHWH 4.1): 1) momcTaBbTe

2

YIIPAKHEHAA
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YPaBHEHHE® HNOBEPXHOCTH
k=0, ...,
B o H meperpynmnpyiiTe 4JeHH B BHIe
a=a(Al, ..., AP)dMA ... AdAP;
2) mpouHTerpmpyiirte

Sa=S Saw, o APYdAY ... dAP,
HCHOJb3YyHA 06H‘IH09 onpenpenexie HHTerpala.

4.10. Kanymony YuTTexepa, HIXH ABHMEHHE KOHTYpa

Bo3spMeym 3aMKHYTHA KOHTYp, OTPARHHIMBAKWINUN JABYMepHYIO IO-
BepxHOCTh . OH oKpyskaeT HekoTopuii motTok F, pasmmit O@p = | F

(«emarauaTaHe Tpy6ku»), W HeKoTopHil moTok M, paBEmi Dy = (;‘F

4
(«oaexTpHUecKue TPYOKH»),

a. [Tokaxure, uro motoknm VO # Oy 3aBECAT TONBKO OT BHOOpaA
KOHTypa M He 3aBHCAT OT BHOOpa moBepXHOCTH o, KOTOpYIO 3TOT
KOHTYp OTpaHHAYABAET, B TOM 1 TOJbKO ToM ciydZae, eciun dF = d*F =
= 0 (HeT H¥ MATHHTHHIX, HHM JJeKTPHYECKHX 3apAA0B). Ykaszanue:
Acmoab3yiite o6o6mennyo Teopemy CTokca, momoxmenzs 4.1 m 4.6.

6. IlepemecTuTe KOHTYpP B IPOCTPAHCTBE U BO BpeMeHH, [BATAA ero
TakaM 06pasoM, 9TOGH OH BCe BpeMA OKPY:KaJ OJHH U TOT Ke moTok F
¥ oiuH ¥ ToT ke morok M. IIpu TakoM mepemeineHdE KOHTYp OUACHBA-
eT JIBYMepHY® moBepXxHocThb («kaaymomm [111]) & = & (a, b):
b = z¥ (a, b). Iloxkaskmre, 4TO 3JemMeHTapHHIH OGHBOKTOpP HA BTO#
nosepxHOCTH X = 0F/da N\ 0F/0b  ymommersopAer  yCIOBHAM
(F, Z) =0mn (*F, 3) = 0.

B. Ilokasure, 9To 3TH AuddepeHUEATLHEE YpPABHEHHS OTHOCH-
TenbHO z* (@, b) MO/KHO DEIIMTh IPU 3aJAHHOM HAYAILHOM YCHOBUM
% = zW (a, 0) AAA HAYAJABHOTO HOJO)KeHHA KoHTypa, ecax dF = 0
g d*F =0 (mer HM MATHHUTHHIX, HA 3JIEeKTPHICCKHX 3apPANOB).

r. PaccMoTpuTe cTaTHmyeckoe OQHOPOAHOE 3JAEKTPHYECKOEe MOJe
F = —E.dt \ dz. Pemnte ypasueuna (F, X) = 0m (*F, Z) =
= 0 u maiigure ypasuenue & (a, b) mas Kaxymomga camoro obmero
pafa. [Omeem: y = y (a), z = z (a), x = z (b), t = ¢t (b).] Ocrano-
BATeCh Mopo0Hee Ha ABYX YAaCTHHX ciaydaax: 1) KaJdymMomg, meIuKOM
JeKAMUA HA TAMEPOOBEPXHOCTH MOCTOAHHOTO 3HAYEHMHA BpPEMEHH
(KOHTYp ABMKETCA ¢ 6ECKOHEYHON CKOPOCTHIO, AHAJOTNYHO JBUKEHAIO
€O CBEPXCBOTOBOM CKOPOCTHIO TOUKH HepecedeHUA JIe3BAN y HOMKHUIT);
2) KaJdyMOHJ, KOHTYP KOTOPOr0 BCe BpeMA HOKOUTCS B JOpEHHeBoi
cacreme ¢, r, Y, 2.
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4.11. Madpepennuansanie GopMH H raMuabTOHOBA MEXAHHKA

PaccMoTpEM IMHAMHUYECKYIO CHCTEMY C ABYMA CTemensAMH CBOGOJH.
UTo6H ompefenuTh 3Ty CUCTEMY KaK TAMHUJIBTOHOBY CHCTeMYy (JaCTHHIA
cayuail: afech TaMUJIBTOHHAH He 3aBHCUT OT BpemeHH), HeoGxomumo
1) ompefeanTs KaHOHMYECKME MepeMeHHHe (CM. AonoaueHume 4.5)
n 2) 3agats ramuiabTondad H Kax ¢pyHrmmio KoopauHaT ¢t, ¢* M KaHo-
HAYECKN CONPAMEHHHX HMIOYIBCOB Py, Py. UTOOH BHBECTH 3aKOHHI
MeXauAKH, PaCcCMOTPHM NATHMEpPHOe HPOCTPAHCTBO Py, P,, ¢, q® ¥ I,
KPHBYI0O B 3TOM HPOCTPAHCTBE, COEAMHAIMY0 HAYAJbHEE 3HAYECHHA
nATH KoopAwHAT (mHAeKCe A) ¢ UX KOHeIHHIME 3HadenAamu (wugexc B),
a Tak;Ke 3HavYeHHe

B B
I= S P14¢' + p,dg*—H (p, q)dt = S ®
A

A

uHrerpaja I Bpoxs dToil KpmuBoii. PasnocTh 3HAYeHHEI HHTerpajia
BAOJb JBYX 4COCEJHUX» KPHBHIX, OTDAaHUIABAIOMAX XByMepHyio 00-
aacTh o, corsacHo Teopeme Crokca (momonauenusa 4.1 u 4.6), cocTaB-

Jsaer
sI=o= S do.
&

Ilpunnun nauMenblnero AeAcTBHA (IPHHIHN «dKCTPEMAJNbLHOH Tpaek-
TOPHH») TJIACHT, 9TO TOYKa, M306paskaiomas cCHCTeMY, MOJKHA [BH-
raThCA MO TO! TPAGKTOPHH B MATHMEPHOM MHOroo0pa3uu (TpaeKTopus
¢ KacaTeabHHM BexTopoM d&/dt), Bmonb KoTOpOiHt BapuMamEs paBHA
HyJIO, T. €.

do (..., dP/dt)=0

(2-dopMa d®, B KOTOPYIO BEENEH JHMIb OJHH BEKTOPHHIA apTyMeHT,
a KaHaJX MjA BTOPOTO OCTaBJIeH CBOGOAHEIM, mpaBOAUT K 1-Popme
B 5-IPOCTPaHCTBE, KOTOpas M AOMKHA PaBHATHCA HyXw). Tem camuim
¢urcupyercs amuwp Hanpasiaerne dP/dt; ero BeIHYAHY MOIKHO 3a4aTh
HopMmupoBKoit (dt, dP/dt) = 1.

a. Buumeamre do, mcmonnsoBaB Bupaxenme o= p;dg’ — H dt.

6. Honoxate dF/dt =g’ (08/9¢") + p; (05 /0py) -+t (95/6t) & pas-
nowxute do (..., dP/dt)=0 mo 6Gasmcy {dp;, dq*, dz}.

B. IToxakuTe, 9T0 3TO NATUMEPHOE YDPABHEHHA® MOKHO 3AIHCATH
B deThpexmepHoM $azoBoM mpocTpaHCTBe {¢’, P1} B BUAE

0(...,dP/dty=dH,
rme O — 2-gopma, onpenenedHas B HonoxHenmm 4.5.
r. Iloka;xgTe, 9T0 KoMmmoHeHTH O(. . ., d#/dt) = dH B cucreme

roopausar {¢’, pp} mpeacTaBAAT co(oil m3BecTHHE ypaBHeHHA I'a-
manbTona, OTMETAM, 9TO HTOT BHBOJ OCHOBaH TOJBKO Ha Toil dopme,

2

YIIPAXKHEHHA
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KOTODYI0 MH HOPHHANE AJafA ©; APYIrMMHE Cl0BaMH, KIacCHIECKHe
ypaBHeHHA 'aMIIBTOHA MOXYIAIOTCA B B JIOOBIX APYTAX KOOpAHHATAX
¢dasoBoro mpocTpaHCTBa {q’, Pr} («KaHOHMYECKMX LEpPEMEHHHXY),
I KOTOPHIX

6 = dpy A\ dg* + dp; A dg?.

4.12, OnepaTop €BMMETPHH, TPAKTYeMHe KaE TEeH30DH

OnpeneanM cMBCA KBaJpaTHHX M KPYTJAHX CKOGOK, B KOTODHE 3aK-
JI0YaeTCA COBOKYNHOCTh WHAEKCOB, CJIEAyIOIHAM obpasoM:

=1 =4 =
V.. -@p) =';”T| 2 Vam. « Qgp V[a:. -«@p) =TT 2 (—1) Vam. clgpe

3nech cyMMHEPOBAHEE HPOM3BOJMTCA 110 BCEM IEPECTAHOBKAM Il THCEJ
1,2,..., pa(—1)® paBro +1 nan —1 B 3aBHCAMOCTH OT TOTO, I€T-
HasA NEepecTaHOBKAa MJM HedeTHas. Y BeJMYMHH V, HOMAMO COBOKYII-
HOCTH D WHJIEKCOB Q3, Oy, . . ., Op, MOTYT OHITh H APYTHE WHAECKCH, He
YKasaHHHE 37eCh, HO JWIIb JaHHAA COBOKYITHOCTH MHIEKCOB NOABEp-
raeTcs AeiCTBHI0O ONEPATOPOB, KOTOPHE 3leCh OmMCHBAIOTCA. dmciaa
My, My, . . ., Wp €CTh UECAA 1, 2, . . ., P, PACHONOKEHHEE B IPYTOM
nopA/iKe cooTBeTCTBenHo nepecramoBke n. (Ciaygam p = 2, 3 paccmoT-
penn B yopaxuenm® 3.12.) Taxum o0pasoM, umeercs Mammua, Ipe-
Bpamamomas mo0oil TeH3op paHEra p ¢ KOMIOHEHTAMH Va‘ ceea,

B HOBHII TeH30p ¢ KOMIOHEHTaMH

[Alt (v)]m. wp= V[ll!- .. Wple

Tak rax mammna Alt asiserca auHeiHO#N, ee MOKHO PACCMATDPHBATD
KaK TEeH30D, KOTOPHI# @0 COOTBeTCTBYIOMIMM AapPryMeHTaM U, V, ...
..., W, @, B, ...,y IponsBoguUT 9IMCIO

uty L. whoapy ... YA
a. IToxamuTe, YTO KOMIOHEHTAMH 3TOT0 TeH30pa ABIAAKLTCA ')
. ..0p _ - RC4...Qp
(Alt)g,. . g, = (p!)" 8. B2,

rue

+1, ecam (ay, . . ., 0tp)— JeTHasA mepectanoBka (By, ..., Bp),

.. .« —1, ecxu (e, ..., &p)—HeueTHAA MepecTaHoBKa (By, ..., Bp),
O pr = 0, ecan 1) xaxme-nmGo nMBAa M3 O COBHIANAIOT,

0, ecau 2) xaxue-anGo nsa w3 P copmapamwor,
0,ecian 3) a u — pasHbie COBOKYMHOCTH HEJKLIX IHMCEN.

OTMmernM, 49TO fauuHi#i BHBON, a CIeZOBATEJbHO, 3HAUCHAA KOM-
TOHEHT CIpaBeIMBH B JI000il cucTeme.

1) VHfeKcH y § moYTE HMKOrAa He NOAHMMAIOTCA ® HEe ONYCKAlOTCH, IOBTO-
My Takoe o0osHAYeHMe He NPHUBOAMT K ITyTaEmMOe.
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6. Ilokamure, 910 ANA M0GOT0 «adbTePHUPOBAHHOTOY (T. €. coéep-
WEHHO QHMULUMMEMPULHO20%) TeH30DA Aa‘ ceeag =A[q g ° 0 ap) BH-
DOJHACTCA COOTHONIEHHE

1 ai...pb1. . .Bg o1...apBy...Bg
?‘ Aou. . .EpGV‘. < PPVDH. . Vg — Z Aaa Gpa ........ v peq
MU<ae<...<Cp

_ .apbt. .
= A|¢z1 .&pl| 6?1 ........ ‘Pp+q'

B mocnegueii cTpoke ncnonb30BaHO COTIIAMIEHNE O TOM, ITO IPA CYMMH-
POBAaHHHM [0 MHAEKCAM, 3aKIIICHHHM B BePTHKAJIbHHE YEPTOUKH,
B CYMMe Y9acTBYIOT JHIOb WIEHH, MHIEKCH KOTOPHX 00pasyioT Bo3-
PACTAOMYI0 NOCIEAOBATENABHOCTh. lIOKa)KATe OTCIOAA HAX MONOOGHEIM
#e ofpasom, uTO

ai...apb.. . 1. ..Qplt...Nq
61’1 ......... ‘Vp-yqblﬂi. 6 ......... qu~

B. Onpedeaum BHemHee («xocoe») Ipou3BeleHAe JBYX IPOH3BOJIb-
HBIX aXbTePHHPOBAHHHIX TOH30POB COOTHOMEHHEM

_ AWM. Kpve..
(A p)h. . Aprg= GM. Aphpa. . qua[ﬂ! uplﬁlw. . .vgl
B aHAJOTMYHHM 00pasoM

(u /\ v)M “Apsg __ 6 ﬁ};k):—;»l lpi-qulM ll-plvl‘\'l- . -'Vql.

IToxaxure, uTo orciopa BrTeKaer coorHomenue (3.456). Ycramommte
aCCOIMATHBHHI BaKOH [JIA TAKOTrO IPOH3BENeHMsA, HOKA3aB, 4TO

AM... A 1 e
[(u/\ ﬂ)/\ﬂo‘ . .0p+q+r= 60: . . pl.“ . .Upg;:.r vraﬂ.l. . .hp|B||.|.1, . ,uql X

X Vpt. . vl =[@ABAVos.. Gpigar?

¥ IIOKa)HTe, 4TO OH CBOXUTCA K YypaBHeHWIO (3.45B), B KoOTOpOM
crour 3-opma, Korma «, f m y Bce aBasiorca 1-gopmamu.

r. Busengmre ciaepyomyio ¢opMyay s KOMIOHEHT BHENIHEro
OpOU3BEHEHNA D BEKTOPOB:

(llg/\llz/\ .o /\llp)m' P =6ﬁ’$" (ui)“ e (up)” =
= plul™ug? ... udP =875 P det [(,)"].

1,,03

2

YIOPAKHEHM S

HNononnenwe 4.5. CPABHEHHE W IPOTHBONOCTABJIEHHE METPWYECKON
CTPYKTYPBl M TAMWIBTOHHAHA, HJIHN «CHAMIJEKTHYECKON CTPYKTYPhI»

MeTpHdecKan CTPYLKTYpa CHMNICKTHYEeCKAA CTPYKTYpa
1. QusugecKoe NPHIOKEHHE TeoMeTpHA OpOCTPaHCTBa- TaMuabTOHOBA MEXaRHKA
BpeMeRH
2. KamoHmYecKas CTpPyKTypa (. L) ="d82"= 8=dp; A dq' -dpy A dg?

= —dt® dt+dz @ dz+
+dy Q@ dy+dzQ dz
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MeTpudecKas CTPpYKTypa

CuManeKradecKas CTPYKTYpa

3. XapaKTep «MeTPHKM»

4. Haspanue faBHO# CUCTEMH
KoopaueEaT M JMwbo# apy-
Toil COBOKYNHOCTM 4Y€THI-
pex KoOpAMHAT, B KOTO-
PHX MeTpMKa HMeeT TOT
3Ke BHJ

YpaBEeHue TONA AJA 3TOH
MeTpHKIT

b

6. UeTnpexmepHoe
obpasne

Onucamne CTPYKTypPH 3TO-
ro MEOrooGpasus, cBobon-
HOE OT KOODAWMHAT

MHOIo-

N

8. UeM KaHOHHYECKHE KOOD-
JMHATH  OTIWYAIOTCA OT
APyIux KoopaumHAT (;O-
OyCTEMHX, HO He TaKAX
TIPOCTHIX)

CuMMeTpuuHAA

JloperneBa cncreMa Koopau-
HaAT

Ryyap=0 (ByneBas puMaHo-
Ba KpMBH3HA; INIOCKOE Mpo-
CTPaHCTBO-BPEeMsA)

IlpocTpaBCTBO-BpEMA

R=0

IIpuBopAT K TOMy, 49TO MeT-
PUKa MMeeT BHMA, YKasaHBHIA
BHII® (IYHKT 2)

AHTHCUMMETPUYHASR

CucreMa ¢«KaHOHMIECKU» (UK
«AUHAMUYECKH») COUPAIKEH-
HHX KoOpXEHAT

d8=0 («3aMrEyTAn 2-dop-
Ma»; ycJoBye, BHIIOJHAIOME-
€csl ABTOMATUYECKH JIIA HalM-
CAHHOTO BHINE BHPAYKEHHUs)

(Pa3oBoe MPOCTPAHCTBO
de=0
IIpuBogAT K TOMy, 4YTO MeT-

PUKa MMeeT BAM, YKa3aHHHII
BHIIE (TYHKT 2)

DNononmenne 4.6. ICTOPHAA NMOABJIEHWA TEOPEMbI CTOKCA

Ilpn MaTeMaTH49eCKo#l QOopMYNHPOBKE JJIEKTPOMAarHeTH3Ma IeHTpaJbHOe MeCTO 3aHH-
maloT TeopeMHl I'aycca (o Heit peun moiifer B ra. 5) u Crokca. Temeps, chopmyamposan-
HHe Ha A3nKe gopM, 066 OHE BHICTYHAIOT KaK ef@Hoe meioe. Ho He Bcerfa sTo efmMH-
cTBOo Onio oueBuMmHEIM. IBepHuTT [112] BCuHOMEHaeT HCTODHIO HOABJGHEA TeOopPeMH
Croxca: «Ilepsoe mosaBieHHAe B medaTH (OPMYJH, CBASHBAIOMEHR MHTOrpaJb IO KOH-
TYPY ¥ 0 IOBEPXHOCTH ¥ M3BeCTHOI Temeph IojA HadBaHMeM TeopeMil CTokca, CBA3aHO
¢ pa6oroit Croxca, BHABAHYTOA Ha npemmio CMATA B momaBme# B pyKH K MakcBeany

B [deBpane] 1854 r. ...

5. JlagH ueHTp M ABe TOYKH JIJIHICA, a TaKkKe AauHa Goasmoi ocm. C mo-
MOIMBI0 TEOMEeTPHYECKHX IOCTPOGHHME HaH/ATe HampaBiIeHd@e 3TOoH OCH.
6. Hpomurerpmpyilite nudpdepeEnuanbHOE ypaBHEHAE

(a® — 2?) dy?® + 2xydydz + (a® — y?) da® = 0.

Ects @ y Hero CHHryJApHOe pemeHHe?

7. B ngpoiiHO# cHcTeMe KpHBHX C ABOiHO# KpHBA3HON KacaTeJbHasi mMPOBO-
DATCA B IepeMeRHo# TouKe P; moxamuTe, uT0 €cad P OTXOAHT OT NPOH3BOJBHOR
¢uKcEpoBaHHO# TOYKE @, To 4TOOH HOCIENOBAaTEeNLHHE KacaTeJAbHEE MOIJIH
rfie-To mepeceuscs, TOYKa P /0JKHA HaYHHATH CBOe ABMKEHHE N0 o0pasyomel
IANTAYECKOT0 KOHYCa ¢ BepMHHO# B Touke (J, HO YCHOBHA 3afad@ MOTLYT
OHTH TaK;e A HeCOBMECTHHI.
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8. IIyers X, Y, Z — QpyERUME UpAMOYrOJBHHX KOOPAEBAT X, Y, 2, dS —
BJEeMeHT NPOM3BOJILHOM OrpaHHYeHHOM NOBEPXHOCTH, I, m, n — KOCHHYCH
YINOB Me;KAY HOPMaibio K dS M ocAMA, ds — 3JeMeHT KPHBoOi, OrpaHHYABAIO-
meit moBepxHocTh. Ilokaskate, 4TO

e —a)+m (%’f——-i’é)ﬂ (ﬂ—%)}d3=u
—((xE+v &z as,

rae nadpdeperumanpunie kKoapdnmuerTH X, Y, Z ABIAIOTCA YaCTHHIMHA, a ORHO-
KpaTHHA WHTerpaj Oepercs IO BCeMY HepHMETPY IOBEPXHOCTH.

JdTa TeopeMa Gbina 0YeHB BayKHA A IOCHELYOImMero pasBaTHA MaKCBeaIoM 3i1eKTpo-
MaraTHOX Teopun. HamGonee paHHEM SABHHM A0Ka3aTeJALCTBOM TEOPEME, IO-BEAUMO-
My, ABJIAETCA TO, KOTOpoe IpHBedAeHo B muchMe TomcoHa CToKcy, HaTHpPOBaHHOM
2 mona 1850 r.» (L{armpyercs B pabore {113], crp. 186—187.)



5. TEH3OP SHEPIMU-UMNYIIBCA
N 3AKOHbl COXPAHEHUA

§ 5.1. IPENBAPUTEJIbHBIE 3AMEYAHUA,
OTHOCAINMECA K KYPCY 1

«I'eoMeTpuA yKasHBaeT MATEPHM, KaK ABHTATHCA, 4 MaTepHS yKAash-
BaeT TeoMeTpPHH, KaK HMCKPHBIAATHCA». ONHAKO H3yYeHHE KPHBH3HEI
(zactp III) m 3akona JHHmTe#Ha, OMUCHBAIOMEro, KAK 9Ta KPMBA3HA
coamaeTca asHepruei-maccoir (gacts [V), He jpacT HHKaKOH HOJB3H,
OOKa ME He HalifeM cmoco0a ompefeaATb, CKOJBKO JHEPTHE-MAacChi
COIePKUTCA B eQUHMIE 00beMa. A 9TO MOKHO CHEIATh JHMb ¢ IMOMO-
ImMpI0 TCH30pa HEPrHH-uMOyiabca. VIMeHHO HAa HeM KOHIEHTPHDPYETCA
BHAMAaHAe B JAaHHO#M TIiaBe.

OcHoBHSIE CBOMCTBA TEH30PA SHEPTHA-UMIYJIBCA KPATKO H3JIO0KEHH
B AONOJHEHHH 9.1, mpegHA3HAYEHHOM [JIS IATATENsA, KOTOPHHE Xoder
KaK MOXKHO CKopee mepeiiTnm Kk ¢m3mke rpasuranud. Taxoii gmTaTelxb
MOKeT cpasy Hocie HOmoJHeHHs 5.1 HpACTymaTh K H3yYeHHIO . 6,
HO CHle]aB 3T0, OH JUMUT ce6A BO3MOKHOCTH O3HAKOMUTHCHA C HEKO-
TOPHIME TOCJENYIOMMME pPasfelaMe Kypca 2, KOTOpHE B 3HAYATENbHOR
Mepe ONMMPAKTCA HA MaTepHal JAaHHOM IVIABHIL.

Nononmenme 5.f. PE3IOME TJABBI 5

A. Tensop SHEPrHH-AMIYAbLCA KAK MANIMHA

B xrammoM COGHTHE NPOCTPAHCTBA-BPEMEHA CYHIECTBYOT TeH30p 3HEPTHA-AMOYILCA.
OB npepcTaBasgeT coGoil MammHY, KoTOpas HeceT B ceGe mHPOPMAMHIO O IIOTHOCTH
SHePTHH, NJAOTHOCTA AMOYJIBCA B HANPAKeHAAX, A3MepAeMEX BCEBO3MOKHHMA Ha (o~
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daTedAMHE B RaHHOM coOmTmE. Cloja BXOJAT DHEPraAs, AMOYJILC M HAODAKEHHA, CBA-

SaHHEHE CO BCEeMH BHAaMH BeMeCTBA M CO BCEMH HeTPaBHTAlMOHHEIMH IOJSMM.
Tensop sHeprEUA-EMOYJILCAa ABIAETCA JMHeHHON CHMMETPHIHOHR MamMHOH C ABYMA

KaHaJIaM® A BBoJa ABYX BekTopoB: T (. . ., . . .). To, 9r0 monyuaerca Ha ero BrIXo/e

NpH 8aJaHHEX BXOXHHX AAHHHX, MOKHO KDATKO OHOHCATh CHEAYIIUM 05pasoM.

1. BeeteM B OOHMH H3 KaHAJNOB 4-CKOPOCTh HAOMIOmAaTeNss U, OCTABHB APYToi Kawad
cBoGonanM. Ha BrIXofe monyamm

mroTHOCTh 4-mMnyasca dp/dV, T.e. 4-mMmyine
eAHAGHK TPEXMEPHOT0 06heMa, A3MEpPEeHHHIH
TW..)=T(.,u)=— B JOpeHNesoit cucTeme Habmiofarensa P cobnTHA,
B KoropoM B3AT T

T. ‘o, T%uf=Tg*ub= —(dp*/dV) nns mabmomaTens ¢ 4-CKOPOCTHIO U%.

2. Beemem 4-ckopocts HaGmiomaTeds B ORXMH KaHAJ W HPOM3BOJIBHHIA eXMBMIHBIA
BekTop N B mpyroit. Ha Brixome momyumm

KoMmoHeHTa M-dp/dV wioTHOCTH 4-HMIyJIbCA BROJD
Tu,n=T(Mmu)=— (Hanpanneﬂna N, m3MePEHHAA B JOPEHIEBOM cnc'reme) ;
HabmiopaTens

Te €o Taﬁuunﬂ = Tasnauﬂ = —n, dp*/dV.

3. Beemem 4-ckopocts mabmopmatens B ofa kamana. Ha BmXome HONTyYAM MJIOTHOCTD
SHEPTHH-MACCH, A3MEDEHHYIO 9TAM HaGxonareneM B COGCTBEHHOH JOPEHIEBOM caCTeMe:

T v) dHeprmA-Macca eJHHEMH o0beMa, M3MepeHHas B CHCTeMe,
u, u)= .
! obmamaomeit 4-cKopocThiO U

4. Bubepem xoHkperHoro HaGmIOfaTeAs W [Ba IPOCTPABCTBEHHOMOJOOHHX GA3HCHHIX
BEKTOpa @; M @, ero JIOpPeHIeBoi cacreMu. BaefeM e; W @, Bo BxojgHbie KaHaXwl T.

Ha Bmxopge moxyaam j,k-KOMOOHEHTY HAUpPsKeHHi, H3MepeHHYI »THM Habroma-
TeJIeM;

Tj=Ti(0;, 6x)=T4;=T(0;, 8;)=

j-KOMIOHEHTa CHJIbI, KeHCTBYIO- k-KOMIOHEHTa CHIIH, JeHCTBYIO-
meii cO CTOPOHH rI*—g Ha e co cTroposH 2’ —e Ha
= Marepmo B o6mactE z*+e = MaTepuio B o0JacTH s +e .
Yepe3 efERHAYHYIO INIOMAAKY gepes eHHHYHYI0 IJIOMAXKY
C NIePHeHJHKYJISAPOM € C NEePOeHJHKYJIAPOM €y

B. Tensop smeprum-mMoyibca HAEATBHOH KAIKOCTH

OnepM M3 BHIOB MaTeDHM, KOTOPHI MHAPOKO H3YyYaeTcsA B HOCHeAyIOMHEX IIaBax aToi
KBHTH, fABIAeTCA «udegavras awcudkocmor. UneanbHasd )AMKOCTL mpeACTaBAAeT coGoi
AQKOCTh HJIH Ia3, KOTOpHe 1) ABMKYTCA B mPOCTPAHCTBE-BpeMEHHA C 4-CKOpPOCTHIO U,
KOTOpas MOKeT MEHATHCSA OT COGHTHAA K COOKTHIO, B 2) 061aJal0T NIIOTHOCTHIO 3HEPIHH-
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MaCChl p M MB0TPOIHHM JaBJeHUEM D B CHCTeMe IOKOS KaykIOTO 3JeMeHTa ;KHIKOCTH.
CnsuroBnie Hanmps;KeHWA, aHM30TPONHOe J[laBleHHWe H BABKOCTh NOJNKHH OTCYTCTBO-
BaTh, B IIPOTEBHOM CJIyvYae JKAKOCTH He AealbHa. TeH30p BHEPTHE-UMIYJA5Ca HAEAIb-
HOM KHAKOCTH B JJAHHOM COOEITMM MOKHO IOCTPOMTH, MCHOJB3YA MeTPHYECKHH TeH-
30p @, 4-CKOPOCTH U, NIOTHOCTE P M JIaBJeHHE p B CHCTeMe HOKOA:

T=(+p)u@u+pg, nam Top=(p+ p) Ualp+ Pgas.

B cacreme, rie ;KEAKOCTH NOKOHTCS, KOMHOOHEHTH STOT0 TeH30pa 9HEPTHH-UMIYJILCA
umeloT Tpebyemblit BEA (9ToGH yGemuThCA B 3TOM, Hafl0o JRIIb BBECTH BO BXORHOH
KaHaXt T B KauecTBe 4-CKOPOCTH HaGJai0aTeNsl 4-CKOPOCTDH KHIKOCTH):

T%uf ={(o + p) urug + pdg) ub = —(p+ p) u®+ pu*= —pu%;
1.%€.
T%uB= —p= — (mIOTHOCTH BREDPTEHE-MAcCH)= — dp%/dV,

& puf =0 = — (DMOTHOCTE MMIYIBCA) = —dpj /dv,

a TaKKe
Ty =T(0;, 8,)= pd;, = KOMIOHEBTH TEH30Pa HAIPAKEHHH.

B. Coxpanenme 3Hepruau-HEMIYIbCA

B anekTponumEaMEKe coxpaHeHMe 3apAfa Mo;keT OHTH BhIpaskeHo B dopme amdepen-
UHaJbHOTO ypaBHEHHS
d (unoTEOCTH Bapsma)/dt 4 V -(mioTHoCcTH Toka) = 0,

T. e. JO,+V J=0, ann J%,,=0, 1. e. V-J = 0. Ilopo6unM jxe oGpasom coxpa-
HeHAe JHEPrHH-UMOYJIBLCA MOHO BEIpasuTh B fopMe dyHAAMEHTAJBHOTO IeOMETPH-
9eCKOro 3aKOHa

V-T=0.

(Tak Kak Tewzop T cHMMeTpHYeH, HeBayKHO, IO KaKOMY KaHally BHYHCIASETCA NHEBep-
reHnnaA.) ITOT 3aKOH HrpaeT BAXKHYIO POJb B TEODHA TATOTEHHA.

OcTannsaas 49acTs 9TOH TIVIaBH OTHOCHTCA K Kypey 2.

Ee coxepxande He 3aBACHT OT OpegBIAYIIEr0 MaTepHara Kypca 2.

OBa HY)XHA B KaJecTBE NOArOTOBHTENBHOrO MATEpHANA JuA ra. 20

(3aK0oBLI COXpAHEHMA MACCHl H MOMEHTa HMIYIBCA).

OBa BCKIIOYHTENHHO MOIE3HA BO BeeX IPHAOKEHAAX Teopan TaAroTenns (ra. 18—40).

§ 5.2. TPEXMEPHBIE OBBEMBI 1 ONPEJEJIEHHE TEH3O0PA
OHEPTHM-UMIIYJIbCA

B npocrpancree-BpeMenn TedeT «peka» 4-mMmyiabca. Hapas gwactama
HeceT BJIOJIb CBOEH MUPOBOM JIMHME BEKTOp cBoero 4-mMmyiasca. Muo-
JKeCTBO 9aCTHI[ HA MHOKECTBO MAPOBHIX JMHWHA, €CIHM HPENCTABIAATH
AX pasMasaHHHME (upubid;KeHAMe KOHTHHYYMa), CO3HAIOT TeYeHHe
KOHTHHYYMAa —«peKy» 4-AMOyasca. JIEKTPOMATHATHHE O0aA, Heil-
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TPHHHEE IOJA, ME3OHHHE HOJA -— BCe OHH TOKE FAIOT BKJIAJ B 3Ty
«peKy».

KHax MO0KHO KOJIHM9eCTBEHHO ONHKCATH TedeHue 3To# «peku»? C mo-
MOINbIO. JIAHOHHOK MAIUMHH — TeH30pa dHEePTHH-EMIyiabca T.

BuGepem B mpocTpaHCTBe-BpEeMEHH MAJHIA TpeXMEpHHIH mapaJie-
aenuneq ¢ BekTopamu A, B, C B xauectBe peGep (¢pmr. 5.1). 3anma-
AUMCA BONPOCOM: KAaKO€ KOJIMYECTBO 4-MMIOYJbCa IIePEceKaeT 3TOT
o0beM B IOJOKATENHHOM HANpaBIeHHA (T. €. B HAIPaBJICHUA OT €ro
«OTPHI{aTeJBbHOM CTOPOHH) K €r0 (IOJOKATeAbHOX cToponey)? UToOH
OOJYYHTH OTBET, BHIONHEM cJiaenytomme omepammu. 1. IlocTpomm
«I-ghopmy obeemar

Sy = + ,qp,4%BPCY; (5.1)

Haml mapajjiefendamel pAacOONOKeH HA ONHOE H3 NOBEpXHOCTEi

1-popmH, a moNOKATEIbLHO® HAIPABACHAS, NIEPHCHANKYIAPHOS HapaJ-
lejenuneny, ONpefeJIeH0 TaKuM o6pasoM, UTO COBIAJAeT ¢ HOJOMKH-

A

\

Hotok 4uninyasca
|
\\\

Monoxurenpioe—

————

HarpaBJeHne

-
EE= loxoxureantoc,
£ Haupasaenme

T

g

«Pexa» 4-IMIyNIbCa, TEKYIAA B IPOCTPAECTBE-BPeMeHN , 1 TPU Pa3aMuHKX 3-065ema,
CKBO3b KOTOpDHe OHa nporekaer. (Ha ¢urype HegoctaeT ofHOTO W3MepeHMS,
H03TOMy 3-06BEMH BHINANAT Kak 2-00bemul.) Ilepsmit 3-06beM mpeacTaBaser
co6oil BHYTPEHHIOI 98CTh KYOHMYeCKON MHJIBLHANMN, KOTOpPaA B AAHHHA MOMEHT
MOKOHTCA B WM306pajKeHHOI JopeHNeBo#t cucreme. Ee peGpamu sBasiotca Ley,
Ley, Le;, a 1-dopma ee o6pema, «IOIOKHTENBHO? OPHEHTHPOBAHHAA B CTOPOHY
6yaymero (¢«cTaERapTHasA opHeHTamMm») ecTh 2 = L3dt= —Vu (V = Le, —
ofbneM, HW3MEDEHHHII B CHCTeMe NOKOf, U = —df — 4-CKOPOCTH MHEIBHHIH).
Bropoir 3-o6beM mpeAcTaBaseT coGoil «<MHPOBYIO MONOCY#, 3aMETaeMyl0 3a Bpe-
MA AT KPDHIIKO# BTOpo# KyOWdecKo# MHIbHMUNH. PeGpaMP KpHIIKH ABJISIOTCH
Le, u Lez, a 1-(bopn§la ee 00’beMa, 4IOJIOKUTEIBEOY OPHEHTHPOBAHHASA HAPYKY OT
MHJBHANH B HANPABJIEHAR PACTYIHMX ¥, ecTh X = L2Atldy = #A10 (A = L2 —
mI0mAaAb KPHIIKA MEJABEANH; ¢ = dy — egnEnuBas 1-dopma, cogepsxamas MApo-
By moaocy). Tpermit 3-06veM BHOpaH IPOMBBOJBHEO; €r0 peGpaMm ABIAITCA

A, B, C, a 1-popma obmema ecTb I, = £,44,4%BPCY.

MaTeMaTHuUECKOC
BpefCTaABIeHRe
3-061eM0B



Haxoxnesse

HEMIYJIBOA,
IePecerAomero
3-06pen,

© IOMOIIbIO
TeHsopa
9HEPrHn-
HMITY/ILCA

BHYTpPeRHAR
98CTh MBUTHHEIL

eelobmeua

4-HMOYNLO,
KOTODBIM
oHa obGaanaer
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TeJbHHM HampaBiaeHueM 1-popmu I. 2. Beegem 1-dpopmy aToro oGwe-
Ma BO BTOpO#l KaHAJ TeH30pa 3sHepruum-mmuyiabca T. B peayabrare
mOJLyIAM
HMIYJIbC, IepecexKaomui 3-06seM oT
T(..., 2)=p=| orprnarenpBoif CTOPOHH X HOXOKH- |e (5.2)
TeJIBHOH CTOpOHe
nycroi
KaHaJX

3. UTo6H moayduTh OPOSKIHIO 4-MMIyJIbca HA BeKTOp W muad 1-gopmy
o, BBefem 1-popmy obnema X BO BTOpPO KaHAl, a W MIMd & —
B TEepBHI:

T(w, Z)=w-p, T(a, Z)=(a, p). (5.3)

9T0 K ecTh OUmpeAeNeHU® TEH30PA IHEPTUM-MMIIYJIbCA.
Baxuaeiimue cBoiticTBa 3-06b€MOB M TEH30pa IHEPTHU-AMIYJIBCA
HOJIHOCTBIO OTPayKeHH B M3II0KEHHOH BEIIIE TPEXdTAIHOK HPOLEAype.
Opnako HeJb3A OTPAHUIATHCA HOMOOHOIM KPATKOM CBOLKOIM: HeoOxoan-
MO Takke W rayboxoe mommmanme. J[JA HOCTH)KEHMA TAKOro IOHAMA-
HHA Heo6XOAMMO H3YYATH YACTHHE clydam 3-06beMOB M TeHsopa

JHEPTHH-AMIYJIbCA,

Yacranii cayvaii

B mpocTpaHCTBe-BpeMeHH ABHMKETCA MBUIBHALNA. B cobutum &) na
MHPOBOl JMUAA MBUILHANH B Hee 3ariAAHBAET YeI0BeK M TIIATeNbHO
MCCIEAYyeT BCE MBUIO, BO3ZYX M 3JIEKTPOMATHATHEIE NOJf, KOTODHE
B ueit comepxarca. OH CKIaAHBaeT NX 4-AMOYJIBCH W HOJYYaeT moJ-
HBIA 4-IMOYAbC Pywynamu s Py KaxoBa BeTMUnMHA 3TOTO MOJHOTO 4-IM-~
nyabca? Ee MOKHO BHMHCAHTE, €CH YI€CTh, UTO 4-AMIYJIBC, KOTOPHM
obnamaer MEIBHATA B &), B TOTHOCTH paBeH 4-MMIYJIbCYy, IEpeceKa-
10MeMy MBUIBHHIY B HAOpaBJeHAA M3 OPOULIOro B Oyxymee B 3ToH
rouxe (Pur. 5.1). CiegosarenbHO, 4-UMIYJIBC, W3MEPEHHHH HANIMM
HCCIIeIOBATENIEM, pPaBeH

puum.xmnu B 3’0=T(‘ ] E)’ (5.4)

raie ¥ ecth 1-Popma o6bema MeUIbHHUIE B Touke &, Ho y rakoi
MEUIBHHOH BeIAYNHA 3 paBHa ee o6veMy V, mamepeHHOMY B CHCTeMe,
B KOTOPOH# OHA B JAHHHA MOMEHT HOKOMTCSH, a CaMa MEIIBHANA JEKUT
B OHOM M3 TUNMEPILIOCKOCTei X; APYrAMMA CIOBaMH,

Z=—Vu, (5.5)

rfe U ecTh 4-CKOpoCTh MBUIBHMOH B &, (CO 3HAKOM MHHYC, TaK Kak
ecau mox U moHmMaercA 1-gopMa, TO IOJOKHTENHHHM HANPABJICHH-
eM JJIA Hee ABJAETCA HANpasjeHde B mpomuioe, u, <<0); cM. momou-
penme 5.2. CnefoBaTeiAbHO, MOJNHHH 4-HMIyJbC, KOTOPHM oGmagaeT
MEUIBHHIIA, PaBeH

=T(..., =Vu)y=—VT(...,u), (5.6)

pmblﬂllﬂi B @0
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HJAM B KOMIOOHEHTHHIX 0003HAYeHMAX

(pa)munbnnnu p Po= —~VT aBuB' (5.6")

SHGPI‘HH BHYTpH MBIJILHUMIIBI, H3MEpEIIHAsA B ce CACTeMC I10K0A, paBla
IMpoeKIuM 4-HMH§'JIBC& Ha 4-0K0p00Tb MbIJIBHHIEEIL, B3ATOM C o6pa’rumm
3HAKOM:

E=—u- Puampmmu 8 Py = T VTaBuauB= VT (u, u);
HATaAK

INIOTHOCTH SHEpPruH, P {'n"e‘;"r';"“:"n“
naMepernas B cucreme | =-=T (u, u). (5.7)
NOKOA MbIJIBHHUIIH

Eme opnnm wacTHbIi cayuaii

Yenosex, egyiuii ¢ TOH ke MBUIbHALER, OTKPLIBACT KPLIMIKY M OTAM-

BaeT HeMuOTo MbITa. l{aKoe KOAMYECTBO MOIHOTO 4-MMIIYJIhCA BHITEKAa-

€T U3 MBUJIBHUILI 32 o4YeHb MaJblil mpome:KkyTok Bpemeuu At? Urobm

OTBEeTUTHb Ha 3TOT BOIPOC, PACCMOTPHM TPeXMepHHI o0beM, «3amerae-

MHI» 32 BpemMA AT OTKPHTON ABYMEPHOH KPHIIIKOM MLIIBHUIIE («MH- Rpsuwa
poBad moxoca KpHIEKW»). VcKoMHi#t 4-uMuyasc pasen 4-uMmmynabcy,
TepeceKalomieMy 3Ty MHPOBYIO TIOJOCY B IOJIO:KUTCILHOM HamnpaBlc-

nuu (pmr. 5.1); cremoBarenbHo, OH paBeH

Poscrexanti =T (. - «» Z), (9.8)

rae T ecth 1-popma o6bema muposoit mosocul. llyers £ — miaomann :;"’:,’3::“
KPHIIKM MBIJIBHUIE, a 6 — efuHudHaA 1-popma, OpueHTMpoBaHIias

Hapy:Ky, OZHOH M3 NOBEPXHOCTEH KOTOPOH HPHHAIC;KMT MHpPOBas

nosoca (T. e. MPUHAMIE;KHT KPHIIIKA MLUIBIUILI ¥ MPHOBEHHOE 3HA-

genAne ee 4-ckopoctu). Torma

2 =AAvo (5.9)
(cM. monoaxenue 5.2); TakmM 0Gpas3oM, 4-EMIYJibC, BHTEKWIMH 3a
BpeMa AT, paBeH soropan
pnuqeﬂm“ﬁ = JATT (o DY 0). (5.10) :;m::

Nouoanenne 5.2, TPEXMEPHBIE OB'BEMBI

A. Ilapanzenemunen B o6mem ciygae

1. PeGpamu mapannelenunena sBiasiorcs tpu Bektopa A, B, 6. PeGpa momkum
OnTHL ymopsAgoueHH, Hampumep: «3a A ciegyer B, sa B cueayer O».

2. Tpusexmop o6sema oupemensierca kaxk A A B A C. Om ymorpeGasercs B Goaee
CJI0KHOi TeopHH 00beMOB (rJI. 4) B IOYTH He HCHOJb3YeTCS B 3JieMeHTapHOi
TEOpHH.

12—01457
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3. I-ffopma o6vema ompemensiercd Kak I, =
=¢£,,3yA%BBC?. (A, B, C nomxHEN caenoBaTh
3fleCh B yCTAHOBJEHHOM HNOPAMKe, KOTOPHH BHG-
pan B mymkre 1.) OTMerHM, 4TO BEKTOp, «COOT-
BeTcTByIommii» X, B TpHBeKTOp 06beMa CBA3aHEL

> cootHomernmem X = —*(A A B A 0).

4. Opuenmayus obbeMa ompefenAeTcA TaKAM 06-

(Smech orcyTCTByeT OmHO HaMe- pa3oM, uTo0hl OHa coBHAjajla ¢ OpHMeHTamuei

m; °V‘)'°"°‘“’“’“°° mapanxe- cooTBercTByIomeit eMy 1-dopmmt Z. Toumee,

ny. pe6bpa A, B, C xnear B rmEmepmIoCKOCTH
Z(3E, A= (3,8)= &,0)=0; mr oxmOro

«ymapa XoJokoda»). Takam oGpasoM, cax ob6wem

aganemest 00not uz eunepnaockocmeti X! Iomosxu-

TeJIbHHIM HallpaBJICHHEEM, BHXOAAMAM A3 o6beMa,

IO ONpEeNieJICHAI0 ABJIAETCA HOJOKHTENBHOE Ha-

A npaBienne X. [Tpumevanue. WsMeHenme mopsam-

l : TMosokutenbiton ka A, B, C npeEBoaNT K H3MEHEHHIO NOJOKHETEN b~
| Manpasaefiue HOT0 HampaBJeHds!

I : 5. Tlpu «cmandapmuoii opuewmayuuy» UPOCTPAHCT-
BeHHONOROGHKX 3-065eMOB LONOMKATEABHEIM Ha-
/ npaBiendeM 1-dopmur T ABaAercA HampaBIeHHe
B Gyaymee, 9TO COOTBETCTBYEeT TaKOMY NIOpPAT-
(3meck OTCYTCTBYET OJHO HaMepe- xy A, B, C, opn xoropom onx o6pasylor mpa-
H¥e, MpocTHpalomeeca BroAs G.) BYIO TPOMKY BEKTODOB.

B. 3-061emnt mponsBoasHOl dopME
Ormg MoryTr GHTH NPOAHAJASHPOBAHH C IOMOWIBI0 Pa3GHEHHA Ha NAapaiiaelendme] sl

B. Bayrpennsa uacts MuasHEnH (npEMep)

1. Anasus ¢ cucmeme, ede Mmulabnuya noxoumcs. BriGepem cobnTHe Ha MHpPOBOR
JMHAM MLUIBRAUH. B HeM Tpm pefpa MEIIBHHEIE HpPeACTaBAAT coboil Tpm
onpeneneHnbix sekropa A, B, 6. B cmcreMe mokos MHABHEIE OHH ABJIAKTCA
gucro mpocrpalcTBeHEEME: A® = B® = C% = 0. CiegoBatenbHo, y 1-PopmMm
o6peMa KoMnoHeHTH Xj; = 0, a

Al A2 43
Zo=8o,,,,A‘BjC*=det B! B2 B3| =
¢t 2 ¢
= A.(BXC) B o0HUHHX 0603HAYEeHHAX TPEXMEPHOTO BEKTOPHOTO aHAJH3a;
=4V (V — o6bem MuapHUDE), ecam (A, B, C) — opaBasA Tpoiika

(DoNOKATENEHHIM HampaBeHHeM X sABIAeTcA HampaBJieHHe
B 6ymymee; CTaHmapTHas OPHEBTALHASN);

= -V (V — o6pem MaurpHHUH), ecam (A, B, C) — aeBaa Tpoiixa
(ToNoMATEABHNM HalpaBieHAeM X ABIAsAeTCH HAaOPaBIAeHAe B
mpommroe).
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2. Smom pesyarmam Ha zeomempuueckom A3viKe evipadcaemcs caedyoujuM 06pazox.
Ilycts U — 4-cKOpOCTS MEIIBLHHLE, 2 V — ee 06'beM, H8MepEHHLIl B e¢ CHCTEM®
mokog. Torga am6o

2=-—Vu

H B 9TOM CJIy9ae (IOJO0MATEIbHOM CTOPOHOA» 3-MOBEPXHOCTHE MHIBHHANH ABJIAET-
cA Gynymas cTopoHa, a ee peGpa ymopAfmoYeHH TaK, 4TO 06GpasylT HpaBy©O
Tpoifky (CcTaEHmapTHaA OpHeHTan|A), AAGO

2=+4+Vu

H B 3TOM CIyYae «NOJORHTENbHON CTOPOHOH» ABIAETCA HmpoNIefmas CTOPOHA,
a peGpa MBUIBHANH YOOPAZOYEHH TaK, 9T0 0GpasyioT JeBYH TPOHKY.

I'. 3-06beM, sameraemuiii 8a BpeMA AT JByMepHO KpHMmKOH MHIBHANM (DpEMEp)

1. Anaaus e cucmeme, 20¢ mvavHuya noxoumcs. BruGepem cofmTHe Ha MEpOBoi
JAAHEAA MHIBHANH. J{Ba pe6pa KpHIIKM MHJILHEOH NPEACTaBIAITCA B HeM
mBymMa BextopameE A m B. B cHcreMe HOKOA MBUIBHANE HampaBEM HPOCTPaH-
CTBEHHHE OCH TaK, urofn A m B memanm B maockocr: y, 2. 3a mpoMexyTok
coGCTBeHHOro BpeMeHHM AT KPHIKa MBUIBHHIOH 3aMeTaeT 3-06beM, TpeThHAM
pe6poM kotoporo spasgercd WAt (U — 4-CkopocTh MEABHEIE). B cmcTeme
DOKOA MBUILHHIH HOpH cobaiofieEnm mopsnka «sa A caexyer B, za B caenyer
uAt» 1-dopma oGbeMa HEMeeT KOMIIOHEHTHI

Zg=2y=23=0, £
21 = BuhoAth Atu'= — aoijhAth At=
= — A At (A — miIomanh KPHMKA MBIBHANE), A z
ecnm (@x, A, B) —mpasas Tpoiika, uér <y
=+ #AAT (#— nI0omank KPHIDKA MBUIBHHLE), @ g

ecim (e,, A, B) — meBas Tpoiika.

(IIpumevanue. B aToM ciydae Heab3sA OmpENEeNHTh CTAHAAPTHOH OpHeHTAauHH,
TaK Kak S MOKHO HempepHBHEHM o0pa3oM mpeoGpasoBaTh B —2X ¢ HOMOIIBIO
YHCTO HPOCTPAHCTBEHHH X BpaIIeHHH.)

2. 9mom pesyavmam Ha 2€0MEMPUUECKOM A3bIKe 6BPANCAEINCA CAIYIOWUM 06PASOM.
[Iyers # — maomaAb KPHINKY MBUIBHAIE, H8MepEHHAA B €e CHCTEMe HOKOS;
nycTh fajee ¢ — efuHHMYHAaA 1-Popma, onHo# M3 mOBepXBOCTedl KOTOPOil mpH-
Ha[lIeKAT KPHINKAa MBEVIPHEOH H €€ 4-CKOpoCTh (T. e. DOPHHAJJIEKAT «MAPOBas
HoJ0Ca» KPHMKH MHAbHENH). HampaBuM nosoxumTenpHoe HampaBienme o
TaK, 9T06H OHO COBIAJO C IOJOKATEIBHHM HanpaBJeHAEM (BHGPaHHEIM OPOU3-
BOJNBHO) 3-06beMa KpHIIKM MBUIBHHMOE. Tornma

2=HAAvo.

§ 5.3. KOMIIOHEHTBI TEH30PA 3HEPTMM-UMIYJIbCA

Kak m Bce fpyrme TeH30pH, TEH30p 9HEPTHH-HMIYJbCA ABJIAETCHA
MAIMHAHOHA, oUmpeJieJieHAe M CMHICI KOTOPOH BEIXOAAT 33 paAMKM KOOpP/IH-
HATHHX cHcTeM B cacrem orcuera. Ho moGoir maGmiogatens, Gynydn

12¢
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OpUBA3AHHHIM K HEKOTOPOH ONHOH JIOpeHmeBod cucreme, oGpamaer
Gosbime BHMMAHUSA HA KOMIOHeHTH T, 4eM Ha caM Temsop T. Kak-
N0f KOMIIOHEHTe OH NPUONCHIBAET ONpefeJeHHNN PU3mIecKni cMECH.
HauGoapmuit uaTepec, mokanyit, mpeacrapiager «BpEMEHHO-BDPEMEH~
Hag» KommomenTa. OHa paBHa CyMMapHO# IUIOTHOCTH dHepram-
MAcCH, N3MEPEeHHOA B JIOPEHIEBOd cucTeMe HabniomaTens:

Too= —T3=T"=T (8o, 8,)=mnoTHOCTH 3Heprum-maccu (5.11)

(cp. ypaBuenne (5.7), Tie 4-cKopocTh HabllofaTeNa U 3aMeHeHA Gasuc-
HHIM BEKTOPOM @, = W).

WaTepnperannio «opocTpaRCTBEHHO-BPEMEHHEIM» KOMIOHeHTam T70
MOKHO JaTh, PACCMOTPEB COMEP:KEMOE MEIBHANK, NOKOAMEeHCcA B CHC-
Teme Habmionarens. Eciau ee o6benm pasen V, To 1-Popma aToro o6ne-
Ma paBHa X = —Vu = <+ Vdt; p-xommonenTa 4-ummyinbca, KOTOPEM

oHa o6aamaeT, coCTaBjsgeT
p* = (dz¥, py=T(dz*, 2)=VT (dz®, dt) =VT"°,
Toraa 4-mMnyasc enunmnn o6beMa paBen
YV =T", (5.122)
H1A, 9TO 9KBHABAJEHTHO,
T% = naoTHOCTH BHEPIUH-MACCH (5.13a)

(emuumnu: r/cM®, apr/em® mam cm~%);

T% = noTHOCTS j-KOMIOHEHTH EMIyIbCA (5.136)

(emumEumu: r(cm/c)em 3 mam cm~2).

Kommonentst 7% MO;KHO HHTEPHpPETHPOBATb, €CAH PAaCCMOTDPETh
DOKOAMYIOCA B CHCTeMe HalaiofaTe]s JIByMEPHYI HOBEPXHOCTH IJIO-
magy A, H0I0KUTETbHAS HOPMAIb K KOTOPOW HANPABIeHA B HANpAB-
Jenud k. 3a mpoMe:KyTOK BpeMeH:m Af 3Ta 2-DOBEPXHOCTh 3aMeTaeT
3-06emM, 1-popma KoToporo pasna T = AAtdz* (cM. momonmenme 5.2).
4-EMnyabC, OepeceKalmuii 2-mOBEPXHOCTH 3a BpemMs Af, HMeer
U-KOMIOHEHTY

p* =T (dz#, )= AAtT(dz*, d2*) =4 At T*™*,

Takum o6pasoMm, HOTOK 4-MMOyabca (4-MMOYIbC, HepeceKaOmAN 34
eQUHALly BpPEMEHM eQMHAYHYI0 IUIOMAAKy, OPHeHTAPOBAHHYI Iep-
NEeHAUKYJISPHO ©) PaBeH

(P*/ A At)nepecerawmatt naomanxy 1 o =T " (5.126)

AIE, 9T0 IKBHBAJNGHTHO,
T® — k-KOMIOHGHTa NOTOKA JHOPIHE (5.138)

(enuaumer: apr/cm?-c mam cm~?);
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T — j k-KOMIOHEHTA «HAIPAKEHHA» == (5.13r)
== k-KOMNOHEHTa IOTOKA j-KOMIIOHEHTH AMIYJbCA ==
== j-KOMIDOHEHTA CHJH, [eiicTBylome#l co CTOPOHH moJjeil
H BemecTBa B o0aacTh — & HA IOJA K BemecTBO
B o6xacta 2* + & qepe3 eNHHAYHYI0 INIOMAAKYy € Iep-
NeHAHKYAAPOM 8j.

(emmrnnu: pun/cM? mam cMm~?). (HamomumMm, 4T «mepefaua HMImyJIbca
38 CEKYHAY» €CTh «CHJIa».)

TeH30p SHEPrHU-HMOYJIbCA JOMKeH GHTb cumMMeTpHUHBIM: T¢B—=
=TP%; HO KOKa3aTeNBCTBO 3TOr0 MH HpHBEJEM HOCJe TOro, Kak pac-
CMOTDHM HECKOJBHKO NPHMEPOB.

§ 5.4. TEH30P J3HEPTMH-HMIYJIbCA PO YACTHIL

PaccMoTpuMm poit wacTan. BrGepem nexkoropoe cobrrre & BayTpH pos.
Paso6bem gacTunn B6ansn &P na kracew 4 = 1, 2, . . . Takum obpa-
30M, 9TOGH YacTHOHE M3 OAHOTO Kiacca 06Jafajdm OXHMMH M TEMH ke
CBOMCTBaMH:

m,,— Macca IOKoA,
U4y —4-CROpPOCTB,
Pl = M lUgs) — 4-BMOYIBC,

ITyerbs N4y — amcao wactur kiaacca A B equHANe 06beMa, H3MEPEHHOE
B CHCTeMe, I'/ie 9TH YacTHIH NOKOoATCA. Torga KOMIOHEHTH ¢6eKmopa
yucaa-nomora» wacTum S(4,, ONpeAeNAeMOro BHIPAKEHHEM

S = Nyla), (5.14)

HMEIOT IpocTol ¢manmieckmit cMHCH. B cacTeme, B KoTopoit wacTumh
Kiaacca A MMeIOT OGHYHYI0O CKOPOCTH ¥(4), BTOT CMHCI CBOAMTCAH
K CIeAylomemMy

S("A) =N, A,uf?;)) =N,[1— v(zA)]"I/ * = DNOTHOCTH 4MCITA WACTHI;

T (5.15a)
IJIOTHOCTh 9HCIA daxTop Jopennera
98CTHI B CHCTEMe, COKPAIMeHA A o6peMa
Té OHA NOKOATCA
S(A,=N(A,‘u(A)=S?A)v(A,=lIOTOK 'lac'l'nn. (5.156)

Citef[0BaTeIbHO, IVIOTHOCTH 4-HMIYJbCA HMMEOT KOMNOHEHTH

noil 0 0 0
Tay= P?A)S(A) = m(A)u&)N i) =ma)N (A)u&)u(A),

-
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& HOTOK W-KOMIOHOHTH HMMIyJbCa 49epe3 IOBepXHOCTh, NePHeHJHKY-
JAPOM K KOTOPOH CHYKHAT @;, PaBeH

wi B of n i
Tca) = paySiay = mequayNV a)tica) = me,N (A)“&)uzA)-

TR BHpa’KeHHWsA B TOYHOCTH COBHOAJAKT ¢ W, 0- m u, j-KOMHIOHeRTAMHE
TeOMeTPHYECKOr0, He BABACAINEr0 OT CHCTEMHE!, BHPAyKGHHS

Taw=muNula ® U= pu @ Sw)- (5.16)

Ionuami BEKTOD YHCJA-DOTOKA M TEH30P 3HCPTHM-HMIOYJXbCAa MJIA BCEX
YacTHIl B poe B6ausu & OOoJIy9alTCA CYMMHPDOBAaHAEM IO BCEM RJIaccaMm:

s= ?N(A)“(A)s (5.17)

T= % maN ) ® U= ; P @ S (5.18)

§ 5.5. TEH30P JHEPTMH-UMIOYJIbCA HIEAJIBHON
ARKUAKOCTH

IIpocTeiimumM mpEMepoM CIIOMIHON Cpefnl ABJIAETCA ras B3 HOB3aMMO-
NeHCTBYIOIAX JacTHl (¢MAealbHHA ras»), B KOTOPOM CKOPOCTH YaCTHI,
pacmpeielieEl M30TpomHo. B JopemIleBoii cHcTeMe, Ie HMEET MECTO
H30TPONHSA; H3 COOOPAKOHMA CHMMETDUH BHITOKAeT DABOHCTBO MEKIY
cofoli MEAroHAJABHHX NIPOCTPAHCTBEHHO-IPOCTPAHCTBEHHKX KOMIO-
HeHT TEH30pa 9HEPIAH-AMIYJIbCA

T =T, =T, = mavz@a)  _Nawsa 5.19
x% 144 2z ; (1— va))x/’ a _,,(l A))il' ( )

U PaBeHCTBO HYJI0 BCeX HeIMaroHAJbHHX KoMmoHeHT. Bomee Toro,
(5.19) cocraBieno W3 DpOMa3Be/eHA TACAA JACTAL B efEHANe o0BneMa
HA CKOpOCTh B HAIPABJeHAM OCH X (UTO JAeT MOTOK YacTHI B HAIpaB-
JIeHHH OCH ) M Ha KOMIOOHEHTY MMIYJbCa B HAOpaBJIeHAH OCH Z, ITO
COBIIAZaeT C XOPOII0 M3BECTHHM B KHHETHIECKOH TeOpHH BHPaKOHH-
eM nuaa nasienna p. IlosTomy B AaHHOH cOEMAANbHOR JOPEHIEBOI
cHCTeMe —¢CHCTeMe MMOKOA» rasa — TeH30p >HepraH-AMOyJbCa OpH-
nuMaer BHJ

Top= (5.20)

oo ©

0
oll-
p

o O O
on O O
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3pech BeIMYAHA O NPAMO HUKAK He CBA3aHA C MacCoi moxos cocTas-
aaomux actun. OHa ABIAETCA MEPO# CyMMH 9HEPTHH MOKOA M KAHe-
THYeCKOU 9HEPrHd ITHX YACTHI,.

Bupasms (5.20) 9epes 4-ckopocTs u® = (1, 0, 0, 0) cpegn B cuc-
TeMe, Iflé rad MOKOMTCH, LOJYTIAM
p 0 0O 00
0 00O 0 p
000 offfo o
0 00O 0

= PlqUp + P (Nap + Ualip)s

0

0
Tap= 0 =
P

o
o © ©

#Jid HA T'éOMETPHAYEeCKOM fA3hRIKe, HEe 3aBHCAILEM OT Bu6opa CUCTEeMHI,

T=pg+(+plu®u. (5.21)

IIpunomenus coorHomenus (5.21) HocAT caMHii o0muUiz Xapakxrep.
970 BHpasKeHHe ABIAAETCA TOYHHIM B TOJIBKO 9TO PACCMOTPEHHOM CIY-
9ae «EgeansHOro rasas. OHO ABIAETCA TOYHHM TaKke MIA J06OR
CIUIONIHOM CPehl, KOTOpasA OPeACTABIACT COG0H «AeaTbHYIO YKHIKOCTbY
B TOM CMBICJe, YTO B HEil HeT TAaKMX IPOLECCOB IEePeH0Ca, KaK Temio-
OPOBORHOCTE H BABKOCTH, & CIELOBATEIHLHO (B CACTeMe IIOKOM), HET
¥ CABATOBHX HANPAKeHHi (TeH30D HaUpsKeHAN JAAroHaleH; KHAro-
HAJbHHE KOMIOOHOHTH pAaBHH Me:Ay co0oli, Tak Kak B LHPOTHBHOM
cliydae IOBOPOT CECTEMH O0TCIeTa HpUBeJi GH K HOABICHHIO CBATOBHIX
HanpsskeHm). OFHaKO B 00LIEM ciydae HAEANbHON KUAKOCTH B IJIOT-
HOCTb 9HEPTHA-MACCH D, H3MEPEHHYIO B CHCTEMe, I/e KHAKOCTH IOKO-
#TCA, HAJO0 BKIIOYATH HE TOJBKO MACCy IOKOA M KAHETHIECKYIO dHEp-
THIO YaCTHUI, HO ¥ 3HEPTHAIO C)KATHS, 9HEPIHAI0 CBASH ANEP M BCO IPOIHe
MCTOYHAKH BHePTAH-MACCH [HOJHY0 OIOTHOCTH 9HEPTHH-MACCH, KOTO-
PYI0 MOKHO OBLIO OH oOmpefeauTs ¢ HOMOIBIO HIXEATH3APOBAHHOIO
9KCIepEMeHTa, mofoGHoro maoGpasxeHnomy Ha ¢mr. 1.12, B KoTopoM
HCHOHTyeMaA Macca moMemaeTcd B meHTpe cPepH, a npobHaA gacTuma
COBEpIIaeT OKOJO Hee KoJeGaHHA Maloil aMIIHTYAH ¢ w? = (4n/3)pl.

§ 5.6. JEKRTPOMATHUTHBI TEH30P
OHEPTHH-IMIYJIBCA

Kaprrma maTaykeHHi CHIOBRIX JMHAK B JABICHHI B NEPHeHAAKYIAD-
HHX HaopaeieREAX (pur. 5.2) moszsoxmaa Dapapgero ray6ie npoHHK-
HYTb B CyThb 3dexTpomarHeTmamMa. Hpome narmxemusa E%8n (aam
B*/8n) cuIOBHX JEHUI W TAKOTro ke AABICHASA B NEPHOHANKYIAPHEX
HaupaBJeHHAX, AMeeTCA eme BeKTop IloHHTHHra AIA mOTOKA 3HEp-
res (E X B)/4n u MakcBeNJIOBCKOe BHpasKeHMe IIA IIOTHOCTH

L AMIYALOR
sBeprEn-
HJCANbHOr0 Fa3d
H Heannaoft
AHAKOOTH

Oupeneieane
Bnea LaoR
MEAKOOTH
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QUr. 5.2.
QapaneeBH HaOps;keHAA B pelicTBmu. Korga uepes 3€KTPOMarsMT HpPONYCKaloT
NepeMeREHH TOK, AJIIOMHHAEBOe KOJBIO B3jeTaeT B BO3AYX.

Ten 2 .
Tema0p mumymoa 2TEPTHI (E®+ B?/8n. Bce aTm BeqmumHH cOjeps;kaTcA B TEH30pe
aaexTpONATRHT- oNeprun-nMuyiabca MaxcBena, ompenensieMOM BHIPAKEHHEM
HOTO N

4nT™ = FRoF"y — & qpvF o P, (5.22)
yneaxoEaue 5.1,

Ilokaskure, uTo BHpakeHue (5.22), 3auHCAHHOE B JIOPEHHEBO# CHCTe-
Me KOOpAMWHAT, UMeeT BHJ

T®=(E%*+ B¥/8n, T%=T"=(E x B)/4n,

ij,__:ZiE -_(EJ'Ek_*_BJ'Bh) +:%(E2+Bz)6j"],

(5.23)
MoxaskuTe, 9To TEH30pP HANPMAKEHAN NEACTBUTEIHHO ONHCHBAET HATSH-
menne (E2 + B?%)/8n cunoBux aunuit moas u pasiaenue (E? + B?/8n
B HaNnpaBieHHuAX, NEPHeHJUKYJIAPHHX JHHUAM I1O0JsA, B COOTBET-
CTBUM C TeM, 9TO YTBEpP;KAAJOCh BHIILE.

§ 5.7. CHAMMETPUAI TEH30PA 3HEPTUH-UMIIYJIbCA

Bce TeH3opn sHEprMM-MMNYAbCa, MCCAENOBAHILE BHIIE, OGbIM CHM-
MeTpHYHEIMH. YTO OHM APyruMHM M He MOTJM OBITh, MOMHO MOKA3aTh
ciaeyiomuM 00pasoM.
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Bynmem mpoBoauTh BHKJIAAKUM B HEKOTOPOH JIOPEHIIEBOii cucTeme.
PaccMoTpuM CHadajla IIOTHOCTb MMOyJbca (kommounentn I40) u mo-
TOK aHepruM (KommoHeHTH 7'%). OHE fO/KHK GHTH DPABHEL MEMKIY
co6oit, MOCKOJIbKY dHeprua paBHa Macce (E = Mc® = M):

T% = (moTok 3Heprum) =

= (INIOTHOCTH 3HEPTHH) -(CPOHAA CKOPOCTH OTOKA aueprun)’ =
(un0THOCTH Macchl) -(CpegHAA CKOPOCTh LOTOKA MACCH)’ =
(nmoTHOCTH MMEOyJabca) = T'70,

Ocraerca mamb Tensop Hampsmxennir T7* . Jlna Hero mpoBojuM KoKa-
3aTeAbCTBO C MOMOMIBIO TEX K€ CTAHAAPTHHIX PACCYyKHEHHi, KOTOphe
HCIOJNb3YIOTCA B HBIOTOHOBCKOH Teopmm. Paccmorpmm GeckomedHo
Mauakii Ky6 ¢ pebpom L, smeprmeii-maccoin T°°L3 m momeHTOM HMHep-
uan ~ T%L%, [lomecTHB Ha9aj 0 NIPOCTPAHCTBEHHKX KOOPAHHAT B IeH-
Tpe Ky6a, mOoJydHuM ciiefylolee BRpaKeHHe 1A Z2-KOMIOHEHTH KPYTA-
OIer0 MOMEHTa, AeHCTBYIOI[ETo Ha Ky6 CO CTODOHH BHeNIHEil cpebl:

T= (=TI (L) 4+ (1Y) (=L2) —
Y ——' N Nt e’

Y-~KOMIOHEHTA mwiIe1o Y-KOMIOHEHTA mredo
cmnb, pedicr- (rparm) CHJIH, ReicT- (rpaan)
Bylomeit Ha +z Bylomeil na —z
TPaHb TrpaHs
+z -z
— (—T*VL?) (L/2) ~— (T*VL?) (—L/2)
Ny e/ [—_— Nty o Ny et
Z-KOMIOHEHTA njIe’o Z-KOMOOHEHTA L1690
CHJN, HneiicT- (rpa}m) CHABI, JeHcT- (rpaun)
ByIOmeii Ha 4y ByOmeil Ha -y
rpaHb rpaHb
+y =Yy

= (I*V—Tv) I3,

ITockonbky ¢ ymenbinenneMm L xpyTammii MomeHT yOHBaeT Juilb Kak
L3, Torpa Kak momenT mnepnum y6uBaer kak L5, sToT KpyrAmmi Mo-
MEHT npuBefeT K 6ecKoHedIHO GOJBIIOMY YIJMOBOMY YCKOpeHHI0 0GecKo-
HeYHO Majoro kKy6a, uro abcypano. Bo mabexxanme aToro mpoTuso-
pedHs HaOpsKEHMA BCerja pacmpefelsioTca TakuMm obpasom, uTO
KPYTANHA MOMEHT paBeH HYJIIO, T. €.

TV = T,

Ecam 310 pacmpepfeneHne HanpsKeHHHE HApYHIUTh, TO BO3HHKAIOmUE
GeckoHeYHHE YTIIOBHE YCKOPEHAS MTHOBEHHO NepepacupemejaT Mx,
H paBHOBecHe BoccTaHOBATcA. JlaHHOe ycioBHe paBHOBECHA s
KDY THINEr0 MOMEHTA, BHIIOJTHEHHOE 10 BCEM OCTAJIBHHM mapaM Hampas-
JleHNi, SKBHBAJEHTHO CUMMETDUM TEH30pa HANpPA:KEHMIA:

T — T8, (5.25)

JIOKa3aTeALCTRO
ToroO,

9T0 TEeH3O0P
SHOPIEH-HMUY/ILCS
CHMMETDEYCH
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§ 5.8. COXPAHEHHE 4-UMIIYJIBCA: HHTEI'PAJIbHAA
OOPMYJIHMPOBKA

Bort y:xe GoJsee cTa JieT 3aKOH COXPAHEHHUA YHEPTAN-UMIYJIbCa ABJIAET-
¢S KpaeyroJbHHM KaMHeM ¢pusukn. Ho Hurge ero cyTs He nposasaairach
TaK fACHO, KaK B TeOMeTPHYECKOd PopMyJIHmpoBKe, JaHHOH JHHIITEH-
HoM (¢mr. 5.3, a). PaccMaTpmBaeTca deTHpexmepHasm o06JacTh Opo-
CTpaHCTBa-BpeMeHH ¥°, orpaHdmYeHHAs 3aMKHYTOH TpeXMEpHOH mo-
BepxHOCThI0 ¢¥°. YacTunH H moJisA, BTeKaA B 7° # BHTeKadA M3 Hee,
mepeHocAT 4-mMmyiabc. BayTpm ¥° wacTEOH CTaAKHBAWOTCA, paspy-
IMAIOTCs, U3AYYaAlOT; H3IyIYeHHE PACOIPOCTPAHACTCA, pAaCKAaYABAET Jac-
TAOH, pokpaer mapH. OaEAako Ha MI0GOH CTAAHA B 3TOM CJAOMKHOM
qabupuHTe PHBAIECKHX NIPOIECCOB MOJHAA ODHEPTHA-EMOYJIBC OCTa-
€TCA OfHOH M TOo# ’Ke. JHEPTHA-AMIOYJEC, TepsaeMas TaCTHIAMH, Iepe-
XOAHT K HOJAM; 9HEPrHA-AMIOYJbC, TepAeMasg NOJIAMH, IepexogaT
K vacramaM. MTax, Korga «pexa» 4-EMOylibca BHTeKaeT us 7', oHa
BHIHOCHT POBHO CTOJBKO jK€ 3HePTHH-HMOYJbCa, CKOJIbKO OHA TyAa
BHECJA. :

ChopmyaupyeM mo ApyroMy aTO PaBeHCTBO, OIPENENHMB HIOJHHH
DOTOK 4-uMmnyabsca depes 0¥ wapywcy. Burekaomamit 4-mMuoyiabe
GymeM cauTaTh OTpmIaTelbHHM. TOrga «BTeKaeT POBHO CTOJIBKO Ke,
CHOJBbKO BHEITEKAeT» O3HAYAET «B CyMMe HHUEro He BHITEKaeT», T. €.

noaHbl nomor 4-umnyavca uwepes 3aMKRYMY0 MPETMEPHYIO
noseprHocmy Hapyxcy Ooadcen Ovimb pasew HYA. (5.26)

Yro6K BHYUCIHTH DOJHHIM DOTOK HApY:Ky CaMEIM IPOCTHIM COOCOGOM,
aNmpPOKCAMHEDPYEM 3aMKHYTYH 3-IOBEPXHOCTb 47" GOJbIIMM KoJage-
CTBOM ILTOCKHX 3-005eMOB (¢IJIACTAHOKY), AJAA KOTOPHX HOJOKHTEIb-
HOe HampaBJeHHe opHeHTEpoBaHO Hapy:xy (ot ¥7). Torma

Pooaengt Hapyxy = E T(..\n Z)= 0, (5'27)

UNXACTARKHE A

rae X4y ecTb 1-Popma obpema aaa nmactaBkE A. B KomMmoEeRTHHX
00603HAYEHAAX LOJyIaeM

Pgommﬁ HapyRYy = % ™ E(A)a =0. (5'27')

HemBoro ycioKHHB DpOLeAypPY BHYHCIEHHA, HepeliffeM K Ipememry,
KOT/la 9HCJC IJACTHHOK CTpeMHUTCA K 0ecKOHeYHOCTH, a HX pas3Mme-
pH — K HyJio. B peayabraTe mosyumM mHETerpan (Zomoixnemme 5.3)

Plionms sapysy = § ™™g Ea =0, (5.28)
LY 44 :

9t10 pasencTBo (10A00HO M060MYy PaBEHCTBY, 3aIHCAHHOMY B KOMIO-
HEHTax) ClefyeT OpeAcTaBIATh cebe Kak ynob6Hyo dopmy 3samucH
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YTBep:;KAeHns, HE 3aBHCAMEro OT CHCTeMH KOOpPAHHAT:

Pnonunst mapywy = § T.-*2=0. (5.29)
o7

Ilepexoas Ha caegymui ypoBeHEb CI0KHOCTH (3TO HE PeKOMEHAYOTCA
AeJaTh Opd NepBOM UT€HHA KHATH), IPH KOTOPOM OfHAKO YIPOMAIOTCA
BHIYACIEHHSA B IPAKTHYECKHX CIAyIasax, DONHHTErDaJbHHE BHPAKeHHA
<clefyeT HETepOpeTHPOBATh KAaK BHEMHHE AudepeHNAalbHNE OPME
(nomonBenme 5.4).

Ho xak 6H HE OPOBOSHJINCH BRIIACIEHRSA, KaK GH HA HHTEpOpeTH-
poBaJACh HORHIHTErPaJbHHNE BHIDAYKOHAA, Pe3yJbTAT BCErAa 3BYIAT
OpOCTO: WOJHHHA MOTOK 4-HMOyJNbCa 96pe3 3aMKHYTYI0 3-HOBOPXHOCTB
HapyXy [oMKeH OHTh paBeH HYJIO.

Ouenpb mOyYATEIbHN HEKOTOPHO YACTHRIE CIyIad 9TOTO <AHTErPaJb-
HOTO 3aKOHA COXpaHeHAA», NpuBefAeHHNe Ha ¢ur. 5.3. Hapany ¢ o6muam
cllydaeM a TaM OPUBEeHH CHeRyiommue JYacTHHe CIydad.

Cayuaii 6

3amMkayTaa 3-moBepXHOCTh 0¥ COCTOHT H3 ABYX CedYeHHiA, COOTBET-
CTBYIOIAX UOCTOAHHKM 3HAYOHAAM BPEMEHH B HEKOTOPOH JIOpeHIeBoi
cucTeMe, IIIOC BPeMEHAOONOGHHE MOBEPXHOCTH HA «GECKOHEYHOCTHY,
COOMUHAIOMTe 3TH CeUeHHA MEKAYy coboit. Becromeudo pamexme

DOBePXHOCTH He JAIT BKJIajga B @T"%’Za, eCJId TeH30p 9HEPTHH-

P

HMIIyabCa KOCTaTO4HO GHCTpo y6uBaer Ha OeckoHedHocTH. Iloyorkm-
TeJbHEIM HAmpasjeHdeM rpaHunu ¥ crasgapTHHM o6pasoM opm-
€HTHDPOBAHHOrO 4-06nema ¥° mo oumpegeneHmi0 ABAAETCA HAIpaBie-
gge ot ¥°. Ina aroro Tpebyerca HecTamZapTHAA opmeHTamusa &y
(DOMOKATENBPHEM HANPABJICHAEM ABAAGTCA HanpapjJeHEe B NPOILIOe),
9TO OTP&)KeHo B BHpaxceHnu 0¥ = &, — F;, H 9T0 OPUBORAT K H3Me-
HOHHIO 8HAKA PH BHYMCICHHH WHTErpaja IO MENepPIOBEPXHOCTH:

0=§ T*@s = — S T gz dy dz + ST""’dxdydz.
o7° &1 &2

Iockoarky 7% — naoTHOCTH 4-EMIOYJABCA, 9TO YPABHEHHe TJIACHT

OOAHGIA 4-MMOYABC BO BCEM
( ) = S T dzdy dz=
IOPOCTPAHCTBE B MOMOHT I,
&1
NoNHWA 4-EMOYJIBC BO BCeM
"\ DOpocTpaHCTBe B MOMeHT i,

)= ST"“’ dzdydz.  (5.30)
&2

2

YaoTuLIO CAYSAR
HETErpashaoro

Toxauh
A-NMOYALO

COXPARSETOR
B0 BpeMenm
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<PHT. 5.3.

6 — YeTHpexMepHass o6zacTe IpOCTPAHCTBA-BpeMeHM 7°, OrpaHWYEHHAS BAMK-
HYTOd TpexMepHoii moBepXHoCTEI0 37°. OpmeHTamusa 97° ompepgeleHa TAaKHM
o6pasoM, 9T0 HONOMHTONbHHM HANPABJCHAEM Be3[e HBJACTCH HANpPABJICBHO
Hapyxy (o7 7°). CoxpaHeHHe 3HePIHM-AMIYJbca TPeOyeT, TTOGH BCe KOIMYECTBO
4-mMumysnbca, BTeKalomee B 7° depes §7°, rae-ro BHTeKaAo oGpaTHO; HE Kamiy
‘HO MOJKHO TePATHCA BHYTDH; BHYTPH HOT «CTOKOB». JIpyrEMm ClOBaMM, HOAHHH
TMOTOXK 4-MMIyABCa Yepe3 d7° B MONOKUTeNbHOM HAOpPaBJeHOH (HAPYKY) MOJKEH
‘OHTHL paBeB BYMIO: .

c§ THag8 Bq 0.

87°
6, 6, ¢, 0 — OpHMEPH UPMMEHEHWS 3AKOHA COXDAHCHHMA 4-MMIIYJbCa, KOTOPHE
‘OIHECAHH B TeKcTe. Bce cmmMBonn 7° (unu F) Ha sTHX durypax 06osEavaoT mpo-
CTPAHCTBeHEO-BPeMEHHKE 00BeMH (MIM OPOCTPAHCTBeHHHe 3-00beMH) CO CTaH-
papTHO# opmeHTanueii. IIyHKTUPHHE CTPEJKH YKa3HBAIOT HOJNOKHTONILHOS HALIPAB-
JleHHe 3aMKHYTOil mOBepXHOCTH §7°, HCHOJNB3yeMoe B TeKcTe HPH o6CY:KIeHAH
coxpaHenna 4-mmoyiasca. @opMyns mop QErypamu yKasmBamT, KakEM oGpa-
80M 97° cocTaBleHO M3 mOBepXHocTell f m 7. Hampumep, B caydae 6 39° =

= 2 — 1 03Havaer, 910 I7° noayvaeTcA mpH oGBONMHCHWH Py CO CTAHNAPT-
HO# opmemTammeit I P, ¢ DPOTHBONOJNOKHOK OpHEHTammei.

Cayqaii ¢

B aTom caywae mpom3BonuTCA CpaBHEHEE HHTETPAIOB [0 THIEPIOBOPX-
HocTAM & B o, KoTophie HpeACTaBAAIOT COGOM CEYeHHS IIOCTOAH-

HOro 3Ha9YeHHA BPeMeHH { = const W ¢{ = const B KBYX pasaHuHHX
JOpeHIeBHX cuCTeMaX. UToGH mOBEPXHOCTH CTajla 3aMKHYTO!, Ha Gec-
KOHEYHOCTA HOGABIAIOTCA BPEMEHMIONOGHLHE TI'HIEPIOBEPXHOCTH H
OpefmoIaraeTcs, 9T0 OHM He JAOT BKiIajfa B MATerpan. OpuenTanan
CIIABAIOTCA TAafKO M NPHBOJAT K 3aMKHYTOM HOBEPXHOCTH

07" = — o + noBepxHOCTE Ha GECKOHEYHOCTH

JMmb OpA yciaoBuu, uto ¥ =9, — 9", 1. e. NpH yCIOBHE, 49TO
4-o6vem 7", opmeHTHpOBaH HecTaHTapTHHM OGpasoM. (O «crannapr-
Ho#i» M «<HeCTaRIAPTHOMY opnenTanuy cM. pasfien A.1 nonoarenns 5.3.)
Torpa uHTerpanbHHIL 3aKOH COXpaHEHHA NaeT

0= S T-d’Z—S T.d3,
7 &
WIH, 9T0 3KBHBANEHTHO,

g T-d’2 = (nonmmit 4-wMnyase p Ha F) =

Sl

= ST-d32=(no.1mmii 4-mmmynec p Ha ). (5.31)
&

Ionumi
4-MumyaBe
OHHAROB
BO BOEX
NOPeRNEeBbHIX
CHCTeMAX



Tomawift
4-EMUIYNIBO

He SABNCHT

OT IEDePIOBepX=
HOOTE, EA ROTOpOR

HaMenenne

BO BpemeHE

4-EMmymBOR

B MONOOTH
BHO IIOTORY

gepes e¢ CTEHKE
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N3 atoro cooTHOmeRHA CleAyeT, 9T0 HaGAOAATENRA B PAaSIHYHBIX JIO-
PeBIEeBHX CACTeMaX HBMEPAIT ONMH H TOT Ke HOJHHHA 4-HMOYIEC p.
3JTo He 03HQUaeT, OHAKO, 9TO OHH M3MEPAIOT ORHA H Te e KoMHo-
HOHTH (p®3% p%); 8T0 08HAYAET JHAIb, YTO OHA HSMEPAIOT ONHH @ TOT
e reOMeTpDHYECKHA BeKTOp

Pus & =P 0 =D, 5= P63

BeKTOp, KOMIOHEHTH KOTOPOTO CBS3aHH OOHIHHME gopMyNdaMH mpe- .
o6pasosamus JlopeRma

= A“Epﬁ. (5.32)
Cayugaii 2

3mech BeCh BKJaj B MHTErpaj NAIOT [iBé OPOH3BOJIBHEE HPOCTPAHCT-
BeHHONONOOHKE TAnepIoBepXHOCTH f 4 ¥ f p, IPOCTHPAIOITAECH YOPes
BCe IIPOCTPAaHCTBO-BpeMA. Hak | B caydasax a u 6, 3aKOH COXpaHeHAA
B HATETPajbHO# fopMe IIacHT

Paa o, = Poa F ' (5.33)
T. e. noanwii 4-UMnYAbC HA NPOCMPANCMEEHHON0OO6HOM CEYEHUL npPO-
CMPpAaHCMea-6peMEHU HEe 3asucum om 3&6pauﬂ020 KOHKpEemHo020 ceue-
HUR OOCTONABKRY, ONOCKOJBKY HOTOK 3HEPrHH-AMINYJAbCa depes «ramep-
IIOBOPXHOCTh HA G(eCKOHEYHOCTH», COSRHHAMYIO 4 M f 5, paBen
HYJIIO.

Cayuait 9

B sToM cayuae paccMaTpHEBaeTCA HOJOCTH, CTEHKE KOTOPOH C TedeHM-
eM BPeMEeHH OCHUJIMDYIOT B ycKopawTcA. TpexmepHasa rpammna 09"
cocTonT HM8: 1) BEyTpeHEHOCT™H & mOJOCTE B HaYaJdbHHH MOMEHT Bpe-
MeHE { = const B HauaJbHOH JOPEHIEBOH CHCTEME HOJOCTH, OPHEH-
THPOBAHHO# HECTAHAAPTHHM 06pa3oM; 2) BHYTPEHHOCTH of HOJOCTH
npm ¢ = const B ee KOHEYHO JOPEHNEBO’ CHCTEME, OPMEHTEPOBAHHOK
CTaEMapTHHM OGpasoM; 3) 3-o6peMa J , 3aMeTaeMOro ABYMepHKME
T'PAHAMHA NOJOCTH MEKAY HaYaJabBHM H KOHEIHHM COCTOSHAAMA, HOJO0-
KETeNbHAS OPHMEHTAanHA KOTOpOro HampaBjeHa HapyxKy. HMETerpans-

HRii 8akon coxpaHenma |T-d®3 = 0 raacar
o

DNONHHHA 4-EMIOYABLC 103 4: 93 4-KMHYJI50)
( )_ B mojocTR HA |

B IOJNOCTH Ha o
NONEHIA 4-EMOYJIBC, DPOHHKAMHI B NMOJOCTH (5.34)
(qepes ee TPaHH MEXKAY COCTOABHAME o mI F) ) )
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§ 5.9. COXPAHEHME 4-IMIYJBCA: THOOEPEHIIUAJBHASA
OOPMYJIHPOBKA

B nomonEeEHe KO BCAKOMY «HHTErPAJIbHOMY 34KOHY COXPaHEHHS
B IJIOCKOM IPOCTPAaHCTBE-BPEMEHH» CYIecTBYeT «maddepennuanHEIH
8aKOH COXPaHeHH», HeCYIIMi TOTHO TAKYI0 ke HEPopmanmio. [Tepexon
OT OJTHOTO 3aKOHA K APYroMy H 00paTHO OCYMECTBIASTCA C IMOMOINLI0
Teopemut I'aycca.

Teopema I'aycca B yeTHpexmMepHOM HDPOCTPaHCTBE, HpHMEEEHHAA
K 3aKOHY COXPaHCHHs 4-HMNYJAnCa, OpeBpamaeT HETErpai or I'** mo
HOBEPXHOCTH B EETerpax or I'*  mo obbemy:

0= § ™= z.,=j ™ dt d dy da. (5.35)
o7 ¥

(ITpocToe paccmoTpeHEe CM. B fomoxHeHmH 5.3; Gojlee CTpOrHmil aHa-
nm3 — B flonoxHennn 5.4). Ecxm marerpan or T** o amGomy mpous-

BoJABHOMY 4-06beMy ¥ pmoisxeH GHTH paBeH HYIIO, TO H CaMo ITee .

NOIREO PABHATHCA HWYJIO HOBCIONY B MPOCTPAHCTBE-BPEMEHH: oty
coxpaneaus
T"*¢=0, 1.e. V.-T=0 mosciony. (5.36) V-T=0

(B ypaBeesnr V-T =0, He 3aBHcAmEM OT KOODAHEAT, He HYKHO
3aGOTATHCA O TOM, IO KaKOMY KaHaay T Gparp JEBEpreBIHMIO: BXOJ-
HHe KaHaJK CEMMETpHMYHEI, B MOXHO IOJb30BaThCA JIOGHIM M3 HHX.)

Ypaererme V-.T = 0 mpeacraBaser coGoit dudiepenyuarvryio
gopmyauposky aaxona coxpanenus 4-umnysvca. Ero Ha3sBaIOT TaKke
ypasHeruem 08UNCEHUR OAR FHEP2UU-UMNYALCA, TIOCKOIABKY OHO HaKIa-
AHBaeT OrpaHEYeHAs Ha OHHAMHYECKYIO BOJIONHWIO TEH30Pa SHEPrHH-
mMunyasca. lcciemoBaHMe 3THX OTPaHAYEHHMH Ha IpUMepe IPOCTHIX
CHCTEM II03BOJAET HOCTATHYTHL BCIO Kpacory ypaeHermsa VT =0
7 Goxpmae BO3MOKHOCTH, KOTODHE OHO NPEeROCTaBJAET.

Nonomaense 5.3. MHTETPAJIBI 110 OBBEMY, HHTEIPAJIBI IO NOBEPXHOCTH
N TEOPEMA TAYCCA B KOMIIOHEHTHBIX OBO3HAYEHHAX

A. HnaTerpazm no o6meMy B mPOCTPAaHCTBE-BPEeMEHH

1. Tlo aHaJNOrEE C TpeXMepHHM HPOCTPAHCTBOM 00'heM «THOepmapajiiellemHumefar,
pebpamMm Kotoporo sBasiorcA Bekropu A, B, G, D, paBen

A0 A 42 A3
i 3

4-06beM = Q = £,p,sA°B?CTD® = det g: g, g: gs =*AABACAD).
D D D D

3necy, Kak B AaA 3-06beMa, BajkHa OpHeHTaIHMA: IEpPeCTaHOBKa JIOOGHIX ABYX
pebep Menser sHak Q. Cmaxdapmmoii opuenmayueil n06oro 4-odbeMa ABIALTCR
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Ta, OpHM KoTopoil 2 moJokHTedeH; TakAM obpasoM, 8, A e, A\ e, A\ e; mMeer
CTAHJAPTHYI0 OPMEHTAUMI0, €CIM @, HampaBleH B Oydaymee, a €;, 8,, 63 —
npaBaf TpoiiKa.

2. ¢dnemerT 006BeMa», pe6pa KOTOPOTO B HEKOTOPOHA CTAHIAPTHHM 06pasoM OpHEHTH-
POBaHHOM JIOPEHIEBOHI CHCTéMe HMEIOT BHJ

A*=(At,0,0,0), B*=(0, Az, 0,0), C*=(0,0, Ay, 0), D*=(0, 0, 0, Az),
COTJIACHO WPUBEICHHOMY BHIN® ONPeNejeHHIo, HMeeT 4-001eM
AMQ = gy03 At Az Ay Az= At Az Ay Az,

3. Takmm oGpasom, 00BeMHBIE HMHTerpal OT TeH30pa S mo uYeTHpexMepHOil o6IacTH
OpOCTPAaHCTBA-BpeMEHE ¥°, ompepessieMblil BhIDayKeHHEM

M= lim > S
9HCI0 2JIEMEHTAPHLIE
3JIeMeHTAPHEIX o0BeMBI
00beMOB — 00 H4 B Y
MosKeT OHITH BLIUACACH B JOPEHIEBO# cmcTeme mo $opmyse

M= shsd'Q={ 5%, dtdzdyas.
9 ¥

» nemrpe £ (00EM A),

B. HnTerpansi 0o 3-mOBepXHOCTAM B NPOCTPAHCTBE-BPEMEHHA

1. BBemem Ha TpexMepHOl IOBEPXHOCTH IPOUSBOJABLHE® KOOPAMHATH a, b, ¢. dlemeH-
TapHHA 00beM, 3aKMOYCHHHH MeKAY KOOPAHHATHHMH HOBOPXHOCTAME

ay<a<<ap+Aa, by<<b<<b+Ab,
co<<c<<cy+Ac,
obnamaer peGpamMm

B v
A“_% a, B*=S Ab, "= Ac,

u 1-dopma ero oGbeMa HMeeT BHJ

az% azP az?

a5 a0 DaAbAc.

A32u= Suaby 35—

2. Torna mATerpax OT TeH30pa § mo 3-IOBEPXHOCTH o HMEET c.nenylomne KOMOOHEHTHI:

_ a v _ o v ozt oz¥_
N% = S S P3 = S 8% e 2o O 22 22 Gadbde.
4
YacTo HCHONB3YeTCH SKBHBaJIeRTHasd gopMyia, cofepamasa skoGuam (cM. ympask-
HeHHe J.5):

N% = S Sag" 57 Evuwh ?-%L—z—’%l da db dc.
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B. ®opuyamposra Teopemm I'aycea

1. PaccmorpnM OTpaHHYEHIIYI0 YeThipexXMepHYIO 00- TlonoxureanHoe
JaCTb HOPOCTPaHCTBa-BpeMeHHN 7 ¢ 3aMKHYTOH Hanpas.iciine
rpavuneii 07°. Opuentupyem 1-dopMu o0bema \\

Ha 07" TakuM o6pa3oM, 49TOOH «HOJOKHTENb~ AN 80

HHM» HampaBlieHWeMm OHIO HampaBiaenme or 7.

2. Bosbmem Temsopmoe mose S. Ilpommrerpmpyem ero
AMBEPreHHEI0 00 7°, a caMo mojle OPOMHTerpEpyeM
no 3%7°. PesyasTaThl OOMKHEL COBHIACTH (Mmeopema
T'aycca):

MonoxurensHoe
HanpapaeHne

S %P, d0= § 5% 3, E
v° o7° Vv

I'. [HoxasareascTBo TeopeMun I'aycca

1. Umpexcn o u B y Tensopa S%' ABAATCA «CBOGORHLIMM», IO3TOMY B IIPOLECCe
JOKa3aTeJbCTBA HX MOKHO OINYCTHTbD. Torna COOTHOINeHne, KOTopoe HGOGXO}IHMO
IOJNYyINTH, NPHHUMAET BHJ,

j SY , dtdzdydz—= §>S?d3>:,..
v° ov°
2. IlockoabKy HHATerpaj OT NPOHBBOXHOH ecTh mepBoO-
HaYambHAA QYRKOHEA, TO HHTerpax or S°, mo 06n-
eMy DpaBeH
N
| Soodtazayai= | S'dwdyds— | svdrayas. D
'-7/()

<«Bepx» SHHA3»

,"B epx n\

3. UnTerpan no mopepxmocTm S S%3 3, MOHO CBeCTH K TaKoMYy jKe BHAY:
Y 4
a. B xawecrse kooppmnar ma 07" mcmoassywores z,y,z. Ha «Bepxmeit» cropome
d®Z, ROMKHO GHITH TONOKATONBHO, UTO 00ECHETABACT «IONOKHTEILHOCTE® HANPAB-
nenua or 77, moaroMy (cM. HyHKT B Brime)
8z* 0P oz¥
ox dy 0z

d3Zy = €gapy dx dy dz = ey493 dx dy dz = dz dy dz.

6. Ha «mmxmeit» cropome d3%) momxuo GHTH OTPHIATeNBHO, T. e,
d3Yy= —dzdydz.
B. CaegoBartennHo,
S 5043 Sy = 5 8°dz dy dz — g S0 dz dy dz.
Y 44 eBEPX» «HU3Y
13—01457
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4. AmanormuHmM o0pa30M YCTaHaBJIHBAE€TCA DaBeHCTBO M JPYrAX KOMIOHEHT.
CxrafpBas pa3iMYHHE KOMIOOHEHTHI, IOJYYaeM HCKOMH pe3yibTaT:

[ st 00= § s'@3,.
v° o7°

HMna aurareneii, KOoTOpHE OSHAKOMHIMCH € ria. 4

omoanenme 5.4. I. JJIOBONX HMHTEIPAJ ECTH MHTEIPAJ OT ®OPMBI.
II. TEOPEMA TAYCCA HA A3BIKE ©®OPM

I. Kaacdwii unmezpas, BCTpeJalOmMEHcA B IJI. 5, MOKHO HUHTEPNPETAPOBATH Kak
unmezpaa om enewnel dugdepenyuarvroli gopmbi. B ueTHpeXKpaTHHX H TPEXKPAaTHHIX
HHTErpajiaX, HAOPAMEp, 3T0 0GCTOATENBCTBO NPOABIAETCA B TOM, 4TO

d‘g=8=‘1=30123dt /\ dx/\ dy /\ dz

433, = eupapy 42 N\ 2P A d2¥

opeAcTaBaAAKT coboit Gasucunie 4- m 3-popmel. (HamommuMm, uro cymmmpoBanue mo
nHAeKcaM afy, BaKII0OYeHHHIM B BePTHKalbHbHIE YePTOUKH, DPOH3BONATCA TOABKO
no copoxynmHoctn kKomOmmammit 0 << o < P <<y <3.) Bounee mompobHast cmomka

o6o3HaueHnil mpMBefieHAa HIbKe B ONyHKTe B.
II. Teopema Iaycca Oan unmezpasa om meH3opa B NJIOCKOM NPOCTPAaHCTBE TIIACUT

S (V-8)dQ= § 8.4z
9° EY 44

maa ao6oro Tensopa, mopoGHoro 8§ = S%gve, @ 0P @ e, (zammchr B KOMIDOHeHTax
npuBefieHa B omoaHenun 5.3). OBHa mpepncTaBiaseT co6oit gacTHHIE cayvalt 06oGuieREOR
reopemul Croxca (nononsenue 4.1), 60sMoAHOCM b RPUMEHEHUR KOMOPOLL 3a8UCUM 0TI M 020
daxma, umo 6asucuvie sekmopw €, u OF 2106a1v1L01 KOPEHYEEOT CUCEMEL ROCIN OAHHBL,
m. e. ne sasucam om x. OnpefiefieHus NAaHH HWKe B ONYHKTe A, a J0Ka3aTelhCTBA —
B nynkre B.

A. B n10CKEX OpOCTPAaHCTBaX, GJarogapA HaJIWYRI0 HOCTOSHHEX 6a3HCHLIN BEKTO-
POB, MOKHO ONPERENHTH UHMeE2pabl, 3HAUEHUAMU KOMODHL REARIOMCL MEHIOPH.
TakEm o6pa3oM, Jaf TeH30pa C yKa3aHHKM DaHrOM IoJIaTaeM IO oOmpefieIeHHIO

S-dT—e, ® b | §%'d°3,.
J J

Brinecenre GasmcHEX BeKTOpPoB H ¢opM HM3-ION 3HaKa HHTerpaja ompaBJaBO TeM, ¥TO
OHH IOCTOAHHH K He 3aBHCAT OT HOJOKeHHA TOYKA B mpocTpaHCTBe-BpeMenn. Haxmoe

H3 Ynces S Se,vd® 2, (mas a, p = 0, 1, 2, 3) BuuncaAerca moacraHoBKo# B 3-Popmy
Segvd® I, awboli cooTBercTByOMEM 00pa30oM OPHEHTHPOBAHHOA MapaMeTpU3ALMH
THIepIOBEepXHOCTH, KaK 3TO ONMCAHO B JomodHeHMM 4.1 (B Toif 9acTm BHIKIAJOK, rme

He 3aTParmBalOTCsA «CBOGOAHHE WHAEKCH» o H [, MoImycKaeTcs mPOH3BOJBHAS KPHBO-
nnHelinaA mapamerpmsanusA). Jpyramm ciosamu, nof $-d° X = 6, @ of @ S%Vd* 3,
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ODOHEMaeTCA «TeH30pHo3EauHasA 3-dopma». Ilom sHaxkoM mHTerpalla oHa CBepTHBaeTCH
C 3JIeMeHTOM THIEPINIOCKOCTH, KacaTeJbHHM K 3-noBepxnoctE & (Al, A%, A3) murerpm-
poBaHAA, B PpesyAsTaTe 9Yero NOJYYaeTcsA HHTerpaJ

Ss-dsz=j<s.daz, A A f,f;>dxidm»=

F] A., ll' v
= 00808 | SV ey SEL T sz
N s . s
AKoOman

XoTa 3mech M CYMECTBEHHO TO, 4TO Ga3HCHHeE BEKTODH @,, P, cooTBeTcTBYyIOmMe
OpAMOYTONBHHM KOOPAMHATaM, HOCTOARHEH, TeM He MeHee MCHCHO NoAb306amues napa-
Mempusayuell zunepnoseprHocmu camozo obujezo euda.

B. Hoxasameavcmeo meopemwt I'aycca CBOAMTCA K HEeCHOMKHHM BHRIKIaAKaM:

(§ $-d*T =0, ® 0f {é S%'d* 2, (@, ®F nocrosmHE)
07° o7°
=8y ® mﬂs d ((S®g%d® =,) (reopema Croxca)
‘ya

=8, ® 0f S 8% ,*1  (cM. mEmKe)
4;@
=S (V-8)d*Q (mpocroe mamererme oGosHageHmil).
.’V}
Brime B BBKJIafKkax ONYMERO 3EEHO

d (S%" d° Zy) = (05%"/02°) da? \ d* o= (0S6"/027)*1.

3pech CHAYAJA WCTOJH3OEAHO d(d32v)=0 (3T0 caeNCTEHe TOTO, 9UTO Euqp, = CONSt
B INIOCKOM DPOCTP3BCTBE-BPEMEHH), a 3aTeM YITeHO, 4TO

dze \ d°Z,=00,"1.

(3an@nieM JIEBYyI0 9aCTh STOTO TOMIECTBA B EHME &yuvadzP A dz* A d2¥ A d2?. Enus-
CTBeHHbI# OTIMIHHIHE OT HYJd 4YJIeH B CyMMe IO UVA COOTBETCTBYeT KCMORMHAIHH
amcen p<<vV<<A, KakA0€ H3 KOTOPHX OTIMYHO OT P. SHAUCHHE ITOTO WieEa U BHIIH-
CaHO B NPAaBOM 9aCTH TOKJECTBA.)

B. Ceodra obosnavenuii., 3-dopMa NIOTHOCTHE 3apsna:

V=J"dPZ,=1.d°F = J¥euap, 4z A\ daP A dzv/3l.

N et asz,
('J )uﬁv

13¢
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2-popmu Maxceesiia m Qapapes:

*F = % FHVdZS’W’

F=%Fuvdxu /\ dl‘v.

Basmcare 2-fopmmr:

dz> A dzP (ogun cmoco6 oGosnadenws),

d%Suyv = euvjap 82% \ deP (myampHBIE cmoco6 oGosznauenus).

3-popMa IIIOTHOCTH HEPTAH-HMIYJIBCA:

T.d32= euTuvd:’ 2.,="T.

r—

Ryaabuocts mo mocaearemy uumexcy, (*T)p,=T""evapy.

3-popMa DNOTHOCTH MOMEHTa MMIYJBCA:

1 ,
Jd*Z= hTA 0 F B Za =*T; (7 upy=F""er0py

HbIOTOHOBCKAR
IKHAKOCTH
XaparTepH3yeTcs

1«1, pgp

Ten3op
SHEPrEN-HMITYTbCA
M YPaBHEHHE
ABEREHHA

ANA ABIOTOHOBCKOIT
RHAKOCTH

§ 5.10. IPMMEPLI INPUMEHEHUA YPABHEHUA V.T =0

Ypasuenue pemxenna V.T = 0, mpameneHHOe X TOYTH HBIOTOHOB-
CKOH XANKOCTH, HIPEBOSUT K KIacCAYeCKAM (HBIOTOHOBCKUM) ypaBHe-
HEAM THAPOAMHAMHKH. TaKasd MHATKOCTb XapaKTepu3yeTcs HU3KUMU
CKOPOCTAMH IO OTHOIDEHHI0O K HMCHOJbL3yeMoi JOpPeHIeBO# CcHCTeMe
| | €1, 4 B ee cucTeMe HOKOS JABJECHHC ;KHAKOCTH MaJo IO CpaB-
HEHHMIO C IUIOTHOCTHIO dHEpPruu-mMaccel p/p = plpe? L 1.

‘Hanpumep, Bo3ayx B yparade HMMeeT Cle[yiOmue IIapaMeTphi:
|/ |~ 100 xm/uac ~ 3000 cm/c ~ 107 ¢ = 107 1,

P lam 108 mum/cM2 409 ¢MP  4nip s 40-12
p ~ 103 /o~ 103 r/emd =10° 5= ~ 107 = 1072 (1.

TeH30p dHePrHH-UMOYNAHCA TAKON KUIKOCTH HMeeT KOMIOMEHTHI

T%=(p+ p)uu’—p =p, (5.37a)
T% = T% = (p + p) u%u’ ~ p/, (5.376)
T = (p + p) wut + p&™ = pv'v* + p&’; (5.378)

KOMOOHeHTAaMH ypaBHenma apmxeHnma V.-T=0 asaaorca

T%® .4 T% ;= dp/dt 4 V -(pv) =0 («ypaBHEHHEe HempepPHBHOCTH))
(5.38a)

T o+ T , = 9 (pv)/8t + 8 (pv'v*)/dz* + dpldx’ =0,
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HJH, YTO SKBHBAJEHTHO (B COBOKYIHOCTH ¢ YpaBHeHWeM HeNmPepPHBHO-
cTH)

% +w- Vo= _’:T Vp («ypaBBeHme Jiimepar). (5.386)

B nomoasenmm 5.5 3TH pesyJNbTaTH BHBOJATCA B AHAJUBHPYIOTCH
¢ HBIOTOHOBCKOM TOYKH 3pEHHA.

B xauecTBe emie onHoro npmmeHeEWs ypaBHeHus V.T = 0 pac-
CMOTPHM COCTABHYIO CHCTeMY: PeSHHOBHI GPYCOK, B KOTOPEI BIEJIaHEI
2JeKTPHUECKH 3apsiskeHHble (YCHMHBI, BBaMMOJIeHCTBYIOMYE C 3JIEKTPO-
MarAMTHHM ToJieM. PesnioBhtit GpyCcoK KoJsieGaercs; GyCHHE OpE 9TOM
ACIHITRIBAIOT YCKOPCHUA W H3JIY:al0T 3JeKTPOMAaTHATHHE BOJHHE. B To
e BpeMA TaJalomue 3JeKTPOMATHATHEIE BOJBH NOATAJKHEAIOT GycH-
HH, H3MEHAN KapTuHy KojebanBit 6pycka. BaanmoselicTBaa nepenaior
4-mMmyanne ot 6pycKa ¢ GyCHHAME 2NeKTPOMATHATHOMY oo B o6par-
Ho. Hu 4- nmnynbc 6pycka, HE 4-UMOYJIBEC NOJA HE COXPAHAIOTCA; HU
V -Topycxa, HA V-To w. moan He paBEe Hyxlo. Ho moxsmii 4-mM-
nYasC JoJKeH COXPaHATHCHA, T. €.

V- (Topyexar+ To. . nons) AOMKHO OBITHL pamO Hymo.  (5.39)

Jns siexTpoMarHATHOrO moJiA camoro ofmero BMJa, B3aMMOAeHCTBY-
JONIEro ¢ NPOM3BOALHBIM HCTOYHAKOM, V Ty w pops AMeeT BHJ

Tuva. M. nong, v= -"ija- (5.40)

(910 nonyaeno B ynpasknenun 3.18 m3 sppaskenusn gas TH ,, Bhpa-
meHus (5.22) ANA 2JCKTPOMATHHTHOTO TEH30P& 3HEPIHM-HMIYJEHCA
¥ ypapHeHH#t Makcsenna.) B cayuae Hamero Opycka ¢ GycmBamm J
npeacTaBiaseT co6oil 4-TOK, CBA3aHHHIMA ¢ K0JEGNIOMAMACH 3apAMKeH-
HEuMu GycmHamm, a F — TeH30p 3ieKTpoMarHMTHOro mojsA. Bpemen-
Hafg KoMnoHenTa ypaBHeEma (5.40) mmeer BHA

Ta M. noas, v= ___Foth_____ —FE.-J =

CKOPOCTB, C KOTOPOH 3jieKkTpHmueckoe noie E
= —| coBepmaer paGory Hapj enmEMnein obrema |. (5.41)
8apsAKeHBHX OycmH

Hdas cpaBuenus: 3ametnM, 49T0 T@hyeia. 0 ec'rb CKOPOCTh M3MEHeHNA

BO BpeMeHH ILIOTHOCTH dHeprum Gpycka, a— Topycm, — BKJaj B 3Ty
CKOPOCTH M3MeHEeHHA NJOTHOCTH SHeprHy, oﬁycnonneﬂnmﬁ HOOTOKOM

9HepTMH caMoro Opycka, M, ClleAoBaTelbHO, HX Pa3HOCTh Tg;,’yc“,v
AMeeT CJeAYyIoIMMHA CMBICH:

CKOPOCTH, C KOTOPOH BOSpacTaeT Macca-
o onepruA eguHANHN o6beMa Gpycka
Topyexa, v= 6narogapsa BO3AEACTBHAM, OTIRIHHM . (9.42)
OT BHYTPEHHHX MEXAaHMIECKHX CHJI
MeXRIY DAsIHYHEME HacTaMm Opycka

IIpuMenenne
YpPaBHEHMA

V  .T=0

K 9N1€KTPHYECKH
sapaKeHHOMY,
roaeGamLIeMyCA
PesHHOBOMY
Gpyery
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CrnenoBaTeabHO, 38KOH COXPAaHCHHA

(To.vl. noJna + ngycxa)'v = O

rIacHAT, 9TO Macca-aHepraA Gpycka Bo3pacTaeT ¢ TOYHO TOH e CKo-
POCTHIO, C KOTOPOM 3JIeKTpHYeCKoe HoJe coBepmaeT paboTy Haj 6ycm-
HaMHE. AHaJOTAYHEIHR pPe3yiapTaT I0JYyJaeTCa H OJIA AMIYJIbCA:

T::vu.nona,vek:‘ _‘F'wjveh= —(JOE+JXB)=

cana JlopeHma, melcTBywmas
( Ha eAmHEANY oOGheMa OycHH ) ’

(5.43)

CKOPOCTb, ¢ KOTOPOil BO3PaCTaeT HMMITYJIBC
T o, — | eREHADHN obnemMa Gpycka GraromapA Bos-
Opycka, vOk JeACTBHAM, OTAMIHHIM OT €ro COOCTBeHBLIX
HaOpsKeHHH

. (5.44)

Taxam o6pasoM, 3aKOH COXpaHEHWS
kv kv
(Ts. M. nons + Tupycxa).v= 0

raacdr, 9YTo CKOPOCTh H3MeHeHHs HMOYJhca Opycka paBHaA cHie, JeH-
CTBylOmeld Ha ero OYCHHH CO CTODOHH 3JIEKTPOMArHATHOLO HOJSA.

Jononnenne 5.5. 0B30P HBIOTOHOBCKON I'MAPOJAMHAMHKHI

PachOTpHM KRJIACCAYECKYI0 HEepeJATHBHCTCKYI0O HACAJBHYIO KHAKOCTH. HpnMemm
sakoH HpotoEa F = ma K «4aCTHUS JKHAKOCTH», T. €. K MaJ0i QAKCAPOBAHHOH Macce
KATKOCTH, 321 KOTOpPOH BexercA HaGaI0OfleHHe HO Mepe TOro, KaK OHA HOepeMemaeTcs
B IOPOCTpaHCTBE:

—:iit—(uunynbc eMHNIE MAcCH) = (CHJIa Ha e[HHALY MACChHI) =

__ (cuna Ha egummmy o6beMa)  — (TpafimeHT JABICHUS)
- (mIoTHOCTS) - (noTHOCTH) ’
WIn
dv 1

Ilepexons ot CKOPOCTH H3MEHEHHA BO BPeMeHH OPH HaGIONeHAR 3a 3TeMEeHTOM KHAKO-
CTH K CKOPOCTH H3MeHeHHs BO BPeMeHH, H3MepeHHo# B [aHHOM MeCTe, DOJYIHM

CKOPOCTH W3Me- CKODOCTH H3Me-

HEHHUA BO Bpe- HEHEA BO Bpe- CKOpOCTD W3-

menn npu Ha6- |=| memm B mamHOM —|-(°R°p°°'"’ )-(Menemm B ),
JofleEnA 3a MecTe RHAKOCTA T \ gpocrparcTse

HKUIKOCTBIO

G+ V)v=—2Vp, (2)
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BiIm
v 1
a—:-i- Vi, pUp = — F'P.t-

(JlatnHCKHEe MHAEKCH mpoGeralT 3HageHHA oT 1 Ko 3; HCmOJIB3yeTcA MpPaBUIO CyMMH-
poBaHuA JiHmTe#iHA; B IJAOCKOM IPOCTPAHCTBe He RellaeTCA pasiMdYAA MEXAY BepX-
HAMH B HEGKHEMHM HHJEKCAMH, COOTBETCTBYIOIIMMH NPOCTPAHCTBEHHHM H3MEPEeHHAM.)
910 He uTO WHOE, KaK PpyndaMenmanrvHoe ypasrenue Jiitepa, OMACHBAOMEe THXPOKHA-
HAMHKY HOeaJIbHOH KHATKOCTH.

Ho nas monxHoro ommcamMf HMAealbHON KHAKOCTH HeoOXORMMH eme NBa ypas-
Hemdsa. ONHO M3 HHX OTpPaskaeT OTCYTCTBHE HepeHOCA Temla — TpebyeT mOCTOAHCTBA
yAenILHO# JHTponmHu (HTPONHMH EXHHANK MAaCCH) JJIA KajKROH «JaCTHNBY MATKOCTA:

ds |0s .
—dT=0 AR L-at—-i—(v V)S—O; (3)
Iocnenuee YPpaBHEHH® BBHIPDAXKaeT COXPAHCHHE MAaCCHI:

ap =
o, + V-(pv) =0, (4)

Ban
9
_a% + (pvs),n =05

OHO BO BCeX OTHOOIEHHAX AaHAJOrHAYHO ypaBHEHHIO, KOTOpO€ BHIpaKaeT CoXpaHeHHne
3apAfa B dJEKTPONGMHAMAKEe M HOCHT TO jKe Ha3BaHMe YpasHeHrUe HEnpepHeHoCMiL.

HrloToHOBCKAHE TeH30p 3HEPrHH-HMOYJIBCA, NOJOOHO CBOEMY pPEJIATHBECTCKOMY
aHaJIory, CBA3aH ¢ COXPaHEHAEGM MMOYJbCAa H MacCH. QOGpaTHMCA K CKOPOCTH H3Me-
HeHHA BO BPeMeHH IJIOTHOCTH AMIYVJIbCA KHAXKOCTH PV; — HMIYVJIBCA eIUHHITHI 06’beMa;
IJIA Hee HMeeM

9 (pv;)/ot = — (Pv;vR) 1 — P, i- ()
MMoyxsc BTeKaeT B MaJiblil 5ieMeHT 06heMa ClieBa (¢CHJIA paBHA CKOPOCTH H3MEHEHHA

AMOYJIECA BO BpEMEHH»)  BHITEKAOT CIPaBa; TO e caMoe | JiA Apyrax rpagei. Iloato-
My mpaBasg 9acTh (D) MOJDKHA HPeACTABIATH HABEPreHI[AI0 9TOT0 TOTOKa EMIYJLCA:

9 (pv;)/0t = — Ty e (6)
Cnenona'renbno, B Ka4eCTB® CAMOr0 IIOTOKA HMMOYJbCA MH MO3KeM NOPHHATH
Tik=T"‘= Pvivy :+ Gihp . (7)
W N e/

(KOHBEKHOHA» «yCHJINe»

HrioToHOBCKOE 3HAadYeHHE ILUIOTHOCTH AMOyJabCa pPaBHO

T0 =T = pp,, (8)
B aTtux 0Go3maveHHMAX ypaBHeHHe M3MEHEHHsA HMIYJIbCA BO BPEMEHW NPEHAMAET BUJ
oT™/az =0;, ()

ecanm NojoxuTh I'°°=p, TO ypaBHeHHe HEOpPepHBHOCTH 3aUMMIETCA B BHJE
T%/9zn = 0. (10)
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Teuepb MOJKHO CeJIaTh BEHIBOJ: TAKO€ HBIOTOHOBCKOE PAaCCMOTPCHHE NPHBOAHUT K PasyM-
HO# aOnpOKCHEMallMN DPEJATHBACTCKOIO TeH30Pa YHEPrHu-MMIyJbCa:

lo i o/ o) utu—p i (p+p) uow! l "
Lov'} o'’ +87p | Tl (p+o)uwt [ (p+p)ut’+06p
§ 5.11. MOMEHT NMIIYJIbCA
Onpepenenne CummeTpmsi Tensopa »HeprEM-EMuyabca 7™ = TVH mosBosseT ompe-
Aunyanca HeJHTh MOMEHT MMOyJibca JoB — coxpaHAlomyloCA BeJHYMHY, aHa-
H BGBOJ ero JOTHYHYI0 MMIYJAbCY p% MoOMeHT MMIYyanCa OUpeNeNsaeTcsd MO OTHO-
RHTErpaabHoOro Py o o
3aK0HA HIeHMI0 K HeKOTOPOil MpPOM3BOABHON HAaYaJbHON TOYKe — COOBITHIO A
coxpanentia ¢ XOOpAMHATaMH
za (‘24) - a“ (5.45)

B HEKOTOPOH JOpEHIesoil cucTeMe. MOMEHT MMIIYIECa OTHOCHTENBHO o
ompefieigeTcsi ¢ IOMOIBI0 TEH30Da

?Gﬂv = (z*— a%) Tﬁv — (;;;B -— aB) T, (5.46)

(OT™MeTEM, 9TO 2%— 0% eCTh BOKTOP, OTHEJARMEI «TOUKYy mOAA» I%
OT «HAYaJNLHOM TOUKHY o; siech I’ BHUMCHAETCA B «TOUKE HOJA».)

afy

Iockonrky Temsop T cuMMeTpHYEH, [MPEPTEHIUA % ' paBHEA HYJNIO:

§Pym TP () T ST — @) T =
0 0

=T8T -0, (5.47)

CiiefoBaTebHO, HHTETpPajJ OT 3TOro TeH30pa no JAI0Gol 3aMKHyTO#
3-noBepXHOCTH paBeH HYJIO:

<§ VALLECD ) (5.48)
87°
(unmespasvhas Gopma 3aKOHA COIPAHEHUS MOMEHMA UMNYAbCA).

Nurterpan mo mpocTpaHCTBeHHONOA00HOH NMOBEPXHOCTH HOCTOSH-
HOro 3Hadelds BpeMeHHW [ paBeH

JoP = S 2480 g dy dz = S [(2% — a®) T80 — (2B — ab) T%°) dz dy dz.
(5.49)

Benomnnas, uro 780 ccTb DIOTHOCTH BMIYJbCa, CPAsy BHIUM, 4TO
(5.49) mo dopme coBnapaeT ¢ BhpasicHNeM J = 2 X P BBIOTOHOBCKO#
teopuu. OTciofia 1 Haspanue s J% — «HOAHBIA MOMEHT UMOYyaABCAY.
Pasnnunbie acIeKTH onpeficJieHHOro TAaKUM 00pasoM coxpaHammerocs
MOMEHTA HMIYJbCa, BKJIKYAs CBA3b C aHAJOIMYHKM NOHATAEM B HEIO-
TOHOBCKO# TEOPHH, HCCJIefyl0TCs B JomojueHuu 5.6.
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5.2. Coxpanenne 3apsaga

N3 ynpaxnenus 3.16 msBecTHo, 9T0 4-BeKTop 3apAfa-Toka J ymosier-
BopAeT auddepennnaabHoMy 3akoHy coxpanenms V-.J = 0. 3anm-
MIATC COOTBeTCTBYOIMMIA WITErpajbHHI 3aKOH CoXpaneHHs M faiite
AHTepHpeTALHI0 9TOMY 3aKOHY [UIA YeThipeX 3aMKHYTHIX HOBepX-
HOCTeil, naobpaskennmix na ¢ur. 5.3.

5.3. Poxnenne uwacTHI

B nempax maccuBHHX 3Be3] Na MO3AHMX CTAAMAX BBOJIOLUH TeMOepa-
Typa CTOJb BHICOKA, YTO NPOHMCXOMAT HelpephiBHOE POKACHWE U aHHH-
THAALUA 3JIEKTPOHHO-NO3UTPoHHEX map. Ilycte 8§ — BexTop umcia-
IOTOKa 2JeKTPOHOB M MO3UTPOHOB, a Cro AWBepreHnuio oG03HAUYHM
OOCPEeACTBOM

e=V.8. (5.50)

Hcnonnaysn Teopemy laycca, mokaskumre, uT0 &€ €CTh YHCJIO YacCTHIL,
POAMBIIAXCA B COAMHUYHOM deTHIpexMepHoM o0beMe IPOCTPaHCTBa-
BpeMeHHn (MHBYC YMCJI0 aHHUTHJIMPOBABMMX YaCTHI).

5.4. NneprHas Macca equHHIB 00BHeMa

PacemoTpum cpeny, B KoTopoii eCTh HaNPAMKEHNA U KOTopaA IABHAETCA
¢ ofmuHo# cxopocTLio | ¥ [ € 1 no OTHOmMEHHIO K HEKOTODPOii JOpeH-
1eBoli CHCTeMe.

a. Ilpumenns ‘npeoGpasopanus Jlopeuna, moKaskKKTC, 9T0 IPOCT-
PAHCTBeHHbiE KOMIIOHEHTH! INIOTHOCTH HMIYJLCA MMEIOT BHJ

T = m™v*, (5.51)
k
rne
m?* = 7% 4 T (5.52)

a TW— KOMNOHENTH TCH30pa SHCPTHH-AMOYJILCA B CHCTCMC HOKOA
cpenni. B Connevnoit cncteme mosciogy 7> | T7 | (cM., nanpnmep,
o6 yparane B § 5.10), nosToMy MH OpHBHEKIM nmucaTh 1% = 700 {7,
7. e. (DJAOTHOCTH MMOYJLCA) == (AJAOTHCCTL MacCH IOKoA) X (CKo-
poctn). Ho BuyTtpu ueiiTponnoi 3pe3nbt 7100 moseT OHITL TGTO ke
nopsAaKa, uto u I7% mosTOMYy ypaBleHilC (MIOTHOCTh MMNYJLCA)=
(NIOTHOCTh MACCH MOKO0A) X (CKOPOCTDH) CAEAYCT 3aMCHHTL NPH MaJHX
ckopecTax ypasnenmamu (5.51) m (5.52).

6. Hoayunte ypasuenns (5.591) u (5.52) B paMKax RBIOTONOBCKOTO
paccMoTpenHs, HCOoJHb30BaB NPUHIMI SKBHBAJICIITHOCTA MacCh M aliep-
ruu. (Ykasanue: monnas dHePrusA-Macca, NpoHoCHMas MuMo Nabiio-
natens obbeMoM cpefill Vo BRalouaeT Kak Maccy mokoa 19V, Tak

YNPAJRHEHUA
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7 paGoTy, CoBEpIIAEMYIO CHIXAaMA, KOTODHE NedCTBYIOT HA [PpAHH ITOFO
of6’beMa M «OPOTANKMBAIOTY €T0 ¢ OXHOrO MecTa Ha JApyroe.)

B. Hak ciexyer m3 ypaBHemma (5.51), cmna Ha equnmnmy ofbeMa,
coobmanman HarpyxeaHoi cpefie yckoperne di/dt (cpema mokomTcs
OTHOCHTEJNBHO HAGJI0HaTeNs, UpHIarapnlero CHEIY), paBHA

F=dT%/dt = Z;. m dy*ydz. (5.53)

s aToro ypaBHeHMA HampamIABaeTCs BHBOM, 9T0 m’® MOKHO Ha3BaTh
«HHEepPTHOR MacCOil eTAHAIE 00'beMay MOKOAMeHCA HaTPy:KeHHOH CpeIhl.
B o6mem cayuae m’® mpencrapuser co6oit caMMeTpRIHEI 3-TeH30p. Bo
49T0 OH IePeXOMAT B JAaCTHOM CJHydae HMEEaJbHOH >KHAJKOCTH ?

r. PaccMoTpuTe m3onmpoBannoe Harpy)keHHoe HmOKoAmeecs Telo,
Haxofameeca B papHoBecum (7*8 , = 0) B maGopaTopHoii cmcTeme.
IToka>kuTe, 9TO 6ro mMoaHasg HHEPTHAA Macca, ompefesisgeMas COOT-
HOINEHV "M

M= S m¥ dz dy dz, (5.54)
HarpyxeaHsoe
N0
H30TPOIHA M pPaBHA MacCé NOKOSA 9TOro Tejia

M"'=sﬁs T dz dy dz. (5.55)

9.5. JlerepMBHAHTH B AKROORAHH

a. Buoamare B ABHOM BHOe CYMMy, KOTOPOd ompefeaserca d%Sy B

%
da

¥Y6enarech mpm aTOM, 9TO BepHa Qopmyaa

azP
szuv = Buwyup I da db.

3 (2%, zﬂ) _ 1 a (=%, xﬁ)
sz,w = Epvjapl m— dadb= 37 Euvap —m— da db.
(Buipakennsa, momoOHBIe 3TOMY, MOJKHH BCTPEYATHCA TOABKO MOJA
3HaKoM MHTerpaja. B aToM ynpaskae Huu MO3KHO 60 Besje, r'ie HeoO-

XONEMO, NOCTABATH |..., AAG0 MATepupeTHEpoBaTbh AuddepeHIAATN

0o mMpaBANaM BHemHero ucuuciaedad, dadb — dz A db; cM. gomoxue-
ume 5.4.) Husa sxob6maHOB 3HeCh HCIOJB30BaHO 0003HAUYECHHO

o 9
a(f,g) _|9a b
9@, b) | 0g %
da ab

6. PaccmoTpuTe nonoGHEIM ke 06pasoM YaCTHHIM ciaydali M HDOKa~

KHETE, 9TO
0z% 9z8 oz 1 a («%, z8, 2V
3 I oz _oxr —_—— y [}
B I =ty 5 5 50 dadb dc T R TP e dadbdc.
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B. [IpEBenaTe ToYHOE ompefeleHHe 3HAYEHHA JeTePMEHAHTA Kak
CYMMH WIEHOB (C COOTBOTCTBYIOIMAME 3HAKAMM), Ka:KABM M3 KOTOPHX
€CTh MpOHM3BelcHAe, CofepsKamee N0 OMHOMY MHOKHATENI0 H3 Ko
CTPOKM M B TO K> BPeMs [0 OXHOMY MHOKHATENIO H3 KasKIOTO cTON6Na.
IMoka:xuTe, 9TO 3TO OHmpeNeNeHAe MOKHO IPEACTaBHETH (B TaCTHOM
cnysae 4 X 4, KoTopuil oueBHAHHIM 006pasoM oGobmaercd Ha ciaydait
p X p) B BEHEe

det A = det || A, || = eapys A% AP A7, 4%,
r. Iloxka;kaTe, 9TO
det A = 85302 4%, 4P A7, 4%,

=4
(ompenenenne Shpos cM. B ympamemmax 3.13 m 4.12).

&. Ucoonn3oBaB cBoiicTBA O-CHMBOJNIA, HOKAYKHTE, YTO IIOMEHTH
(A1), marpmon A- !, ofparmoit MaTprue A, JalOTCA BHIPAYKEHHEEM

(A1) (det A) = - 8435 4% 4%, 4%.

e. C moMOmMBI0 «HHAGKCHOM TEeXHUKH» BHIBEJHTe M3 QOPMYIB IaA
det A B OyHKTe «r» ciefyiomiee BHIPA;KeHHe NJIA IPOM3BOXHOH Jiora-
pEdMa meTepMHEHAHTA:

dIn|det A|=Sp (4~ dA).

3necs dA —marpuna || dA%, ||, anemenTamm KoTopoi ABAsoTCA 1-PopMEr.

5.6. Ylearpongu 1 pa3Mepn

PaccmoTpaM M30JMPOBAHHYI CHCTEMY C TEH30pOM JHEPTHE-EMIYJb-
ca TwW, moxamM 4-mMoyiascoM P%, penunumvoilt 4-mMnoyansca M =
= — (P-P)"/2, TemszopoM COGCTBEHHOT0O MOMEHTa HMOyjabca S%
B BeKTOPOM coGCTBEHHOT0 MOMeHTa AMOyAbca S (cM. HomoaHeHHe 5.6).
HaGmogareas ¢ 4-ckopocThio u® ompenenseT yewmpoud CHCTEME
B CBOeil JIOPEHIeBOA CHCTeMe OTCYeTa B MOMEHT CBOEro JOPeHIEeBOTo
ppeMend z° = { N3 COOTHOIIGHHA

Xit)= /Py | rondee, (5.56)
x0=t

B JopeHIeBo# cHCTeMe orcuera, rae U = 0P/9z°. Iror memTpoma
3aBuCHT 1) OT KOHKpeTHOd cmCTeMsl, KOTOpaA H3ydaeTcsd, 2) oT 4-CKo-
POCTH HaGxomaTeada U 1 3) OT MOMEHTAa BpPeMeHH £, B KOTOPH# HabJio-
IaeTca CHCTEMA.

a. Tlokaare, 4To IEHTPOHMR ABM:KETCA C IMOCTOAHHOH CKOPOCTLIO

"dXidt = Pi1po, (5.57)
COOTBETCTBYIOINEH 4-CKOPOCTH
U=P/M. (5.57")

2

YIIPAKHEHUA
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OTmeTaM, 4TO 3Ta «4-CKOPOCTH LIEHTPOHAA» He 3aBACUT OT 4-CKOpO-
CTH U, BCIOJb3YEMOH OPH oNpefeleHHHA L eHTPOHAA.

6. IleaTponn B cHCTeMe 0TCYETA, Iie M3yYaeMas CHCTEMa DOKOHRTCS
(t. e. menTpoma, auaA koroporo u = U), masmBaercs uenTpoM Macc;
cm. pomonnenme 5.6. ITycte &, — BexkTOp, coeluHAOmMBHE NpOH3-
BOJIbHOE COORITHE Ha MHPOBON JIMHMM LEHTPA MacC ¢ IPOH3BOJBEEIM
co0nTHeM Ha MHDOBON JIMHUH LEHTPOMAA, ONpENe;IeHHOTo AAA 4-CKo-
POCTH U; TOTAa KOMIOHEHTH &, B IPOMBBOJBHOH CHCTeMEe KOOpAMHAT
3a[al0TCA BHIpaKeHHEM

B =Xi—X§. (5.58)
IToxaskmTe, aT0 &, yHOBIETBOpHET YpPaBHERHIO
(PP — P — %P ug=0. (5.59)

(Yrasanue: mpoBefuTe BHKAANKN B JOPEeHLEBOH CHCTeMe 0TCYeTa, Tfie
u = 4&/02°.)

B. [lokakuTe, uTo mpn HaGIOJeHNE U3 CHCTEMH OTCUeTa, Tfe
n3ydaeMas CHCTCMa DOKOMTCA, B M000il 3alaHHBI MOMEHT BpeMeHH
npuBefleHHOE BhHIIE ypPaBHEHHE CBOAHTCA K TPCXMEPHOMY 3BKJIHIOBO-
MY YDPaBHEHHIO

b= —(v X 8)M, (5.59)

rie v = w/u® — oGHYHAA CKOPOCTH CHCTEMbI OTCUETAa, B KOTOPOH
ompefieieH LEHTPOMA.

r. IIpennmonoxum, 4To DIOTHOCTD SHEPTAH, H3MepsIeMas IPOA3BOJI b-
HHM Ha0JiofaTelieM B HPOM3BOJBIOM MeCTe HPOCTPAHCTBa-BpeMeHH,
Heotpmuartesbra (U-T-u>» 0 paa nawoboro BpemeEmmofoGHOro u).
B cmcreme orcuera, rie mayuaeMas CHCTeMa IOKOMTCSH, HOCTPORM
MHAIUMAaJIBHH#A BO3MOKHHII LMJIMHADP, KOTOpH# napaijeyieE § #H co-
nepsxut Beio cucreMy (7, = 0 nmosciony Bre muiunppa). Ilokamxnre,
9T0 pafEyC r, 9TOT0 LIMIMHJPA OTPAHHYEH COOTHONIEHHEM

ro=181/M. (5.60)

Takum 06pa3oM, IIA CUCTEM ¢ JaHHBIM COGCTBEHHHM MOMEHTOM UMY b~
ca § m nanHoil Maccoit M mMeeTCA MMHMMAaAbHHI BO3MOKHHIA pasmep
romun = | S |/M, M3MepeHHHH B cHCTeMe OTCYeTa, Ifie H3yyaeMas
CHCTEMA IOKOMTCA.

Honoanenune 5.6. MOMEHT MMIIYJIbCA

A. Onpenenenne MOMeHTa MMOYABCa

a. BospMeM mnpow3BoNBHYI0 LPOCTPAHCTHCHHOLCACOHYI0 IHOEPHOBEPAHCCTH o
U npoM3BoJibHOE COOBITHC A ¢ KoopauHaTaMu 2% (A) == a®. (IloBclomy McmoasayerTcst
rao6asibHag MHEpUWaJbHas CHCTeMa KOOpAWHAT.)
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6. OnpenmenuM «mOMHHIE MOMEHT MMIYJBbCA HA o OTHOCHTONABHO ~A» Kak
JW — S LY 3

&
P = (a* —a®) TV — (a¥ —av) T*°. —

B. Ecam ¢ — runmepmoBepxHOCT IOCTOSAH- °
HOTO 3HAuYeHMA BpeMmenu {, TO 3TO ompeje- G +
JieHne TPNHAMAeT BHA >z

Jh S $H dr dy da.

-~

B. Coxpanenne MOMEHTa HMIYJbCA

a. Us ™", =0 caenyer }""*,=0. ¢

6. IT0 osHagaeT, uTo JHY nezasucum om
2unepnoseprrocmu o , Ha KOmMopoli ezo sblC- Sy
asiiom (Teopema Taycca):

TH (S 4) — T (& 5) =

= | parz,= [ peqau—o.
07° 9P

[ITpumevanue: 07" (rpaunna 7°) Bkmouaer o 4, &5 M BpeMeHHNONOOHKE MOBEP XHOCTH
Ha IPOCTPAaHCTBeHHOII GeCKOHeYHOCTH; BKJIAjJ HOCHENHMX He YYMTHBAeM, TaK Kak
HCTOYHHK JIOKAaMn30BaH.]

g

B. V3MeHeHHe TOYKH, OTHOCHTEIBHO KOTOPOil OHpeNesercss MOMEAT HMITYJIbCA
Oycers b* —BekTop, cocgmEARMuE A, ©
Ay b*=af—d§. Tornma
J™ (otmocmtensno oA;) —
—J" (orHocHTeNDBHO A¢)=

= —b"‘S TV 3 5,4 b S = T* 8 S =
¥ &

= —b"P® L 5°P*,

rme P" —norumit 4-mMmyasc.

I'. CoGeTBeHHBlii MOMEHT MMOYIBCA

a. I]epei’mem Ha HEeKOTopoe BpeMsa B CHCTEeMY OTCYeTa, rae m3iyvyaemMasa (bnarmecmm
CACTEMa IIOKOHUTCA, TOraa
1

PP=M, PP=0, u,= = S #'T% d3z — ponoeHne menTpa Mace.
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Co6CTBEHHEIM MOMEHTOM AMOYJA5RCa IO onpeNeeHMI0 Ha3hBA€TCA MOMEHT HMIYJIbCa

OTHOCWTEJNbHO NPOH3BOABHOTO CoOmTHA (a°, 27) Ha MHPOBOH JIMHME HEHTpPA MaccC.
Ero xoMmoHeHTH 0603HavalTcA SWW H 0OKaSHBAIOTCA PaBHHMHA

S0 — 0, Sik_grgl
rae
[S= S (% — %yy) X (DAOTHOCTH MMROYABCA) d°T =
= BeKTOp COGCTBEHHOTO MOMEHTAa WMHIYJbCa.

6. «4-BeKTOpOM COGCTBEHHOIO MOMEHTa EMIyJanca» S* Ha3oBeM Ho ONpeNe]CHHIO
TaKo# 4-BeKTop, KOTOPHIA B cACTeMe IOKoA mMeeT KoMnoHenTH (0, 8); Torga npmeenen-
Hble BHIIE YpaBHEHAA JAlOT

SI«W — Uasseaﬂu‘v,
Up = Pp/M = 4-cxropocTh IEHTpa MacC.

UpS®=0.

JI. PazaokeEnme MOMEHTA HMIYJAhLCA HA COGCTBEHHYI0 H OPOHTAABHYIO COCTABAAIOINHE

a. Bossmem npomsBoabHOe CoOBITHE o, KOTOpOe CMENmEHO NEePHEHAHKYJIAPHO
MHDOBO#l JIHHMM LEHTPA Mac Ha BEJIHIAHY
—Y2 T e.

UgY?=0.

6. Torpa, vorazacHo mnyexry B, MomenT
HMOYJALCa OTHOCHTEABHO 4 paBeH

Y OIW o U,Speebwv . YRPY_yvph

SV (coberpermmit) L*Y (op6uranpmmii)

B. 3Hag MOMEHT HMIYJECA OTHOCHTEIHHO
o u 4-mMnyipe (a CIeNoBaTeNBHO, U 4-CKO-
PoCTh), MOKHO HAMTH BEKTOP MEKAY < M MEHDOBOH JHMHHed IEHTpPa Macc

Y%= —J"Wp, M2
H COOCTBEHHBI MOMEHT MMIIYJbCA

Sp= U (P = Y*PY 4 YYP¥) by,



6. YCKOPEHHbIE HABNMIOAATESIU

B o6%exmuenom mupe Huxezo He npoucrodum,

8 Hem éce npocmo cywecmeyem. Juww no mepe mozo,
KaK 630D M0€20 COSHAHUSA CKOAb3UM 66eDPX NO AUHUU HCUSHU
(muposoti aunuu) Mmoezo mesa,

05l MEHA oOJcusaem wacmb IMo20 MUpPQ,

nodo6HO MSHOGEHHOMY U306pajicenllo e npocmpancmee,
KOmopoe HenpepusHo MEHAEMCR 60 8PEMERU.

TEPMAH BERJIb {113]

§ 6.1. YCKOPEHHBIE HABJIIOJTATE/IN
MOI'YT BbITb H3YYEHBI B PAMKAX
COEOUAJIBHON TEOPHHN OTHOCHTEJBHOCTH

IIpu u3yueHMM TpaBATANAHE MOJE3HO PACCMOTPETH CHTYamuio, KOTAA
TATOTEHNEe HMHATApYeTCA ycKopenueM. CKOHIEHTPEDYeM BHAMaHAe Ha
obxacTH, CTONb HalleKoH OT d0G0o#l MaTepHd ® CTOJAbL CBOGOMHOM OT
BO3MYINeHHil, 4To (¢ HeKOTOpO# mpefmoiaraeMoil cTeneHbI0 TOTHOCTH)
IPOCTPAHCTBO-BPEMA B Hell MOKHO CYATATH IJIOCKHM M NMEIOMEM JI0-
peHneBy reoMmerpmio. Ilycts HabGalomaTtens, ambo Gaarojaps npuBs-
3aHHLIM K €T0 HOTaM PaKeTHHIM COILaM, Ju6o 6raromgaps TOMY, 4T0 OH
HaXOJATCA B KOCMHIECKOM Kopaljie ¢ paKeTHHM JBHTaTeleM, ACIUbITH-
BaeT omymeHue, 6yATo Ha Hero AeficTByeT moxe TAroTeHnsa. Hakosa
6ynmer ¢HM3UKa C €r0o TOYKH 3PEHHA?

Moxem au MH AaTh 0TBeT Ha aToT Bompoc? He cammxoMm xm malo
MH 3HaeM 0 QH3AKe IpaBHTaNMM Ha TaKOM paHHEM 3Tame 03HAKOM-
JIeHAA ¢ KHHTO#, 9TO6H mpefcKasHBaTh ¢mamdeckue 3PPeKTH, KOTO-
phle H3MepHT HabJIOfaTedb, DOJATAlOMBHE, 9TO OH HaXONATCA B rpa-
BHTALMOBHOM II0Jie, XOTA Ha CAMOM Jielie OH JIMIIb HAXONMTCA B YCKO-
pAomeMcA KocMuueckoM KopaGuae? Bosce Her, cmeumaixsHas TeopmA
OTHOCHTEJBHOCTH KaK pas m OHia cosRaHa, 9To0H ONBCHBAaTH GU3HKY
YCKOpeHHHX 00beKTOB,— HampHaMep, H3NyYeHHAe YCKOPEHHOTO 3aps-
na. Jlaxke aHTacTHYeCKHe YCKOPEHRSA

Aspepu ~ UP/r ~ 10%cm?/c? ~ 10?8 «3eMBHX ycKopeHmii»,

MCOHTHBaeMHe HeATpoHaMH B siApax, W fake eme (oJdbmue yCKope-
HHfA, BCTpedamuecs NPH pAacCeAHEH YacTHD BHCOKHX 9HeprHil,

Ycroperuoe
ABHACHHS

H YCKODEHHBIE
nabmopatenn
MOry? OnTh
H3YYeHH

B paMKax
ocnenBaabHON
TEOpHHE
OTHOCHTEALHOCTH
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COBEpHIEHHO TOYHO ONHMCHBAITCA B paMKaX CHEeNUAJBHOH TeopHH
OoTHOCHTeJbHOCTH. TeopeTEKa, KOTOPHIA yBepeHHO IPHAMeHAeT 3aKOHH
cHenuaJbHOM TEOPAHN OTHOCHTEIBHOCTH K AHHATHIAANMA AHTHIPOTOHOB
U K pe3oHAaHCaM CTPAaHHBIX YaCTHI{, He HCIYraoT KaKHe-To MIII03AH
maccakEpa B pakeTe, JIETKO IIOBePHBIIEro GpommiopaM, peKJIaMHpYIO-
IAM «3eMHOe OpHUTs:KeHHe Ha BceM myTm». Iloka mpocTpaEcTBO-BpeMsa
mJI0CKOe, Kak Obl BH HO JBATAJHACH, COELAAJbHEAS TEOpUS OTHOCHTEN b-
HOCTH cIpaBuTcA ¢ 3agaueir. (OHa MoykeT cnpaBUTHCA H ¢ Gojiee CIOM-
HBLIMA 3a/ladaMi, cM. JonoaHernne 6.1.) Kax cuenuaibHas TeOpAsA OTHO-
CHTEJLHOCTH CHpABJAETCA € TaKo#é 3afgadell, KpaTKO H3JO0MKEHO
B NomoxHeHuu 6.2 mus amTaTeNel, KOTOPHX HHTEpecyeT Jumb Kypc 1,
A KOTOpHe MOIYT OOYCTHTb OCTAJBHYIO 4aCTh IJIaBHI; 9T0 KONOJNHEHHE
DOMOKeT TaKike H UYATATENAM Kypca 2, Aas KOTOpPHIX OHO OyneT
xopome#l 6asoifl Hpd YTEHAA OCTAAHLHOTO MaTepHaljia TJaBhl.

Nononnenne 6.1. OBIIAA TEOPNA OTHOCHUTEJIBHOCTH IMOCTPOEHA
HA OCHOBE CIOEIIUMAJBHON TEOPUM OTHOCHUTEJIBHOCTH

Typuct B pasroHAKMEHCA MEKIJIAHETHON paKeTe OMYIiaeT «TArotreHue». Mosrker
nn PHU3AK, NCXONA U3 JOKAaJbHHX 3(PerToB, YOeqUTH ero, YTo dTO (TATOTEHHE» MHH-
moe? Her,— oTBeyaer 9HHMTEeHHOBCKAH NpMHIAN JOKAJBHON IKBMBAJEHTHOCTH TATO-
Tenusa A yckopenmii. Ho torma ¢msak He coemaer omuOku, ecau 6ygeT CIATaTH MCTHH-
Hoe TATOTeHHe JIOKAaJbHOM MIJIO3Heill, NpHIYAHOE KOTOPOH ABJIAITCA YCKOpPeHHud.
Haxonsce B TakoM 3aGY;KAeHHH, OH MO<eT HOATH [aJbIIe M pemaTh 3afavd IO Ipa-
BUTALHM C JIOMOLOBI0 CHEIHaJIbHON TeOpHH OTHOCHTEABHOCTH; M €CJIH OH KOCTaTOIHO
HCKYCeH M MoyKeT PasGUTh KasKAyi0 3afaly Ha COBOKYIHOCTH JOKAJBHHX 3afad,
Ka)KIas M3 KOTOPHIX MoOskeT OBITh pemieHa IpM TaKOM 3aliyKIeHMH, TO OH CMOMeT
paccYATaTh BCe NPOABIEHHSA Jd06Oro rpaBuTauMonsoro mois. Ilpm sTom HeoGxomumo
PYKOBOACTBOBATKCS JIMMb TPeMdA OCHOBHHIMH NPAHIWOAMH: (H3AKOH CHEIHAJBHON
TEOPHH OTHOCHUTEIBHOCTH, NPUHUMIOM SKBHBAJEHTHOCTA H JOKAJBHHM XapaKTepoM
$u3AIeCKEX 3aKOHOB. JTH HNPUHIMMNL OPOCTH ¥ HOHATHH. OfHaKO HX mpUMEHEeHMe
CBsI3aHO C HeoGXOQUMOCTBHIO pemeHus JBOAKo# mpoGiaeME: 1) pasGHTh mPOCTPAHCTBO-
BpeMA Ha JIOKaJbHO IJIOCKHe ofiacTH (rjle »TH HPHHIADN IPBEMEHHEMH) u 2) CHOBa
COCMHUTD 9TH 00JaCcTd B eMAHYI0 Pa3yMHYI0 KapTuHY. Takoe pasbmeHne Ha oGaacTH,
a 3aTeM BOCCTAHOBJIeHHE 1IeJBHON KapPTHHH, HeM3(GEKHO Aalollee MCKPHUBIEHHOE AWHA-
MHYECKOEe IPOCTPAHCTBO-BpeMA, M BHBOJK BHTEKAIMHEX OTCIOAA (PU3MYECKAX CJEA-
CTBUIl M COCTABJAIOT OOM[YI0 TEOPHI0 OTHOCHUTEIHLHOCTH.

Hlonoauenne 6.2. YCKOPEHHBIE HABJKJATEIHN (KPATKOE HM3JIO;KEHUE)

YcKopeHHH HaONIOZaTeNIb MO;KET MMETh ¢ co6oif 9aChl M JHHEHKH M ¢ HX IOMOIIBIO
BBECTH B CBO€il OKPECTHOCTH CHCTeMy OTCHeTa (CHCTeMY KOODAHMHAT).

Ero gacu, ecau oHm BHOpaHH TakHM o6pa3oM, UTO HX CTPYKTypa HOPaKTHYECKH
He MEHAeTCA IoJ JefCTBHEM YCKOopeHHA (HampmMep, aTOMHBIE 49achl), OVAyT HATH
B TOM jK€ TeMIe, YTo W HeyCKOPEHHEBIE YacChl, [BMKYI[HeCA B JAHIBIH MOMEHT BMecTe
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¢ naluawpaTesaem:

WHTEPBAJ BpPeMEHH OTCYATAHHBIMH
gJacamm Habmaonarelds, Korja oH

At = | nponsmuyaca BRoab cBoeit Mupo- | =[—g (&, §)]“ 2
BOII JMHMA HA BEKTOPHOe CMe-
meHEe §

U ero nmmeiikd, eciM OHUM BHIOPAHH AOCTATOYHO IKECTKAMH, OTMEDPAT Te K€ NJIUHHI,
KaK ¥ HEYCKOpDeHHHe JUHeiikH, ABHymumeca BMecte ¢ HaM. (Boxee nmoxpobHoe pac-
cmoTpenne cM. B § 16.4 u B gomonmenmsax 16.2 m 16.4.)

IIycrh cucTeMa KoopAHHAT HaGJOKaTexss npeAcTaBaAfeT coGolt AeKapTOBY pemeTky
43 JAHeeK W 9ac0oB, Ha4aJo KOTOPOi#l Bcerxa Ha XOAUTCA Ha ero Muposoit saaan. Haluamo-
AaTedb ROJMKEH CJHeABTh, YTOOGH pasMepH 3TOH pemeTKH GHUIA OrpaHMYGHMH:

l= (npoc'rpanc'mennmﬁ) ( YCKOpeHnHe, namepennoe)-‘ 1

= \pasmep pemerru < 10 ero aKceJepoMeTpaM [

Ha paccrosumn [ oT ero MEpPOBOi JIMHAHA € €T0 PeINeTKOdl HPOMCXOAAT CTPAHHEbIE ABJe-
HEA GespasMepHo#l BelWMYHHH gl: HamphMep, YCKOpeHHe, H3MepfAeMoe aKceJepoMeT-
paMH, OTJIE9aeTCsi OT £ Ha OTHOCHTEJNbHYIO BeIH4YHBY ~ gl (ympamnemme 6.7); uachl,
OepBOHAYANBHO CAHXDOHH30BAHHEE C JacaMH Ha ero MHPOBOA JUHHH, BHOMBaiOTCH
u3 paTMa (AAYT C APYTHMHE CKOPOCTAMM) Ha OTHOCHTENbHYIO BeIHIAHY ~ gl (ympar-
nenne 6.6). (3amernM, 9TO YCKOPEHUIO, PABHOMY «YCKODEHMIO 8¢MHOI0 HPHTSKEHUAN,
COOTBETCTBYET

gt ~ 10-3c?/cm ~ 10'® cM ~ 1 cBerosoit rog,

T. e. ycaosue ! & 1/g, kak mpaBHio, He HaKJafkBaeT 096Hb KECTKAX OrpaHETEHM. )

Yro0Os YCTaHOBHATH pe3yJAbTAaTH IKCOEPAMEHTOB M HalGJaIONeHHHA, BHIOOJHEHHBIX
YJCKOPEHHHM HaGaiofaTeleM, HX MOKHO CHadYajlla HMCCJHeN0BaTh B TIeOMETPHYECKHX
TepMHHAX, CBOGOANBIX OT KOODAHHAT, a 3aTeéM CIPOEKTHDOBATh Pe3ydbTaTh Ha 6asuc-
Hble BEKTOpH yCKopeHHoil cmcteMul. C Rpyroit CTOPOHH, MOKHO HPOAHAJHASHPOBATDH
SKCOEpAMEHTH N HaGJIONeHHA B JOPeHNeBod cHcTeMe, a 3aTeM mpeo6pasoBaTh HX
B VCKOPEHHYIO CHCTEMY.

CorjlacCHO TaKOro poOfa AaHaju3y, pe3yJAbTAaTH 9KCIePAMEHTOB, IOCTaBJIEHHLIX
nokanbHo (opu [ & 1/g) yckopeHHHM HaGiaiofaTeXeM, OTIAYAlOTCA OT Pe3yJbTaToB
TexX jKe DKCIEPHMEHTOB, BLINOJHOHHHX B JIOPEHIEBOM CHCTeMe, JHMb B TPeX OTHO-
MeHANX:

1. VimeloTcA HempOCTHE OTIAMYHA OTHOCHTEJBHOH BeNHMYEHNW mopAgka gl &€ 1,

0 KOTOPHX YIOOMAHAJIOCH BHIN® H KOTOPHE MOKHO CHENATh OpeHelperxuMo
MaJibIMH, YMEHBIMB COOTBETCTBYIOMHEM 06pa30oM pasMepH YCKOPEHHOH CHCTEMH
oTcUera.

2. Nuerorca caan HopHoamca T09HO TOTO e THIIA, YTO B B HHIOTOHOBCKOH TeopHH
(yopaxaenme 6.8). HaGmiomareab MokeT oT HAX B36aBHTHCHA, eCAH OH TMa-
TeAbHHM 06pa3oM HCKIIYAT BpameEAe CBoeldl KOOPAWHATHON pemeTKH: HampH-
Mep, OPEKPENHB ee K TAPOCKONaM, KOTOPHE YCKOPAIOTCA BMeCTe ¢ HAM IoCpeN-
CTBOM CHJI, IPHJIOKEHHHX K IeHTpaM Macc (HeT Kpyramero momental). Takas
HeBpaIHAIaACA pemeTKa ollajaeT GasMCHHMH BEKTOPAMH, HOXYYAIOMHEMHCS

8401487
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B pesyasraTe «uepeHoca ®epmm — Yonkepa» (§ 6.5):

d. ’

2= (a-85:)—a (u-8c), ()
rae U — 4-ckopocts, a 8 =du/dr — 4-ycKopenme.

3. VimeloTcA cHAH BHePIMH TOYHO TOTO )Ke THIA, YTO M B HLIOTOHOBCKOH reopHm
(ympamuenze 6.8). Omm o6ycnoBleHH yCKOpeHHeM HabiawopaTens, B OT HHX

MOKHO MB63aBHTHCH, JHIOb NDPEKPaTHB YCKODeHHe.

OcTanbEas wacTh 9T0li raaBH OTHOCHTCA K Kypey 2.

Ee cofiepcanme He 3ABHCHT OT HpeiMAYyHIero MaTepEana xypea 2.

Ona Hy)KHA B EKaueCTBeé NOJTOTOBHTENBHOr0 MATEPHAJNA

1) AnA MATEMATHYECKOrO 8HANHM3A FHPOCKONOB B HCRPHBICHHOM
npocTpaBECTRe-BpeMenn (yupaxuenme 19.2, § 40.7) m

2) mas MaTeMaTHUeCKOM TeOpMHM COGCTBCHHBIX CHCTEM OTCYETA YCKOPEHRHOro
Habmonarenn (§ 13.6). Oma Gymer moiesHa BO MHOTHX HPHIOKEHHAX
reopum TArorenna (ra. 18—40).

§ 6.2. THIIEPBOJIUYECKOE BWKEHHE

[pEcTynEM K H3yYeHHI0 OacCakKMpa paKeTH, KOTOPHi omymaer
«TATOTeHHE», MOCKOJBKY OH YCKOPAETCA B INIOCKOM IIPOCTPaHCTBe-
ppemenn. HauneM ¢ onucaHmsA ero ABM;<eHHS IO OTHOMEERIO K MHEp-
nganbHo#i cucTeMe oTcueTa. Ero 4-CKopocTh yROBIeTBOpPAET YCJIOBHIO
u? = —1. QuKcApoBaHHOE 3HaYeHMe 4-CKOPOCTH YKBHBAJICHTHO TOMY,
YTo 4-yCKOpeHHe

a=du/dv (6.1)

OpPTOTOHAJIBLHO 4-CKOPOCTH:
0= (d/dv) (— /) = (d/d7) (4 u-u) =a-u. (6.2)

N3 sToro ypaBHeHAA CjeAyeT, YTO B CHCTeMe IOKOS maccakmpa (B Ta-
Kol JIOpeHIleBO#l CHCTeMe, Tfie B HHTePeCYOIIHA HAC MOMEHT U = @)
a® = 0; B 210l cHCTeMe IPOCTPAHCTBeHHLIE KOMOOHEHTH al cBogATCA
K o6uuHOMY ompeflelleHMI0 ycKopenus a‘= d?z'/de®. Ilo Bumy koMmmo-
Hent a* = (0; a*) B cucTeMe IOKOA MH MOM¥eM CKa3aTh, YTO BeJHIMHA
YCKOpEHHBA B CUCTeMe IHOKOA IpeficTaBisAeT co60it npoCcToli HEBapHAHT

aZ=a¥ ay, = (dzx/ dtz);suepemloe B CHCTEMe TTOKOA.

PacemoTpuym gas npocToThl HaGjiofaTesiA, KOTOPHE BCe BpeMA omlynia-
eT NIocTofiHHOe ycKopeHme g. IlycTh ycKopeHHe HampaBJeHO BIOJbL
oCH z! HeKoTOpoi#l WHepUMalbHOU cucTeMbl, a 22 = z® = 0. YpasHe-
HHS JBUKeHHs HaGJIIONATeNIA B 9TOil MHePIMAaJbHON CHCTeMe DPUHH-
MaIoT BHJ

dz ‘; duo 0 du" _ ai, (6.3)

-—=u0’ —_— U — =

dt dt a’ dt
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QUT. 6.1.

I'mnepGommueckoe apmxeEMe. Muposas auEHa o6bexTa (Waw BaGmoparens),
KOTODHI BCe BpeMA HCIOHTHBACT NOCTOSIHHOE YCKOPeHNRe ¢ 0 OTHOMEHNIO K mHep-
IAANBHOR CHECTeMe, CONYTCTBYIOmell B NaHHHI# MOMEHT (B PasHHEe MOMOETH STH
FHOPNHEAJbHKE CHCTeMH pasHHel). 4-yCKopeHHe @ Be3file OPTOrOHAJNBHO (NOpEH-
neBa reoMeTpesal) 4-ckopocTH U.

dampmeM TPH anre0pamvYeCKHX YpPABHEHHEA

uby, = —1,
uba, = —u'a® 4 uta'=0,
aka, = g2,
Paspemas BmX OTHOCHTeJILHO YCKOPOHHS, HAXOAHM
dud dul
a°=T = gul, al= d"‘l: = gu’, (6.4)

9tn nuueinne AuddepeEnAaNbHNe yPaBHOHAA JeTKo pemanTca. [Ipn
COOTBETCTBYOIIEM BHGOpe Hawaja OTCYeTa pelleHAe HMMeeT BUN

t=gtshgt, z=g"chgr. (6.5)

OrMeTHM, uTO 22 — 2 = g~2. Ha mpocTpaHCTBEHHO-BpEeMEHHOM YEPTEIKEe
MEpOBasA JIRHESA ABJseTCA ranepboiol («rAnepGoIudecKoe NBH/KEHAE),
¢ur. 6.1). HexoTopile HETepeCHHE ACIEKTH 3TOTO ABHKEHAA PACCMO-
TpeBH B ynpaHenusx. IIycTh HOCTOAHHOEe ySKODeHHe g PaBHO IO
BeIMYEHEe TPABHTanMOHHOMY yckopenmio g = 980 cm/c? Ha moBepx-
HoctE 3emuin: g &~ (10® em/c?)/(3 -10* em/c)®=(3 -107c -3 .10 cm/c) ' =
= (1 ceroBoii ron)~!. Taknum o6pasom, HaGIoOaTeNAs NOCTATAET pejs-
TEBHCTCKHEX CKOpOCTel, HOANEP/KABAasg 3TO YCKODEHHE B TeuYeHHE
npHOGIASHTENBHO TOfa cBoero cobcTBeHHoro Bpemerm. OH Mosxer
omepemaTh POTOH, €CIH CTApTyeT BIepefn Hero Ha OJUH CBETOBOM
rox mam Gonee.

14*

2
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YIOPAKHEHHAA

6.1. Ilyremecreue k sxpy Ianaxraxn

Haiinare coGeTBenHOE BpeMsA, HEOGXOANMOE MACCAKAPAM KOCMHTIECKO-
ro xopabas, 9To6H npeomoners paccrosane ~ 30 000 cBeTOBHIX JeT
or 3emam po uenrpa Iamakruxm. IlpEMATe, uTO B mepBoil moJOBHHe
OyTE OHH PpAsroHAIOTCA € YCKOPEHHEM «3eMHOTO HpPHTAMEHHAN
(10® cm/c?), a Bo BTODOil IOJNOBAHE — TaK Ke 3aMERJIAITCH.

6.2. ITonesmas Barpyaka paKeTH

Kaxkywo noxio oT HagaabHON MacCH DaKeTH MOKET COCTABJATH MOJes3-
Hag Harpyska B IyTemleCTBHH, PacCMOTDeHHOM B ynpaiHenmm 6.1?
Cunraitre, 9T0 pakera mAealdbHadA, T. €. 4T0 B Hell Macca IOKOA mpe-
Bpamaercs B H3JydeHHe, KOTOPOe HOJHOCTBHIO OTGpacHBaeTCsa Haszaj
¢ KooppunueEToM mosesHoro Aedcrensa 100% m coBepmeHHO# cHCTe-

MOM KoJJAMAalluu.

6.3. Ilapanokc OGam3HenmoB

a. [HokakaTe, 4T0 M3 BCeX BPeMEHMHOONOGHRIX MHDOBHIX JHHUH, coe-
IOUHSIIOMAX 7Ba COOKTHA A 1 %, Hau6oIbmAA MPOMEKYTOK COGCTBEH-
HOTO BpEMEHH INPOTEKaeT BJOJXh HEYCKOPeHHO# MHDOBO# JIHHUM.
(Yka3zanme: mpoBefNTe BHIKJIAAKA B MHePNAANbHON CHCTeMo, CBA3aH-
HOUl ¢ HEeYCKODEeHHOW MHDOBOHl JHHHME.)

6. OnnE W3 GIHM3HENOB npeAmoYATaeT HobHpaTeca u3 A B F
BIOJb HeyCKOPEHHOR MApoBoX auann. ITokaxxuaTte, 9o Apyroi Gamsner
¢ TOMOIIHI0 COOTBETCTBYIOMEro BHOOpPa YCKOpEHHE MoeT mobpaTncs
or S no # 3a CKOAB YrogHO Maloe COOCTBEeHHOE BpeMs.

B. 3a KaKoil HaMMEHBUIAE HPOMEKYTOK COGCTBEHHOTO BpEMEeHH
BTOpOit GJM3HEl, MOKET IPOUTH MyTh OT # o ¥, ecnim om mpexmodn-
TaeT mMyTemecTBOBATh ¢ KOMPOPTOM, KOTAA HCOLITHIBaeMoe MM yCKope-
HHe HAT/e He NpeBHIAaeT 8eMHOe yCKopeHHe TaecTd g? OTBeT BHpa-
3UTe Uepe3 g M HNPOMEKYTOK COGCTBeHHOIo BpeMeHH AT, mPOTeKmuis
y HeyCKopeHHOTO OJm3Hena.

r. I[lonyunTe 4mCIeHHHE 3HAYEHAS Pe3YABTATA NIAA HECKOJABKHX

FHTEPEeCHH X CJYy3aeB.

6.4. PagmonoranuoHHANl HHIEKATOP CKOPOCTH

PagdonoKaqEOHEAA YCTAaHOBKA MHM3MepAeT CKOPOCTb, HCOYCKAA CHI-
HaJl HA CTAHXAPTHOH YacTOTe M CPABHMBAA 3Ty YACTOTY C 4acTOTOH
CHTHaJa, OTPa)KeHHOro oT Apyroro o6mexra. HamepenHOe TakAM
o6pa3oM KpacHoe CMellleHMe 3aTeM mpeofpasyercA ¢ moMompbio 0GH4T-
HHX GopMyN CuenHMaJbHOR TEOPHH OTHOCHTEIHHOCTHA B COOTBOTCTBYIO-
mee SHAYCHA® CKOPOCTH, KOTOPO® M NOABJIAETCA Ha BHXOoHe PagHOJO-
KanEoHHOH ycTaHoBKH. Hackolbko NoJe3sHO# oKakeTCA TaKas
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PafMONOKANHOHEHAA YCTAHOBKA B KauyeCTBe MHECTPYMEHTa A HM3Mepe-
HES CKOPOCTH B cCjydYae DaBHOMEDHO YCKOpPeHHoro HabGmionaresis?

PaccMoTpuTe aTy 8ajauy cHauajJa B 9acTHOM ciydae, KOTHa
00BeKT H pPafNOJOKAIIHEOHHAA YCTAHOBKA HOKOATCA IO OTHOMIEHHIO
APYT K APYTY B MOMEHT OTPaKeHHA PafiHoJIOKaIlMOHHOTO HMIYJBCA.
Onpenennte KpacHoe cMemenue 1 -+ z = we/w,, M3MepAeMoe ycTa-
HOBKOM B 3TOM CiIydae, H IOJYYalomyiOCA B pe3yianTaTe (HempaBHJIb-
HYIO) CKOPOCTb. YIPOCTHTE BHKJI3XKH, BOCHOJAb30BABIMMCH CHMMETPH-
el sajavm.

6. PaccmoTprTe Temeps cHTyanmio, KOrga 06'beKT HMeeT HeHYJIeBYIO
CKOPOCTh B MTHOBEHHO# CHECTeMe IOKOs HaGaiofaTelia B MOMEHT Bpe-
MeHH, KOTAAa 9TOT O00BEeKT OTpa)kaeT PafHOJOKALHMOHHHE MMUYJLC.
OnpefieiATe OTHONMEHAE MCTHHHOTO 3HAYEHHAA OTHOCHTEABHOH CKOPO-
CTH K CKOPOCTH, KOTOPYIO IOKa3KBaeT PajilioJOKalMOHEAsA YCTaHOBKA.

6.5. PagmoaoranuoHHbl WHAHEATOP pacCTOSHHA

Hcmonssyem pammosnokaTop B KauecTBe YCTPOMCTBA, H3MePAIONIETO
paccrosgame. PanmonokanmonHas ycraHOBKa H3MepsieT CBoe COGCTBeH-
HOe BpeMA T MEKAY MOMEHTOM HCOYCKAaHHA €10 HMOYJhCa H IOoCje-
RYOMAM MOMEHTOM NpHeMa OTPa’keHHOTo MMOYJLCa. 3aTeM BHIIOJ-
BAETCA NpOCTedmas BuYMCIHTEeAbHasa onepauEsa L, = 1/2, m Ha
BLIXOX B KavueCTBe «paccroanus» nopaercsa L,. Hakosa TowmocTs mO-
Ka3aHEA pajAoJIOKaNMOHHOX YCTAHOBKH LPH M3MeDEHHH HCTHHHOTO
paccroarnsa L mo o6bexTa paBHOMEPHO YCKOpeHHEIM HaGaionaTtesnem?
(L ompemensiercA KaK paccTOSHMe B MIHOBEHHOH CHCTeMe DOKOA
Ha0mofaTeass B MOMEHT OTPajKeHHAs AMIYJbCa, KOTOPHA HPAXONATCH
Ha CepeflWHY NPOMEKYTKAa COGCTBEHHOTO BPeMeHHM HabuioflaTells Mek-
Ay HCOyCKaHHeM M OpHeMOM WMmnyinca.) IlpuBenure mpaBHABRYIO
$opmyny, cBasmBalomylo L, == 1/2 ¢ HCTHHHEM paccTosiHHeM L.
Iloxakmre, uTro mokasaHme pajgmoldokatopa L, cTpeMHTCs K Gecko-
HeyHOCTH, KorAa L mpubamxaetcs k g1, rae g — ycKopeHme Habaio-
RaTeif, A3MepeHHOe IO ero COGCTBEHHOMY aKcelepoMeTpy.

YIIPAKHEHAA

§ 6.3. OTPAHHYEHUSA HA PA3SMEPBHI YCKOPEHHOH
CHCTEMBI OTCYETA

OgeHb JeTKO COEMHHMTL CJIoBA B BHIPA)KEHHH (CACTEMa KOOpAAHAT
yCKOpeHHoro HaGaoaaTeas», OQHAKO ropasfo TpyAHee OTHCKAThH HOHH-
THe, KOTOPOMY OHO MoTJ0 6H cooTBercTBoBaTh. CaMoe pasyMHoe, 9TO
MOKHO Cpa3y ’Ke CKa3aTh PO 9TO BHpasKeHHE, 3TO TO, UTO OPH CepPb-
€3HOM PACCMOTPEHHM OHO OKa3HBaeTCAd NPOTHBOPEYHBHM. MoskHO
IPeRUOJIOKATH, 9TO 9TO BHIPaKeHME OTHOCHTCS K HeKoTopo# ocoGoii
CHCTEMe KOODAHMHAT, €CTeCTBeHHHM O0pa3oM CBA3AaHHOH C KaKHEM-TO
oupefieNleHHHM YCKOPeHHRM HaGJioaTeaeM, NOXOOHEIM TOMY, MEPOBaf

00TH
B NOCTpocHNN

ROOPRMBAT
YCKOPeHHOTo
wabaonarensn



Hapymenne OBASH
MexRY
naGmoparenem

n COSLITEAME

HR PROCTOAHHE
§,> (ycxopeame)—*

214 6. Ycmopeunne nabawdamesu

— %% =0

®Ur. 6.2.

Muposaa nHEEA HaGIOfaTeNs, YCKOPABIMIEroCA B TeYeHWE KOPOTKOTO IpOMe-
MyTKa Bpememu. Ha Kampom aTame ABMIKGHHA C HOCTOSAHHOH CKOPOCTHIO MOKHO
BBECTH WHOPHEANBHYI0 CHCTeMY KOOPAUHAT. ONHAKO STH KOODAMHATH HEBO3-
MOJKHO COIJIACOBATH B 00JIACTH NEPeKPHTHA (KOTOpasA HAYMHAETCH HA PACCTOAHHHA
gl cneBa oT ywacTKa YCKOPEHH).

NHHAA KoToporo samaercA ypaBHeHmaME (6.5). Ecam cmcrema Koop-
AEHAT NeHCTBATEABHO eCTeCTBEHHA, TO MOKHO OKMIATh, 4TO JOCTa-
TOYHO MCKYCHHI HaGmogaTelb CMOKET OLPEfeNdTh KOODPAHHATH
a060ro coSHTHA, NoCHJIaAd B OpAHAMas CBETOBHe cHrHaiaw. Ho ms
¢ur. 6.1 sAcHo, 4T0 COOLITHA, COCTaBAAKIHAE YeTBEPTh BCEro IpoO-
crpaHcTBa-Bpemenn (3oHa 1II), He MOTyT HH mociaTh CBeTOBHE CHATHA-
AH K BHOpaEHOMY HaGaoxaTeN0, HA NPABATH HX OT Hero. [[Be gpyrue
30HH, COCTABJAIHE MOJOBHHY BCEro IPOCTPAHCTBA-BPeMeHH, MeHee
OTpaHHYCHH B 3TOM OTHomeHWn: u3 30HEH Il HeBoaMoxHO mocaaTh
CATHAJH K HaGJxonaTenio, B 30He IV HeB03M0OKHO OPHHATH KX OT HErO.
TpyaHo cefe mDpeACTaBHTb, KaK HabdIORaTeNb MOKeT OUPONEIHTH
KaKBM-TA60 eCTeCTBEHHHM 00pa3oM CHCTeMY KOODAHHAT, 0XBaTHBAIO-
myi0 CoGHTHA, C KOTOPHMHA Y Hero HeT HEKAKHX UPHINHHKX CBA3eH,
KOTOpHE OH He MOKeT YBHAeTh H M3 KOTOPHIX €ro Helbh3fd yBHIETH.

TpynHOCTH BOBHAKAIOT M TOTAA, KOTJA pacCMaTpPHBaeTCH Habiio-
naTeab, KOTOPHHE CHadajJa IOOKOATCA B HEKOTOPOH cHCTeMe, 3aTeM
B TedeHHe HEKOTOPOro BpEeMEHH YCKOpPAETCA, HOCKe 4ero ABHKETCA
¢ DOCTOAHHOH CKOPOCTHIO, T. €. IIOKOHTCA B KAKOH-TO Apyroi mHEepmA-
allbHOM cucTeMe KoopauHaT. MOKHO JB MCXOQs H3 €ro JABUKEHAR
OmpeNeNHTh KaKAM-TA60 eCTeCTBeHHHM 06pa3oM CHCTeMY KOOpHHHAT?
Ecan na, To 3Ta CHCTeMa KoopA#HAT 1) Mo/KHA COBHAAATH C HMHEpIH-
aJIbHOM CHCTeMoit z*, B KOTOpoil HaGaofaTels MOKOMJICHA B MOMEHTH
ppeMenn z° Meapme 0, 1 2) HoJ:KHA COBHAAATH C APYroil mHEPOHAATb-
Hoil cHCTeMoit B MOMeHT BpeMeHH z'>> T, Korga OH HOKOHJICH YiKe
OTHOCHTEJNIBHO 3To#l BTOPO# CHCTeMH. fICHO, 4YTO HYXHHW KaKHe-TO
ROMOJHATEAbHNEE CO06pasKeHHA, YTOOH PemHATD, KAK ONPeNeJHTh Koop-
RHHATH B 06JaCTAX, TAe 06a 3TH yCIOBHA He BHmoJHawTCA (dur. 6.2).



§ 6.4, Tempada, nepenocumas YcKopernwx Kabaodamesen 215

Onnako eme Gojee o3amaadBaeT TOT (PaKT, YTO 3TH ABa YCIOBHA
HECOBMECTAME B TO# 0GNACTH mpOCTPAaHCTBa-BpeMeHH, I'le OJHOBpe-
MEHHO BHIIOJHAWTCA HepaseHeTBa 2° << 0 m 2% > T’. B o6omx mpm-
Mepax yckopeHHoro aBmkeHHs (¢ur. 6.1 m 6.2) cepresHne TpyAHOCTH
IpA NONHTKEe OHpefelATh CACTEMY KOODAMHAT BOBHAKAIT JHMG Ha
KOHEYHOM DPacCTOAHAHM ¢! OT MHDOBOM JHHHE YCKOPEHHOro HabiIio-
narens. IIpoGiema ABHO Hepa3pemmMa Ha DacCTOAHEAX OT MEDPOBOM
auHEd, opeBamalomex g-'. Ho oHa ecrecTBemAnM 6pasoM pemaetcs
B HENOCPeACTBeHHON OKpecTHOCTH HabmionaTesss. ITo pemeHUe U3Be-
CTHO DOA Ha3BaHHEM (OPTOHOPMEDOBAHHAf TeTpaja, HePEHOCEMAaH
neperocoM DepMa — Yoaxepa». OCHOBHYIO HIEI0 Jerko IPOHJIIOCT-
pApoBaTh Ha DpHMepe rANepGOIAIECKOTO JBHKEHHS, YeMy M IIOCBA-
mMeH CcJeAyOmHMA maparpad.

§ 6.4. TETPATIA, IEPEHOCUMASI PABHOMEPHO
YCKOPEHHBIM HABJIIOTATEJIEM

Beckoneuno Mamas cucTeMa KOOPAHHAT CTPOMTCH C IOMOIMIBIO «TeT-
Pajh», HJIH «OOABIKHOHE CHCTeMH)» («moABH:KHOTO pemepa» HapraHa),
YA COBOKYIHOCTH (Ga3HCHHIX BEKTOPOB 8¢ , 84+, 85+, 83/ (HHIAEKC 0003Ha-
JaeT HOMep BeKTopa, a He HOMep KOMIOOHeHTH Bexrtopal). 3a och
BpeMEeHH IPHMEM OCh BPeMeHH CONYTCTBYOMmMe#d AHepNAAILHONR CHCTe-
MH, B KOTOpo#l HaGjaoJaTeab B HXaHHHEA MOMEHT IOKOHTCA. Torma
HyJeBodl GasHCHHII BeKTOD TOKIeCTBEHHO COBHagaeT C ero 4-CKopo-
cThio: 8y = U. [Ipeo6pasoBanusa JlopeAna B Hampasierad ochm {1 He
BJINAIT Ha IPOCTPAHCTBeHHHS® OCH @, B 8. [[oaToMy BuGepeM B Kave-
CTBe 8, # 03 eIMHAIHEE Ga3NCHHE BEKTOPH BCeoGBHeMIIOMmel J0opeH-
1[eBO#l CHCTEMEl, II0 OTHOIIEHHI0 K KOTOpPo#l paHee B ypaBHeHHAX (6.5)
ONMHCHBAJIOCH TANepGoMYeCKoe [BAKeHHe HabaOKaTeaAdA: 8, = @,
@y = 83. OcraBmmitica (Ga3HCHHA BEKTOP ©;/, OPTOTOHAJNBHHIH TpeM
ApyrEM, DapajiieleH BEKTOPY YCKOpeHHA: 8- = g~'a [cm. ypaBme-
gme (6.4)]. 3ty ABMKYymylCA cHCTeMy MOKHO OXapaKTepH30BaTh
B Gosee yHoBIeTBOpHTEeNpHOX (opMe: OCh BPEeMeHH @, COBIAaKaeT
¢ 4-cKopocTsi0 HaGaofaTeas, IOTOMY B 3TOll CHACTeMe OH BCerjia
OOKOMTCA; TPH [ADYTHX BeKTopa 8+, 03’, 83 BHOHPAOTCA TAKHEM
o6pa3oM, 9To6H oHE OHAA 1) OpTOroHaABHH ¥ 2) He BpamajdACh. ITH
6a3ACHHEe BEKTOPH HMEIOT BHJ

(eo)" = (ch gr; shgz, 0, 0);
(es)* = (sh gt; chgr, 0, 0);
(€3)" = (0; 0, 1, 0);]
(e3)*=(0; 0, 0, 1).

CymecTByeT mpocTOe HpPaBHJIO HOJYYeHHA ITHX UeTHpPeX Gas3HCHBIX
BeKTopoB. Bepem ueThipe Ga3HCHHX BeKTOpa @, 8;, 8, 8 3 HAYAALHOI
riao6apHO IOPEHIeBOl CHCTeMH 0TCIeTa H HPUMEeHIeM K HAM IPoCToi

(6.6)

ECTecCTBeHHNIS
ROOPAHHATH
HECOBMECTHMBI
HA PACOTOAHHN

t > (yoxopeane)=!

OpTOHOPMHPOBAH~
HAm TETpaRa
GasHCHBIX
BERTOPOB,
HepeHOCHMBIX
PABHOMEPHO
YOROPEHH bIM
uabaonareaes
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6yct (mpeobpasoBamme JlopeHua C KOHEYHHM 3HAYEHAEM CKODPOCTH)
B HaIIPaBJIeHHH OCH 1 ¢ TAKEM IapaMeTPOM CKOPOCTH, 4TOGHl BEKTOD €,
coBHIaJ ¢ 4-CKopocThio HabaiofaTens. ToT gakT, 4To BCe aTH BeKTOPH
OPTOrOHAJBHH ADYT APYTY M HMEIOT €ARHAYHYIO [JBHY, dopMajibHO
BHIpa’keH B COOTHOIIECHAH

‘u"ev'=nu'v’o (6.7)

§ 6.5. TETPATA, IEPEHOCHMAAJIEPEHOCOM
QEPMH — YOJIKEPA HABJIOJATEJIEM C IIPOM3BOJIbHBIM
YCKOPEHHNEM

Tenepy mnepeiinem or Habaogatens (EaE o6BeKTa), COBepIIAKINETo
rapep0oandeckoe ABHKEeHHe, K HaGaonaTenio (uiam o6'beKTy), yCKope-
HHEe KOTOpPOro, 0CTaBafiCh BCerjia KOBeYBHM, IPOU3BOJBERM 00pazom
M3MEHAETCH BO BpeMeHH. 3/1eCh MH ToKe HaJO)KMM Ha ABHIKYIYIOCH
6eCKOHEYHO MalyI0 CHCTEMY OTCY€Ta, HJIM TeTpaRy, TPA YCHOBHA:
1) 6asucHHeE BeKTOPH TeTpajibi @,  NOJKHH GHTh 0PTOEOPMHEDOBAHHI
[coornomennme (6.7)], 2) B KasxaHi MOMEHT BpeMeHE GaSHCHBE BEKTOPH
IOJKHH 06pasoBHBATh CECTEMY HNOKOA HabiaionaTtens (@,-= U) m 3) Te-
Tpaja HoJkHA OHTH «HeBpamalmeics».

IMocnennee ycnoBme TpeGyeT moscHenni. basucHme BEeKTOPH TeT-
pPajH B Ka)KIBi MOMEHT COOCTBEHHOTO BpeMeHH T JOJKHH OHTH CBSA-

8anH mpeoGpasoBammeM Jlopennma @,-(t) = A%y (1)8, ¢ GasECHHME
BEKTODaMH 8,, 8;, 8,, 65 HEKOTOPOii 3aJaHHO HHEPUHAABLHOA CHCTEMH.
Torna Ga3HCHEE BEKTOPH TeTpPaAH B ABA MOCHENOBATENHEKRX MOMEHTa
BPEMEHH TaKiKe NoJsKHH OHTH CBABaHH APYT ¢ ApYroM npeoGpaso-
paumeM Jloperna. Ho npeoGpasosanme JlopeH1ia MOHO NpeACTaBATH
cefe KaK «BpamieHme» B IPOCTPAHCTBe-BpeMeHH; 4-CKOPOCTH U, BejH-
Y¥HA KOTOPO# BCerja paBHA eJdHAIE, MeHSeT CBoe HanlpaBJeHHe.
IToaroMy yske caMo NOHATAE YCKOpPEHHS NOAPa3yMeBaeT «BpameHHe»r
BeKTopa 4-ckopocTH. Hak ke Torha cienyer moEdMMaTh TpeGoBaHHe,
uTo6H TeTpaja Geaa HeBpamalomeiica ? IJorpeGyem, uro6H 0T MOMeH-
Ta K MOMEHTY TeTpafia 8,-(T) U3MeHAJach POBHO HACTOJBKO, HACKOI b~
Ko aToro Tpe6yer ma3MeHeHHe U = @, (6e3 BCAKOro JONOJBHTEJHHOTO
npoW3BoJBLHOTO BpameHasA. Jpyrumu ciaoBamu, 1) xonycTam HemaGem-
HOe CeBoBpallenHe BO BpeMeHANOoNoO0HO#M NIOCKOCTH, OnpeaeraeMoi
4-BeXTOPOM CKODOCTH M YCKOpeHHeM, HO 2) HCKIIYAM BCe OOHUHEIE
HOBOPOTHL TpeX HPOCTPAHCTBEHHBIX BEKTODPOB.

B HepenaTmBuCTCKO# ¢H3UKe HOBOPOT BEKTOPAa (KOMOOHEHTH U;)
ONMCHIBAETCA C MOMONBI0 BEKTOpa MIHOBEHHOH YIJIOBOHM CKOpOCTH
(KOMIOHEHTH ;). 9Ta YIrioBag CKOPOCTHh LOABIAETCA B BHPaKeHHR

IJIA CKOPOCTH H3MEHEHHSA 'vﬂ
(dl)‘/dt) = (0) X v), = &4;,0V% . (6.8)

HmMes B BEAY 060CmenMe Ha deTHpeXMepHOe HPOCTPaHCTBO-BpEMHA,
HoJie3HO NpPeACTaBHTH cefie, uTO BpalleHHe OPOMCXOIHT B IJOCKOCTH,
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nepneHAMKYJAAPHO# BeKTOpy YIJIOBOii CKOpOCTA ©. IlosToMy mepe-

nnmeM (6.8) B smne
dvy/dt = — QupVy, (6.9)

e
Qp= —y= 0 (6.10)

EMeeT HeHyJeBHe KOMIOHEHTH TOJABLKO B IJOCKOCTH BpamesEs. [Ipy-
TEME CIIOBaMH, I0JIe3HeH TOBOPHTH 0 «BpameHnd B (1, 2)-mIockocTH»,
9eM O BpameHAH BOKpPYT 3-ocH. IIoHfATHE ¢IJIOCKOCTH Bp2MIEHEA»
IepeHOCHTCA Ha caydail uernipex mamepenmii. Tam ppamenme B (1, 2)-
IIOCKOCTH 0CTaBIseT HeM3MEeHHOH He TOJHKO KOMOOHEHATY CKOPOCTH Uy,
HO Takke H V,. UeTHpexMepHoe ompefieJieHHe BPamieHHS HMeeT BHJ

(']
%= —O",, toe QW= —Q", (6.11)
Jlns DpoBepKE CHpaBeNJHBOCTE 3TOro ompefejenns o6GoGmenBOro
BpalleBnsA, KJIH GeCKOHeUHO MaJjoro (AHQHEETEeSAMaJIbHOr0) npeobpa-
soBanuA JlopeHna, yGeanMcA, 9T0 0HO OCTaBJIACT AHBAPHAHTHOR NAHY
4-BexTopa:
d (v w*)/dt = 2v, (dv#/dr) = — 2Q"v,v, =0, (6.12)

IlocnenHee BHpajkeHHe B IieNOYKe DaBeHCTB PaBHO HYJO, TaKk KakK
TeH80p QWY aHTHCHMMeETpDHYEH, TOFJa Kak vV, cEMMeTpmuHO. OTMe-
TEM TaKie, 4T0 aHTHCHMMETPHYHHIA TeHs0p QMY («MaTpHLa Bpame-
BEsA», «uEPEHATE3MMalbHOe npeoGpasoBaEme Jlopemrma») o6aanaer
4 X 3/2 = 6 HesaBECHMHMHM KOMIOHEHTaMH. JTO YHCJIO COBIAfaeT
C YHCJIOM KOMIOHEHT KOHeuHoro npeo6pasosanmsa Jlopenna (Tpm napa-
MeTpa NpPOCTPAaHCTBEHHLIX BpamleHUil MJi0C TPH NapaMeTpa KOMIOHEHT
6ycta). B Hamem cayuae «mH¢EEMTe3mMasbROe mnpeoGpasoBaHue
Jlopenna» mommuo: 1) reRepEpoBaTH COOTBETCTBYIOMee npeobpasoBa-
mne JlopeEna Bo BpeMeHENoAoGHOM NJIOCKOCTH, BATARYTOH Ha 4-CKO-
pocTs m 4-yckopeRme, m 2) HCKIIOUaTh BpallieAHHe B JI06od HApyroi
OA0CKOCTH, B 9aCTHOCTH B JIIOG0H HpocTpaHCTBeHHONOKOOHOM MIIOCKO-
CTH. JTEM TPeGOBaHMAM MOMKHO YIOBJETBODHTH eINHCTBeHHHM olpa-
80M ¢ moMomplo mpeolpasoBaHuA

Q*Y — ghu¥ —avum, T, 6. R=aAu. (6.13)

IIpeMennm 310 npeoGpa3oBaHne BpameHHES K NPOCTPaHCTBeHHONOA06-
HOMY BeKTOpY W, OpToroHanbHomMy U # & (u-w =0 u 8-w = 0).
Cpasy me nonyuaem QWw, = 0, oTKyAa caeayeT OTCYTCTBHE HpPO-
CTPaHCTBEHHOr0 BpameHMsA. Temeph mpOBepAM DPaBHJIBHOCTH HOP-
MupoBKHE MV B ypaBHeHmE (6.13). Ilpumerum BmHPMHATEsEMaJABHOE
npeoGpasopanne JlopeAna X BeKTopy 4-CKopocTH Babiawomateas U.
Jlns sToro moacraBiasieM t* = uM B (6.11), oTKyma moayuaem

dut/dT = a* =ut (a:uv) -—ah (u'vuv) = gh,

OTOT pesyJBTAT NPEACTaBiseT COGOM TOKAECTBO, NOCKOJABKY U-U=
=—1nmu-a=0. .

MaTexaTHGeCKOe
ONHCAHHAE
BpaueHnn

B NPOCTPaHOTRE"
BpeMeHE
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O BekTOpe V, KOTOpHIii moxBepraeTcs HefACTBHI0 YKasaHHOTO
AHQMANTE3UMAaTBHOT0 npeoGpasoBamda JlopeHma

dvt/dt = (uta¥ —uva¥) vy, (6.14)

rOBOPAT, 4TO OH HCHOHTHBaeT «mepeHoc QPepmm — Yoaxepa» BHoIb
MHpPOBO# JauHHE HaGuogarens. Ecmecmeennas Osusecyujancs cucmema
omciema, C6A3AHHAR C YCKOPEHHUM Habalo0amerem, cocmoum us wembl-
pex 0pMOHOPMILDOBAKHBLL 66KMOP08, KaXCAb U3 KOMOPKE ucnuméaem
nepernoc Pepmu — Yoaxepa 600ab MUpo8ol Aunuu U 00HUM U3 KOMO-
puz seasemcs @y = W (4-cropocts HabGmiopmarens). Ha mpakTmke
nepesoc (epmu — Yoikepa IPOCTPaHCTBeHHHX 0a3ACHHX BEKTO-
POB @;; MOXKHO OCYIeCTBHTH, CBA3aB MX C F'MPOCKOHmAMA (CM. KOIOJ-
Hemme 0.2 m yopaskdeHme 6.9).

§ 6.6. IOKAJIbHAA CHUCTEMA KOOPIHHAT
YCKOPEHHOI'O HABJIIOZATEJIA

[lepeiieM OT 3Todl ABHMKYIMEHCA, MM «6eCKOHEYHO MaJoi», CHCTeMH
KOOpAHHAT K «J10.aJbHOH CHCTeMe KOOPAMHAT», MOKPHBAIOINEHd KO-
HeIRyI0 06;1acTh. B TakHX TOKaJIbHEIX KOOPIHHATA X HEBO3MOKHO H36e-
KATh BCeX TeX IpoGaeM, ¢ KOTOPHMH NPHIOLIOCH CTOJKHYTHCHA LpH
«ramepGonaadecKoM NBMKeHAm» (Gur. 6.1) m mpE «ABMKEHAA C KopoT-
KuM ydacTKoM ycKopeHHA» (dur. 6.2). [lostomy moxaasayio cmcremy
KOODAHHAT CJIeflyeT OrPaHAYATh 0GJACThI0 B HpefelaX PacCTOAHHAA
g~! or HaGmiogaTens, TRe 3TH mpobiaemH He Bo3HEKAT. Dur. 6.3
MILTIOCTPHpYeT HOCTpOeHHe JOKaJbHHX KoopamHaT E*'. B mio6oit 3a-

OUr. 6.3.

TlocTpoeEHe TPOCTPAECTBeHHOMOROOHHX rENEPUAOCKOCTeH (IITPHXOBHE HPAMS),
OPTOroHAMBHHX MAPOBOH JHHEAK (REPHAA KPHABAA) yCKOPORHOHR JacTANL B H3GpaH-
HHEe MOMeHTH HA 3Toi MHpoBo#l nuEAH. O6GpaTHTe BHUMAaHEe HA IEPECOIOHHE
rEOepIIOCKOCTel Ha paccToadsd g-1 (tv) (ycKopeHHe 3aBHCHT OT BpemeHH!)
OT MHPOBOH JHHAH.
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NaHHKE MOMEHT COGCTBEHHOro BpeMeHH T HabaofaTelb HaXOTATCH
B ompefeneHHOM cobutmm &(t) Ha cBoeil mmposoit amama. IIycTs
2 (t) — BeKTop, coefMHAIOMMAE HaIaN0 MEePBOHAYANLHOHM HHEPIHATb-
HOif CHCTeMH OTCYeTa ¢ mojoxenmeM HaGmiomarenss &(tr). B &F(1)
Ha6moNaTellb pacmojiaraeT TpeMsa NPoCTPaHCTBeHHOMOAOOHKMA Ga3mc-
HHMHA BeKTopam: @(T), 82:(7), 8s(7). Touka &(t) B coBorymmocTH
¢ TEMM Ga3HCHHMH BEKTOPAMH OMNpeHejsieT HPOCTPAHCTBEHHOMOX0G-
HYI0 THIepHmIOCKOCTb. IIpOM3BOJBHYI0 TOYKY 3TOHl FHOEPImIOCKOCTH
MOKHO LIpPEeCTAaBHTH B BHJ®

x=t"016(r) + £ 02:(v) + £ 03:() + 2(1)=
= (BeKTOp M3 HaJaJIa NepPBOHAYAIBHON HEEPIEaNbHOH cucTeMnl). (6.15)

3nech TpE gmcaa EF MrpamT posab 3BKIEAOBHX KOODAWHAT Ha THIep-
miocKocta. Ilo Mepe TedeHMA COGCTBEHHOTO BPeMEHH 3Ta THIEPINIO-
CKOCTh TepeMemiaeTcsi BIeped. PaHo MAA HO3MHO T'HOEPIIOCKOCTH
mepecedeT cobuThe &y, KOTOPOMY MH XOTHM OPHOHCATH KOOPAHHATHL.
B xavecmase Koopdunam smozo cobumus sadadum wucaa B =7t u ¥,
onpedeasemvie us (6.15). Hazoeem smu uemuipe wucsa «koopdunamamu
no OMHOWEHWIO K YcKopennomy Habarodameaior. HeTHpe KoOPAHHATH
ONpeAeNA0TCA M3 YeTHpeX ypaBHeHHI

=" [eps (1))* + 20 (7), (6.16)

B KOTODHX z" CYUMTAlOTCH H3BECTHHIMH, a KOOPOWHATH T, &b —
HEeH3BeCTHLIMA.

Ha HeKOTOpOM pacCTOAHMH OT YCKOPeHHOA MHDOBOHl JIMHAH HpO-
CTPAaHCTBEHHONOMOGHKEe I'HIePIVIOCKOCTH, B3ATHE B NOCHe[0BaTeIbHNE
MOMEHTH BpPeMeHH, BMeCTO TOT0, I3T06H nepeMeImaTsCA BOepel ¢ pocToM
T, MBEKYTCA B o6parHoM Hampasiaenun. Ha srom m Ha GOémsmmx pac-
CTOSHAAX, HNOHATHE (KOOPEHHAT 0 OTHONIEHAI0 K YCKODEHHOMY
Ha6monaTeno» CTAaHOBHTCA HEOMHO3HAYHHIM, W OT Hero clefyer
oTKasaThcsa. UToGH onpe/edTs 3T0 pacCTOAHAE, 3aMETHM, ITO JII060i,
JOCTATOYHO KOPOTKHH YJaCTOK MADOBO# JAHAH MOMKHO AIOPOKCHMH-
poBaTh ranep6ooii («rEnepGoaHTIeCKAM ABHKeHHEM C YCKOPEHHeM g£»),
rfe 3aBHCANIee 0P BpeMeHH yCKopeHHe g (T) 3afaeTcsi COOTHOMeEHHEM
g =ata,.

TpumenaM cGopMyaHpoBaHHOE BHme 00Iiee mpaBHIO K rumepGo-
JIAIeCKOMY JBHKGHHIO; B pe3ylbTaTe HOJYYHM ypaBHEHHSA

2= (gt +t") sh ("),

- 1 " o'

2 (i- +& )ch(gt ), (6.17)
.‘tz=§ ?

»#=t,

IToBepxnocTA HOCTOAHHHX 3HaveHRi § mpeAcTaBaAIOT coboii rAmep-
nnockocte z°%/zx' = th gt%, moxasamuste Ha ¢ur. 6.4. ITomcraBaas
supakenHd (6.17) B popmyny MEEKOBCKOTO 1A IAHEHHOrO 3JIeMEHTA,

ANA TMOOTpPOSHER
«IORANLHON CHOTO-
Mbl KOOPAHHAT
PEHEOrO
nabmnoparens
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A
9t A
3 ‘0“ 65
o 'ff 3 A
x 12 A

OHT, 6.4.
JlokanbHEaA cEcTeMa KOODAWHAT, CBAsaBHAA ¢ BaGxiopaTeneM, HaXOAAIMMCA
B COCTOSHAH rANepGOAEIECKOTO IBAKEHEA (JKEPHAA MAPOBAA IMHEA). JJoKaabEAR

CHCTEMA KOODJWEHAT CTAHOBHTCA Hempmemiemoir mpm E!° memnmmx, wem —g-1.

noJiyqaeMm , ) .
ds?= 1,y daP da¥ = — (14 gt' ") (dE% )2 4 (dE' )2+ (dE® )24 (dE*")2.
(6.18)

Kosppuumentn unpm dEF dE¥ B 3TOM BHpaeHHH He COBOAJAIOT
¢ OOHYHHMHA JIOPCELEBHMH KOMIOHEHTaME MerpHKE. M momarso
moueMy: BelHIuHH EF’ He 06pasyioT MHEpUHAJBHOR CHCTEMH KOOPIM-
par. OflHaKo B TOM MecTe, T/le pacmolioskeH Habaopareas, &Y = 0,
A KosddarumenTH npuobperaror oberanmwit Bux. CiemoBaTelbHO, 9TH
«IOKaNbHEKE KOOPAAHEATHY aIIPOKCUMHPYIOT JOPEHIEBY CHCTEMY Koop-
JMHAT B HeNOCPEeNCTBeHHOH OKpeCTHOCTH HalbmlomaTens.

YUPAKHEHR g

6.6. ComocraBieHne XO/[a 94COB H KOOPAEHATHOr0 BpeMcHH
B YCEOPEHHHX KOOPAHHATAX

IpeamonoxmM, uto B KammoM yaie pemerx: (&', E¥, £%') = const
JOKaJIbHOM CHCTEMH KOOPAHMHAT YCKOPEHHOTo HabiiogaTeas HaXoHdAT-
¢a gacel. J{aa npocToTn GyAeM cuMTaTh, 9TO HalalofiaTedb coBepmaeT
runepGonnueckoe aBmxenne. Mcemoapsys Bupaskerne (6.18), noxasa-
Te, uTo COGCTBEHBOe BpeMs, M3MepeHHOe IO YacaM pemeTKH, OTJIH-
9aeTCA OT KOOPAHHATHOTO BpeMEHH B TOH TOYKe peleTKH, Ile HaXo-
DATCA 9acH:

dr/dt” =14 gt
(B6nmsm HaGaopatens, upm E € g7', 310 oTIMYHe, KOHEYHO, Hpe-.
HeGpexuMo Majo.)
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6.7. YckopenHe TOYeK pelIeTKH B YCKOPEHHBIX KOOPAHHATAX

IomycTuM, 9TO B KamKEOH TOYKe pEMeETKHE JA0KaJbHHX KOODAHHAT
Haﬁmona'renﬂ B COCTOAHHNA rnnepﬁonnqecnoro XBHXXEHHUA HAXOJAHUTCA
akcenepomerp. Haiifiure BeAM9MHY YCKOPeHHS, KOTOpPOe NOKaiKeT
aKkcemepomerp B Touke (&Y, E¥, E¥),

6.8. HaGmopgarens ¢ Bpamanoueiica rerpanoii

Ha6nopatens, ABEKYIAACA BROJNb IPOA3BOJBHO YCKOPEHHOH MHPO-
Boii A@mHAA, BHOGHpaeT XA CBOeidl OPTOHOPMEDPOBAHHOH TeTpajaH
nepeHsoc, OTNHIHNA oT mepeHoca (Depmm — VYouxepa: oH momycKaeT
Bpalenne TeTpaAn. AHTACAMMETPHYHHI TeH3op BpameHHsa Q, KoTo-
PHil BXOJMT B 3aKOH IepeHOCa, ACHOJB3yeMulil HalGaiomaTeleM,

deg-ldt= — Q-84 (6.19)

pacmemsercd Ha cocraBiasomyio OepMua — Yoaxepa I COCTABAAOMYIO,
COOTBETCTBYIOIYI0 IPOCTPAHCTBEHHOMY BpamEHMIO:

QY = atuY — aVub 4 uywpe®BHY

—_— —— (6.20)
ey uv
QOY Qm;

rae © — BEKTOp, OpPTOTOHAJBHHE 4-CKOPOCTH U.

a. Ha6mogatens BHOEpaeT B KauecTBe CBOEro BpeMeHHOro Gasmc-
HOro Bextopa @¢- = U. Iloraure, 970 3TOT BLIGOp He HPOTHBOPETAT
saxkony mepenoca (6.19), (6.20).

6. IToxarkdmTe, 4YTO NOBOPOT, OMMUCHIBAEMHEI Qhy OPOHMCXORAT
B IJIOCKOCTH, NEpHeHFAKYJIAPHOA U A ©, T. e,

Om-u=0, 2m-0=0. (6.21)

B. IIpexmosoxmM, 49T0 ¢ yCKOpeHHHM Ha(JaxaresieM CBs3aBa
BTOpasi OPTOHOPMAPOBAHHASA TeTPafa @,~, KOTOPAA MCIHTHBACT Hmepe-
Hoc @epMm — VYoukepa. Ilokakmre, 4T0 HOpPOCTPAHCTBEHHHE BEK-
TOPH ero mepBo# TeTpafh BPAmMAalOTCA OO OTHOMICHHI0O K IPOCTpPaH-
CTBEHHEIM BEeKTOPaM BTOPOii TeTPajgH C yTIOBO# CKOPOCTHIO ®. Yka3sa-
nue. TlokaxaTe, 9T0 B MOMEHT, KOT[la TeTpajH COBHafalT (B Tpex-
MepHHX 0603HaYeHAAX, OTHOCAMAXCSH K 3-IPOCTPAHCTBY, OPTOTOHANB-
HOMY MEpOBO# JmHEE HaGaoxaTeas):

d(ejc—ej)ldt=0 X ej . (6.22)

r. Hcmoas3ya pnA Bpamawmeics TeTpaAH TO ’Ke HPaBHJIO, UTO
n naa terpans Oepmm — Yoakepa ypaseemsa (6.16)], maGmonarens
BBOIAT JOKAJBHEE® KoopAuHaTH. BoabMmeM cofmrme @ Ha MmpoBoit
amEAE HaGaoxaTenas, moxokum B HeM T = (0 m BuGepeM nepsoHa-
YaJAbHYI0 WHePOHAJBHYI0 cAcCTeMy, fpurypupyiomyo B (6.16), Taxmm
obpa3oM, uToGH 1) 0Ha comyTcTBOBajJa YCKOpPEHHOMY HabIOXaTeN0
B @, 2) coburre @ CnyxuiIo0 ee HauaJoM B 3) ee OCH COBHOAZAJH ¢ YCKO-

YOPAKHEHHAA
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PeHEHMH OCAMH B Q. Hoxamn’re, 9YTO 3TH YCJHOBHA 3anHCHIBAITCHA
B BHJe

2#(0)=0, eq-(0)=e0,. (6.23)

B. Ilokaxmre, uro BGaAm3HE @ ypaBuenus (6.16) nas Bpamaomeitcs
YCKOPeHHO! CHCTeMH KoOPAMBAT CBONATCH K

20 =8+ apt " + 0 (B*'P);
Pt o B MR 0 ().

e. Uepes co6HTHe @ mposeraeT 4acTHLA, CBOGOAEO ABEMKYMAACH
¢ o6NuHOH CKOpOCTHIO ¥, HBMepeHHOH B HHepuUHAJILHOM CHCTEMeE.
IIpeoGpasoBas ee mpAMYI0 MEPOBYW JHHHAIO 2’ = 1'2° X YCKODEHHHM
BpamalomBMCH KOODAMHATAM, MOKaKATE, 9TC €e KOOPAMHATHASA CKO-
POCT+ H YCKOpEHHEe HOJYYAIOTCA IDH 3TOM pPaBHEMHE

(10 )s @ =V,

(@ 18E"2)s g = —a’ —2e™M oMt 4 27aMvt, (6.25)
Nt e ) A
) | 1 | )
yCKopeHHe YJCKODEHHe  DPeJAATHBHCTCKAs
HEEPIHE Kopmonmca nompaBka K YCKO-
PeHHI0 MHODIEE

(6.24)

6.9, IMpeneccua Tomaca

PacemorpuM Bpamaiomeecs Texo (TEPOCKOL, 3JEKTPOH, ...), KOTOpoe
yCKopsieTCA IOA AEHCTBHEM CHJI, NPHJOXKEeHHHX K ero HEeHTPY Macc.
Takde CAJH He JAIT KPYTAIIEr0 MOMEHTA, IO3TOMY OHHM He H3MEHSIOT
BekTop 8 Co6CTBeHHOro MOMeHTAa EMOYJAbCA Teld, €CIAH HCKJIIOYATH
eIMHCTBeHHOE BpalleEAe B IJIOCKocTH U A 8, HeoGxommmoe AusA
COXpaHeHHA OPTOroHaJABHOCTE § W 4-ckopocTH U. Bripaskaschr mate-
MaTHUYECKHM S3HKOM, MOMEHT MMIYJIBCA Tela HEPEHOCHTCA B COOT-
BercTsmm ¢ npasmiaoM nepenoca Mepmm — Voaxrepa (B aroboit nio-
CKOCTH, OTIMYHOM oT U /\ @, BpameHHe OTCYTCTBYET):

dS/dv=(u\a)-S. (6.26)

JTOT 8aKOH mEPEHOCA NPHMEHAM K BPAaMAIOmeMyCsi 3JAeKTPOHY, [BH-
HYMEeMyCcs Mo KPYroBoil op6HTe pajmyca r BOKPYT aTOMHOrO Afpa.
Ilns wabmopatens w3 na6opaTOpPHOH CHCTEMH 3JEKTPOH JBHKETCA
B IJIOCKOCTH I, § C HOCTOAHHOM YTAOBO# CKOPOCTHI0 ®. B MOMeHT
ppeMern ¢ = 0 sJeKTpoH BaxommreAs B £ =r, y = 0, a ero come
(B KJIacCCHYECKOM pPaCCMOTDPOHHH) MMeeT KOMIIOHEHTH

0. x__ ._1 v — ‘—_1_
S§°=0, S—Vih’ SV=0, S_2h.
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Haiidume S" (t)~—DoBesense cuEBa B NOCHEAYyIOmEEe MOMEHTH Ja6o-
paTopHOro BpeMeHH. Omeem:

1

S*= —W L (cos ot cos oyt -+ v sin ot sin wyt),
SV= -1—}.5 % (sin ot cos oyt — y cos wt sin wyt),

o . . (6.27)
S =7’i, S0= —7-2: hvy sin wyt,
v=or, p=(1—v3)"",

Ilepennmem 3aBHECAIIYI0 OT BpeMeHH HPOCTPaHCTBEHHYIO 4acTh 3THX
BHIpaKeHHH B BHJe

S*4 SV =1

V2
IlepBHii 9ien onMCHBaeT paBHOMEpHOe BpameHne B 00paTHOM HampaBs-
JIeHAR ¢ YIJIOBOH CKOPOCTBHIO

O rouaca = (Yy—1) 0 = % o o, ecam v 1. (6.29)

[e—iv—Dot (1 —y)sin (oyt) etot],  (6.28)

9To BpameHHMe HOCAT HasBaHMe mpeneccHnm Tomaca. Bropoit uien
ONNCHBaeT BpalfieHWe B NPaByl0 CTOPOHY Ha OXHOM yuacTKe OpGATH
(0 << oyt << m) B B JIeByI0 CTOPOHY Ha OCTaJbHOM ee Yyd9aCTKe
(1 << oyt << 2n). Ilpm ycpenHeHEH N0 BpeMeHH OHO HcuesaeT. Boiiee
TOTO, B aTOMe 0HO 4pe3BHTaitHo Majo (y — 1 € 1). Ito Bpamenne,
HaJIo}KeHHoe Ha mpeneccnio Tomaca, HOJKHO mpMCYTCTBOBATEL, YTOGH
BHOOJHAAACH YCJIOBHSA

Su=8-u4—Su'=0 (6.30)

§2= 82— (592 =3h%4=const. (6.31)

OHo npoucxouT B mpaByI0 CTOPOHY, KOTAa 8 -% oTpHIaTeNbHO, 06pa-
maercs B HyaAb nphA 8 -% = 0 ¥ BHOBB IOABASAETCSH, HO yKe B JeBYIO
CTOPOHY, Korfia 8 -% CTAHOBHTCA IIOJNOKHTEJBLHEIM.

Hpeneccmio Tomaca MOKHO TaKKe HMCTOIKOBAThH KaK IPOCTPAH-
CTBeHHOe BpalleHAe, HOJyyalomeecs B De3YJbTaTe ILeNOT0 PpANA
HOCIefloBaTebHHX GyCTOB B MalJl0 OTIAMYAIIMMUXCA HampaBIEHHAX.
(Cm., nampmmep, ympaknenme 103 B kmmre [81].) Ilpyroi#i BmBOR
mpeneccEn Tomaca (6.29) us «cnmHopHOTO PopManmamar cM. B § 41.4.

2

YOPARHEHNA




7. HECOBMECTUMOCTb TEOPUMU
TArOTEHUA U CNEUMUAINIBHON TEOPUM
OTHOCHUTENIBHOCTU

JTa riaBa HeNUKOM OTHOCHTCA K Kypcy 2.

Ee coneprkaHHe He 3aBHCHT OT UpeAbLIAYHIEr0 MaTepmara Kypca 2.

Ora He HY}XHA B KaveCTBe NOATOTOBHTEIHHOr'0 MATEPHANA NAA KaRO#H-aAAGO
HS DOCACRYIOMMX TIIaB, OXHAKO NPHrONMTCA OPH H3ydeHAmHm . 18

cnafnie rpaBETAUMONHBE HOAA), a Tawke ra1. 38 @ 39
9KCIEPHMEHTANBALIe TeCcThi H JPYrHe TEeopM# IpaBHTAIEH).

§ 7.1. HONBITKN OBFBEJVHUTH TEOPUIO TATOTEHUA
" CIOENUAJBHYIO TEOPHIO OTHOCHTEJ/IBHOCTHA

o cax mop mpHE o6CY/KAeHUA CIIeNHANBHOH TEOPHH OTHOCHTEJILHOCTH
mocliefloBaTeJbHO OpeAIoJarajoch, 9YT0 rPaBHTAIIAOHHERE HOJA OTCYT-
crBywT. [ToueMy MBI JOJIKHH OTKa3aThCA OT PACCMOTPEHHSA TATOTEHAS
B CHem#aJbHOH TeopdM OTHOCHTENLHOCTE? JTa riaBa HOCBAMEHa
TPYAHOCTAM, BO3HHKAOMEM B OCHOBaX COenWaJIbHOA TeOpHHA OTHOCH-
TeAHHOCTH IPHA NOMOHTKE Y9eCTh B Heil rpaBATALlAOHHNE HoaA. Toabko
IpA CTOIKHOBGHHH C 3THMH TPYAHOCTAMH MOMKHO B HOJHOH Mepe
OOEHATH METOAHW reOMeTPpHM HCKPHBIEHHOT0 NPOCTPAHCTBA-BpeMeHH,
BBeflecHHHEe OJAHmMTeHHOM ANA HX NPEONOJICHHA.

HauneMm ¢ TOro, 9To HaM YiKe H3BECTHO O TATOTCHHH,— ¢ HBIOTO-
HOBCKOH (OPMYJIHDPOBKH ero 3aKOHOB:

d?r'|dt? = — ad/dxt, (7.1)
V2D = 4nGp. (7.2)

9rm ypaBueHAA B TOH fopme, KaKk OHA 3deChb HAaOACAHH, HeJb3A
BKIIOYATH B COEOUANHHYI0 TEOPHIO OTHOCHTEILHOCTH. Y paBHEHHe
aBwkeHAA YacTAOH (7.1) 3ammcaHO B TpexMepHO#, a He B 4eTHpeXx-
MepHoit ¢opme; ero Haxo npeoGpasoBaTh B YeTHPeXMepHOE BEKTOPHO®
ypaBaende 1us d’z*/dt®. [logoGHEIM ske 06pa3oM ypaBHeRHS noas (7.2)
He JOPeHN-MHBAPMAHTHO: B HEM BMECTO YeTHIPEXMEPHOTO omepaTopa
n’Anambepa cToMT TpexMepHHIA omepaTop Jlamixaca, a aTo 03Hagaer,
yro umoreHnEax O B JaHHOE TOYKEe MTHOBOHHO «OTKIHKAETCA» Ha
M3MEHEHHA WIOTHOCTH P, KOTOPHE HPOHCXOAAT KAK YrogHO NalleKo.
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Hopoue rosops, HEIOTOHOBCKNE TPAaBHTALMOHHHE IOJSA PacHpoCTpa-
HAITCA ¢ 0EeCKOHEYHOH CKOPOCTHIO.

CTONKHYBIIACH C 9TAMK TPYAHOCTAMM BOEpBhie, MOKHO IOMYMATh,
9T0 MX ROBOJBHO HPOCTO IpeofojeTsh. B ympa'kHeHHAX B KoHIe
aToro maparpada HM3y9alOTCA HEKOTOPHE OTHOCHTENIbHO IPOCTHIE
o6o6menms ypaBHenmit (7.1) u (7.2), Korga rpaBUTaUMOHHHEI MOTEH-
nuax P Geperca cHauasa B BHAe CKaJAPHOro, 3aTeM B BH/IE BEKTOD-
HOTO M, HaKOHel, CAMMeTPAYHOT0 TeH30pHOro moxeii. B wakmoi ma
3TUX TEOPHH eCTh CYUIeCTBEHHHE HENOCTATKH, M HU OJHa H3 HHUX He
coraacyerca ¢ HaGaonenuamu. Hamnyumeit u3 HEX ABIsieTcH TeH30p-
Haa Teopms (yoparkHenme 7.3, momoanenme 7.1), koropas, omHaKo,
BHYTpPeHHe IPOTHBOpPeYNBa M He NONYyCKaeT TOYHHX pemenui. Cpas-
HUTEIbHO HeflaBHO MHorue aBTOpPH [114—121] nsTanuce mpeomosnern
ato 3aTpynsende. OHM ImOKa3ajM, KaK MOKHO MOAM(HUIMPOBATH TEH-
30pHYI0 TEOPHIO [Jisf IIOCKOI0 HPOCTPAHCTBA B AYyXe COBpeMeHHOM
PeTATABHCTCKON Teopuu MoJdA, 9ToOH M30eKaTh 3TAX NPOTHBOpPEYHil.
Meroas Teopuu ToJiA B HaHHOM ciaydae (pasmea 5 momosHenms 17.2)
OHO3HATHO IPHBOAAT K KIACCHYECKOH OOIMEH TeopuH OTHOCHTEIbHO-
cti, chopmynupoBaHHoi B 1915 r. TonrbKo monyduB 3T0T pesyisrar,
0CO3Haemb, HaKOHEI,— y;Ke U3 MaTeMaTHuecKoii $opmbl ypaBHe-
HAH,— 9T0 TEOpHs, KOTOpas CHavaJla NPefCTaBIAAJACH KaK Teopus
TATOTEHHA B INIOCKOM HPOCTPAHCTBe, ABJAETCA Ha CaMOM Jiele Teo-
pHeit JifnmrTeitHa, I'le KPMBU3HA OPOCTPAHCTBAa-BPEMEHH I POABIACTCH
B BHfle TAroTeHUs. B oToit KHHre MBI OGyneM ciaemoBaTh XORy pac-
cy)xfilenit J#HMTeNHA, NOCKOJBKY HpH 3TOM HAa HepeHAA IJIaH
Boictynaer ¢uanka.

Hu opua

H3 HIPOOTHX
MopBdaKRanmit

HE ABIAETCA
YROBIETBOPHTENb=-
Holt

Hannyvynas
MoAuduKAnHA
(Ten3opHan
TeopHnA

B IUIOCKOM
NPOCTPAHCTBE)
BHYTpeHHE
NPOTHBOPEIHBA;
eciH ee
HCOPaBHTS,

TO NMOJIYYHTCA
obuan Teopus
OTHOCHTEILHOCTH

YopakHeHHsA IO TPABUTALHOHHLIM TEOPHAM B IUIOCKOM
OPOCTPAHCTEE-BPEMEHH

Tpu caexyomux ynopakKHeHHS SBIAITCH CePHe3HHM HCIBITAHHEM.
K cuacTsio, MeTOAE pemeHns Beex Tpex modoGHEL, a pemende Hanboxee
TPYRHOro W3 HAX (ympaskHeHus 7.3) mpmBefeno B momoaHenmm 7.1.
ITosToMy pasyMHO mocTymmTh cienyrommMm ob6pasoM. a. BossMuTecs
JuGo 3a yompaykHenme 7.1 (craixAapHaa Teopmsa TAroTemms), AuGo 3a
ynpaskHeHHe 7.2 (BeKTOpHas TeOpHS TATOTeHAs). EcIH Bo3HEKaOT
TPYZHOCTH, IPOCMOTPUTe Gerjio, He BRaBasCh B JeTajiM, yHpajKHe-
Hue 7.3 m momonHeHue 7.1 (TeH3opHAas TEOPHA TATOTEHHA) TOJBKO
Uit TOTO, YTOOBl HAMETHTH CXeMy M MeTo[ pemeHna. 6. O3HaKoMbTECH
¢ pesyabrataMu Jpyroro ympaskHemms (7.2 mau 7.1), oGeynms ero
¢ KeM-1u60, KTO [eTalbHO ero mpopaborai. B. TmatearHo mayaure
npuBefleHHOE B MONOJHEeHUH 7.1 pemenvie ynpakHeHAA 7.3 A cpaBHATE
ero ¢ pe3yJbTaTaMH, IIOJYYE€HHRIMA JJIA ABYX APYrHX Teopwmit. r. Pas-
BHBaiiTe CBOM COOCOGHOCTHE K BHKJIAJKaM, NPOBEPSAA YACTHYHO HOXPOG-
HEl€ BHIYMCIEHMA B pgomoaHenmu 7.1.

15-01457
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7.1. CranspHoe rpaBuTanuoHHoe moxe P

A. Paccmorpute Bapuanuonnsiii npusuun 87 = 0, rae

dz% dzf \1/s
I=—m S e ( —Map 2 22— ) " dh. (7.3)
3nece m — Macca nokos, a 2% (A) — mapaMceTpHYecKoe 3ajatine

MHPOBO# JIMHUU TpoOHOM YyacTAUBl B CKAJAPHOM TPaBHTAIHOHHOM
none (0. Baprupys MMpPOBYIO JIMHMIO YaCTHI{H, BEIBenuTte Auddepen-
1MAJIBIIBIe YPaBHEHUA, ONUCHBAWIINE JIBIYKEHIC JTON 9acTHIbI. Samu-
uTe MX, HCHOJB3yA B KavueCTBe mMapaMmeTpa IJsl TPACKTOpHH cof-
CTBCHIOE BPEMA 9acCTililbi

dz® P \1/2
dr=(—Nasg- ) M

TaK 9T0 u®= dz%/dt yHOBIETBOPAET YCHOBHIO uuPneg= —1.
B. TMoayunre ypaBruenue nmoas ans @ (X), BHTeKalOOce U3 Bapua-
yuonnoro npuvnuna 6 = 0, tne [ = |\ L d%, a
— 1 ap 0P 00 S D{s
L= ——ar" P me®d4 [x —z (T)] dt. (7.4)

ITokaskuTe, 4T0 BTOPOI WieH 37AeCh NMPUBOANT K TOMY Ke WHTerpaiy,
KoTopwlit ¢urypupyer B nyHkre A [ypasmeume (7.3)].
Ob6cyncdenue. TlonydeHHble ypaBHEHHA INOJA ONUCHBAIOT TeHepa-
1IMI0 CKaJIAPHOTO II0JIA OfMHOYHOI yacTHLell MaccH m. Ecan umeerca
MHOIrO 4YaCTHL, TO JJIA Ka:kJAoil M3 HUX Hafo BKJINUMTL B £ WieH

— Sme‘”&“ [x — z (v)] dr.

B. Pemute ypaBHeHMe moJf myHKTa b B IpeAmnojiodeHuu, uto
HCTOYHUKOM ABJISETCA JHIOb OfHA MOKOAMAsAcA yactuma. Ilpemmoso-
JKHTEe TaKKe, YTO PaBEHCTBO ¢® = 1 ABAAETCA XOPOMMM NpHGIHKe-
HHMEM B OKpeCTHOCTH duacTuin. Mcmoansys moayueHHoe pemeHne,
npoBephTe 3TO TPENHOJO;KEeHHe, T. . HalifiuTe M3 Bamero peIMeHHSA
snayenme ¢® na mosepxHoctu 3eman. (Besge ucmonnsyercs cuctema
ellUHMI], B KOTOpoHl ¢ = 1; mpH sKeJIJaHHH MOKHO HOJNOIKHMTH TaKiKe
G=1)

I'. PaccmoTpHTe Temepb craTHdecKoe, chepuueCKH CAMMETpUUHOE
noge @, nonygentoe B nynkte B, kak mose Coanna, KoTopoe ABJIAETCH
3aJlaHHBIM BHEMHHM IOJIeM B BapHalHOHHOM NPHHIMIE NYHKTa A,
U M3YYMTe [BMIKEHHE INIAHETH, ONpefiejiAeMOe 3TUM BapHallAOHHHM
nprHAnoM. VHTerpaan HBWKEHHMA ONpelejAloTCA W3 CcPepUIeCKOH
CHMMETPHHM ¥ He3aBHCHMOCTH OT BPeMeHHU HOJIHTeTPaJbHOr0 BhIpayke-
unsa. HcnonnsyiitTe chepruecKie KOOPAMHATEL M CUMTaliTe, UTO ABHIKe-
HHE HPOMCXORMUT B OJHOM mIoCKocTH. BriBemure dopMyay nas mpe-
[{eCCHP NEepHUreJMsA IJAHETH.
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. B ypaBHeHMsX [BW:KeNMA HYHKTa A mnepeiiiute K mpepeny
gacTHIH C HYJIeBOM Maccoil mokosi. Jlas atoro mcmonawayiite mapa-
MeTp A, OTHMYHBLI OT COGCTBeHHOTO BpeMeHM M BHIGPaNHBLIA TaKUM
obpasoM, aTo k* = dr*/0A ¢CTh BeKTOp dllepTMM-UMMY.ILCA, W Mepeil-
ndTe K npefeny m — 0, octaBisas Benuuuny k® = ym = E KoHeunoit
(torga u® = y — oo). McXoRA M3 NOJyUeHHBIX yPaBHCHHIA, IOKALATE,
YyTO BeAHUUHH M =: Pe® ABIAIOTCA LUTCTPal: MM ABMKCHMA, OTKYMA
chejgaiiTe BHIBOA, YTO B HaHHOH CKaJdsApHO#l Tcopuu JIy4 cBeta e
oTKIoHsACTCA mosiem Taroteunsa CoaHua.

7.2. Bextopuoe rpaBuranuonuoe more @,
A. Y6eautecn, uto Bapuanuosustii npusuun 67 - O npuBOAMT K ypas-

neHuaM MakcBesia npH BapbHpoBannm A, M K BBRIpayKeNHIO JIA
cuasl JlopeHna npu BapeupoBaHEM zH (T), ecam

wy dz* dz, dz*
I=5 SFWF dia+ S = —der—}-eS LA, (9 dr.
(7.5)

3necy F,, — coxkpamenHoe oGosnauenne mis A, , — A, .. Vrasa-
nue. Uro6u mpoBapbupoBaTh A, (X), mepenuIINTE MOCHEHUN uieH
B BUJie HHTErpaja 10 NPOCTPAHCTBY-BPeMEHH, BBEAA I 3TOTO JieAbTa-
dynxnuio 8% [x — z (1)] nono6Ho TOMY, Kak 3TO cAeAaHO B mMyHKTax A
u B yopaxkmenma 7.1.

B. AmpanormuHo mOpefbAyHieMy JaiiTe oIpejejJeHHe BEKTOPHOIO
rpasuramonnoro moas @, ¢ G,y= @, ,—, ,, ucnonrrays Bapua-
I MOHHBIA TPAHNUUN, THE

I= + g § Gt gmf -t dr b m [ @, 2 ar

(7.6)

I pumevanue: Eciu nuMeeTcss MHOTO 4aCTHI[, TO JJIA Ka)KEKOH 4acTHI(BL
1
HyHo #06aBuTh K [ ujeHH BHJA zm S (dz*/dT) (dz,/dv) dt +

+m S(D" (dz*/dx) dt.] Tlonyuute BuipaskeHMe A «3akonma Hyuo-

Ha» B 9TOH TeopHH M y6eanTeCh, UTo KO3QPUIMEHTH mepe cllaraeMbpIMI
B BapHMallMOHHOM OpHHUWIE BHIGpPaHH NpaBHJIBHO.

B. PaccuuTaiite mpeLeccHio mepUreiHsa B 3TOH TeOpHH.

I'. PaccunraiiTe 115 9T0il TEOPUM OTKIOHEHNE JAYya CBeTa (T. €. pac-
ceslHHe YJILTPapedATHBUCTCKOH wacTuiuml u® = y — oco) npu mnpo-
xoskpeHnn ero okodo ConHua, of6ycioBieHHoe IoJieM TATOTEHUS
Coamnua D,.

. Honyaure BIpaskeHMe JUIs IIOJHOH sHepPruyM MOJIA, KOTOpas
COOTBETCTBYET JarpaHKMaHy, BBCJIeHHOMY HeABHO B MNyHKTe B.
HcenonrayitTe o6bUHYI0 IJIA TaMHIBLTOHOBOM MCXaHMKH HPOLeAYPY,

15*

YNPAKHEHAA
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KOrja

Inonn= iG:tG S Guﬁ“vdl‘x = S Ldéz;

& — nnorHocts ¢yuknaa Jlarpamsa, L == S LdPx — pynxnua
Jlarpama. CooTBeTcTByIOmMasA IJIOTHOCTh ¢yHKHME ['aMAABLTOHA
(1IOTHOCTh BHepruu) HMeeT BHJ

L
58=2(D , 0 3‘1’“.0 —Z.
"

Hoxa;ﬁn're, YTO BOJIHH BEKTOPHOI'0 'PaBATALlHOHHOIO HOJA NEPEeHOCAT
OTPHIATENBHYI0 3HEPIrHIo.

7.3. CaMMeTpHUHOE TeH30pHOE rpaBHTAHOHHOE MOAE Ry = Ry

B aroM cayvae, KaKk M B CAy4ae BeKTOPHOTO IOJIS, IPHHIAN HAXMEHb-
mero peiicTeuA 3anucuBaercA B e 81 =0, rae J = Inona + Teacram +
+ I'nzaumonettcrsun. 30€CHh Jqacrangu BMEET TOT Ke BHJ, 4TO M B CiIydae
BOKTOPHOTO HOJIA:

1 dz* d;
Taormu = m | 55— %t dr, (1.7
HO Inona B Issamwoneticrsua Y?K© ApyTHe:
Inona= S Z sdtzx, (7.8a)
—1 1 - - ar
21=gagr (3 Iop. oB™ * — e B, ) (7.86)
(onwo h 3pech He ects h), rae
- 1
hqu v—3 Tlu.vhoo; (7.83)
I's3aumozetiersun = ‘;— S by T dz., (7.9)

3necr TW¥ — TeH30p OHEPTHAM-UMOYJIBCA BCEro IPHCYTCTBYIOMEro
BeleCTBa M BCeX IoJieil, OTAMYHHIX OT IpaBHTanuoHHOTO. {51 CoBO-
KYIHOCTH TOYEYHBIX YaCTHI, (HCIONb3YeMHIX Ha NPOTAKEHHH BCero
9TOTO0 YOPa’KHEHHA)

™ ()= m S 4 s x—z(m)) dr. (7.10)

A. TloayanTe ypaBHERHA [BEKeHHS YaCTHIH, Bapbmpysa 2z (t)
B 8 (Jaacrmum + Issammonencrsan) = 0. Tlomyuennbiil peaymbTaT BhIpasHTe
C IOMOMBIO (TOJA CHJE TATOTEHHA»

I‘vaﬁ='% (hva, B+ hvﬁ, a.—haﬂ, v), (7.11)

NONYYeHHOTO M3 TeH30PHOTO TPABHTALMOHHOTO HOTERHHANA Fyy==lhy,.
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B. Monyumre ypapmesms mnoist ®8 O (Inon+ Issaumoneticrons) =0; ~YAPAKHEHHA
BHIpasHTe MX Uepes

_Huavb = 'ﬁlwngs _I_'E“ﬂ.q;w _ﬁm’nuﬁ _ﬁv‘pnm’, (7.12)

PaccmoTpaTe KanuGPOBOUHYI0 MHBADHAHTHOCTb H ycaoBMe k' g = 0.
B. Haiinare TeH3opHHE rpaBATanuoHHHA poTeHnuan Coxnua
(camran ero TouewHo# Maccoit) A,y
I'. PaccumraiiTe npeneccmio nmepureids.
. PaccudTaiiTe OTKJIOHeHWe Jiyda CBeTa.
E. PaccmorpaTe IpaBHTAaLMOHHYI0 BOJHY

MY = A" exp (ik,2%). (7.13)

Kaxme ycnoBms HakIajbIBalOT ypaBHeHMA WOJAsA? YClIoBHe KaanbpoBKm
e o =0? (7.14)

Hoxamme, YT0 C OOMOIIBIO JONMOMHHTEJABHEIX npeoﬁpaaonarmﬁ KaJauo-

POBKH
hwv - pv+§u.v+§v, 'Y (715)

coxpaEsiomumx orpanmuerme h'® o =0, MOKHO HANOKHTH AONOIHE-
TeNbHEe YCJIOBHSA

uaﬁ“"‘=0, Tbaa= ’ (716)

rae u® — QEKCHpOBaHHHA BpeMeHAHoA0GBBIA Bektop. [Jlocrarouno

paccMOTpeTh JMIIb CyYail, KOTOPHIH peajH3yeTCs MpH HOAXOAAMEM

BHIGope cucremsl oTcueta, rae u® = (1; 0, 0, 0) u k* = (w; 0, 0, w).
M. Hcxoma M3 mIOTHOCTH raMHJIBTOHHAHA

B = hy, (0L /0hy) — L (1.147)

NI NOJAHA, NOKAaKHUTe, UTO MIOTHOCTH YHEPrAH BOJH, PaCCMOTPEHHBIX
B nyHKte E, moxo;xureibHa.

3. Haiinare smavenme T"’, miA TeHsopa BHePIHH-HMIYIBCA
yactal, '™, KoTopHit BXoAuT B mHTerpaa Heiicteus J. Pasmo au

T", mymo (wanpEMep, ana 3emam, NBEKymeiicsA no opbure BOKpPYr
Connna)? Ilouemy? IloxakuTe, uTo 06BEAMHEHHAs CHCTeMa ypaBHe-
HEfl [UIA moJeil M wacTHL, HoayueHHas u3 yciaosusa 6/ = 0, He HMeer
pemeHuH.

Jonoauenne 7.1. JIONIBITKA ONUCATH TPABUTAIIMIO C NOMOIEBIO NOJIA
CHUMMETPUYHOTO0 TEH30PA B IINIOCCKOM IIPOCTPAHCTBE-BPEMEHN
(PELIEHHE YHOPAXHEHHA 7.3)

IlonmTkE ommCaTh TPaBUTAIMI0O B paMKaX CHENMaJbHOH TCODHH OTHOCHTEJIBHOCTH
ecTecTBenHo Obiio GH HagaTh C PaCCMOTPEHHA ClydaeB, KOTja TpaBATallAOHHOE HOJE
ABJNAETCS CKaJAAPHHM (ympaskHerme 7.1), Kak B HLIOTOHOBCKOH TeOpHH, HJIH BeKTOp-
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unM (yopakuenue 7.2) mo aHaJOrMM C djieKTpoMarHetmamoM. M smme ynoctoBepus-
MCh B HENPUTOAHOCTH oledXx Teopuil (HampuMep, OTCYTCTBHe OTKJIOHEHHA Jyueid
cBeTa B HMX; OTpHIlaTe/blas DHePrusi BOJH B BEKTOPHo#l Teopuu), npuxoxutcs obpa-
THTLCH K TPABUTAIMOIIHOMY HOTeHUHaly B BHE CUMMETPMYHOro TeH3opa h, = A,
¢ GOLIIM YHCIIOM UHOEKCOB M 0olee CIO/KIBIMH BBIK.1aJKAMH.

OcHoBbl Haufosce yAOBACTBOPHUTCJAbHOR M3 BCEX TEH30PHHX TEOPUM TATOTEHHSA
B IIOCKOM NPOCTPaHCTBe-BPCMEHN M3J05KeHbl B Havaje ynpasxknennsa 7.3. ChenaHHbii
TaM BmIGOp marpamkuana [poipascenus (7.8)] npommkTtoBan ychoBuAMn, YTOOB Ay, .
ObiI0 «TOpPeHI-KOBAPHAHTHHIM TOJIEM CO CIIHHOM J(Ba M Maccoil Hyasp». CMBICH 3THX
yCI0BHiT M METOAM CHenMaJbHOR TeopUll OTHOCHTENbLHOCTH, € IIOMOI[bI0 KOTOPHIX
X MOKHO IepeBeCTH B COBOKYMHOCTh YPaBHEHUId MOJIs, M3J0:keHkl B OOBIYHHIX I0CO-
fuAX no PU3MKe DJEMEHTAPHBIX YaCTUI, U KBAHTOBOH Teopuu IoJIH; CM., HampuMep,
{119, 122, 123]. ®upy u Nayan [124] BuepBiie nanucaau 3ToT JarpaH;KUaH M MCCIeNO0-
BaJin BHITEKAWILYI0 M3 Hero Teopnio. BuiBoasl 3Toit Teopuu M3:03eHBl HMKE B BHIE
pemenus ynpa:knennsa 7.3.

A. YpasHenue asmxenus npodHoii uactuum (ympaxnenue 7.3, A)

Brinosinum uHTerpupoBanue B ypapuenuu (7.9), mosis3ysich TeH30POM 9HEPrHU-UMO Y b-
ca uacTHLB, 3ajJaBaeMbiM BhipaskenueMm (7.10); B peayinsTaTe mosydaem

1 )

Tt = Iqacrmu + I psanmoneticrana = -5 m S (Muv + huv) 22V dr, (1)

rae
2 = dz%/dr.
Barem uaxoguM 01, ¥ ybexjiaeMcs, 410 K0a(QUIMEHT IpU IPOU3BOJI bHOM BAPHALUM
TpaekTOpHME O8z* paBeH HyYJI0 TOTa W TOJBKO TOIA, KOIAa
. 1 . e
(d/dr) [(Mpy + ) 2°] —= hagp, 12%28 = 0.

IlepenucniBaeM 3TO ypaBHeHHe JBUKEHHS B BHE

(Muv + Puv) 7 + FuaB;a;B =0, (2)

rae T'yqp ompenenstorcsa Buiparkenuem (7.11).

B. Ypasnenns noaa (ynpamxsaenne 7.3, B)

HcnonwsadyeM Ipons M Ipsaumopeiticrsun B BHIAE, 3afaBacMoM Baipazkenusimu (7.8) u (7.9);
OJIITaKo B IiesisfAX Go.tee GLICTPOTO M MeHee 3amyTalHOTO BhIBoJla He OyjeM NPHBJCKATH
oObiuHbIX ypaBueHutii Jiinepa — Jlarpanma. BMecTo 3TOro mpsiMo HaXogHM H3Mele-
Hue 8, B nepsoM mopsAnke, odycJaoBlIeHHOe MaJloil Bapuanmeit moas 8hq . OThocu-
TEJBHO BTOPOTO wiella B Z£; MOsKHO ¢pa3y CKasaTh (IPH COOTBETCTBylomeM obo3nave-
HUK HEMBIX MHJICKCOB), YTO BaphMPOBaHHE KayKZOTO U3 MHOKATENeHd mpUBedeT K OMHO-
My M TOMY ;Ke pe3yJbTaTy; clegoBaTelblio, J[Ba ciaraeMbiX, 0o0pasylouMXcs IpH
BapsMpPOBAaHMM NpPOM3BeHeHUsA, 00BEUHAIOTCA:

8 (R ®RM® ) = 2R*P ghya .
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Tono6up# pe3yabTaT MOKHO HOJAYYATh M JUIA IEpPBOro WieHa B Ly, eclm OPAHATH
BO BHHMaHue TomecTBo a,,b"’ =a,,b"", KoTopoe mmeer MecTo muA omepanum, ompe-

. . 1
aenennoit B (7.8); Kakaas CTOpOHA TOMAECTBA paBHA ocwb“"—Tal*ub"v. Torma

— (320G) 6L = h*P “Bhyp o — 2B 8y " 3)

HcnonnayeM 3areM 3To Bhipamenme B 8lpo,; W, uaBiexan Ohy,, u3-mox 3maka Ipom3:
BOJHOI C IOMOIBI0 MHTETPUPOBAHMA IO 9JACTAM, NOJYydaeM

81 onn = (3270G) S (BB o Shop— 2B 5 %8 doz.

Y106l HaliTH B 3TOM Bbipa)enun Kospdunmenr mpu Oh,,, BOCIONBE3yeMCA COOTHOLIE-
HneM [BuTexaiomuM u3 (7.8B))

Shap = (828"s — -;— Nap™) Shyy;

mepecTaBIAsS U nepeoGo3Hauasg HeMBle MHAEKCH (II0 KOTOPHIM IPOM3BOAMTCA CYMMMPO-
Baliue), UMeeM

81 yonn = (327G)! S ™ o™ — 2R o 4 R ] Bhyydia,

1
CxnaguiBass 310 BHpameHune ¢ O8lgsaumoneticrana = -2—ST'“’lShlw d‘x wm wcmonb3ys CHMMeT-
puto Sh,, = bh,,, monydaem

R B g £ B Y B g — 160G, 4
Onpenenenne, faunoe B (7.12), mo3sojiser HaM HIepemHCcaTh 3TO COOTHONIEHWE B BHJIE
H" o =160GT", (4

B’. KaaxnGposounas musapuanTHOCTh (mponomxenne ynpaxaenus 7.3, B)

N3 coorHomenud cuMMeTpum
HPovB__ glnalivbl _ pvBea

mia H"™® puteraer Tom:iecTBO

HuavB,a pv= Hualvﬂl’a( py=0,
aHa/IoTHYHOEe To:RAecTBY FWV,,, = (0 B aJieKTpoMarneTuame.

Takum o6pasoM, NJs HCTOUHHKOB Tpebyercsi Bhimojinenume yciaoBusa THY,, = 0,
TOUHO TaK jke, KaK B ajieKTpoMariieTuame TpeGyercs BhimoiaHeHue yciaoBusa J#,, = 0
(ynpasknenue 3.16). OTH ToaaAecCTBA MPUBOAAT K TOMY, 4To M3 ypaBuenns mojs (4')
HeJB3S I0JHOCTHIO ONpefeTiuth Ayy. B wacTHoCcTH, HemOCPCACTBCHHOM MOACT2lOBKOM

8 ypaBuenus (4) HeTpyo yOemAUTLCA, 4TO K JIOOOMY pCIICHHI0 MO/LHO [o0aBUTH
KaJindopoBounoe moJte

hﬁixﬂuﬁpoulm = EM, v+ EV. 3] (5)

7. Ka;mbposiy 41
by =&+ Ev— M s

ne uamensas mpu atom I™.
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Iycrs t, ofpamaioTcas B HYJh BHe HeKOTOPOro KOHEYHOTO IPOCTPAHCTBEHHO-Bpe-
MeHHOTO 06beMa, a B 0CTaJbHOM Npom3BOJNBHL. Torma hyy ¥ b,y = hyy + hyKemuoposka
062 y/IOBIETBOPAIOT YPAaBHEHUIO MCTOYHHMKOB (4) IpH OXHOM M TOM ke HCTOYHUKe WY
U OHMX H TeX Ke TPAHMYHHX YCIOBHAX Ha GeCKOHeuHOCTH. ECTeCcTBEHHO OMKHAATH
NO3TOMY, 9TO OHH (H3AYECKH SKBHBAJEHTHH.

Br6npas onpefeiaenHy0 KaJAGPOBKY aHaJOTHYHO «IOPEHIEBY» BHGopy A%, = 0
B aneKkTpoMarHeruame [ypaBrenme (3.58a), ympamnenme 3.17), Hasnaraem ycioBue

ﬁm'a == 0. (6)
Ipu sTom ypaBHeBMA noisA (4) NPMHHUMAIOT DPOCTOH BHAR
DEWV = ﬂ"’v’a’“ = — 16ﬂTWv (7)

(cm. ympaskuenue 18.2). 3mech m Hmxe MH moiaraeM G = 1 («reoMerpHuYeckme eilu-
HHIED).

B. Ilone Toueunoii Maccn (ynpaxuense 7.3, B)
B cayuae cTaTH49eCKOro MCTOYHHKA BOJHOBOE ypaBHeHHe (7) CBOJUTCA K ypaBHEHMIO
Jlannaca

V2h,y= —16xT,,.
Tenzop sHeprUM-MMNYJAbCA HJA CTATHYECKOH ToueuHo# Macch [Bmpakesme (7.10)]
ecth 79 — M8 () m T™k = (. IlomcTaBaseM ero B ypaBHeHMe Jlanaaca, pemas

KOTOpOe, HaxoiuM h,y, a 3aTeM, ACHOAH30BaB CoOTHoureHue (7.8B), momywaeMm hy.
B pesyasTaTe mmeeM

ho=2M|r, hy,=0, hy=2=8; (2MIr) )
[em. ypaBuenue (18.15a)l.

I'. Ipeneccan neparesms (yopaxuemme 7.3, I')

HenocpeacTBennass moacTamoBKa moTeHuuada (8) B ypaBHeHMA [BIKeHHH (2)
YTOMUTEJIBHA U MaJlo 4eMy MOj;<eT HayuuTh. BapHaumoHHEE NPUHUUOL UMEHHO HIOTO-
My M IpAMEHATCA B MeXaHUKe, UTO OHA YOPOMAIOT Hogo(Hbe BHEAaAKA. Bo3BpaTuM-
¢ K OCHOBHOMY BapHanHOHHOMY npHHUUNY O0ly,ms = 0 (1) m mopcTaBEM B Hero
morennmax (8) maa Coxnua. Ilepeiimem Kk cdepmueckuM KoopAMHATaM, OPHEHTHPOBAH-
HBIM TakMM 0o6pasoM, 9To OplHTa JEKHUT B SKBaTOpMaJbHoit miockoctH (0 = m/2):

Iyvwe= | L, )

L= tm [ —(1—2MrY) 24 (1 4+ 2Mr7%) (24 1249)). (10)

N3 orcyTcTBusA siBAOH 3aBECHMocTA L 0T £, ¢ U T 3aKII09aeM, 4TO XOJKHO CYMECTBOBAThL
TPH UHTErpaja JABMKEHHAA: KaHOHHMYECKAE MMIOYJIBCH

P, = —my = 0L/ot
(10 ompeneneHHe y) H
Py = ma = 0L/dg
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(sT0 ompefesieHMe @) W TaMMJILTOHMAH

H = 2% (0L/oa*) — L,

KOTOPHII MOKHO CHEJATh PaBHHIM —m/2 ¢ NOMOIBIO COOTBETCTBYOMEH HOPMHPORKH
mapaMeTpa TPAaeKTOPMH T. OTH TPH MHTerpajia IBMKEHHS NO3BOJIAIOT HalTH ypaBHeHHe

op6utsl. IInsa aroro 1) naxogum H = —m/2, BupaskeHHHi1 uepes r, r, ¢ K t; 2) ¢ no-

MOIIbI0 MOCTOAHHKHX O M Yy MCKAKuUaeM { M ¢; 3) Kak ¥ B HHIOTOHOBCKMX 3ajlauyax Io
HaxXOKAEHAW OpOMTH, BBOAMM U = M/r m numeM

S M Tt

* 6 r2¢ @

4) ¢ momoINBI0 HANMCAHHOIO BHpaKeHWS RaA du/d¢ mckmodaeM r u3 H, a r Boipamaem
depe3 u; 5) paspemaeM OTHOCHTeNbHO du/dé. B pesyiabrare modyuaem

(o) om0 122 a

IlpeneGperas B aToM ypaBHCHHH TpeTheiil m GoJee BHICOKEMH cTeneHaMu u = GM/cr ~
~ (1 — 9%, Haxomum cmemenme nepureausa. (IlogpoGHoe omucaHme aToro Merofja
MOKHO HafiTH B yopa)xnennn 40.4, B KOTOpOM y H o JaHHOTO JONOJHEHHA 0603HATCHE
uepe3 £ m L, a y u § caenyer moxoxkuts paBEHIME 1 1 0.) B peayarTtaTe monydaeM, uro
3a ofAMH 0GOpOT NepHTeiHii CMemaeTcss Ha

A¢=8nM/ro+O (IM/ro)?). (12)

9ro 3HaveHue B %/, pasa mpeBHmaeT 3HaueHMe, IpeACKashiBaeMoe obmeili Teopmeit
OTHOCHTEJIBHOCTH, M PACXOAMTCA ¢ NaHHHMH HaGaionenuit Mepkypma (cM. aomoda-
Hernue 40.3).

. Orrnomenme nyua csera (ympaskmemme 7.3, )

YroJl OTKJAOHEHMA Jiyda cBeTa, mpoxonsmero Mamo Coasua, B3 cooOpacenuit pasmep-
HOCTH JloixeH OHTL MadbM: A¢ ~ Me/Re ~ 107%; mosromy MH ¢ caMoro Havaia
nesaeM npuGAMIKeHHA, oCHOBaUHHE Ha 3Toit Majoctd. Ha cxeMe TpaekTopsm ¢oToHa
B IJIOCKOCTM X, Z BHIHO, YTO IPH HavaJbHOM [BM;KEHWH, mapaijieJbHOM OCH 2, YroJ
OTKJIOHEHHs MO;KeT OHTh BHpa’ieH 4Yepe3 KoHeuHHH mmmyasc: A¢ = p,/p,. Haiinem
KOHeUHOe 3Ha4YeHNe p, ¢ HOMOIBI0 MHTErpajla o TPaeKTopHHU

<+o00

Dx= S (dpx/dz) dz,
- 00

cuMTaA p, HOCTOAHHWM. (s atoro TpeGyerca 0606muTh ypaBHeHme ABHIKEHMH (2)
Ha cayyail HyJeBoil Macch mokos. Uro6m ocymecTBATH mpefleAbHHA mepexon m — 0,
BBelleM HOBHl mapamerp A = t/m; Ttorua p* = m (dz#/dt) = dz*/dA. Bepem Takske
P, = (Myv + hy\)p¥, DoCKONBKY 3Ta BeNMIMHA HPOCTHIM 06pa3oM BXOAMT B ypaB-
Hende (2) M CBOJAMTCA K p, B Ipefeie r —» co, Tfie M HYKHO €C ONpPeJleJuTh. Torpa
ypaBHenue (2) maa m06Goit MaccH m, BKaod9aa m — 0, npEHUMaeT BHJ

dP,
R N
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-

Prayanphmii

e oy i

M Pyoneunnik

Tockoiabky hep, Madbl, B IpaByl0 9acTh AOCTATOYHO NOACTaBWTH p* B rpyboM npu-
6nmwenun: p!= p?=0, p®= p%=dz/d\ = o = const. Takum oGpa3om,

dpP 1
Gt = o oo+ 2o+ hyg) 4 02

1 dP 1
_I-'-a—d—f-‘ =T(hoo+2h03 + has).xo

Hana Coanna (8)
hoo=hss=2M/[r, a hy=0,

CJIel0OBATEIbHO,
+o00 +co
_ (P — (P __\‘ 2Mldz  _ 2M S ag __4M
Ad = ( P3 )kone-moe - ( P3 )none-moe_ J (1242232 -1 (142372 -l (13)

B cayuae ;yua, kacamomeroca kpasa Comnua, ! = Rgp; oTkyma A¢ = 4M/Rg pa-
guan = 17,75, uTo coBmajaeT ¢ DpeAcKa3anuMeM oOuieit TeopHH OTHOCHTEJBHOCTH
U corjacyerca ¢ HaGmopenuamu (cM. gomoanenme 40.1).

E. T'pasutanmonnnie soannl (ynpaknenue 7.3, E)

Ypasuenus moss (4) 1 ycaoBHsa KaauGpoBKA (5) JaHHON TeopHH B MIOCKOM HPOCTPAH-
CTBe-BpeMeHH COBHA/AIOT ¢ AHAJIOTHYILIME YpaBHEHHAMY IMHEAPH30BaHHO! TeopHI»
ditumrreitnia. Taxkum o6pasoM, 3fech NPUMEHMMO pPACCMOTPEHWE T'PaBUTAIMOHHAIX
BOJII, MPOBefleNiHOe B paMKaX JiMHeapu3oBauHo# Teopmu B § 18.2, 35.3 u 35.4.

K. IonosxureasnocTs 3ueprum Boan (ynpasknenme 7.3, 1K)

ITpoBoiuTh BHIKJAAKH C BuhipaskeHuem gaa &8 obmiero suga (7.17) moBoJIbHO yTOMH-
TeJibho, Ja U He o0s3atenblio. JlocTaTo4Ho JUUIbL PACCMOTPETh YACTHBINA caydyall mio-
cKoil Boannl [Buipaskenue (7.13)] uiu, uto emie mpouie, MJIOCKOH BOJHK, Y KOTOPOM
UMeeTest JINIb Rye == By = [ (2 — 1). JlI06yIl0 rpaBUTaIMONIIYI0 BOJHY MOKIIO TIpeNi-
CT4BHTH B BHjle CyNepHO3MIMH TaKHX 1miocKuX BojH. CHauaja uaiifieM JarpaHknaH
Jna vroro cayuvasi. Coraaciio Boipaskeunio (7.8), on paBen

&L= (32n)7 {(h4g,0)* — (P42,3)].
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Bce copepikanne gopmyast (7.17), caymameil onpefieenueM &, MOKHO IOBOJBHO
‘TOYHO BHIPa3ATh cieqylomuM obOpasoM: GepeM JarpaHiidaH; coXpaHseM BCe Wiellni,
KBaJpaTU9Hble OTHOCHTEJHHO MPOM3BOAHKX IO BPEMEHH; ONyCKaeM Bce YJIEeHH, JHieii-
1ible OTHOCMTC/1bHO NMPOM3BOAHKIX N0 BPEMEHU; MeHsAeM 3HaK Yy BcexX YJAeHOB, He coaep-
JRaliMX TPOM3BOXHBIX MmO BpeMehu. B pesyabpraTe mosiyuaeM BhIpaykeHHe

H = (32n)7 [(h13,0)* + (h12,3)%), (14)

KOTopo€e II0JIOHAUTEJNbHO.

3. Buyrpemnsaa npoTuBopeunBocTs Teopun (ynpaxaenne 7.3, 3)

N3 coorHomenns (7.10) wHaxommm

™ ,=m % %a—j’ 84 [x —2 (1)} d.
Dynkuns 6 (X — z) 3aBUCHT TOJNBKO OT pa3HocTd x* — z¥; moaToMy mpHu mudpdepeH-
nupopanum O-pyHKIMM BMecTo 0/0x¥ MOMHO TOCTaBUTb — 0/0z¥. 3amedas, 49ToO
%f:-gavﬁ" lx—z(r)l=%6‘lx—z(r)l,
nepenucupaeM TV, B Buje
™. — _m S 2# (d/dv) 8 [x — 2 (v)] dT = + mS 7484 [x—z (v)] dr.

(Ilocnennee BhipasieHue MOJY4YeHO € HOMOIIbI0 MHTETPAPOBaHHA Mo vacTAM.) Takum
oGpasoMm, paBeHctBo THV,, = () BHINOJNHAETCA 8 MOM U MOALKO 6 MOM cayuae, ecal

z* = 0. Ho ycuaoBue z* = ( o3nadaer, 9T0 IpaBHTAIMOHHEE MOJIA HE BAHAIT Ha JRH-
;kenne vactHubi. ONHAKO 9TO0 IPOTHBOPEYMT ypaBHEHWI0 ABH;KeHHA (2), KoTopoe
BhITeKaeT U3 BapHallMOHHOTO mpuHinmna teopmu. Takum o6pa3oM, MaHHAA TeH3OpHasd
Teopus TAFOTEHHS BHYTpeHHe mnpormBopeuuBa. (Ecam chopmyampoBaTh KpaTko,

To ypaBuenne (4) tpebyer T"¥ , = 0, Torma xak ypasHenue (2) 3Toro He omyckaer.)

Tor dakr, YTo B NaHHOH TeOPHM FPABUTALMA He AEHCTBYEeT Ha TpaBHTIpYIOLLUe
Tesa, CIPaBe[lIUB M JJIA Tel ¢ MPOH3BOJBLHKEIM TEH30PDOM JHEPrHMH-HMIYJbCa (Hampu-
Mep, pe3mHOBHIX Msueit win 3emnn). IToCkonbKy BCe Teja ABAAITCA HCTOUNHKOM

TATOTEHHA, NOCKOALKY U3 ypaBHermit mons caenyer T"Y , == 0 m mOCKOJBKY M3 3TOrO
«ypaBHEHUSA [BMW/RCHMA [JA OJHePTHH-UMIYJbCa» BBITCKAET COXpaHEHHEe II0JHOro

0 .
4-mymyanca tera P¥= | T"* d%, uu onHo Teno e Mo;KeT YCKOPATHCA HOK AeHCTBHEM

rpaButaiuu. ColaHIle He Mo;KeT NMPUTATHBATH 3eMII0, M OHA [OJHKHA YJETeTh B Meli-
3BC3JHOE IPOCTPaHCTBO!

IlonbiTKt H30aBUTH AaHHYI0 TEOPHIO OT HTOT0 HPOTHBOpPEYUA 0e3 CYmeCTBEHHBIX
yCJa0;Heyuil Hen30e;KHO NPHBOAAT K o0lieil TeopUH OTHOCHTENBLHOCTH (CM. HOHOJ-
nennte 17.2, n. 5). IlpunAB B KadecTBe MCTHHHOM TEOPMH TATOTENHA OOLLYI TeopUIO
OTHOCHTEJBHOCTH, MO:KHO HCHOJIH30BATHh HAHHYIO TEOPHIO KAk IpulamKkenne K nei
{(winHeapu3oBannafg oOMIAA TeopUA OTHOCHUTEIBHOCTH», paccMaTpuBaeMas B Tia. 18,
19 u 35; B ocoGentoctd cM. obcyskmennme B kouue § 18.3).
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§ 7.2. BBIBOJI T'PABMTAIIMOHHOI'O KPACHOI'O
CMEHNIEHMA N3 3AKOHA COXPAHEHUWA 9HEPTUN

JiiHmTe#iH YTBep:;KAaJ, 4TO HE CYIOECTBYeT HHKaKo# upeaJbHOR
OpAMOJVHEHHO# cucTeMEl 0TCYeTa, MoA00HOM TOM, KOTOpas BBORMUTCA
B HBIOTOHOBCKOM TeopHH. OH NOAYEepKHBaJ, 4YTO HH OMNHH OGBEXT
B €CTECTBEHHOM COCTOSTHMM [BH;K€HHA — Jaske POTOH — HHKOrga He
MO3BOJIAT ROKA3aTh CYMECTBOBAHAE MJM ONOpeleMTh IO0JOKEHHe
TaKNX HAeaJbHHX OPAMMX JAHEHAI.

Hexona U3 3aKOHA COXPAHEHHA SHEPIMH, IPUMEHEHHOI0 B paMKax
HBIOTOHOBCKO# TeopHH TATOTeHMA, JitHmTeHR {49] moxasaa, aro rpa-
BATAaOHOEHOE HoJie NOJKHO OKa3HBaTh Bo3jeiicTBde Ha ¢oroH. IlycTh
9aCTANIA ¢ Maccoil MOKOA m, B HAYaJbHHHE MOMEHT HOKOWBMAACH
B To4Ke £, cB0o6GOHO NaflaeT B TPABATALMOHHOM I0JI€ g BIIOTH [0 TOY-
¥n ¥, otcroameit oT A4 Ha paccrosame h. OHa mproGpeTaeT KHHeTH-
4YecKywo sHepruio mgh. Ee DoaRasa 9Heprusa, BKAOYAsA Maccy HIOKOSA,
CTaHOBATCA PpaBHOHU

m + mgh. ' (7.18)

Ilycrs Temeph B Touke ¥ 9YacTHUA WCHHITHBAET AHHUTHIALWIO, nDH
KOTOpPOil ee NoJiHas 3HepIAA, BKIOYAIMAA HePTHI0 MACCH IOKOA
H KMHETHYECKYI0 DHePTHio, mpeBpamaercs B ¢oToH ¢ Toit ke moaHOM
sneprueir. IlycTs manee aror ¢oToH JeTHT BBepX B rpaBHTanHOHHOM
noJae K Touxe . Eciu oH He B3amMofeficTByeT ¢ HodeM TATOTeHMA,
TO B TOYKe A ero sHeprusa GyneT mMeTh mepBoHadajJbHOE 3HaueHHe.
B 370 ToOYKe ¢ IOMONIIBIO COOTBETCTBYIOIieHl anmmapaTyphl OH MOJKeT
OHTHh mpeBpalleH B JPYIYI0 9acTHIY (KOTOPAasg MOKeT 3aTeM IOBTO-
PHTH BeCh Ipolecc CHadaja) ¢ Maccoil MOKosA, paBHOU m mIioc M36H-
TOYHAf oHepTHA mgh, npuobpeTeHHasa (e3 BCAKHX 3aTpaT. Brixon
H3 3TOT0 HPOTHBOPEYNA C NPAHIAIOM COXPalleHHs 9HEePTUH, KOTOPHIA
MO3kHO CHOPMYJIHPOBATL H HA YACTO KIACCHICCKOM si3HKe, JHHMTENH
BHIed B TOM, uYTO ()OTOM KOJKeH HCOHTHBATL KpacHOe CMeIlieHHe.
ITo mepe mogbeMa B IrpaBUTANHOHHOM Hojie dHeprmA $oToHa MAOJKHA
YMEHBIIATHCA TOYHO TAK €, KaK yMeHbINAeTCH SHepTHA YaCTHILL.
CrenopaTenrHo, 3HaueHHA SHEPIHWH (OTOHAa B BepXHeil W HIDKHel
TOYKAX €ro TPAaeKTOPUH B TPABATAIIMOHHOM II0Je JOJNKHH GHTHL CBA3a-
HB COOTHOMEHUEM

Euwsn = Enepxn (1 + gh) = Egepxn (1 + Goturanh/c?). (7.19)

YMeHrmeHue SHepruM H3-3a pafoTH, COBEPHIEHHON IPOTHB CHJI
TATOTEHHUA, MPUBOJAT K YMEHBIMEHHIO JaCTOTH M YBeJHMIEHHIO JTHHBL
BOJHH (KpacHOC cMemeHEe; oOHYHO BHpakaeTcA depe3 mapaMeTp
KpacHoro cmemenmsa z = AA/A); Takmm o6pasoM,

_ Msopxn _ MWapkn _  Ewwmn
ttz= S A 1+ gh. (7.20)
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HpacHoe cMemenme, mpencKa3mBaeMoe 3Toil QopMyioit, GHIO HOm-
TBeP:KJeHO PKCIepHUMeHTaJbHO ¢ TodHOCTHIO 1% Ilaymmom m CHaine-
pom [125, 126], ycoepmencreopaBmEME akcmepnmenT Ilayuna n Pe6-
xm [127].

§ 7.3. U3 TPABUTAIIMOHHOI'O KPACHOro CMEMEHHA
CJIEIYET KPHBHU3HA ITPOCTPAHCTBA-BPEMEHU

Josopu, pasemrere HMlunpom [26, 128, 129], npuBomaT k BaskHOMY
BHBOJLY: CYImeCTBOBaHHE TPaBHTALIMOHHOI0 KPACHOI'O CMEINEHHA MOKa-
3KBaeT, 9T0 B paMKaX CHenMaJbHON TEOPHN OTHOCUTEJIBHOCTH Hellb3s
IIOCTPOMTH CAMOCOTJIACOBAHHOH TEOPHHM TATOTEHHA.

B oramume ot moBofos JiiHmTeiiHa (KOTOPHE NPUBENEHK B IpefH-
AymeM maparpade), chopMyJIMpoOBaHHHX B paMKaX HBIOTOHOBCKOM
Teopun, Kosoasl lIunma dopmynmpyoTca B paMKax crenuaJbHOi Teo-
pun oTHocHTexnHoCTH, IIpyu aToM mpoBOAMTCA aHaJIM3 IKCHEPUMEHTOB
o TPaBHTALIMOHHOMY KPaCHOMY CMEMIEHNI0 B HoJie 3eMIU ¢ IOMOIbIO
rIo6anbHOE JOpeHUeBO# CHCTeMH, CBA3AHHOHR C LEHTPOM 3eMJIH.
He Tpe6Gyerca, aTo6B CBoGOMHBIE YaCTHIB, NePBOHAYAABHO IOKOHB-
mHecd B 3Tol I'106aJbHOM JOPEHIEBOH cUCTeMe, M RaJbIIE 0CTABAIKCH
NOKOAMUMIACA (33 MCKIIOUYEeHMeM RaJeKHX oT 3eMau oGnacreit, rie
TATOTeHHe NpeHeOpe:kuMo Mano). Haoporus, tpeGyercda, uroGu ¢Bo-
Go/iHEle YACTHOH YCKODAJHMCH IO OTHOIICHHIO K JIOPEHIEBOH cHCTeMe
rpaBuTanuoHHNM modeM Jemian. [opoas llmnxa He 3aBHCAT OT MaTe-
MaTHYeCKOH IPHPOAH 3TOT0 moiA (CKaJAAPHOTo, BEKTOPHOTO, TEH30P-
HOTO, ...), HO OHH Tpe0OywT, uTOOH TpaBHTAaNMOHHHE YCKOPEHAS
Ha XOJHJINCH B COIVIACHH € aKcmepuMmeHTOM. U, KoHedHo, MCHOAB3YeTCA
ToT $aKT, 9TO COGCTBEHHNIE JJIMHK ¥ BpeMeHa ONUCHBAIOTCA METPHKOM
COenAaAbHOM TEOpHH OTHOCUTEJIHHOCTH.

HoBogu Iluana cocroar B caeayomeM. PaccMoTpum aByX HaGiiio-
JaTellell, oOfMH M3 KOTOPHX NHOKOATCA HA IOBEPXHOCTH JeMIH
Ha BHICOTE Z;, & JPYroii — HaJ HOBEPXHOCTHIO 3eMIM HA BHCOTE Z, =
==z, -+ h (pur. 7.1). HabmogaTean Moryr yOeaAuThCA B TOM, UTO OHH
TOKOATCSA IO OTHOMEHHAIO APYT K APYTY A IO OTHOIEHUIO K JOPeHIeBoi
cucTeMe 3eMiad, HaOopaMep ¢ IOMOIBI0 PajHoJoKAaLME CBOGOIHBIX
YaCTHI, MOKOAIUXCA B CHCTeMe 3eMJM BIAJIM OT e¢ IPaBHTAMHOHHOTO
noasa. HmKHAR sKCmepUMEHTAaTOp HCIYCKAaeT SAEKTPOMATHUTHEIR
CUrHAJ PUKCHPOBAHHOR CTAHAAPTHOM YAaCTOTH @y, MPUHAMAECMELi
Ha0aofaTeseM HaBepXxy. [/ ompenesleHHOCTA HOMOMKHM, 9TO CHTHAJ
npejcTaBiseT Co0oll MMOyJAbC, cofepsKamuii TouHo N KojaeGaHmil.
Torpa mHTepBax BpeMeHM OTyxy, B TEUEHHE KOTOPOro HCIYCKAETCS
UMIYJBC, 3afgaeTcA BHpaKeHAEM 210N = OupuOTimxg. DepXHH
HabaofaTeab OJKeH UPAHATH Te ke N KojdeGaHMH 3IeKTPOMATHUT-
HOTO BOJHOBOTO MMOYJAbCA M M3MEPHUThH BPeMS OTgepxu, KOTOPOE NIA
aToro tpeGyercs ). CorsacHo onpefeseHAI0 «4aCTOTLY, uMeeM 2nN =

1) Das obomx HaGmiomaTedeit cofcTBeHHOe BpeMs paBHO JIOPEHIEBY KOOp-
JAUHATHOMY BPeMEHH, MOCKOJNBKY OHH MOKOATCA B JOPOHLEBOH cUCTeMe 3eMIH.

YIpennonosxaM,
4YTO TAroTeHue
ONHCHLIBAETCA
HeKOTOPbIM
moJieM B IITOCKOM
IPOCTPAHOTBE-
BPEMEHMN...
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Bepx I Bepr —>{

A

HM)KH_—| HM/I\H—’l

3T0 npemNoao:Ke-
HHE HECOBMECTHMO
¢ rpABHTANHOHHBIM
KPACHBIM
cMeleHBeM

— —
a 6
OUT 7.1.
TocnenoBaTeqbEble MMIYJBCH CBETA, PACHPOCTPAHAIOLIMCCS BBCPX OT YPUBHH 24
10 YPOBHA z, = z; + h B noJe Taroteausa 3emuu. TpaeKkTopnn 9, If y, JOHKHK
6GHTHL B TOYHOCTH KOHTPYBHTHH APYT APYIY HE3aBMCLMO OT TOI'0, HaKJIOHeHH
JU OHM TOJ YraoM 45° (cieBa), MaNM MX HAKJIOH IepeMeHEH (CIpaBa).

= @pepxnOToepxne OPPEKT KpacHoTO CMemeHMA, YVCTAHOBIEHNBIA
3KcnepuMenTaabHo (IIA HAac) MJM M3 3aKOHA CONDAHeHHMs B3UepTHH
(man  JitmuTeiiHa), CBUAETEABLCTBYET O TOM, UTO Opepxn << Dyprns
cIefoBaTeNblio, HHTEpBaJbl BPEMEHU HMMEIOT Pa3HY IIMTEIHHOCTB:
OTnepxs > OTuusen. IlepeHecem 3Ty mHOpMaLHMIO Ha MpPOCTPaHCTBEl-
HO-BpEeMCHUYI0 [MaTpaMMy, ONMCHIBAIOIIYI0O JKCHEDUMEHT C TOUKH
3peHHA CHellMaJbHON Teopuu oTHocuTedbHocTH (Pur. 7.1). Juexrpo-
MaTHUTHHE BOJHH €CTh He 4TO HHOe, KakK JYJu CBeTa, IOITOMY HX
pacnpocTpaHeHHe Ha NPOCTPAHCTBEHHO-BPEMEHIIOM dHepTeske MO:KHO
n306pasuTh HYJTEBHIMH JWHASMH, HAaKIOHEHHBIMH NOX yriaom 45°
(pur. 7.1, a). B TaxkoM ynpomeHHOM H He COBCeM BepHOM BapHanTe
JIOKA3aTeJIbCTBA Mbl IPHXOIUM K IMPOTABODEYNIO, 3aMeuasi, YTO MOJY-
YHJIK NApaitea0zpaMM B 1POCTPAHCTBe-BpeMeHH MIHKOBCKOTO ¢ [ByMA
NPOTHBONOJIOKHEIME  peGpaMH, KOTODble He paBHH JpYT JApYyry,
Tgepxnt => Tumnys TOTAA KaK B INIOCKOM NPOCTpPaHCTBe-BpeMeHM MuH-
KOBCKOTO IPOTHBOINOJO)KHEE CTOPOHH IapajjejorpaMMa [0JKHBI
GRTh BCerga paBHH Apyr Apyry. OTciona BEITeKaeT, UTO creyudtbHai
meopus OMHOCUMEAbROCMU He Moxcem Obimb cnpasedauéa B NOCTaTOYHO
nportsykentot o6mactn. I'o6anapHo HpoCTpPaHCTBO-BPEMA IlepecTaer
OHITL IJIOCKMM, O 4eM CBHUJIETEIBCTBYIOT TPAEKTOPHHM JYydeil cBeTa
d npoGusix wactuy (gactu III n IV manno#t kumru), XoTd JoKallhHO
¢M3NKa OpeKpacHO ONVCHIBAeTCA UJOCKO# reoMerpueir Jlopenna —
MmuukoBcKoro.

Ha ¢ur. 7.1, 6 npunATOo BO BHEMaHMe, 9TO rpaBUTaliOHHOC oJje
BJIHUAET Ha PacnpocTpaNeHue CBETa, H TeM CaMhIM MCIpaBiieHa omuGKa,
RONMymieHHasA HpH W3JIMIOHEM YOpPOImEHHM NoXasaTelncTBa. Iloatomy
doTOHBl MOTYT [BUIraThCA He N0 NPAMBIM JHHHUAM, T. €. MHDOBLE
JMHUA Y, U Y, TOCHEA0BATENbHEX HMIYIBCOB GyAYyT KprBEMA. OgHAKO
rpaBUTallAOHHOE MOJI€ CTATHYHO, 3 IKCHEPUMEHTATOPH HEMONBHIKHBI.
IloaToMy HMUYTO B YCIOBHAX 3KCHEPEMEeHTa He MeHAETCA CO BpPeMEHeM.
KakoBa 6m HM Ona TpaeKTOpHA Y;, TPAaeKTOPMA Yy, A0JHa OHTHL
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KOH2pYysHmHa eil, T. e. NOJIKHA MMETh TOYHO Ty ke ¢opMmy U OBITH
npocTo cMelleHHoil Bo Bpemenu. Ha ocHoBe 3Toit kourpysntioctd
u rToro ¢gakTa, 9To HabaIOJaTeNM JABRIKYTCA IO NapallilelIbHLIM MHPO-
BHIM JMHHAM, 3aKJ09aeM ONATh, YTO NpPH YCJIOBHUU CIPaBEXJIHBOCTH
nJoCcKol reoMeTpuM MMHKOBCKOTO Tmyky == Tpepxns YTO TPOTHBOPe-
IAT DKCIepUMEeHTalbHO 06HapYHEHHOMY KPaCHOMY CMeOICHHI0. JKCIe-
pUMeHTaTopbl He 06A3aTeNbHO HOMIKHH 3HaTh, KaK CBeT pacmpocTpa-
BAeTCA B TIpPaBHTAIMOHHOM mnojde. MM HyKHO JMIOR WCHOJB30BAThL
CBOI0 PaJNONOKAIMOHHYIO annapaTypy, uTolnl yGemHThCA B TOM, 4TO
OHM MOKOATCA JPYT OTHOCHTEIAHLHO JIpYra M OTHOCHTENbHO MCTOUHMKA
rpaBuTaliHoHRorT0 nois. OHM 3HAIOT, uTOo KaKoe GBI BIMANME HM OKa-
3bIBaJIO TPABHTAIMONHOE DoJe HAa MX PadMOoJOKalMOHHYI0 annapaTy-
Py, 9TO BJIHAHHC HC 3aBHCHT oT BpeMeHH. DoJee Toro, UM He HynHO
3HaTh, KaK HaXOJHTh paccTosHUMe MexAy coloit, uTo0B VHOCTOBe-
PHUTLCA B TOM, YTO 3TO PAaCCTOSHME OCTaeTcs NOCTOAHHBIM. UM Heol-
XoRMMO JuMmbL ybGeAnThCcA, uTO Bpems, Tpebyemoe mas Toro, 4ToGH
pajuoIOKAaLMOHHBIE UMIYJBC JOIDEN JO COCeia U BepHYyJcA oGpaTtio,
0CTaeTCs BCerja OMHUM H TeM #ic, Korja 6k ero HU H3MCpAJH.

Jlosonmr lllunna, ocHoBaHHEIe Ha KpPacHOM CMEIICHWH, He IO3BO-
JAOT CKa3aTh, KAaKOTO poja KpMBU3HA MoJKHAa CYUECTBOBATh,
H DOJKHA JH KPUBM3HA CYI[ECTBOBATH B OKPECTHOCTH IKCHEPHUMEH-
TAJBNOW YCTAHOBKHM WJIM HA HEKOTOpPOM paccTosnuum oT Hee. Oum
MO3BOJIAIOT, 0AHAKO, COBEPMEHHO ONHO3HAYHO YCTAHOBHTH, YTO ILIO-
CKOe IIPOCTPAHCTBO-BPeMSA CHeIMaJIbHON TeopHH OTHOCHTENHLHOCTH
HelnpMMeHHMo JUIA ONHCAHNA MCCJeyeMoii CHTyaliuu, 1, cjeJoBaTelb-
HO, NOJRHH TMOOYANTH YUTATENA PAcCMOTPETh MATEMAaTUIECKYIO TeO-
PpHI0 KPHBM3HH, KOTOpOif mocBameHa vacth [11.

§ 7.4. OBOCHOBAHHNE NPUHITUIIA 39KBUBAJEHTHOCTH
C MIOMOmpPBIO T'PABUTAIITUOHHOI'O KPACHOI'O CMEMEHUA

ditnmrreitn {49, 130] Bo3Ben uaeo yHuBepCasbUOCTH IPaBHTAIMOHNEIX
B3aUMONEHCTBHI B paHT GyHAaMeHTaJbHOTO NPUHYUNA IKEUBAACHMHO-
MU, C02AACHO KOMOPOMY GCE NPOABAEHUR 0OHOPOOHO20 2pABUMAYUOHHO20
noas mojcOecmeenHsl NPOAGACHUAM DABHOMEPHO20 YCKOPEHUA CUCMEMbL
kKoopdunam. ITOT NPMHUMI SBWJICA 06oGIIeHUMEeM pe3yJhbTaTa HKIOTO-
HOBCKOIi TeopMH THIOTeHHA, B KOTODOH paBHOMEpHOe YCKopelide
CHCTEMBL KOOPJAHHAT, COrIacHo ypaBHeHHO (7.1), npABOMUT K NoABIe-
HHIO IONOJIHHTEJIBHOTO OQHOPOJHOTO IpaBUTalMoNHOro moasa. Omuako
B HBIOTOHOBCKOH TEOpHH 3TOT Pe3yJbTAT BHITEKAET TOJLKO [JsA Mexa-
HHKH YacTHMI. JHHIITeAHOBCKHH NPUHLMI 3KBMBAJEHTHOCTH yTBED-
AaeT, 4TO HoA06GHOEe COOTBeTCTBHE MOJKHO BHIIOJNHATECA JJasA BCeX
8aKOHOB (M3MKH, BKIIOYas ypaBHeHMA MakcBemda mas ajeKTpo-
MarHMTHOTO INOJA.

ITpapuia urpnl —«HayuHBIA MeTOm» — TPeGyioT, 4TOGH AJAA Kaik-
Ho#l HOBOE TeOPHHM MJM NMPMHIMINA OHJI0 HaWJeHO BKCIepAMeHTaJbHOe
OOATBep:;K/leHue, N JHHMmTEHH MOr PacCMATPHBATH I'PaBHTAIHOHHOE

BuiBOjA:
TPOCTPAHCTRO-
BpEMs HCKDHBJICHO

IIppAnMn
IKBHBAIEHTHOCTHS
ofHOpOAHOE
rpaBHTALROHNHOE
nose HeOTINYMMO
OT paBHOMepHOIr'0
YOROpeRua
CHCTEMBl OTCYeTa
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KpacHOe cMelleHNe KaK 9KBHBAJEHT SKCIEPUMEHTAJIBHOTO IOATBEDP:K-
NeHHs] CBOEro NPHHUMNA SKBHBaJeHTHocTH. TaKoe moATBep)KAeHHE
COCTOMT HW3 JIBYX 3TAIOB: BO-IEPBHX, TeOPHA HIA HPHHIAN NROJIKHE
mpefcKasHBaTh KaKoi#-To addexrt (B ciaexyomeMm af3ame moKasaHo,
KaK K3 OpPUHIHANA 9KBABAJeHTHOCTH CJIERYeT CyIMeCTBOBRHAE KPaCcHOro
CMeeHAs); BO-BTOPHX, HPEACKasaHHH 3¢deKT HoxeHA GHTH 0GHa-
pyeH dKCmepAMeHTaNbHO. UYTo KacaeTcsi BTOpPOro 3Tama, TO IIOCIHe
akcrepumeHToB [layana — PeGkm — CHaiiflepa MH ceifqac HaXoquMCH
B ropasjio JyumeM HoJOKeHHH, IeM KOFAa-To JWHmTeHH. JHHIMTeHRH
BMECTO HPAMOTrO SKCOEPEMEHTAJHHOr0 MONTBeDKIACHAA ROJKeH OhiI
YIOBJIETBOPHATHCH IKCIEePEMEHTaMMA, 000CHOBHBAIOIMEME 00Ul NpHH-
UUO COXPaHeHHS 3Heprad, ¥ HeoGXOAMMOCTHI0O KPACHOTO CMeINeHHMSA
A Toro, 4ro0Hl 3aKOH COXPaHEHHS JHePrAu BCerfa BHIIOJHAJCH.

CymecTBoBaHAe TpPaBHTAIAOHHOTO KPACHOTO CMeI[eHHA MOMKHO
BHBECTH U3 HPHHIANA SKBHBAJEHTHOCTH, PacCMOTPEB IBYX JKCHEpH-
MeHTaTOpOB B paKeTe, ABIKYIe#cA C IOCTOAHHBIM YCKopeHHeM g.
Ilycts paccTosiHde MexAYy ABYMA HaGaoNaTelAMH B HampaBJIeHAH
yckopeHus paBHO k. [{as onopefeleHHOCTH UPeFIOJOMHAM, 4TO B MO-
MeHT, KOrJja HIKHANR HabxogaTelsb nocjiakd PoToH, paKeTa MOKOHIACH
B HEKOTOPoil MHepIUAAJbHON cucTeMe KoopauHaT. Uro6H HOCTATHYTH
BepxHero HaGmiofartens, gorony morpebyercsa BpeMa t = h. 3a aTo
BpeMA BepXHHA HaGuaomaTeab IpHoOGpeTeT CKOpocTh v = gt = gh.
ITosToMy OH 3aperucTpapyer POTOH C JOIMIEPOBCKUM KPACHHIM CMeIe-
HUeM 2z = U = gh. Iloly4eHHH# pe3yJaspTaT coBHAjfaeT C COOTHOIIe-
auem (7.20). U3 npuBnuma 9KBHBaJIeHTHOCTH CleflyeT, 4TO eCIH 3TO
KpacHoe cMemeHMe HaGaiofaeTcA B 9SKCOEPUMEHTe, BHIIOJHEHHOM
B YCJIOBHAX PaBHOMEDHOI'0 YCKODEHHA M OTCYTCTBUA TpPaBHTAIHOH-
HEIX MoJieil, TO TOYHO TaKoe 3Ke KpacHoe cCMeleHHe JONKHO Hablio-
JaThCAd B JKCIepAMEHTe, BEHIOIOJHeHHOM B OJHOPOINHOM I'paBHTalHOH-
HOM IloJié OPH OTCYTCTBHH yckopeHma. CiemoBaTelbHO, ¢ IOMOINBIO
OpUMHIAIA JKBHBAJEHTHOCTH MOKHO BEIBecTH cooTHomeHme (7.20)
JUIAL CUTYalMH ¢ I'paBUTAI{HOHNBIM IIOJIEM.

§ 7.5. JJOKAJIBHO IIJIOCKOE, I''IOBAJIbHO MCKPUBJIEHHOE
IIPOCTPAHCTBO-BPEM#

IIpuHUMD SKBUBAJEHTHOCTH IIOMOTaeT MOHATH HPHUPOAY KPUBH3HEI
OpoCTpaHCTBa-BpeMeHM, CYIIeCTBOBaHME KOTOPOil BHITEKaeT U3 HOBO-
nos Illunma. B yeckopenuoit cncreme duanKa sABIEHUH TOUHO TaKasf ke,
Kak M B jJabopaTopmu, CBfi3aHHO# ¢ mosepxHocThio emuu. Takmm
o0pasoM, cBA3aHHYI0 ¢ 3eMieil 1abopaTopHMIO MOM{HO CYHTATh YCKO-
PALIEICA BBEPX ¢ YCKOpeHHeM g 110 OTHOMIEHMIO K JIOPEHIIeBEIM CHCTe-
MaM B ee OKpeCTHOCTH '). AHaJOTMYHO BCe JIOPEHLEBH CUCTEMBI

1y HanpaBieHHOE BBePX yCKOpeHHe JabopaTopu#t B COBOKYIHOCTH C ypaB-
nenvey (6.18) A THEEHOrO HiIeMeHTa B YCKOPeHHOI CHCTeMe KOOPIWHAT 00BAC-
HAeT HepaBeHCTBO HIFKHEro M BepxHero peGep. mapaiieinorpamma Ha ¢ur. 7.1.
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HOJKEHN YCKODATHCHA BHH3 IO OTHOIIEHHWIO K JaGopaTOpHH M IOBepX-
Hoctd 3Jemiu. Ho mampapieHma BHEH3 (0 pPafidycy) PasIMYHEL IS
Pas3HHX 8HAYeHWil IMMPOTH H AoAToTH. CiemoBaTeldBHO, JOKAaJbHEE
JIOPEHIIeBH CHCTEMH, IePBOHAYAJBbHO IOKOHMBIIAECA HO OTHOLICHHIO
APYr K APYTY IO pa3HBE CTOPOHW JeMiId, BIOCIAEACTBHH HANAIOT
oo HaOmpaBJIEHHI0O K LEHTPY ¥ ABWKYTCA, mepeceKas ApYT Apyra.
flcHO, 49TO HMX HelB3s «CHIATHY B eNAHYI0 TA00aJbHYI0 JOpPeHLEBY
CHCTeMY, CBABAHHYI0 ¢ JeMieil, KaK 3TO IPeANOJAaraloch B PacCymK-
aernax Iuxga. [Mono6Ho HEBO3MOMKHOCTH CHIATH JOKaJbHBIE NeKap-
TOBHL KOODAHHATH Ha MCKPHBJIEHHON 2-moBepXHOCTH, HEBO3MOK-
HOCTH CIINTH JIOKAJbHHE JOPEHIEBH CHCTEME €CTh 09eBHIHOE HpPOSB-
JieHHe KpPHBA3HH IIPOCTPAHCTBA-BPEMEHH.

C momoGHEIMA e mpoGieMaMA CTaJIKHBAIOTCA reorpadel mpH
COCTaBJI¢HAM KapPTH 3eMHO#l moBepxHoctd. Ha ydacTkax HeGoapmoi
miIomany (B mpefeiaXx ropofia MM paioHa) MOHO 6e3 BCAKHX OCIO-
HEHAH MCHIOJb30BaTh O0OHYHYI0 NPAMOYIOJbHYI0 CHCTEMY KOOPHHMHAT.
OpHaKo, eciu MMEIOTCA KapTHL ABYX HOBOJBHO IPOTS;KeHHHX ofiaa-
cTeil, Ha Ka)KIo#l M3 KOTOpHIX OfHA M3 oCell yKa3nBaeT Ha CeBep,
To MBI O0Hapy)KMBaeM, 49TO Kpad KapT COBHAHAIOT JPYT € APYTOM
HaWJIyYmeEM o6Gpa3oM TOTAa, KOTAA MH COBMemaeM MX mOA HeGoJLImnM
VIVIOM OpPYT K ApYry (OpoCTpaHCTBEHHO-BpeMeHHOH aHalor: OTHOCH-
TeJBHAA CKOPOCTh JABYX JIOKAJBHHIX JOPEBIEBHX CHCTeM, mepece-
KaomuXxcs B meaTpe 3eman). 'opasno Jerde HayaTh ¢ KaPTHHH cdhepn-
yeckoro riiofyca,  y»< 3aTeM roBOPATh O TOM, KaK He(GOJbIIAE IJIO-
CKHe KapTH MOIyT OHTBH HCIOJIB30BaHH B KadecTBe XOPOMIeH ammpo-
KCAMalUM JUIA OTHEeNBHHIX ero vacTeii, 4eM HavaTh € OTPOMHOIO
CKOIICHMS HeGOJBMIAX KapT H IHTATHCA COCAHHHTH MX B eJUHYIO
KapTy riobyca. [loaToMy B KaHHOIl KHUTe NPH MA3JI0KEHAM TEOMETPUH
MpPOCTPaHCTBa-BPEeMeHA KCHOOJbL3YeTCA mepBHil nogxoa. Temeps, Korga
YUTaTeNb BHAMAT, 9T0 mpoGJieMa COCTOMT B TOM, 4To0n 06BeAMHATH
JOKaJbible OMACAHAA (U3ATICCKAX ABJEHAN B INIOCKOM MPOCTPAHCTBE-
BPEMeHH BO BCeoOmYy KapTHHY MHpa, OH MOKET B Clelylomeil riaBe
nepeiitd kK ofmemy mayuenmio reoMerped. C atoii Goiee ymoGHo#
TOYKH 3pPeHMA MOKXHO 3aTeM paCCMOTpPeTh HpoGJeMy B3aMMOCBS3M
JIOKAJNBHBIX HHEPIHAJBHBIX CHCTEM KOOPAHMHAT, COOTBETCTBYIOMHX
IByM GnE3KEM 06GJacTAM CO cJerka pasjMmUHEIMA T'PaBATAI[NOHHEIMA
MOJAMH.

(DaKTHIeCKA reOMeTpHsA BXOJHUT B 06MIVIO TEOPHIO O THOCHTEIHHOCTH
IByMsa pasamdeeiMA nyTtamMu. OouE H3 HAX — reoMeTpus IJIWH
H yrioB B 4eTHPEeXMEpHOM HOPOCTPaHCTBe-BPCMEHM, yHacJelOBaHHas
OT METPHYECKO# CTPYKTYpPH ds? cnenaaJbHOH TeOPHH OTHOCHTEABHO-
cra. Ysixe pmosoan llmnpa mokasnBawT (He ofpamasich Hemocpen-
CTBeHHO K IDPHHIOANY JKBHBAJEHTHOCTH), 9YTO IPEACTaBJEHAA O MJId-
HaX H YrJaxX COeldAaJbHOM TeOpHMH OTHOCHTEJIBHOCTH HYKIAITCA
B Mopudmkamun. Takasa MogudmKannsa MeTpHIeCKOH CTPYKTYPH IpH-
BOOMT K PHAMAaHOBOW FreOMETPHH, KOTOpas pPacCMATPpHBAaeTCA B TIJja-
Bax 8 m 13. OgHaKo reoMerpHEs BXOAHT B 06MIYI0 TEOPHIO OTHOCHTENb-
HocTH B Oiarofjlaps DpHHIMOY SKBABaJeHTHocTH. IlpmAnEn sxBmBa-
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JIGHTHOCTH Mo3keT GHTH cHOopMyJINpOBaH yike B HBIOTOHOBCKOM TeopHH
TATOTEHAA, THe HeT HOHATHA METPHKH NDOCMPAHCMEA-8PEMEHU, A €CTh
JHLIb 3BKJIHAAOBA METPHUYECKafi CTPYKTypa TPeXMEpHOLO npocmpah-
cmea. OCHOBaHHHIA Ha IDUHIMIE 9KBABAJEHTHOCTH NMOAXOJA K HBIOTO-
HOBCKoi1 Teopmm Taksike TpeGyer, 9ToGH JoKaJbHAsi CHCTeMa OTCUeTa
ObliIa CBASAHA C YACTHIIAMH B COCTOSAHUM CBOGOAHOTO majileHns. ITO Tpe-
6oBanne HoGy:KaaeT HaC M3YYaTh I'€OMETPHIO NPOCMPAHCMEA-8DeMERU,
B KOTOPOHi MCKPHBJICHHHE MHPOBHE JHHHH CBOGOJHO Naxalomux
9aCTHUI N0 oUpefelleHHuI0 ABAAITCA JOKaJibHO OPAMHME. B reomerpun
HCKPHBJEHHOTO OPOCTPAHCTBa-BPEMERH OHU HTIPalOT TY ke poJb,
KaKyl0 OpAMHEE JUHMM HTPAlOT B IUIOCKOM IPOCTPaHCTBE-BPEMEHH.
Uayuenuo stoit «adPunHOM reoMeTpHHM» IOCBAMEHH riasu 10—12.
AddurHas reoMmerpms IO3BOJASAET KOJHUECTBEHHO cHOpMYyIHPOBATH
TaKMe NOHATAA, KaK «KOBapHMaHTHasA IPOM3BOAHAMAY, (KPHBH3HA»
A Ja’ke «KPHBH3HAa HLIOTOHOBCKOI'O IPOCTPAHCTBA-BpeMeHm»|
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MATEMATUYECKAS TEOPUA
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8. AUDDEPEHLIUATNIBHAA TEOMETPUA:
OBLLUA OB30OP

A ece 6oaece u Goaee npurowcy k ybexcdenuia,

umo Heo6xodumocmv Hawel zeomempuu He Moxcem Oumb doxasana,
no KpaiiHel mepe HU ¢ NOMOWBIO, HU OA4R HEA08EUECKO20 DA3YMA.

<. 2eOMemMpuUI0 caedyem cpasnuéamd He ¢ apugimemuroil,

KOmMopas uucmo anpuopha, a ¢ MeraHUKoi.

Mu GoaxnH® cMUDEHRO NDUSHAMb, YMO eCAU UUCAO ecmb npodykm
00H020 Mmoavko pasyma, mo npocmpawcmeo obiadaem DeasbHOCMbIO,
swzo0aujeli 3a npedeavl pasyma,

3aKOHW KOMOPOL HAM 8 NOAHOU Mepe He U3BECMHbL.

KAPJI ©OPHJIPHX TAYCC

§ 8.1. KPATKUN OB30P 9YACTH II

Tsarorenme ecTh DpPOABICHEEe KPHBHSHH IPOCTPaHCTBa-BpEeMeHH, a O
KpHBH3HE MH y3HaeM 10 OTKJIOHEHMIO ONHOM reoie3muecKoi OT Apyro
61m3KO0l reoe3MIeCKOM (¢COTHOCHTENBHO® YCKOPeHAe HPOGHEIX YACTHI).
OcHOBHOE BONPOC, KOTOPOMY LOCBAMEHA NaHHAA 9aCTh KHHTH, SCEH:
Kawxum o6pasom mojcHo Koauwecmeenro onucams «pasfesenuer, a max-
Jice «CKOpOCMb UdMeHeHUR padleaenusy deyx «zeoleauueckux» @ «UCKpUG-
ACHHOM» npocmpaHrcmee-epemenu? fICHM#A M ToumHi# oTBeT Tpebyer
BBeicHEA HOBEIX NOHATHMIA.

ITon «paspenermeM» reofiesmaecKuX GymeT DOXpasyMeBaTHCH «BeK-
Top». Ho moHATHEe Bexrtopa, ymoTpeGaseMoe B IIOCKOM JOPEHIEBOM
IpOCTPaHCTBe-BpeMeHA (OMIOKAJbHEN 06BEKT: ToOYKA OCTPHA H TOYKa
OCHOBaHHA), HPH HmepeXxofie K HCKPUBJICHHOMY NPOCTPAHCTBY-BpeMeHH
RKOJKHO OHTH yCOBEPMIEHCTBOBAHO M IpeBpameHO B JOKaJbHOe HMOHHA-
THE KacameabHozo éexkmopa. ITo CHelaHO B Ira. 9, rfie BHACHAeTCH
TaKi<e, KaKkoe BIMAHHE IepeXoJl K MCKPHBJEHHOMY IPOCTPAHCTBY-
BpeMeHE oKa3HBaeT Ha 1-gopMH ® TEH30DH.

YTo6H CTPOro ONpEeNeNHMTH «pasfelieHHe» KaK BEKTOp, HYKHM
OHA MaTeMaTHYeCKHe CpPeACTBa (BEKTOPH B KpPHMBOJAMHeHHOH Teo-
MeTpEH, Ti. 9), uTo6H CpaBHABATH PasfeNAIMEE BEKTOPH B COCeNl-
BEX TOYKAX H JaTh onpefleleHAE «CKOPOCTH M3MeHeHAs pasflelIeHHAN,
HYKHH JIpyTHe cpeficTBa (DapaiJelbHNHE HepeHOC B ACKPBBACHHOM
npoctparcTBe-Bpemenn; ra. 10). Ecam mer mepeHoca, To HEBOBMOKHO
CpaBHHBATh; €CHH HeJb3d CDaBHHBATh, TO BHpaskeHMe «CKOPOCTH
naMeHeHEA» TepsAer cmucal Ilpencramienme o mapaaienbHOM Iepe-
Hoce HamGosiee 9eTKO BHpa)KaeTCA B MOHATHH 2e00eauueckoli — MHPO-
Boll amHEE cBoGofHO majarmei wactHns. Ocobhe MaTeMaTAYOCKHE

HoraTan,
HBYuAEMble
B gacre 111

KacaTenbanif
BEKTOP

Feopeamyeoxan
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cBoiicTBa reofiesmueckux mcciaenayiorcsa B ria. 10. B aroit raaBe reome-
8HYECKHe UCHOJB3YIOTCA [JIA ompefelieHUs NapajaelbHOTo HepeHoca,
Kobapanthas mapallacsibHHI MepeHoC UCIONL3YeTCs IS OmpelcieHUA Kosapuanm-
nponseofHan Holi npoussodwoil, a KOBapHAHTHAs HPOABBOAMAs, BaMBIKasg Kpyr,
ACIOJNB3YeTCA IJIA OOWCAHHS Teofe3MICCKAX.
OTkroHenHe B ra. 11 paccmaTpuBaeTcsi OCHOBHOH BOIPOC — OMEKAOHEHUE 2€0-
reoneaeckix desuneckuxr (¢CKOPOCTH HBMEHEHWS Ppas3eAAIONEro BEKTOpAa MEXAY
Kpusnaga IBYMsi TreojIc3UYeCKMMHE») H €r0 POJb B ONpENeIeHHH KPUBU3HBL LmPO-

OpOCTPaHCTBA-
nmen CTpaHCTBa-BpeMEHH.

Ho uenocratouno math ompefeiieHMe KpuBm3HH. ToT, KTo XOuer
riy0oko ODPOHAKHYTH B CYTh I'paBHTaLuH, A0JKeH TaK:Ke YBHMETH
KPHBH3HY B [IeHCTBHH, KaK OHA IIPNBOJHT K OTHOCHTEJIBHEIM YCKOpe-
HUAM dYaCTHI{ B HBLIOTOHOBCKOM HIPOCTPAaHCTBe BpemeHm (ria. 12);
OH JOJI;KeH NOHATH, KaK B OUHIMITEAHOBCKOM IPOCTPAaHCTBE-BPEMEHM
paccTosiHiA (MeTpHKAa) HMOJHOCTBIO ONPEAENAIOT KPHBH3HY H BaKOH
napajiaenbHoro mepeHoca (ri. 13); oH [moikeH oOBJIajeTh MOIMEHIM
ammapaToM, CO3J3aHHKIM [JiA BHYMCIEHHsA KpuBm3uel (ria. 14); om
AOJ;KeH YJIOBHTH reOMeTPHYECKHMil CMEICH airebpamdeckoil m madde-
peHIAAIbHOM CAMMETPHE KpPHBHM3HH (TA. 15). :
K co:xatendio, mjiA OOCTH;KeHHS TAKOTO0 IAyGOKOTO HOHAMAaHHA
TpebyeTcsi BpeMs, ropasgo Oosbmiee, 9eM TO, KOTOPHIM MOMKHO pac-
mojarath B mpefelaX MAeCATH- MM NATHAAUATHHENEILHOTO Kypca;
ropasmo 6odvimee, 9eM sKeldas OH IOTPAaTUTh YHTAaTeNh, A3YJarOMMit
OpeAMeT CaMOCTOSATeJbHO, HpPH HepBoM dTeHmn KHurn. [Jas rex,
gg;::., raasa; KTO He MMeeT BpeMeHH, B JJaHHOMH IiaBe JaH 0030p OCHOBHHIX MaTe-
Au@depennnas- MaTHYeCKAX CpefcTB, oTHocammicsa k Kypey 1 (§§ 8.4—8.7). On maer
oTHOCA IO BO3MOKHOCTh NPAaBHJILHO, HO He 0YeHb INIYy0OKO IOHATH KPHBH3HY
K kypey 1 OPOCTPAaHCTBa-BpeMeHHA, NPHMINBHHE IPaBATALMOHHHE CHAKL H MaTe-
MaTHYeCKMHA ammapaT MCKPHBJIEHHOTO IPOCTPAHCTBA-BpeMEHH. JTOT
0630p mpegHa3HadyeH TaK:Ke W A 4ATaTeNdA Kypca 2: OH IO3BOJHT
eMy COCTaBUTH LIpEACTaBIEHAE O TOM, 4YTO H3jJaraeTcd B MOCIeAYIOMMAX
rraBax. Y YHTaTelss ¢ NOBHIICHHHEIMH 3aIPOCAMH MOKET TaKike
BOBHHKHYTh sKellaHEe oOGpAaTHTHCA K APYTEM HadaJdbHHIM NOCOOHAM
oo audpdepeHguanpHoit reomerpum (cM. momosnenue 8.1).

Honoanenne 8.1. KHUT'H! MO JHOOEPEHIIMAJBHOII TEOMETPHH ?)

HMeeTcss HeCKOABKO MaTeMATHYeCKHAX HOCOOMiI, K KOTOPHIM MOHO oOpaTHTRCA MNJA
Goslee MoAPoOHOro M WCYepHEIBAIOMIEr0 HM3ydelins coBpeMeHHo# nuddepeHiuaIbHOI
TeOMeTpPUA B TOM AyXe, B KOTOPOM OHa H3jlaraercd sfgech. B KauecTse IIEPBOr0 YKa-
aceM [131]). Y3 nByx coBpeMeHHHX cTaHHapTHHX yueGHmEKoB [15, 132] mepBuit MoxHO
PeKOMEHI0BaTh [ ACOUPAaHTOB, a BTOPOA — 1A CTYAEHTOB, IpHYEM BO BTOPOM pac-
CMaTpHBaeTCs GOJBIIMHCTBO TeX Ke pasfeloB, HO He HPEAmoJaraercs, YTo YATaTeldb

1) CoBercKuM yATaTeNAM MOKHO PEKOMERIOBATH AOCTYnHYI Momorpaguio II. K. Pamesckoro
«PumaHOBa reoMeTpus i TeH30pHH{ amanms» (uag-Bo «Haykas, 1967 r.), mpegHasBadeHHYI AIA
H3Y9al0mUX CMenuajdpbHyIo I OOy TeOpHH OTHOCHTENbHOCTH.— ITpum. nepes.
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Jerko BOCHDHHMUMAeT COBPEMEHHHH CTHJIb, OPHHATHA MaTeMaTmkamd. Heckonpko
Gostee BLICOKMiI ypoBeHb M3NoeHuA npuuAT B KHATe [133], mocTymHoit TeM He menee
IS YATaTeNeil, KoTophle Goliplne NPMBHKIM K AaddepeHNAaNIBLHHM ypaBEEHHUAM, deM
K romomopdmamam. Jlerko untaercs kuura [134], Ho B Heif mepes YHTaTEJICM HE CTABATCSA
HHKaKNX Mpo6jieM M M3JI0/KEeHHe MaJo COOTBETCTBYET COBPEMEHHOMY MaTeMaTHICCKOMY
crmo. Ilocobmsa [19, 32, 135] B HEeKOTOpPHX OTHOMEHHAX HONOOHH JAaHHOM KHMre,
HO B HMX Mallo BHUMAHHAA YIENACTCA depTerKaM; OHA TOKe HpeflHa3HAYEHH AJIA CTYAel-
TOB, M3YUAlOIIHUX TeopHio oTHocHTeibHOCTH. Humra [102] mocrynua m monesna B kaue-
CTBC BRelIeHHA B TEOPHI0O BHemHHX AddpdepeHnAaIbHHX (OPM H COUCP/KHT MIOTO
NpPAMEpOB NpPHJIOEHHA K MHAPOKOMY Kpyry npoGieM Qm3uKn W TeXHHUKH.

§ 8.2. CPABHEHHUE KYPCA 1 C KYPCOM 2:
PA3JINYHBIN KPYT'030P, PA3JINYHBIE BO3MOKHOCTH

HauGomee 3aMedaTedbHOM 0COGEHHOCTHIO CBA3H, KOTOPAasA CYmeCTBYeT
MesKIy SUHMTEeHHOBCKOH TeopHell TArOoTeHAS M HBIOTOHOBCKO# Teo-
pueii, Kak nokasax dau Hapram (136, 137], aBagerca To oGeroATenn-
CTBO, 9T0 00e 3TH TEOPHH MO)XHO OOACATHL C IOMOMBI0O HOHATAA KpH-
BH3HH], 9TO B 00eMX 3TAX TeOPMAX KPHBH3HA ompefeasfieTcs IJIOTHO-
CTHI0 MACCH-9HEPTMA M YTO 3TY KPUBHSHY MOKHO ONpPEReIUTh ¥ H3Me-
pHUTH, COBepHOIeHHO He npHlerasd K HOHATHIO MeTpHKHA. Pasnmume xe
MeKAY ABYMS TEOPHAMH NPOSBAAETCA B CIEAYIOMEM: B dHHMITEHHOB-
CKoOHl TeopH# B KOHIIe KOHIOB (MJHM ¢ CaMOT0 Ha4aja — B 3aBHCHMOCTH
OT TOro, KaK ee M3JaraThl) JaercA ompedeleHHe MHTEPBAJA MENLY
KaKIBIMA JABYMA OAM3KHMM COGHITHAMN; B HBIOTOHOBCKOH Teopuu
3TOr0 HEe TOJBKO He JNeJaeTcs, HO Jayke yTBep:KAaeTcs, 4To J06ad
UONMBITKA PacCMOTPEHHA nPOCMPAHCMEEHHO-6PEMEHHBL HHTOPBAJIOB
OpUBOMMT K HapymeHMI0 3aKoHoB HrlotoHa. BBupy srtoro o6cros-
TeABCTBA B Kypce 2 B TedeHHe HEKOTOpOro BpeMeH: (ra. 9—12) cosep-
IMeHHO He UCHOoJb3YeTCA MeTPHKa IPOCTPAHCTBA-BPeMEHH («HHTEpBAaJ
ditnmreitHa»). B aTo# wacTH Kypca HCUCPIHBAIOTCA BCe BO3MOKHOCTH
OOHCAHAA KPUBH3HH IPOCTPAHCTBA-BPEMEHH, CBOGOTHOTO OT METPHKH
(sca Teopna HeoToma, BakHHe pasfens Teopuu IJiinmreitHa).
OTrIIOHEHHe Teo/le3HUeCKAX MO3BOJIAET AaTh ONpefelieHAe B n3Me-
pMTh KPHBA3HY, HO IPH 3TOM 3alpemaeTcA CBOXUTH BEKTOPHOE ONHKCA-
HHEe pasfeleEHA COOHTHE K YHCIeHHOMY B3HAYEHHI0 paCCTOAHHA
(Ha 3TOM 3Tame HM3JIOKEHHSA METPHMKA OTCYTCTBYeT),— Ka3aJoCh OHI,
HepepoaTHasa cHTyanusa!l Tem He Menee ato Kak pa3 Ta chTyanums,
PACCMOTPEHMIO KOTOPOH IOCBAMEHH T'M1. 9—12,— Kak H3ywaThb reo-
METPHIO, He NOJb3yACh MeTPHKOA. BHpaskaach uaMIeCKHM ABHKOM,
Ha JaHHEOM 3Tame MH 3afyneM, 4ro reoMeTpusa (U3HIECKOTO MHApa
BCErAia W BesJle JIOKaJbHO JIOpeHNeBa M HaJleJeHa CBOTOBHM KOHYCOM,
HO 3aTO B IHOJHOR Mepe HCHOAb3yeM NPUHIAN IKBABaJeHTHoCTH Iaju-
Tesa — JiiHmTefHA: B JI0GOM MeCTe MOKHO HATH CHCTEMY 0TCYeTa,
B KOTOPO#l Kakgad He#TpaabpHaA mpoGHasA 9aCTHLA C IPOHM3BOJBHOIA
CKOPOCTBIO He HCHHITHBAeT yCKopeHHA. TpaeKTopHA TaKHX HeATpab-
HEIX MPOGHKX JaCTHIl ONpPeleA0T Feo/le3adeCKHe JaHHOH TeoMeTpHIl.

TIpepBapuTenbHLIE
3aMEYaHHSA,
Kacawmuecs
H3NOMeHNA
med)epenuuanb-
HOH reoMeTpHH

B Kypce 2



C 9eM YHTATERH
Kypea 1

HE OMOMeT
HO3HAROMHTLOR
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Feoneanqecxue — 9T0 HHCTPYMEHT, C OOMOINBI0 KOTOPOro YmaeTcAa
cexaTh MHOTOE: laTh oOpefielieHde I1a pajlie bHOTo mepenoca (ri. 10),
HaTh oOpefielieHMe KOBapBaHTHOX upomsBommoit (ra. 10), koamae-
CTBEHHO OIIHCATH OTKJIOHeHWe reofesmyecKEx (ri. 11), nate ompenene-
HEe KPHEBH3HH IpPOCTPaHCTBa-BpeMeHHu (ri. 11) M mcciefoBaTh HBIOTO-
HOBCKoe Tarotende (ra. 12). Jlams nocae Toro, kax 6yAyT HCUepuaHK
BCe BOBMOKHOCTH reofleBMYeCKAX, CBOGONHKX OT MeTPHKH, B Kypce 2
OmATL HOABUTCA JiiHmMTEHHOBCKasA MeTpmkKa (ra. 13—15).

Ho orkasaTsCs 0T METpHKH — TaKas POCKOIbB, KOTOPYIO HeJb3d
HOSBOJIATH B PAMKaX Kypca 1, MOCKOJIBKY OPH 3TOM OCTaHETCH CJMII-
KOM MAaJio BpeMeHH [JIfi PeJATABACTCKEX 3Be3M, KOCMOJOIHH, YePHHX
JHlp, TPABHTALHOHHEIX BOJIH, 9KCOIePAMEHTAJbHLIX TECTOB M JAHAMHAKH
reomeTpun. [ToaToMy B npHBefleHHOM B AaHHOH raase o63ope, OTHOCSH-
meMycA K kKypey 1, Beaie Hcnonnayercd MeTpuka Jitumreitaa. OgHako
IpPH 9TOM NPAXOJATCS NOCTYOATHCA MHOTHM, a IMeHHO: 1) oTKasaThcsA
OT BOBMOKHOCTH HPOCJHEAHTD 33 AeHCTBHEM KPHBH3HH B HLIOTOHOBCKOM
npocTpaHcTBe-BpeMeHE (ra. 12); 2) oTKasaThCA OT BO3MOMKHOCTH
CpPaBHATH K IPOTHBOMOCTABATEH TeOMETPHYECKHE CTPYKTYPH HBIOTOHOB-
CKOTO IpoCTpaHCTBa-BpemeHH (Ti. 12) m siEmMTeliHOBCKOTO npoO-
cTpaHCTBa-BpeMeHnn (ria. 13), a clefoBaTelBHO, OTKAa3aTLCA OT BO3-
MOKHOCTH B HOJIHO# Mepe HOHATH HBIOTOHOBCKOe 0GOCHOBaHHE ypaB-
HeHA#A moaA JitEmreina (ra. 17); 3) oTKasaTsCA OT BO3MOKHOCTHU
B IOJHOH Mepe HOHATH MaTeMaTHYECKYI0 B3aMMOCBA3h HOHATHH
«reolie3WUeCKaf», (IapalliieJbHHA IEePeHOC», «KOBAPHMAHTHAS LPOH3-
BOAHAM», <KKpMBA3HA» M «MeTpHKa» (ria. 9—11, 13); 4) orkasarTeca or
BO3MOJKHOCTH BBECTH MAaTeMaTHUeCKHe HpeAMeTH «quddepeHnnans-
HaA TomoJorus» (reoMerpuA (e3 METPHKM M KOBAPHAHTHHX IPOH3BOJ-
HHIX, TI. 9) U «appurHaA reoMeTpHA» (TeOMETPHA ¢ KOBAPHAHTHHIMHK
IpOH3BOAHHME, HO (e3 MetpukH, ra. 10 m 11) — npeamern, KoTophe
HAXOAAT MUPOKOEe NMPUMEHEHHAEe B COBPEMEHHOM aHAJHTHYECKOH MeXa-
HAKe (cM., HampmMmep, [138], a Taxxe ympakmemme 4.11 B sroit KEE-
re), B TeopHH rpymi JIu, riayGoKo mpoHHKHYBINe# B (pU3AKY dJIeMeH-
TapHHX vyactdl (cM., Haupmmep, [139], a Taxxe ynpaskmEenua 9.12,
9.13, 10.16 u 11.12 B aToi KHHATe), B TEOPHA M MPH PENIEHAM ypaBHe-
HHA B 9aCTHHIX NPOM3BOMHHX (CM., Hampmmep, [140]) m, Komewso,
B TEOPHH TATOTEHHA.

§ 8.3. TEOMETPHMAA B TPEX ACIHEKTAX: HA YEPTEKAX,
B ABCTPAKTHON ®OOPME, B KOMIIOHEHTHLIX
OBO3HAYEHNAX

Oznaxomiuenue ¢ § 8.4 m ru. 9 mo3sosintT npuobpecTn HaBHK B o0pame-
HAW ¢ KacaTeJBHHIMHN BekTopamm, 1-Popmamm, TensopaMm B HCKPHB-
JeHHOM HPOCTDPAHCTBE-BpeMEeHH; O3HaKoMiaeHme ¢ § 8.5 m ra. 10—
HaBHK B HCIOJIb30BAaHHH HapaliieJhbHOTO HepeHoca BeKTOpPOB, M-
depeENEPOBAaHAE BeKTOPOB M B o0pameHARm ¢ Teole3MIECKAMY;
B§ 8.7mra. 11 aTH HaBHKE GYAYT HCOOIB30BAHK NPA PACCMOTPEHRH
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§ 8.3. I'comempus ¢ mpex acnexmaz

OTKJIOHEHUs reofle3WUeCKHX, NPHA ompefieleHHN KpHMBASHH;... . Onna-
KO 3TH HAaBHKH CTaHYT HO-HACTOAMEMY NPOYHEIMA JHIIB TOTAA, KOraa
9HTaTeNb CMOKET C OAMHAKOBHIM YCIIeXOM IOJb30BAaTBCA TpPeMs pas-
JAYHEIMA OPeACTaBJCHUAME: HAIVIANHKIM NpeficTaBieHAeM (Ha depTe-
JKaX), a0CTpaKTHHME 0603Ha9eHHAMH W KOMIOOHEHTHHMH o6o03Hade-
gusamu (gooosinenme 8.3). Kapram (noumoasemme 8.2) cdopmynmpoBan
HOBHIi B3IJIAK HA HBIOTOHOBCKYIO TeopHi0 TAroTeHHsa (ria. 12) m Ha
HpUHIMIAAJBHYI0 TeOMETPHYECKYI0 IPOCTOTY 3HMTEAHOBCKAX ypaB-
HeHH# mojaA (ria. 15) ammb Grarogaps TOMY, UTO OH ¢ OJMHAKOBEIM
MacTepCTBOM omepHpoBai B AuddepeHnnmajJbHOH TreOMeTpPMH BCeMH
TpeMsa MeTofaMH. B Hamm fgHE cBoGojHOoe o0meHHMe C KoJJeramm
B 9Toif oGiacthm 00A3aTelbHO mOApa3yMeBaeT yMeHWe BHPaKaThCH
Ha BCeX TpeX AsHKaX. JTEM 00BSCHAETCA H B3aMMOCBA3L Tpex fopm
BHIpaKeHHA B IOCJHeAyloIeld 9YacTH H3JI0KeHHA.

Kak moxasbiBaeT mpHBoAMMHIHA B yueGHMKaX aHaJH3 CKODOCTH
M YCKOpPEHHA IJIaHeTH, COBepmIAIOINeldl KellepoBCKoe MBHKeHHe
Bokpyr CoxHla, mepexoA ¢ OfHOTO ASHKAa Ha JApyroi m obGpaTno
manexo He HoB. CKOPOCTh IUIaHETH B3aIHECHBAETCA B BHJE

v=vTesvtey, 8.1)
€; B €;—eIUHUIHLE BEKTODH, chopenne paBHO
. de. ~dex
dv __ dvr ~ r ¢ ¢
a—'d—t— + dt e +v e ’Tt'. (8.2)

EnwenuEne BekTOpH mnoBopaumBaiotrcs (¢mr. 8.1) ¢ yraoso#t cko-
pocteio w=d¢/dt, oTKyna

de ~
r 3 (oe ~ = .d_¢ ~e
@t $= 65
. (8.3)
e o
T e = —g e
TaKEM 06p830M, KOMIOHEHTH YCKOPEHHsI HMEI0T 3Ha4YeHH A
T
- dv 3 d¢ d2r do \2
r = =
2 TR A el i ( dt ) ’ (8.4a)
- o d (_do\ , .dr db
¢ = 29 8 (80 ) oree
+oF a @ (r dt )+dt a (8.46)

3mech yCKOpeHHe NpPEACTABICHO B KOMIOHEHTHHX 0003Ha9YeHHAX,
gepe3 @ yCKopeHHe GBlJI0 0608HageHO Ha aGCTpPaKTHOM A3HKe, a Ha
¢dur. 8.1 ycropenme oGo3Ha4eHo CTpeikoit. B ciemylommx maparpa-
¢ax @ raaBax KakAM B3 3THX TpPeX CHOCOGOB BHIPa)KeHHA DOJYIHAT
eCcTecTBeHHOe o0000menne H3 JBYMEPHOT0 IJMOCKOTO HPOCTPAHCTBA

T'eomerprn

© Tpex TOYEKR
SpeEn:

HA vepTemax
B aﬁo'rpam'no’ﬁ

B KOMIOHEHTHMX
o6oanaTeHBAX

Op6BTa HIANeTH
KaR OpHMep

pex
TOUEK 3PEHBA
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do;/dt /}ie $ /de

Coxmye

QUr. 8.1.

KennepoBckas opOuTa B moJsie TaroTeEus CosHOA, UaydaeMasd B paMKaX OOKYHOK
HBIOTOHOBCKOi TEOPHM TATOTEHHA B IBKJAMIOBOM NpPOCTPAHCTBE. Ba3WCHHE BeK-
TOPH Ha OpOUTe MEHAIOTCA OT TOYKA K Touke [ypapHemma (8.3)]. 9ra ¢urypa
CHYKUT MocTpamueit miaa auddepeEnUaNbEOIl FreOMETPEH B HATJAALHOM Ipef-
CTaBJIGHAA — Ha YepTe;KkaX M pucyHkax. Hmmxe (ynpaxaeHue 8.5) 0HA mMOCHYKUT
MJTIOCTPanWeil AJA HOHATHI «KOBapHAHTHAsA MPOM3BOAHAS» H «K0o3pPMmuenTH
CBA3HOCTHY.

(c KxpEBOAMHEEHHBIME KOOPANHATAME) HA YeTHpeXMEepHOEe HCKPABJIEHHOE
OpOCTPAHCTBO-BpeMs, a W3 MPOCTPAHCTBa-BpeMeHH Ha MHoroo0pasms
Goxee o6mero Buma (0 MHOrooGpasmax cM. § 9.7).

Temepp mepeiimeM k 0030py aupdepenumansuoit reoMerpmu B
Kypce 1.

lononnenme 8.2, IJIH KAPTAH, 1869—1951 rr.

Oam Hapran — onda ®3 CaMux BHIAOMEXCA GUCYp B HCTOPHHE COBPEMEHHOHR MaTe-
Mataxkn. U3 mexposora [141] Mu y3HaeM, 4To OH pofmicA B CeMbe KysHella Ha iore
QpaHnuu #, TDOATBEPAXAB 3HAUCHHE NPABHTONGLCTBEHHHX CTHOGHAMA, mpoImea UyTh
no npogeccopa B CopGoHHe, KoTopEM oH cTad B 1912 r., Koraa emy Gsimo 43 ropa.
B Bospacte 32 aer oH cosgan BremHee nupdepennmpopaunme [142], Koropoe mcmonan-
30BaJl B OCHOBHOM B TeopHH AupdepeHIHANBLHHIX ypaBHeHUi 4 B Teopum rpymon Jlm,
KYyAa yciues ysKe BHOCTH 3HAYHTEJBLHHN Brjag. EMy 6blIo oKollo HATHOECATH, KOr/a
OH HadYaJ OPHUMEHATH BHemHee RAPPepeHHEpOBaHAME B TIeoMeTpHAH, M INECTHEECAT,
KOrjia OH CHenMaJbHO HPHCTYNMJ K HCCIeJOBAHHAM B PUMAHOBOX reOMETPHH, CO3/aB
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pyn [6], KoTopHit M mo ceit meHb mepemspaerca H
pexomeHnfyercs mia usysenns. OgHako, X0oTs ero pa-
GOTH M TOJYYHJH BCeMAPHOe MpU3HAHWE, OHU OHLIA
He OYeHpL TMONYJIAPHH y umMTaTexeir Bmrorh mo 1940 r.
B ato Bpems Bo @paHnuu HOBOE HOKOJEHHE MaTeMa-
THKOB, BHPa3ATENEM KOTOPOTo IBAJIACh Tpynma Byp-
6akd, HaYajgo CO3aBaTh HOBYI KOHIEONTYaJIbHYIO
6a3y B MaTeMaTHKe, 1 B YACTHOCTH [JI METONOB W
mopxona Haprama. Cpenammoe HapraHoM craimo mo-
CTYIHEIM [JIsi HOHHMAHUS X W3JI0KEHAA, 9er0 Helb3s
ObLIO CKa3aTh IIPO €ro CoGCTBeHHBHIe DPAalOTH, M K
MOMEHTY ero cMepTH B Bo3pacte 82 mer B 1951 r. ero
BIIsAHME ORIIO IBHO JOMUHUDYVIOMIAM B PeBOJIOIAOH-
HHIX mpeo0pa3oBaHMAX, 3aXBATHBIMUX K TOMY Bpe-
MeHH BCe pas[eisl MaTeMaTHKH (TeopHio rpynm Jlu,
maddepennAanbHEe ypaBHEHAS W IH(PepeHnmalb-
HYI0O T€OMETPHIO), B KOTOPHX OH palboTa..
CoBpeMeEHBI a0CTPaKTHHI, CBOGOJHBIA OT KOODAMHAT, HOAXON B TeOMeTPHH,
MHAPOKO HCIOJIb3YEeME B BTOH KHEUTe, Bo MHOroM o6g3am dam Kapramy. Vm Haiigen
TaK)Ke TeOMeTPHYECKM# IOAXOA K HBIOTOHOBCKOH TEODHH TATOTEHHS, pa3BHBAeMEIH

¥ WCHmoJb3yemuli B ri. 12.

Homonnenne 8.3. TPHM YPOBHS JNOOEPEHIINAJIBHON T'EOMETPUMN

1. IlpencraBieHEe TeOMETPHE C IOMOINBIO OOHUZ MOAbKO uepmedsceli: KacaTelbHBIH
BEKTOP IPElCTaBIsieTCS B BANE Pa3eleHAsA ABYX TOYEK B Ipefelie, KOTAa 5TH TOUKH
GeCKOHEYHO ONM3KU JPYr K APYTY;

BEKTODH CKJIATHBAIOTCA M BHYATAIOTCA JOKAJBHO TAK K€, KAK M B IJIOCKOM IIPOCT-

paHCTBe;
BEKTODH B DasHHIX TOYKAaX CPAaBHHBAIOTCA ¢ IIOMOIMBI0 IapallIelbHOTO MmePeHoca

U3 ONHO# TOUYKM B HAPYIYIO;

5TOT MapallIeJbHEA NEPeHOC BHIOJHAETCS € IOMOmBI0 «IectHHnnl Ilummay,
DOCTpOeHHON m3 reofiesmdecknx (momoanenme 10.2);

gepTeKH — fa, aarebpa — HeT;

C TOYKH BpPEHHsA OCHOBHHIX KOHIEHNIMN 3TO LPENCTaBIGHAE T'eOMETPUH HACTOJBKO
TECHO CBfA3aHO C NPOOHBIMA 4YaCTHIAME W M3MEDEHHUsIMHA, HACKOJIBKO 3TO Boobme
BO3MOYKHO.

Ab6cmparkmuas pudgepeHnualbEAS TeoMeTpH:
IpejfmoJiaTaeT, 9TO KacaTelbHHH BEKTOD CYIMIECTBYeT caM Ho cefe, M HeT HeoOXxo-

OUMOCTH pa3jaraTh ero Ha KOMIOHEHTHI:
A= A%, A'e,;+ A%, + Ade,,

noo6HO TOMY, KaK MH y;Ke IPHBHIKJIA ONEPHPOBATH C BEKTOPOM 3JIEKTPHUECKOTO

moas FE, He BHIOEACHBAfA er0 KOMIIOHEHT; MOZOOHHIA e IOAXOX HCIOJIb3YeTCs HpH

nuddepernEpopanun (cp. omepaTop rpaguenta V mIpOCTEHmEro BeKTOPHOTO aHa-

W33 W 3aBHCAMME OT KOOPAMHAT YaCTH 9TOro omepartopa: 0/0z, 8/dy m 1. m.);
ABJACTCSA MaTEeMaTHYECKOM CXeMo#l, KOTopas W3 BCeX HM3BECTHHX CXeM IM03BOJAET

=
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caMhM ORICTPHM M mpocTHM 06pa3oM modyuaTh o0ImMe pe3yinTaThl B Auddepen-
IHabHOM reoMeTpHH.

3. NaddeperumannrEas reoMeTpHs, NpefiCTaBIeHHAA Ha ABKIKE KOMNOHEHM:
He3aMeHHMa IpH COCTaBJIeHHHM OOJBIHEX MNpPOrPaMM /A YHCJIEHHHX pacderoB
B o0me#l TeOPHHE OTHOCHTEJIHHOCTH;
yRo0Ha, a HHOrfAa H HeoGXxoquMa, KOTAA Jeslo JOXOZUT, IYCTh Jake Ha mpocTedmeM
anrebpamueCcKoM YpoBHe, [0 CaMbIX HECJOKHHEIX NPUIOKeHHH o0meit TeopHa oTHO-
CHATeNBHOCTH, OT (QPHAMAHOBCKON paCHIHpSAIOMENACA BCeJeHHOHM H0 KDPHBH3HH
B OKPECTHOCTH CTAaTHYECKOTO TATOTEIIIEro LEeHTpa.

Tenaopuas
meoﬁ'::

1) neiicreyer
B GECKOHEYHO
Manoi
OKpeCTHOCTH
cobuiTHA

2) B HCKPEBJICHHOM
NpPOCTPAHOTBE
T8 Ke, 4TO
B B INIOCKOM

§ 8.4. TEH30PHASI AJITEBPA B HNCKPHUBJIEHHOM
IOPOCTPAHCTBE-BPEMEHH

Yro6H yBAAETH KPHBHSHY OPOCTPAHCTBA-BPeMEHH B HeHCTBAM, HYKHO
pPacCMOTpEeTh NpPHJIABHEE CHJIH TATOTeHHA (OTKJIOHEHHE Treofle3Hde-
CKHUX); 4TOOH OmpeAeJHTh 3TA CHJLI, HYKHO HPOBECTH H3MEpEeHHA
B aaGopaTopnm KoHeuHoro pasmepa. Ho crour ymenepmmurth dabGopa-
Topaio 0 6eCKOHEeYHO MaJHX pasMepoB, KaK BCe -3Q(eKTH, CBA3AH-
HEHE ¢ KPUBH3HOH HmpOCTpPaHCTBAa-BPeMeHH, CTAHYT 6eCKOHEYHO MaJllk-
Mi; PUBHK yKe He CMOKeT CKadaTh, HAXOOUTCA JH OH B IJIOCKOM HJIH
B HCKPUBJIeHHOM NPOCTPAHCTBe-BpeMeHu. MaTeMaTHK TOKe He CMOMKeT,
ecim o0iacTh, Ha KOTOPOH OH COCPeNOTOYHI CBOe BHEMAaHHE, C3KH-
MaeTCs B upefieNe K0 oAHOro cobmrus &P,

B cobutnu &, (B 6eckoneuHo maloii AalopaTopud) Kak (QH3HK,
TaK X MaTeMaTHK MOTYT CBoGONHO TOBOPHTH O BeKTopax, 1-gopmax,
TeH30paX; KaKoBo O HE OHUI0 8HaYeHMe KPHMBH3HE IPOCTPAHCTBA-
BpeMeHH, HX o6cyxieHne He 6yRer mo opMe OTIHIATHCA OT AHAJOTHY-
HOTo 0GCYIeHHsA B IJIOCKOM mpocTpaHCTBe-BpemerHu. Yactnna B &,
o6namaer 4-AMIYJNBCOM P, KBaJpaT BeJIWIMHE KOTOPOrO paBeH

pPP=p-p=g(p, p)= —m?

KHax o6muHO, A1 BHYACIHEHHS KBajgpaTa AJIHHH HYXHO BBeCTH P
B 06a BXORHHX KaHaja JHHeHHOW MANMEHN — METPHKH § B CoOOH-
an #,. Yactuma o6aanaer B &, takme 4-yCKopeHmeM 8, H eCJH
YacTHHA 3apsAkeHA M NBHKETCA CBOGONHO, TO @ CO3JAETCA TEH30POM
asexrTpoMaraaTHoro moxs F:

ma=eF (..., u).

HpanaHa HEKaK He MO’KeT BJIHATH Ha 3TH JOKaJbHLHE, HEe 3aBHCAMMAE
OT KOOPAMHAT COOTHOIUCHHS. Ona He MOXeT TaKKe IOMemATh BBECTH
JIOKAaJBbHO JIOPpEHIIEBY CHCTEMY B 5‘0 H IpOoH3BeCTH B Helt CTaHIapTHEIE
MAaHHNOYJIAODAA C HHACKCAMH, o6HYHHE JAJas ONJIOCKOr0o IpPOCTPaAHCTBA:

p=Dp%a, Pp?=p%PpPNop=p®Pa, ma%=eF* Pug.

Ho Toro, kro co6mpaercsi omepEpoBaTh B HCKDHBIGHHOM HPO-
CTPAaHCTBE-BPEMEHHM, JIOKAJBHO JOPEHNeBH CHCTEMEl HO MOTYT YROBIe-
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TBOpHTHh. HelopenneBH CHECTeMH (C HeopTOHOPMHPOBaHHHIMH Gasmc-
HLIMH BeKTOpaMd {8, }) 9acTo ynpomaIoT BHKIaakn. K cuacTeio, uToOH
OBlIafleTh «AHJEKCHOH TEXHHKOH» B MPOM3BOJbHOM Gasuce B mKCHpO-
pagEOM cobuTEn &, me TpeGyercs HEKakax ycuamid. IIpaBnna sgecs
TOYHO TaKHe K€, KaK H B INIOCKOM IpPOCTPAaHCTBE-BDEMEHH, Ba Cle-
OyOmMAMA HCKIOuYeHAAMH: 1) KoBapHaHTHEE JOpPeHLeBH KOMOOHEHTH
METPHKH 1), g CJeAyeT 3aMEHHTh HA

8ap =8, -85 = (8a, ©p); (8.9)
2) KOHTpaBAPHAHTHHEE KOMIOHEHTH 1°P ciemyer samenuth Ha g%P, rnme

Il °#1l=1l gusll* (obparmas warpana), (8.6)
T. o,
8a88P" = 8qY; (8.6')
3) marpnny mpeoGpasosamus Jloperma || A“’gll u obpaTHyIo eit MaTpH-
oy || AP, | cnenyer samenmTh Ha DpOMSBONERYH, HO He CHHIYJIApP-
HyI0 Matpmmy mpeoGpasopamns || L“'p" u o6paTHYIO eit MaTpmmy
|Lﬁa- II:
ep=8oL%5,  pb=LPyp*, 8.7
I L ll =1l L6 I (8.8)
4) B 4UacTHOM CAy98e <KOODAMHATHHX 0asucoBy, @, = dP/dx=,
ep = a&‘/axﬂ',
L¥g=02%1928,  LP5 = 0x8/02%; (8.9)

5) ren3op JleBn-UuBATH &, MOKOGHO METPHAYECKOMY TeH30pYy, MMeeT
KOMOOHEHTH, KOTOPHE 3aBHCAT OT TOr0, HACKOABKO Ga3WCHEIE BeK-
TOPH OTJAMYAIOTCA OT OPTOHODMHDOBAHHHX (CM. ympaskHenme 8.3):
ecam @, HaOpaBjieH B Gyaymee, a @,, 8,, @; — mpaBad TPo#Ka, To

Eapys = (— &) 12 [afvb],
e = g 'eapyy = —(—g)~ 12 [aBv0],
rae [afy0] —coBepmIeHEO AHTHCMMMETPAIHKIH CEMBOJ

+1, ecim afyd vermas mepecramoska 0 1 2 3,
{efyd] =4 —1, ecin aPy§ mewetHam mepecramoska 0 1 2 3, (8.106)
0, ecim He Bce affyd pasnmunm,

B rne Jepes ¢ oGosHAweH JeTeDMUHAHT MATPAOM || Zos ||
g=det | gup|| = det]| 8 -eg]l. (8.11)

B momonmemmm 8.4 nmamo mosHOe paccMOTpeHHe M- J[OKa3aTedbCTBA;
ynpasxHenrne 8.1 NM0OSBOJMAT JydYme HOHATH M OBJAfleTh MATEpPHAIOM.

B mpoBenenEOM BHIe 0GCYKICHER €CTh HeCKOIBLKO OMACHKIX MeCT.
B mmockoM mpocTpaHCTBe-BDEMEHH MH 9aCTO He TOBODHM, THe pac-
moJoxked Bekrop, 1-dopma mam Temsop. He samymmBaach, MeI cBO-

(8.10a)

3) opasmuna
onepHpPOBAHEA

© ROMIIOHEHTAMH
nouTH He
HBMEHATOA
OpH HONOJb30BA-
HMHM HEOPTOHOP-
MHPOBAHHOTO
Gaanca

KOMIIOHeRTH
MeTpPHKA

IIpeoGpaszoBanne
Gazneca

KoMIOoOHeHTL
TeH30pa
Jiesn-UMBHATLI



BekTopn

H TeH30pH
HEb3A
nepeMewaTh
H3 TOYKH
B TOYRY

Onpenenenne
KacaTe/IbHOro
UPOCTPAHCTBA

Onpenenenna
BEKTOpA

B HMCKPMBICHHOM
NPOCTPAHCTBE-
BpeMeHn:;

1) B BHAe
dFsdxn

2) KAK npou3BOA-
HOA mo Hampas-
JeHHI0
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6oxHo mepememaeM reoMeTpAYecKHe 00BEKTH OT COGHTHA K COGHTHIO.
Ilpn sToM, KOHeYHO, HeABHO HoApa3yMeBaeTcd HpPaBHIO IepeHOca:
nOpd OepeMeleHHH BCe NJHEH H HAaNPAaBIEHHA OCTAIOTCA (HKCHpO-
BAaHHHIMH, T. €. PAKCHPOBAHHE BCe KOMIOHEHTH B JOPEHIEBOH CHCTEME,
a1 ofbeKT mepeMemaeTCs «IapaJjuledbHEIM mepeHocom». OmHako
B HCKPHBJIEHHOM IPOCTPAHCTBEe-BPeMEHH He CYMeCTBYeT riaobalbHoit
JIopeBIeBo#l CHACTEeMH, B KOTOPOi#l M0KHO OO On ¢uKCHpPOBATH KOM-
IOHEHTH; a 00'beKTH, HepBOHAYAJbHO HapajielbHhe, IIOCHe «Oapal-
MeNBHOTO MepeHoCa» BNONb pPAa3JHYHHIX KPHBHX IepecTaloT OHTH
napajiIeJbHRIMA ((OTKJIOHEeHAe Teofle3d4yeCKUX»; 3eMHbIe MEepPHIHAHEHI,
mapajliiebHNe Ha 3KBaTOope, mepecexamrca Ha CesepHom u IOxHOM
noniocax). TakuMm oGpa3oM, B ACKPHBJIEHHOM IPOCTPAaHCTBE-BpeMEHH
HeJIb3s1 GeCIeYHo ImepeMeImiaTh 00'beKTH H3 TOYKH B TOUKY, HO OIHCAB
TIIaTeJAbHHM 00pasoM, Kak M I0 KaKOMY LIYTH OHH NePEHOCATCH.
¥ xamgoro loKaJbHOro TreoMeTpHYeCKOoTo 00BeKTa eCTh CBoe o¢H-
OHaJbHOe MecTomoloxeHHe (cobmTHe &,); OH MoykeT B3aHMOJeii-
CTBOBATH C JAPYTEMH 00BEKTaMH, PacmoJOKEHHHMH TaM jKe (T€H30p-
Has ajare6pa), Ho OH He MOKeT B3aMMOJEHCTBOBATH C OPOM3BOJIBHAEIM
o6bexToM B ApyroM coGuram @, noxa ero cooTBeTcTBylomuM 06pasoM
He nepeneciu u3 &y B @.

Takoit xon paccy:kKJeHU# mpH AajbHeillleM pPa3BUTHH IPUBOJMUT
K HOHATHAIO «KaCaTeJbHOTO MPOCTPAHCTBA» B KasKAOM COOHTHH, B KOTO-
POM JieKaT BeKTOPH (cTpeakd) W 1-dpopmel (cemeiicTBa mMOBepPXHOCTeIH)
MaHHOro COOHITES M B KOTOPOM MAeUCTBYIOT ero TeH30pH (IHMHEAHHIe
mammnH). PrCyloT fajke 9SBpHCTHYeCKHEe KapTHHH KacCaTelhHOTO
mpocTpaHCTBa, mopo6ueie ¢ur. 9.1 (crp. 288).

K wumeny pgpyrmx omacHocTeir B HCKDHMBJIEHHOM IPOCTPAHCTBe-
BpeMEeHH CJiefyeT OTHECTH HCKyINeHHe NPefCTABIATh ce6e BEKTODPH
KaK CTpeJKH, COefHHAIMmMUEe [Ba COOHTHA («TOYKa OCTPAA H TOUKa
OCHOBAaHH»),— T. €. NPENCTaBAATh ceGe KacaTeJbHOe IPOCTPAHCTBO,
naobpasenHoe Ha ¢ur. 9.1, pacmosoxeHHHM B CaMOM IPOCTPaHCTBe-
ppemend. Takoe mNpefcTaBlieHHe MOMKET OKa3aThCA IOJE3HHM JiA
IBPHCTAYECKAX IeJell, HO OHO HeCOBMECTHMO ¢ abCoJIOTHOH Mare-
MatHuecKoii cTporocTeio. (Haxmm o0Opa3oM Mo3KHO YIOKHTBL Kaca-
TelbHOEe OPOCTPAHCTBO B MCKpHBJIeHHYI0O moBepxHocTb?) Ha ¢mr. 2.1
DaHO YeTHpe oUpefieieHAA BeKTopa: TPH M3 HHX OCHOBAHH Ha (TOUKe
OCTpHSA K ToYKe OCHOBAHHAY H OJHO 9ACTO JoKaabHoe (dF/d)). Tomsko
JI0KaJbHOE oONpeleleHHe IeIHKOM NpUeMJeMO JIA MCKPHBIEHHOTro
OpOCTPAaHCTBa-BpEeMEHN, HO flake W 0HO MOKeT GBHITH YN yUIIEeHO C TOYKH
3peHHs MaTEeMATHKOB ClIefylOmuM o0pasoM.

CymecTByeT B3aEMHO OJHO3HAYHOE COOTBETCTBHe (HOJHHE «H30-
MopdEaM») MeKAY BEKTOPaMH U M omepaTopaMM IPOM3BOJHOE IO
HanpaBiaermio 0,. IloHATHMe BexTopa He COBCeM YeTKO ompefeleHo,
TOra KaK (IPOHMSBORHAA IO HANPABJIEHHIO» ompefieleHa aGCONIOTHO
crporo. UroGm m36aBHTHCA OT HE4eTKOCTH, HCHIOJNB3YeM B IOMHOH
Mepe H30MOPPH3M: ROAONKUM NO onpedeseHulo, 9TO KacaTeXbHEIA

BEeKTOp U COBIaJiaeT C COOTBETCTBYIOMEji HPOA3BONHOM IO HaPaBIECHAI0
U= d,. 8.12)
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(Taxoit mOAXOM, XOTA H MOKeT OKa3aTLCHA BHauajle He3HAKOMHIM A
¢msEKa, BeCcbMa IUIOOTBOPEH B MaTeMaTHKe, H MH OyjeM HM 9YacTo
IoAB30BaTHCA B 9Toi KHATe. Bosee momHoe paccMoTpenne cM. B § 9.2).

8.1. Yopaxnenne mo TeHsopHoii aareGpe

Iycrs 4, x, Yy 2 — AOPEHIEBH KOOPAMHATH B MAOCKOM NPOCTPAHCTBe-
BpeMeHA, H OYCTh

r=(2+y2+22)"t, O@=arccos(z/r), ¢=arctg(y/z)
— cooTBeTCTBYKOIMAE cfepnueckne kKoopamHatH. Torna
8,=0/0t, e,=0F/or, ee=0/30, e4,=0F/0¢

— KOOpAMHATHHI Gasuc, a

aF P 1 0P 1 P
%=2r" % =% %7 @' ® TS0 s

— HeKoopAWHaTHLI# Gasmc.

a. HapmcyiiTe BeKTOpH! @6, 84, 85 W 8; B HECKOJBKHX TOUYKax
pa cdepe mnocrosmHmXx 3HaveHmiA ¢, r. ([aa ey, @, OTBET AONKEH
nagoMuBars ¢mr. 9.1.)

6. Uro mpepcrapasior coboii Gasmen ms 1-Gopm {©°) m (0%},
AyalbHHE K OJTEM 0asmcaM M3 KacaTelIBHBIX BeKTopoB? (Omeem:
O=dt, o"=dr, 0°=d0, 0*=d¢; 0 =dt, 0" =dr, ©® =rdo,
0% =rsin0dé.)

B. Yro mpexcraBaser coGoii Marpmua mpeoOpasoBaHMs, CBS3HIBa-
IOaA HAYANBAYIO JIOPEHIeBY CHCTEMY €O cepHuecKoii CHCTeMOH Ko-
opnuHaT {8,}? (Omeem: oTIMYHEIE OT HYJIA KOMOOHEHTH DaBHHI

(7} 7 .
Ly=1, L’,=-a—:=cos6, L‘9=7%=—rsm6,
L%, =sin 0 cos ¢, L*g=r cos6cos ¢, L¥y= —rsin0Osin ¢,
LY, =sin0Osin ¢, L¥g=rcos Osin ¢, LVy=rsin0Bcos ¢.)

r. Hcomonpays matpmny mpeo6Gpa3oBaHHA, HaijnTe KOMOOHEHTHI
METPUKH g,p B CPepHIeCKOM KOODTHHATHOM Gasmce; o6paTHB moxy-
4eHHY0 MaTpHIly, Haimute g%B. (Omeem:

go= —1, gr=1, goo=r?% ges=r?sin?0 Bce ocTambHLE g8 =0.

0= ~1, g"=1, g®¥=r2 gt*=r"2sin"20 Bce ocrampume g*f=0.)
n. Iokaxmre, uTo HexoopammatHmit Oasmc {e.} Besse aBIAercA

OPTOHOPMHPOBAHHBIM, T. €., 9T0 £ 5 = Tap, BIH ’

= —0'Q0'+0" Q0™+ 0’ e’ 0o’

YIIPAXKHEHHSA
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e. 3anamuTe rpagueHT GyEKOUA f B cPepUIeCKEX KOOPAHHATHOM
M HeKOODAMHATHOM 6a3ncax. (Omsem:

df— Lat+SLdr+ 2L do+ 2L dg =

1 af
[
0) +ar mr+ +rsm6 a¢"’ )

k. UeMy paBHH KOMIOHEHTH TeH30pa JIeBn-‘lanu B cepnue-
CKAX KOOPAHHATHOM H HeKOOpAMHAaTHOM GasHcax? (Omeem 0as koop-
dunammnozo 6asuca:

€0r0¢ = —&r00¢ = + Ere04= ... =r"2sin6,
e8¢ = —prifd — | erf0é— = —r-25in10,)

8.2. Kommyraropn

BcraHeM Ha TOYKY 3peHHA MAaTeMaTHKa, KOTODPHIA CYATaeT, UTO BeK-
TOpDH H HPOM3BOAHLHIe IO HAaUpPaBJIEHHIO — OXHO M TO 3Ke, U == J,.
Ilycte U ® ¥ — [gBa BEKTOPHHX IOJA; OHPENEAHEM HX KOMMYTATOP

moJioGHO TOMY, KaK 3TO AeJXaercsi B KBAaHTOBOM MeXaHHKe:
[u, VI=[0u, Oy] == 040y — 8y0x. (8-133)
a, [lony4umre cuegyomee BHpamkeHHe MJIA [U, V], CIOpaBegaAHBOe

B mio0oMm koopdunammuom Gasuce:

(u, v]=(ubv®g— vBu% g)@,. (8.136)
Takam o6pa3oM, HecMOTpA Ha To, uto [u, V] moxoske Ha muddepen-
I@aJbHKA oMepaTop BTOPOTO MOPANKA, HA CAMOM flelle 3TO ONepaTop

OepBOro HmOpANKAa, T. €. KacaTeldbHHH BeKTOD.
6. dua nponasonmoro Gasuca {@,} ompemensfeM KOMMYMAyUOH-

Kble Koafuyuenmsl cpy® B Cgyqt
{@s, 07] =(py*B8qa, Cpya = ZanCoy™.
IMoxaxuTe, 9TO AAA JN060T0 KoOpAMHATHOTO (a3Hca cbv“

(8.14)
= cﬂ?a = 0.

o &
8. Hajinmre c g5~ Mua cepmaeckoro HekoopimHaTHOTO Gasuca, pac-

A

cMoTpeHHOTO B ynpaskaenun 8.1. (Omeem: Bce c- paBHB HYJIIO, 3a

ACKNIOYeHHEeM
c350 =—c30=—1rr,
¢3¢ = —C;,;$= —A/r,
€53 b= —c5% = —ctg0/r.)

8.3. KomuomenTn Tensopa Jlesn-UYHBHTHI B HEOPTOHOPMAPOBAHHOM
cEcTeMe oOTcYeTa
a. Ioxkamure, 9r0 BHpaxenna (8.10) mpencraBaarwT coboll KoMmo-

HeHTH € B DpoH3BoJLHOM (asmce, Te 8, HampaBleH B Gymaymee,
a e,, 8,, 83 — OpaBas rpoiia. [Vxasanua: 1. IlpocmorpHETe OmHCa-
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Hue € B JIOPeHLieBb X CACTeMaX, faHHoe B yupaxHenun 3.13. 2, Halign- ~ YMPARHEHHAA
Te £4py0 B €%PY ¢ moMompbio mpeoGpasoBanns A3 JoKaJbHO Jopellie-
Boil cucTeMbl {@;}, HampHEMep
7Bk 7V A b
Gaﬁvg-—L aL gL vL 68;;33.
3. IloxamTe, 9TO 3TH BHIDAKEHHA CBOIAATCA K

~

eappo=det||L¥,|lez 555, eB0=det| L';]le*P¥°,

4. Ucxoma m3 3axkona npeoGpa3oBaHdsA [l KOMHOHEHT METPHKH,
OOKa)KHTEe, UTO

(det || L7 11)*det || gas || = —1.

5. O0bemnHMB 3TH pe3yJNbTaTH, moaywute Beipaxkendsa (8.10).]

6. ToxaaTe, YTO KOMIOHEHTH TeH30pPOB IepecTaHOBOK [ompeme-
nsembix cootHommenmaMn (3.503) — (3.50k)], EMer0T B MpOM3BONBHHIX
cacTeMaX oTcueTa Te ke 3HaueHuA (3.50x) — (3.50H), uTo A B JOpeH-
IeBHIX CHCTeMaXx.

JlonosHuTedbHEE yupasKHeHHA o TeH30pHO#! aareGpe — ynpask-
fenua 9.3 # 9.4 (crp. 292).

Hononnenne 8.4. TEH30PHAA AJITEBPA B ®MKCHPOBAHHOM COBBITHH
B IIPOH3BOJBHOM BA3UCE

A. Basucm

Basuc xacaTelbHEIX BEeKTOPOB: BHIGUpaeM @,, 8, 8,, 8, B &, npon3BoiabHENM 06Gpasom,
HO € YCioBHeM, 4ToOB OHM OBUIM JHHEHHO HE3aBHCHMAEL.

«[lyaasnsrit Gasme» 1-gopm: Gasuc {e,} moaBodser ompemesnuts Gasuc 1-gopm

{©”} («ayaububiii K HeMy GAa3HC») M3 COOTHOMEHHS
(0%, 8p)=0%

[eM. cooTHowenme (2.19)].

Teomerpmueckas mutepnperanua (fur. 9.2): e,, @3, €, DAPAIIENbHH HOBEPXHO-
¢TAM !, a @; IepeceKaeT TOYHO OAHY IOBEPXHOCThL ®'.

(yHKOEOHANbHAA WHTEPOPETAIMA: DABEHCTBO (W%, 8p)= 0% ompegenser 3Haue-
HHe ®% Ha IPOU3BOJILHOM BeKTope UW=uPeg (YmCIO «yNapoB KOJOKONA», KOTrga U
nepeceKkaeT ©%):

(0%, u) = (0%, ubag) = ub (0%, 8p) = ubd® =us,

Yacraniil cayqait: xoopdurammubie 6asucel. BriGepeM NpOM3BOJNBHYIO CHCTEMY KOOD-
nmmar {z*(F)}. B cobrtam P, B KavecTBe 5a3UCHLIX BEKTOPOB BO3bMEM B8q = 0P/0z%,
Torma gyanbuniit 0asmc mmeeT BAX ©%=dx%. Joxazamesvbcmgo: o0Mee COOTHOMEHHS
{df, v)=0a,f (2.17); He 3aBHCsImEe OT CHCTOMH KOODAHMHAT, UPH f=1* m V=908 /9zB
npuHAMaeT BHEN '

(dz%, 3P |02B) = (0/0xB) 2* = 6%.
17--01457
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B. Anrebpa xacaTerbHBX BekTOpoB H 1-Popm
O6cy:xnmenne coorHomenni (2.19) — (2.22) B nopenneoit cucTeMe coBceM He MeHAETCA
npi mepexofie K nponaBodbHoMy Gasmcy. OCHOBHBIE BHIBOAN:
pasioMenme, U= @,U*, G= 0, 0%
HaxXOMKJeHHe KOMHIOHenT, u® = (0%, u), 0, = (0, 8y);
3Havenme (GOPMBEI Ha BeKTope, (O, U)== Oqu%.
Ilpunoxenne x rpagmenTaM QyHKIMIL:
pasnosxenme, df = f 0% (onpegenenue f,);
Haxok[enue KOMIOHEHT, f .= (df, 8a) =0, f [cM. cooTmoOmenme (2.17)].

IlonuaTHe W omyckanMe MHIEKCOB OCYLIECTBIISETCA C IOMOMBIO g%F m gus [COOT-
romenna (8.5) m (8.6)). Horazameawvcmeo:
u— 1-popma, COOTBETCTBYIIAA BEKTODY U, OMpEHENseTCs MOCPEACTBOM COOT-
HOmeHAA (U, V)=U-V, KOTODO® NOJJKHO BWIOJHATHCA [ BCEX V; TOTJA
Ue== (U, 8a) = U-8, =UPeg- 8, = ubgp,; 0o6paTHB 3TO paBeHCTEO, noayyaeM
ub = gboy,.

B. Ilepexon x HoOBOMY Gasmcy

IIposenernoe paccMoTperne mpeoGpasoBanuii Jlopenna n cootHomenus (2.39) — (2.43)
IPAMEHAMH M K o6meMy ciydaio mepexofa K HOBOMY 6a3ucy, eCliH 3aMEHHTD || A“'B I
Ha OpPOM3BOJbHYI0 HecHHEryaspuyw MatpEny || L*g |l [coormomerus (8.7), (8.8).
OcHoBHBIE BHIBOJH:
8- =epL%, ep=e, L%y
0% = La'ﬁmﬁ, b = LBa'(DG';
Ve = L“'gvﬁ, vB= Lﬁwv“';
oa' = qﬂLﬁa'y 05 = Ua'Lalﬂ.
Ecam ofa Gasmca ABJIAIOTCA KOOPAHMHATHRMHA Gazmcamm, TO Lﬂa'=6x5/0x¢', L“'5=
= 9z% [0xB. Joxasameavcmeo:
) P @ a8
8= —— = R =0T LT}
* 9z% 9z*" 928 ar® B
nonoGHnIM e obpasom

B ozP @

I'. Aare6pa Tensopos

Bce nanoxenne § 3.2 [cootHomenma (3.8) — (3.22)] » § 3.5 (sa mckuouenmeM rpa-
ImenTa W JUBEPreHNHH), Kacalomieecd TCH30pHOH anre6phl, ocraeTcs (6e3 MaMeHEHH,

3a HMCKIJIIIOY€eHHeM TOro, 410
Nap > Jap "]“” - gaﬂ, Aa'ﬂ - La'ﬂv Aﬂa' - LBa'v
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a KOMOOHEHTH Tem3opa JleBm-Umputn sapatorca (8.10) Bmecto (3.50) [cM. ympaskne-
e 8.3].
OcHOBHEIEe BHIBOJHI:

pasznoxenne, $=S5%,8, @ 0P @ oV;

KOMOOHeHTH, S”g, = $ (0%, e, 8,);

HOIHATHE W OOYCKAaHHe WHJIEKCOB, Sug"= gmng"'ﬂv;

nepexol K HoBoMy Gasmey, S .= L oLP, LY,.5%.;

neiicTeme auuefiRkX Mamwms, S (6, u, V) = S%p,04ubvY;

TeN30PHOE IPOH3BeJieHHe, 1 =U @ V <= 70 — u%pb;

ceeprka, «M = cBeprka R mo xawamam 1 u 3» <= My,= R%,qy;
kocoe mpomapesienme o /\ B ob6aapaer xommonentamm of’ — pav;

1 1
nyanbEbe TeH3OPH, *Jogy= J &40py,* Fup= - F MVepvaps *Ba= 5 By va.

1. KouMmyraTtopm (ynpaxmenme 8.2, § 9.6, nomoanenne 9.2)

ITyets U B V — aBa moJiA KacaTelAbBbIX BCKTOPOB, TOTAA, OpMHUMas BO BHUManme,
910 U = Oy H V = 0y, HOJIOKHAM IO OUpEHeNeHHIO

(u, v] = [0y, Oy] = 040y — O\Oy.

ITOT KOMMYTATOD CaM €CTh HOJe KacaTeJbHOro BeKTopa. HoMIOEEHTHI B KoOp-
JuHATHOM Oasmce:

(u, v} = (ubv®,g— vPu® g) (0/0x%)
—[=e.}
Kommymayuonnvie koapgpuyuenms Gasmca:
[ea, eﬁ] = CaﬁvOY, CQBu = c“ﬂ?gw;.

B koopmmmEarHOM («rosoHOMHOM») Gasmce cqp?=0.
B HekoopaMHATHOM (¢HETOJOHOMHOM») 6asmce HEKOTOPhie U3 Cqp? o= O (CM. ympak-
menme 9.9).

§ 8.5. APAJIJIEJIbHBIA TIEPEHOC, KOBAPHAHTHAS
[POU3BOIHAA, KO3OOUIUEHTHI CBA3HOCTH,
TEOAE3UYECKHUE

MocToM, CBA3KBAIOMMEM KIaCCHYECKY0 MeXaHMKY M KBAHTOBYI0 MeXa-
UMRY, ABJASETCA NpHHIMO cooTBeTcTBHA. IlofoOHEM ke oGpasoM ;}‘P“;‘;ﬁ:‘e‘"mm
MOCTOM MEKJY IJIOCKUM IPOCTPAHCTBOM-BPeMEHEM M HCKDMBJCHHBIM  — MOOT  Memay
IPOCTPAHCTBOM-BpeMeHEeM ABAAETCA NPHHUMI OKBHBAJEHTHOCTH:  ppoorpamorsom-
«3aKoHH PU3MKH B A1060# J0KaJIbHO JOPEHIEBOH CACTeME MCKPHBJICH- e e RN
HOTO HPOCTPaHCTBa-BpeMeHH TOYHO TaKHe jie, KaK M B Il06aibHoil
JOpeHIeBO CHCTeMe NJIOCKOTO HpocTpaHCTBa-BpeMenm». Ho wrobm
OPEMEHATH NPAHLMO SKBABAJEHTHOCTH, HeoOXo[WMMO HMeTh MaTeMa-

17+
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THYECKOe OmMCaHHe JIOKaJbHO Jopennesoii cucTemul. OueBmAHBIR
cnocol BEIGOPA COCTOHT B CHeAYIOMEM: L0KAALHO JOPEHYeSd CUCTEMA
6 danHox cobumuu &, npedcmaeasem coboli cucmemy, Komopas ayuise
6Cec0 co2aacyemces ¢ 2a00arbHOl AOPEHY 80U cUCMeMOT 8 IMOoM cOBUmU;
m. e. amo cucmema kKoopounam, 8 Komopou

Guy (Fo) = Ny (8.15a)

U 6 Komopoii g,y HACMOALEO 6AUSKU K 1),y 8 OEpecmHocmu Py, nackonn-
KO Mo 803MONCHO:

Guvia (Fo) = 0. (8.156)

B o6mem cayuae g,y Henp3sl chedaTh eme Gamxe K Muy [g,v.q8(P)
Henb3fi 0GPaTHTh B HyJIb]; OHH XOJIKHE M3MEHATHCHA M3-32 KPHBH3ILL
npocTpancTBa-Bpemend. [PaccMorpure cootHomenms (8.24) m (8.44)
coBMeCTHO ¢ MaTepmasioM § 11.5.]

B nokannHO nopeHileBoil cACTeMe B MCKPHMBJIEGHHOM HPOCTPAHCTBE-
BpeMeHd Ha0,110XaTel b MOJKeT CPABHHBATL BEKTOPH H TEH30PH B COCe/l-
HUX COOHITHAX TOUHO TaK ’Ke, Kak OH Qexas GH 9TO B IJIOCKOM Tpo-
crpaHcTBe-BpeMenu. Ho utoObl mpoBecTH cpaBHeHHe, OH JoJ:ieH
napajiejbHO HmepPeHecTA X B ofHO obmee cobuitme. C ero Toukm
3peHHsA Mapa.IeTbHEII MeperoC OCYIMeCTBAAETCA IPOCTO: BCe KOM-
TMOHEHTH B JIOPEHIEBOM cUCTeMe COXPAHSIOT CBOM 3HAaYeHHMA TOYIO
TAK 7K€, KaK eCIH Obi OH HAXOJWICA B IUIOCKOM IIPOCTPAHCTBe-BpeMe-
au. Ho pna nabGaomatensi, He HMeHIEr0o JOKaJbHO JopeHIeBoit
CHCTEMHl, 2 BO3MO:KHO, 1 BOOGMe HU CHCTEMHE KOOPHAMHAT, HA $a3HCHBIX
BEeKTOPOB, HapajieibHHil mepeHoc He Tak mpocT. OH mommen auGo
y3HATh pPe3yJabTaT y CBOEr0 TOBApHIA M3 JOPEHIIeBOH CACTEMH, JUGO
NCHOJIb30BATh Golee CIOKHYI0 MeToguKky. OIUH MeTON, KOTOPHM
OH MOJKeT BOCHOJb3oBaThCHA,—«iectanua Illunma», mas moctpoenus
KOTOpOi# He HY;KHBI HM KOOPAWHATH, HY (Ga3HCHEIE BEKTOPH,— OmMHcal
B § 10.2 u B momonnennum 10.2. Ho unraremo kypca 1 He Tpebyerca
oBIIafeTh MeToAoM noctpoends «wiectHrubl Hnnmay. Or Bcerma mosker
y3HATB pe3yabTaT J0Goro 3adaHHOro OapalieabHOTO mepeioca
Y JOKaJbHO JIOPEHIcBa HaGIOfaTeasl WIM BOCHONB30BATHCA OGIMMHE
dopMynaMH, BHIBeAEHHEIMH HUIKE.

CpaBHeHHe ¢ HOMOIIBI0 DapaJiedbHOTO mepeHoca eCTh To, Ha yeM
0CHOBaHO IOHATHe rpajmenta TeHsopHoro moas VT. B § 3.5, rme
BIEpBble ompeAelieH rpagdedT, CoBCeM He YHOMHHAETCA IIapaJlieNib-
HbI HepeHoc, oXHaKo HeABHO IapailiIeJbHEIA NepeHoC TaM HCIOJb-
soBad: VT ompenencH TaxuM oGpa3oM, 4TO ero KOMIIOHEHTH! COCTAaB-

asor T%,, = 0Tp/0z? [311er T — Tensop paHra (1)] , T.e. VT

€CTh Mepa TOro, KaK KOMOOHEHTH Ts JIOpelII.leBOﬁ cucTeMe MEeHAITCA
oT Toukk K Touke. Ho 4OTCYTCTBHE HM3MEHCHHSI JOPEHIeBHX KoMOo-
HeHT» 03Haualo OH «napan.nenbumﬁ oepeHoC»; 3HAYNT, MB HesABHHM
06pa30M OTHICKMBAJ4 H3MeHeHHe T no oTHomeEHMIO K TOMY, BO 4TO
T oepemea 6 B pe3yabTaTe YHCTO NMapayieJIbHOTO mepeHoca.
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A=3

OUr 8.2.
Onpepnenenne KoBapmaHTHOI IpousBofHo# V V BEKTOPHOTrO HOJAA V BAONL KpH-

Boit J° (M), KacaTeJbHHM BEKTOPOM K KoTopoil sBasiercs W = d5°/d\: 1. Bubu-
paeM Ha KpuBoil Touky ° (0), B Koropoii Hy:kHO Haiitn V v. 2. BuGupaem 6ana-

Jexamyio TOYKy Kpupoit FP(e). 3. Iepememan v [P (e)] mapanneapnuM uepe-
HOCOM BJOJABL KpHBo#i o6patEo B & (0), mosyuaeM BeKTOp i [# (e)). 4. Haxo-

IvuM pasHOCTh O ¥ = v [P(e)] — v[F (0)]. 5. Torna V,v ompenenserca Kak
{V" [ (e)]—v % (0)] }

e

V= lim—a—' = lim
e—+0 € e—0

YroGH nepeBecTr TaKoe NOHATHE AudpdepeHIIMpPOBaHKA HA aOCTPaKT-
HHii A3KHK, DOCTYHNEM CledylomuM oOpasoMm. CHauajlla ompepmenum
KoBapHanTHY0 mpom3Bofny V, T tTemsopa T Bpmoas kpmsoit & (A),
KacaTeJbHHH BEKTOD KoTopoi#t paBeH U = 9F/dA:

(VuT)a Py= lim { T (e)lnepenecennuﬁ napajebHO B .9"(0)_T (& (0)]} .
e~+0 &

(8.16)

(Yactumit caywaii, korma T ecTb BexTopHOe NoJe V, cM. Ha ¢ur. 8.2.)
3aTem mojokHM mo omnpefesaenmio, uro V T npexacraBisder coloit
ANHEAHYI0 MAaIMIUHY, KOTOpad OpH BBeleHHH U B ee NMOCJHENHHII KaHaJ

naer V,T:
VT(...,...,uy=V,T. (8.17)

B pesyabraTe mMeeM TOT sKe OOBEKT («rpafiMeHT»), KOTOPHH OhI
onpefiener B § 3.5 (HokasaTeabcTBO cM. B ynpaxaennu 8.8). Ho aro
aJlbTepHATHBHOE onpefelieniie MOACHAET CBA3b C NapaJJieJbHEIM Iepe-
HOCOM, HCHOABL3YA TOT (aKT, 4TO

Vo T=0 <> T ucnuTHBaeT mapajjielbHK#l OepeHoc BAOJb U==dP/dA.
(8.18)

B aoxampHO Jopenmepoit cmcTeMe KOMOOHEHTH VT OpefcTaBIAOT

co6oit MpOM3BOHEIE IO HANPABICHHI0 OT KOMOOHEHT T: Tﬁa,v. B cay-
uae obmero Gasmca aro me Tak. Ecaum {ep (&)} — Gasmc, mpomsBoie-

Onpenenenne
KOBApHARTHOR
npoussopuok

Onpepenenue
rpajHeHTa
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LM, HO TJ3JKAM 00pa3oM MeHAILIWICA OT 'qulm K 'ro'me,
a {o)“( 7‘)} — nyansHHi K Hemy Gasuc, To mapagy ¢ V7P, =d7%, =
=7P 2.0 B VT=V (Tﬁaeg ® o%) soiiger sknag or Ve u Ve
Yrobu ouennTsh BKIAK oT VOz 1 V%, T. e. 4TOOH KOJINYeCTBEHHO
OmMCaTh BpauicHile, KpydYeHHe, pacTAKeHHe II cyhaTHC (a3MCnBIX
BekTopoB m 1-dbopy, BBoZATCA EKoadPuyuenmsl ceiznocmu

gy = (0%, V,8p) =
L =y,

_ (@-KoMIOHeHTa H3MEHEHUs @ NPH MAPALIENLHOM) o /g
~ \mepemoce BIOJIb @, (8-19a)

(oOpaTHTe BHIMAHME Ha NEPEeCTAHOBKY P M y, CMEeMAIOMYI0 HHJEKC
auddepeHINPOBAHNA Ha HocilefHee MecTo B I'); MOXHO IOKa3aTh
rakke (yopaskuenme 8.12), aro

(Vvﬁ)a. eﬂ) == - Faﬂv. (8.196)
C moMOmpBI0 3THX Road)dmunem'on "
Pary=VyTPa =0, T8, =0,T%, (8.20)

KOMIOHEHTHI FpaJueHTa, 0603HaTaeMule Tﬂa; vy IPEICTABIAIOTCA B BHJle

TPy =TPey+ TPy T¥e — T, 7%, (8.21)

(cm. yopaxuennme 8.13). Ecam 6m Gasuc B coOuTnM, Iie BHIHCIAET-
ca VT, opeacraBasaa coGoi noxa:mno JIOPEHLIEBY CHCTEMY, KOMIO-

AeEthH VT Oem GH PaBHH T8 «, v IIOCKOJBKY 3TO He TaK, TaKoe
«3HaveHHe [J1A JOPeHIeBoi CUCTEMBD JOMKHO GHTh CKOPPEKTHPOBAHO
Ha KpydeHHe, BpamieHHe, pacTA:KeHHAe M C3KaTHe (Ga3MCHEIX BEKTOPOB
n 1-popy. Yuenn Buna I'T B coorHomenun (8.21) # ecTh HeoGXoXEMEIe
NONpaBKIl — 00 OAHOMY Ha Kakauil mupmexc T. Bmn atmx mompaBou-
HBIX WJIEHOB JIeTKO 3amOMHHTH: 1) mompaBovHHIl WIEeH ANA BepXHEro
nHIcKCa (epeTcsa €O 3HAKOM «-+», a Ui HEKHETO — CO 3HAKOM «—»;
2) muperc mudpdepennnposannsa (Y B pacCMOTPEHHOM BHINe Clydae)
BCErJa CTOWMT Ha moclemHeM Mmecte y I'; 3) umpaexc, mas KoToporo
pHOACHiBaeTcA monpaBKa (f y mepBoro wiesa, o — y BTOpOTro),
mepexonut ot T k I', a wa ero mecte y T noaBiseTcA HeMOd HMHIEKC
cymmupoBanus (u).

3Hasn KoMmoHeHTH rpazdeHTa (8.21), KOMOOHEHTH KOBapHAHTHOM
mpoussonuoii V,T MO:kHO HafiTH mpocToit cBepTKoii ¢ u” [cM. BHIpase-
mre (8.17)}:

(VT = (TPqu)es® o, (8.22)
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HKorma u ecTs KacaTeabHmii BekTop K Kpumeoit &P (M), u=dF/dA, nas
xomnomeHT V,T mcnoawsayerca o6osHavenme DTBG/dx:

(ecnm 6asuc ABIAETCS KOOPAMHATHHIM 6asu-
coM, TO u¥= dz¥/d)\)

l

B v
D:'Aa =T =15, % =
= (T?,, v+ mompasxn Bmpa I'T) dx¥/dAh =
dT cr. + (FSV-‘VT a—T" TBu) dz’ (8.23)

Touka ¢ samatoir B TP «:y HaIIOMAHAET OPO NOOpaBOYHEIE WICHH BAMA
I'T, no6aBaseyue K T g, y; aHAJOTHYIO CEMBOI D B DTg/dk HaOMH-
HaeT Opo mompaBouHnle wiedw Buma I'T, nmobaBiaseMmsle K dTﬁa/dk.

Bce aTo ouenn xopomo, HO Kak A JaHHOro Gasuca Haltém Koad-
duuments cBasHoctn ['%gy? OTBeT, BEIBOX KOTOPOTO JaH B yIpaHe-
nEm 8.15, coctomr B caemyromem: 1) Gepem MerpHdeckme Koaddn-
IHeHTH B NaHHOM (asuce; 2) HaXoAWM OPOM3BOJHEIE OT HUX IO Gaswc-
HBEM HaOpaBJIeHAAM

86v.u = Ougpy = 0gpy/0z*; (8.24a)
T_ =0, T eCJIH HMCHONB3YeTCA KOODAHHATHBHIH
= " |6asmc e,=0P/dz"

3) HaxogEM KOMMYTan@OHHEE KoadduuuenTH Gasdca [B o6mem cuy-
9ae coriacHo yvpaBHenmaM (8.14); B wacTHOM ciydae KOOPRMHATHOTO
Gasuca cugy = Ol; 4) Haxomum «koBapHaHTHHE K0dPPUIACHTH CBA3Z-
HOCTH»

1
Ly =5 (gus, v+ 8uv.8— &by, + Cuby+ Cuyp—Co);  (8.240)

B KoopamHATHOM Oasmce )
aTH wieHdl paBEH 0

5) mopHuMaeM HHMIEKC, MOJYdYas B pedyiabTaTe Ko3(HmmeHTH CBs3-
HOCTH

Iy = g2 Tugy. (8.248)

(3amevanue no mepmurnosozuu. B KoopawHaTHOM Gasmce, HMHOTOA
Ha3HBaeMOM 2040KOMHBLM, BCETHA Cxpy = 0, B HEKOOPAMHATHOM 6a3m-
Ce, MHOI'JJa HA3BIBA€MOM HE20M0HOMHLIM, BCerja HEeKOTOpHEe N3 Capy
OTHMYHH OT RyJA. B cayuae rosoHoMHoro Gasmca KOa(pPUIImEHTHI
CBABHOCTM HHOIJA HA3KBAIOTCA cumeosamu Kpucmogdgens.)
KOMHOHEHTHHG 0003HAYECHAA ¢ HX TOYKAMHU C 3aO0ATHIMHA, 3aOATHI-
MH, cHMBosIaMa D, koaddEumeHTaMH CBA3BHOCTA M T. I. C HEPBOTO
B3IVIAAA BHIJIANAT HOBOJBHO CIOKHHME. Ho Kak TOABbKO MH yriayG-
JAeMCA B TEOPHIO TPABHTANHAM, TO cPasy oOHapy:;KHBaeM, 9To B HAX

JKOMNOHEHTH
KOBaPHAHTHO
NPOK3BOTHON

HaxoxReHne

KO3 PHUUECHTOB
CBA3UOCTH

¢ NOMOIBbIO
METPHKH

H KOMMYTATOPOB
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KPOIOTCH OTPOMHHEE BHYHCJIATENIbHEE BO3MOMKHOCTH, a NpaBmia obpa-
{eHAS ¢ HUMM AOCTATOTHO IPOCTH H JIeTKO yCBAaHMBalOTCA. AGCTPaKT-
unle o6osnavenug (VT, VT 4 1. n1.), HanpoTHB, niI0X0 npucmocobie-
HBl JAA CJOKHBIX BHIKJIafOK, HO OYeHb HATJIAJHH.

JTo pasnWuYMe YeTKO NPOABAAETCH B TOM, KaK B ABYX CHCTeMax
o603HadeHUH omMCHBaeTCA HOHATHe zeodesuueckoli. B mpdeTpaHCTBe-
BpeMeHH reoie3andecKas npeAcTaBiasAeT co60ift KPEBYIO, KOTOPaA B Kak-
IOH JTOKaJdbHO JOpeHIleBOH CHCTeMe, NOCTPOEHHOU B TOYKAX KPHBOIA,
ABJAETCA NPAMOA M MMeeT pPaBHOMepHYW mapaMerpmaanmio. Ecam
reofleamyeckas BpeMeHBNof00Ea, TO OHAa MO;KeT NPeXCTaBAATL Coboit
MHPOBYIO JIMHHUIO YAaCTANK B COCTOAHMM CBOOONHOTO DafieHHA, IpUdeM
ee paBHOMeDHO H3MeHAIMmuiica napaMerp A (HasnBaeMmHil agunnbin
napamempom) OTIMYAETCH JHIIb HA MHOKATENB OT COGCTBEHHOIO Bpe-
MeHH yacTAuM: A = at -} b. ([Ipmauun skBmBaneHTHOCTH: HPOGHEI®
JACTHILL JABMKYTCSA N0 NPAMHM JAHAAM B JOKAaJAbHO JOPEHIeBHX
cHCTeMaX; ¥ KasKAoil YaCTHIH C TOYKH 3PEHAA NPOM3BOJBHOTO JOPEH-
neBa HabaogaTeN A JacH HAYT C TOCTOSTHHOR CKOPOCTHI0.) ITO ompesie-
JleHHe Teofie3amuecKoit Jerko ¢opMmyaupyercs Ha abCTPAaKTHOM CBO-
GOMHOM OT KOODAMHAT s3bIKe: Teofie3nuecKas ecTh KpuBasa & (A),
KacaTeJIbHHi BeKTop KoTopoi U = dJ*/d)\ mepeHocHTCA mapaiielbHO
BJOJb Hee CaMoii:

V=0 (8.25)

(cM. ¢ur. 10.1). Uro Moser GHTH mpome ¢ WAeHHON TOUKH 3peHHA?
Ho utobm mo 3amamnoMy HadaJbHOMY cobmTHIO &, H HadaabHOMY
KacateapHoMy BekTopy U (&,) B HeM paccuHTaTh reo/le38MIECKYIO,
Heo6X0MAMO BOCHOJB30BAaTHCA KOMIOHEeHTHHM dopmanam3moM. Bpemem
cucreMy koopmmuat 2% (&), B Kortopoit u® = dz%*/d\, m 3ammmem
ypaBHeHHe (8.25) B KoMmoHeHTHoi#l ¢dopme:

0= D (dz%/d}) — d (dz%/dM) ! (Pau dz“) dz?

A . A
(cp. ¢ (8.23), rne y T Ha oAWH HHJEKC MeHbIIE); mOJydaeM
d2z% dz¥ dz¥
i+ w5 =0 (8.26)

Ecan 3amanm HauadbHhe faHHHe (2% u da®/d\ mpu A = A,), To aro
ypaehenue eeodesuueckur MOKHO (B NPHHIMIIE) Pas3pemUTh OTHOCH-
TeJIbHO KOOPAMHAT reojesuueckoi z% (A).

Teonesmueckue Ha moBepxHOCTH JeMin (OKDPYKHOCTH GoJbmHUX
KPYTOB) IO3BOJIAIOT Jyulle OpeACTaBHTh cebe, 49T0 Takoe Koahdm-
nUeHTH cBsasHocTH (Qpur. 8.3).

Marepuas naHHoro maparpada usiaoes Gojsee riyGokKo ¥ ¢ pas-
AuusLIX Touek 3pennsa B ra. 10 m 13. Umrartemo Kypca 2, KoTophil
HaMepeBaeTCA M3y4YHTh ITH TJAaBH, MOKHO IOCOBETOBATH ONYCTHTH
clefiylomue Hue ynpaswHenmsi. Unmtatenb Kypca 1, KoTopuil Hame-
peBaeTcA mpOOYCTHTh r'am. 9—15, mpopaboTaB ympasHenns 8.4—8.7,
npuodperer HeoOXORMMBIE HABHK ONEePHDPOBAHHA C KOMHOHEHTAMH.



OHr. 8.3.

CxeMaTHYeCKOe NOACHEHWE BOBEWKHOBEHHA KodddmuueRToB cBAsHOCTH. JleTauk, cnepyiomuil
mo Mapmpyty IlekmH — BaBKyBep BOJb OKDY;KHOCTH GONBIIOTO Kpyra, BHAMT, 4To CHAuaja
OH JIeTHT Ha ceBep, a 3aTeM Ha I0r, HCMOTPA HA TO, YTO OH BCe BPeMA JIETAT HO KpaTdaiimeMy
MapHmIpyTy M3 BCeX, KOTOpHe eMy JIOCTYNHH (o0 reofeauveckoil). Haxkymeecsa maMeneEne Hampas-
NeHHs 03HAYAET IOBOPOT, HO He KYPCa JIETIAKA, & CHCTEME KOOPAMHAT, NO OTHOIEHAIO K KOTOPOH
9TOT Kypc maMepsieTcA. ECau BEKTOD ero CKOPOCTM V (BEKTOp, ON[EEJCHHbl He B OPOCTPAHCTBE-
BPeMeHH, a HA JBYMEDHOHl IOBEPXHOCTH 3eMJH), B3ATHII B OoJiee PaHHMIX MOMEHT BpeMeHH, Iepe-
MeCTATH ¢ MOMOIMBIO IapajijieJbHOTO NepeHoca B TOYKY, Iie JETIMK HAXOAMTCA B 00jiee MO3AHMIT
MOMEHT, To MH 00HAPYKEM, 9TO OH COBIIAJIaeT C BEKTOPOM CKOPOCTH JeTUHKA B 3ToT Gonee moanamit
MOMEHT; Ba alcTpaKkTHoM f3HKe cBoGopHoit or KooppmEaT AufdepeHOUANbLHOE TreoMeTpAn Kopa-
pHABTHAA mpousBofHasA V v paBBa HYJIO Ha BCEM NYTH CIEf0BAHNA (¢yPaBHEHUE TeONe3UYECKOii»).

XoTHA ¥ B 9TOM CMHCIe H NOCTOAHEH, OTACJIbHEE CIaraeMue, U3 KOTOPHX, ¢ TOTKH 3PEHHA JIeTIUKA,
cocTout sror Bektop, Vv = Peg + v*e®, oTHOAER He mocToAEEH.
Ha A3HKe KOMNOHEBT BEJMYWHH U U U¢ H3MEHAITCA BIOJH OYTH CIEA0BAHIIA CO CKOPOCTBIO,
neoﬁxonm&oﬁ piti8: oﬁpamelmﬂ B HYJIb KOBapﬂanmoﬁ nponanonnoi'i oT V¥V, T. e,
V,v=a=a%s+ad%p =0,
njin

(-] -
_8_dv myn . n
O=a’=——+ o ommn, 0=a®= 2+ Do mar™om.
B aToM cMHCae Koag¢HNUERTH CBA3HOCTH MIPAOT POIbL «KO(PNIMEATOB IOBOPOTa», KOTOPHE
TOBOPAT HaM, C KAKOU CKOPOCTHIO ClIelyeT «I0BOPAYMBATHE» KOMIOHEHTH BeKTopa, 4To6H coxpa-
HATH BEKTOP NOCTOABHHM (KOMIEHCHPOBATH 3(¢eKT mOoBopoTa GasMCHEX BEKTODOB).
C apyroii ¢TOPOHH, JETYMK MOKET BOCIIOJIb30BATLCA «aBTOIMHIOTOM», KOTOPHII OCYMECTBASACT
napajjenbBHi NepeHoC CBOEX COGCTBeHHNX 0a3HCHKHX BEKTOPOB BIOJL Kypca camonera: V, g, =
=V,8,= 0; BeKTOpH, H300pakenHKE B . COIOMHLIMY JNHUAMH, NEPEXO/IAT B BEKTOPH, H30Gpa-

JKeHHHe B 3 mMTpHXOBHMA JjiwEMAMA. Toraa, YToGH IyTh CiefoBaHUA OHJ OKPYMKHOCTBIO 6OJB-
IMoro Kpyra, KOMIOHEHTH ¥V MONKHH COXDAHATh NOCTOSAHHHE 3HAYCHHA;
’, ’

dv® _.ﬂt_—o-
da ~ dt

Koa(pHnyueETH mMOBOPOTA ONHCHBAIOT HOBOPOT MAPAJIeei ¥ MEPHAHAHOB 10 OTHOWIEHNIO K mapaJ-
JeJbHO NepeHOCHMOMY 0asmucy:
m ™
V,80=28pnI"g 0" V86 =enl", v
B o6oux cayuasx paccMaTPEBAIOTCA ONHH H Te jke KoaunaeATH HoBopoTa. Pagauua JMmb B ToM,
KAK OHM NCHOJB3YIOTCH.
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He cTonns BaskHHMH, XOTA M HOJe3HEIMH, GYAYT IS Hero yUpajkHe-
HuA 8.8—8.15, B KoTOpHIX opMaTH3M KOBAPHAHTHEIX IPOMBBOLHBIX
B K03pPHUHEHTOB CBABHOCTH DAa3BHBAETCA Topaslo CHACTEMaTHUYHee.
Hau6onec BamHBle pedyabTaTH 3THX ympaskHeHHMiT KpaTko cPopMy-
JHpOBaHH B JononHemmE 8.6 (crp. 278).

YIIPAJKHEHWA

8.4. BrinnceiBaHHe KOMIOHEHT rpagHeATa

anmuiATe ClEfyOIMe BeIHYMIb Gepe3s OOGHYHME MPOM3BONHEHIE
(f_,,sa,vfsvvj) B mompasoushie wiesw Bnjga I'T: a) Ty, roe T —
$ynxuma; 6) 7%,, rme T—sektop; B) Tq.y, rme T—1-Popma;
r) T ps’y. [Omeem:
a) Tiy="Ty; 6) T%y=T%+T%,T" B) Toiy=Tay—T eyl
1) T%0%p = T80y T sl g6’ — TV gy T “s” — Ty T %" - Ty T 5™ ]

8.5. JImer Gymarn B NONAPHBIX KOOPIMHATAX

JlBymepHasA MeTpHKA HA IJIOCKOM JucTe GyMar# B MOJASAPHEX KOOPAH-
narax (r, ¢) umeer BHA: ds? = dr? -+ r? d¢?, nau B coBpemennnx 060-
suavennsax § = dr @ dr + r?d¢ ® dé.

a. Hcoonwpsys coorHomenusd (8.24), naigure Ko3pPUOACHTH CBA3-
Hocri. [Omeem: T7 44 == —r, %4 = T'%,, = 1/r; Bce ocTanbHEE PaBHH
my0.]

6. 3anumuTre ypaBHEHHE TeoJe3MYeCKHX B KOOpAmHATax (r, ¢).
[Omefm: d?r/dh® — r (d¢/dr)® = 0, d*¢/dA® + (2/r) (dr/d)) (dp/d)) =
= 0.

B. Paspemmrte 3T0 ypaBHeHHe Ieofe3NYeCKHX OTHOCMTEABHO I (A)
¥ ¢ (A) ¥ mOKaKUTe, 4TO PeIleHue eCTh PABHOMEPHO HApaMETPHE30BaH-
Hag npAMaa JTUAHA (=T cos ¢ = akh + b, 11e ¢ W b TPOA3BOIL-
HBl; y=rsin ¢ = jA + k, rie j u k DpPOM3BOJBHH).

r. Y0emmrTech, uYTO HEKOOPRWHATHHIA Gasmc e:=¢er= o /or,

e; =r"'e,=r"'9P/0¢, 0" =dr, 0*=rd¢ sBaserca opromopmmpo-
BaHAHIM H 9TO (0%, @ §r= e i 3areM, 3Has KoshPUIIHEHTH CBA3-

HOCTH KOOpPOMHATHOro 6Oasmca (DYHKT «a»), Haliimre KO3(PHIIMEATHI
CBA3NOCTE fAaHHOro Gasmca. [Omeem:

I‘J?$;_-—-_(m$, V;e$)=(rd¢, Vr(r—ied’)):
=pr (d¢, (Vrr—i) - S +r! (Vr&p)) =
=T(d¢, —r%e,) - (d¢1 V8=

—r Ty = — 1 =0

I

ananormyno I'*~o= +1/r, I'" ;o= — 1/r; Bce ocranbEme paBHH
HYJIO.]
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n. Paccmorpure KewsiepoBckyio opduTy, nokasaunywo Ha ¢ur. 8.1
n u3ydaBmyiocs B § 8.3, KaKk Hereofe3N4ecKy0 KPABYIO B ABYMEpIoOit
3BKRJINAOBOA 3KRaTopmambHoii miaockoctn Cosnma. Bmecto crapoix
obo3nauennit dv/dt, de;/dt n T. . MCHONBAYHATE HOBHE 0603HATEHIIS

Ve V,e; g 1. 1. Torga v = d¥/dt — xacareabnuit BeKTOp OpGHTH,
a a = V,v — yckopenne. Brsexure ypasuenus (8.4) mis a u a®»

OnepHPYA KOMOOHEHTAMH I KOIPOHIHEHTAMA CBS3HOCTII B OpPTO-
HODMApOBaHHOM Oa3uce.

8.6. Ciepaveckne KOOPAHHATH B II0CKOM NPOCTPAHCTBE-BPeMEHH

Cdepuueckuit neroopaunarnslii 6asmc {@;), BBeAeHHEIT B ympam-
gernn 8.1, opTOROPMUpOBaH, 858 = Map» HO €ro KOMMYyTanMOHHHE
KooppnmuenT ue paBnnl Hydio [IynrT «B» vnpamnenna 8.2].

a. Ucomoaw3ys coornomenusn (8.24), uaiianre rodpdumuenTsr cnas-
noctn B 3ToM Gasmce. [Omeem:

anzm P nn =
so=—T"35=1/r,

BCe OCTAJbHHE pAaBHH HYyII.]
6. 3anMmuTe BHpasKeHUA I Vse; depes @; M LPOBepbTe mpa-

BIJIBHOCTH 3THX BHDa)KeHHMH, HAPHACOBAB PACHOJOKeine OasHCHEIX
BEKTOpOB Ha cdepe mocTOAHHHX ¢ u r. [Omeem:
-8~ =184 ~0a = —rlg- ~@~=rlg-
Vse,=r"e;, Vgzeg=—r'e:, Vie-=r"eg,
—_ —_— ~1
Vi85 =_(ctgb/r)es, V;e;=—r'e;—(ctglr)e;.
Bce ocranbHBe paBHH HYJIIO.]
B. [lomyumre BHpaskeHme p&NA AuBepreHnuEM BeKTopa V-A=
= A% - B arom Gasmce. [Omeem:

V-A=A,;,+r2(r?4 ;) » -+ (sin 6)t (sinﬂAé)'ﬁ +AA" 3=

o4t 1 a(rZA')_l_ a(sin04%) 1 04®
rsin 0

=" 3 a0 Trsnn() 90 °

IT0T OTBET AOJI;REH ObITh 3HAKOM YUTATENI0 I3 BCRTOPIIOTO aHaJH3AQ
B ILTOCKOM IIPOCTpPAaHCTBE.

8.7. CammeTpun Ko3(pHIHEHTOB CBA3HOCTH

Mcxona u3 coornomenms (8.246), CHMMETDHE METPHKE WM AHTHCHM-
METPHH (Cpyy = —Cypy) KOMMYTAIMOHHHX KOQHLHEHTOB, HMOKaKHUTe,
910 Iorpy)=0 (cHMMeTpmYnEI mO mOCHENHHM JBYM HH[EKCAM) B KOOp-
JmeatHOM Gasmce; I @)% =0 (aETHCHMMETPHYHH OO nemeM IBYM

HHAEKCaM) B moﬁanbno OpTOHOPMEpOBaHHOM fasmce, £ 5 = Nop.

YOPAKRHEHAA
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CucreMaTHueckmii BmBOJY pesyastaros § 8.5

8.8. CpaBuenne HOBOro m craporo ompenenesnii VT

Horoe ompepenenne VT naerca coornomenmamu (8.16) u (8.17).
Hcnoap3ya Tor ¢akT, 4TO IpPHM NApPaJJIeIbHOM NEpPEeHOCE JOKAJIbHO
NOpeHneBH KOMIOOHEHTH He Meuswrcd, ua (8.16) moayuure coorio-
menne V,T = Tﬂa'vuveﬁ ® %, copaBeAjiMBOoe B JIOPEHIEBOM cuUcTe-

ye. Orcioga u u3 coorsomenus (8.17) susepure, wro KomnonenTot VT
B JIOpeHmeBoil cucreme paBum T8 » 9TO HAXOJMTCA B COIVIACHH CO

crapsiM onpenenenunem VT,

8.9. InddepennnpoBanne mpousBegeHMs

a. IIpousBomsi BHIKIAAKN B JIOKAJBHO JOPEHLEBOH cucTreMe, MmOKa-
JKETe, 9TO i omeparopa «V,» cupaBelauBo o6mdYHOe nNpaBmao Aud-
depernEpoBaHEA NPOH3BEJEHHUA:

3nece A m B — unpom3BoiibHHE BeKTOpPH, 1-GOpMH HAM TEH30pHI,
a f— mpousBoavHas ¢yHknuA. [Vkasawue: pua ompegeseHHOCTH
npexuoyoskaTe, 4To A — TeHsop panra (i) , a B — Bexrop. Torna

KOMIOHEHTHAA 3aI0UCh 3TOr0 PaBeHCTBA B JOPEHIEBOH CHCTEME MMeeT
BHJ
(fA%B") 5u® = (f,;ul) A%B" 4
@ v @ (pYy
+ 1 (4%,8u%) B'+ fA%p (B 5ud).] (8.27")
6. Ilepenumnte coornomenue (8.27) B KOMIOHeHTHHX 0Go3HaTe-
HNAX B mpom3BoabuoM Gasuce. [Omeem: mo Bumy cosmagaer ¢ (8.27'),
B KOTOPOM 3aNlATasA B MHAEKCAX Bea[e 3aMeHEHa Ha TOYKY C 3aOATOM.

Ilpumume 6o enumarue, uto f.s ud = f 5 ud, nockonbky y Qpyrxnun f
«HeT KOMIIOHEHT, KOTODHE HYMHO KOPPEeKTHPOBAaTh.]

8.10. KosapmanTHasA NPOHM3BOAHAA KOMMYTHPYET CO CBEPTKOM

Ilycts 8 — Tensop pasra (;) . C 1oMOmpbI0 KOMIOHEHT B JOKAAHHO
JIOpEHIEeBON cHCTeMe IOKaKknTe, 9ITO
V. (cBeprka § mo kamamzam 1 m 2)=
= (cBeptka V,8 mo kamamam 1 m 2), (8.28)

[V#xasanue: B nmokanbHo JI0peHmEBO CHCTEME 9TO YPABHOHHE CBOXUT-
Cd K TPWBMAIBHOMY COOTHONICHAIO

(; Saaﬁ).vuv = g (S%p.yu?).]
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8.11. AareGpamueckmne cBoiicTBa omeparopa V

C uoMompbio BHIKJIANOK B JOKaJbHO JOPEHIEBON CHCTEMEe MOKAKH-
TEe, 9TO

vau+bvs = aVus + bv.S (829)
s J00B1X KacaTelbHBIX BEKTOpPOB U, V M vHcCeTn a, bnm

Juis mio6bIx TeH3opHEIX modeir $ u M ognHakoBoOro paHra; a Takse, 4To
V.‘VI —V.ll = [u'p w]
L p—

N __[xommyTaTop uu w paccmor-
per B ympakHenmm 8.2

A M00BIX BEKTOPHHX IOJei U B W.

8.12. KosppunuenTnl cpsasnocTH pasa Gasmea 1-dopm

Hoxaskmre, 9To Te sxe Koaddunmentn cpasnoctm I'*g,, KoTopuie onm-
cHBAalOT m3MeHeHWe {@s} OT ToYKE K Touxe [ompenenenme (8.19a)],
ONHCHBAIOT C TOYHOCTHIO [0 MOEPeMeHH 3HAKA H HameHeHme {®%}
[cooTROmenme (8.196)]. {Omeem: 1. (@%, ep)= 0% —mocroanHas
¢yaxkuma (1 mum O, B 3aBACAMOCTH OT TOro, PaBHE MeKAy coGoi
o u f nim mer). 2. Torma V, (0%, eﬂ)=6,v (%, ep)=0. 3. Ho
{(©%, @p) €CTb CBepTKa ®* @ 8p, H03TOMy H3 cooTHOomeHHsA (8.28) cie-
ayert, uro 0=V, (cBepTka ©* ® @8s) =cBepTKa [V, (0% ® @p)]. 4. IIpn-
MeRsaA npasmio AmdpdepeHmpoBaHEA mpomsBefeHAs (8.27), mpUXOImM
X BBIBORY, 9T0 O =cBepTKa [(V,0%) ® 6 + 0* ® (V,8p)] = (V,0% 8p)+
+ (0%, V.,ep). 5. Hakonen, Bocnonssosasmmcs onpenenenneM (8.19a),
opEXofEM K Tpebyemomy pesyabtary (8.196).}

8.13. Honpasounsie wxenn suna I'T jaa T8,

BriBeanre coornoumenue (8.21) mus Tﬁa.v B NpOM3BOJAbHOM Oasuce,

BHIYMCJINB CHayaJa IpHM OPou3BoabHOM U KommoHeHTn V,T, a 3arem
¢ nomompbio cootiiomenns (8.17), otckaB komnouentst VT. [Omeem:

1. WUcnoanays mpasuwio auddepeunipoBanna npousseaenusa (8.27),
HOJYIHM

v;gT = Vu (Tﬂaeﬂ ® (!)a) =
= (vuTﬁa) e ® 0% TBa (vuaﬂ) ® 0% +Tﬁa03 ® (vuma).

2. Pacommem U 9epe3 KOMOOHEHTH U= u’@,; HCOONB3ysA JIHAHEIHOCTH
Vu Do u corxacao (8.29), mmmem V,=u'V, @ D0OACTaBIsIEM 3TO

YNPAKHEHHA
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B VuT:
Vol =u? {T%; 06 ® 0%+ T%, (V,0p) ® 0*+7%05 ® (V,0%).

3. Ucmoawsysa cootnomenns (8.19a, 6), B dopme
v-\‘eﬂ = ruﬁy°u, vvma= - I‘auv(!)", (8-32)
npenctapiaszeM VT B Bupe

VT =uY {Tsa,veﬁ ® 0%+ PquTﬂaau ® 0% — rauvTﬂaeﬂ @ ok}

4. Tlepeobo3uauaeM lieMble HHACKCH TaK, 9TO0bl MOKIIO GHJIO BEHECTH
Gasncunit Tensop g @ O%:

VT =wy {Tﬁa. vt I‘BuvTua - ruavTBu} 8s® w*.
5. CpasinBag ¢
VuT=vT( AR B S | Il)= (Tﬁalvuv) es ® ma’

BLIIIACHIBaeM 3Hadenma T ﬁa;v.]

8.14. Merpuka KOBapHAHTHO HOCTOSHHA

U3 ¢mauveckux coobpaenuil (HCIOJIb3YsA CBOMCTBA JOKAIbHO JOpEH-
LIEBBIX CHCTeM) HOKa}KHuTe, UTO

Vg=0, (8.33)

WAH, 4TO 9KBUBaJeHTHO, V,§=0 paaa moboro BexkTopa u. 3arem B
KadecTBe MATeMaTHUeCKOTO CJE/ICTBHA BHBeANTe IpaBuIo Audde-
PEeHIUPOBAHUSA NPOU3BeeHUS

Vu (A B)= (VuA)' B+A'(VMB).

[Omeem: 1. Kak 6bii10 ykasaHo B TeKcTe Beieq 3a ypaBHenuem (8.18),
B KOTOpoM BMecTO T HAJ0 NOJCTABUTH §, KommoHeHTaMu Vg B JOKaJIb-
HO JIOPEHIeBOii CHCTeMe ABIAIOTCA gy, . 1O BCe 3TH KOMOOHEHTHI,
corzacHo (8.156), paBun Hyawo. IloaTomy ypaBmenme (8.33) cupasep-
IMBO B 3TOH cHCTeMe, a CJeJOBaTeIbHO, NOCKOJBKY OHO ABIAETCA
TeH30PHKIM ypaBHEHHEM, M BO Bcex cucremax. 2. IlpaBuno guddepesn-
OUPOBAHAA NPOUBBEEHAA TOKE HPEACTAaBIAET coGOil TeH30pIIoe COOoT-
HOIICHHE, ¥ B €r0 COPABCAIMBOCTH HeMeIeHHO y6emxaaeMca ¢ IOMOMbI0
KOMIIOHEHT B JIOKaJIbHO JIOpeHmeBo#l cmcreme. 3. oxamem Taxike
npasuiio xaddepeHnnpoBaEMA NpON3BeNieHUs Gosee TPOMOBAKAM CIIO-
cobom, 9TOGH BHIACHATH, TAE Hcmoab3dyercs ypasHenne (8.33). Boc-
[oNb3yeMcsi TpaBHioM yopaxkmenusa 8.9:

Vi@®A®B)=(V.g) AQ B+

+8® (V.A) ® B+g® A® (V.B).
Onyckaem, coriacso (8.33), mepBoe cnaraeMoe M CBepTHBaeM;
B pesyiabTaTe HOJYydaeM

A.-B=ceepTra (J® A® B)
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A ocTalbHHe BHYTpeHHue INponsBefenusa. MeHsa B JeBoii wacTh
HIOCIe0BATEeIbHOCTS NPHMEHECHHA CBEPTKY H Vy, MK BOCHOJb30BAJIUCH
pesyabratom yupaskuennsa 8.10.]

8.15. KoappunuenTnl CBA3HOCTH, BHIPAXKEBHBLIC 9€pe3 METPHKY

Hcoonesys ToT GakT, uTo METPHKA KOBAPHAHTHO mocTosaHHa [ypasue-
ume (8.33)], suBexute Bupakenue (8.246) mna xoapdumuenton cBA3-
mpocte. Cumraiite cooTHomenue (8.24B) ompepenenmem mias I'yg,,
BHpasKeHHHX depes I'%g,. [Omeem: 1. Haxommm kommonentn Vg
B IIpOM3BOJBLHOM CHCTeMe:
» —
gap; v=0=gop, y— [ey8up — I" By8uc = gap. y— Ipay — Lapys

OTKyNa JeJNaeM BHBOA, 4TO gup y=2l(py. (Hpyrammm crobxamm
o6o3mavena cmMMerpHYBad 9Yacth.) 2. BHOMCHBaEM WieHH ¢ MeTpH-
xoit, Bxopamme B orBeT AAA I[yp.:

1
5 (8us, vyt Buy, 8—8Bv.u) = Lupry+ Cops— Fippm =
1
=5 [(Tupy +Touy + Tuys + Tyup— Lppu—Typul =

=Ty =+ (— Tugava + P + Tvupd) -

3. Us coornomenus (8.31), B3R B KadecTBe U B W Gasmcnnic Bex-
TODH U= @y, W =8y, IOJyuaeM

cl.wpep = [ep., ev] = Vpev— vve“ =
= (I‘P“L_ Ipuv) Op = 2rp[vu]ep,

1 1
Iluvy = — 7 Cuv®s Fotuv) = — 5 Cuvee (8.34)

4. 3Tn BHpa;KeHMA B COBOKYIHOCTH C BHPA;KEHHAMH, IONYYCHHEIMHA

Ha BTOpOM JTamne, OpHBORAT K Tpebyemoit popmyne maa I,g,.

YIIPATKHEHH A

§ 8.6. JIOKAJIBHO JIOPEHIIEBBI CHCTEMBI:
MATEMATHNYECKOE PACCMOTPEHME

Hab6mogarens, Haxonaauuiica B CoCTOAHHM CBOGOAHOrO HaJeHASA
B ACKPHBJIEHHOM IPOCTPAHCTBEe-BPEMEHH, OPOBOAAT H3MEPEHHA B CBOCIT
JoKanbHO Jopenneroit cncreme. B wacrax I n I1 aroit kuurw moapo6uo
ONMCHBAETCA, YTO OH NIpH 3TOM oGHapy:kuBaer. Temeps MH momu-
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TaeMCA HOJYy4YUTh OCHOBHEIE Pe3yAbTATH ero HAGMIQACHHH ¢ IOMOIbIO
dopmanusma mpeanigymero maparpada.

Bribepem coburme &, na MupoBoit auumm mabmopgarens. Ero
(ToKanbHO JIOpeHmeBOl cucTeMOit B 3TOM coOHTHE 6ymeT cmcTema
Koopnuuat z%® (), B KoTopoik

£ap=08a-8p= 92% 9.8 Nab B Py (8.35a)
(;ropenweBa MeTpuka B &) m
08apl0zt=0 B &, (8.356)

(MeTpnka, Kak Mo:KHO Gosiee Giu3kas K JopeHunesod BOusm P,)
lem. cootnomenus (8.15)]. K Tomy e BBUmY cooTHOmeHnmit (8.24)

F“B?=0 B &, (8.36)

(«monpaBovHbe 4I€HH» B KOBADHAHTHEIX OPOM3BOAHHX OTCYTCTBYIKT).
Hab6monarenb, KOHEUHO, JIOJKEH HOKOUTHCA B CBOEi JIOKAJIBHO JOPEH-
IeBOi cucTeMme, T. €. €r0 MHPOBAas JAHHUA NOJKHA AMETH BHJ

=i (Fp)=const; z° memsercs. (8.37)

Bonpoc. Coorunomenus (8.35) — (8.37) obecrneunBaioT HemoxBH:-
HOCTb HAG/II0HaTeNIf 0 OTHOIIEHUIO K JIOKAJIbHO JIOPEHIEBO# cUcTeMe,
Cienyer JH M3 HHX, 9TO OH HAXOQUTCA B COCTOAHHHM CBOGOZHOTO
nanennsn? ([lomxHo caenosatsl) Omeem. Haiinem 4-yckopenne nabiio-
natens @ = du/dt (B oGosuagennax ri. 6) = V,u (8 o6osHauennsx
maunoit raass). Ero 4-ckopoctsh, ompenensemas COOTHOIIEHHAMH
(8.37), pasua

u = (dz%/dx) 8, = (dz°/dt) 8y = @y; (8.38)
NOCKOJBKY U W @
HMEIOT efHHAYHYI0 [JIAHY ]—
OTCIOa €ro 4-yCKOpeHHe paBHO
a= Vuu = V()eo = I‘aooea = O B 0750. (8.39)

Taxkum o6Gpa3zom, HabMoOmaTe b HEACTBHTENBHO HAXOAUTCA B COCTOA-
Hua ceoOomiioro magenus (8 — (), oH [ABH:KEeTCA IO reofe3UdecKOi
(Vuu = 0).

Bonpoc. [leiicTBUTeNIbHO JHM 9YacTHIH B COCTOAHHH CcBOGOXHOTO
NaJleHUs ABWKYTCA 10 mpAMbIM JduHuAM (d%2%/di® = 0) B JoKajnbHO
Jopennesoil cucTeme HaGiaoparens B & ? (OHM JOKHHE TaK ABATATb-
cal) Omeem. Yactuna B cBOGOAHOM NafeHNH He WCOHTHBAET 4-yCKO-
penns:

Buacraqu = vuqac,muullqac'rm =0;
TAaKUM 06pa30M, OHA MNapaJjjejJbHO IEepeHOCHUT CBOI0 CKOPOCTh,

T. €. JBHJKETCH HO Teo/Ie3MYeCKOi B INpPOCTPAHCTBe-BpeMeHH, adpduu-
Hbiii TapamMeTp KOTOPOi#l paBeH ee COGCTBEHHOMY BpeMeHH. Y paBHEHHe



§ 8.7. Omnaonenue zeodesuuecxuzr u mensop Pumara 273

Teoie3N9eCKuX, 3alACaHHOE [IJIA ee MKpOBOfI JIAHAA B JIOKAJBHO JIOpeH-
OEeBHIX KOOpAHHATAaX, HMMeeT BH]

d2z% dz* dz¥
za =T =08 &
Muposas nmmusa wactanH B &, NeficTBHTENbHO ABAAETCA LPAMOM.
Bonpoc. Ilepenocatr am cBoGoxuHo magalommit HaGAIOZATENb CBOH
npocTpaHCTBeHHHE (asECHHE BeKTOpH @; mepenocom Mepmm — You-
Kepa, T. e, MOKeT JIX OH CBA3aTh HX C THPOCKOIAMH, ABHKYI[AMACSH
BMecte ¢ HEM? (OH NOiKeH HMOTh TaKyld BO3MOKHOCTBl) Omeem.
3axorm mepemoca (Depmm — Yourepa (momommenwme 6.2) HMeeT BHJ

i;é-s w8;=Uu(a-0;)—a (u-ey).

to1

B CTaphiX B HOBHIX
o6o3navennax 0003HAYCHHAX

Ho u = @8y, 8,-8; =0 u 4-ycropenne HaGmonaTeana a = 0; moaTomy
nepesoc Pepmm — Voakepa B ZaHHOM CIydae CBOXATCA K Iapad-
JeIBHOMY DEepeHoCy BIOJb 8,, Takam o6pasoM, V ,8;= 0. BexkropH @,
ReACTBATENHHO HMEHHO TAK U HEPEHOCATCA 4epe3 TOUKY & o, HOCKOABKY

v°0]= a,oe¢=0 B cﬂso.

§ 8.7. OTKJIOHEHHME T'EOAE3UYECKHX
N TEH30P KPUBU3HBI PHMAHA

«TaroTeame eeTh NpPOABIEHAe KPHBH3HH NPOCTPAHCTBA-BPEMOHH,
2 0 KpABA3HE MH Y3HAaeM II0 OTKJIOHEHWIO OFHOM# reo/e3MIeCKOH OT
Gimanexamei Apyroii reofe3NIECKO (OTHOCKTOIbHO® YCKOPeHAe mpos-
HHX 9acTEE)». UTOOH 5TO yTBep;KACHHE CTAN0 TOUYHHM, HeoGXOomEMo
CHA4aJa KOJHYECTBEHHO ONKCATh «OTKJIOHOHHE», HJIH ¢OTHOCHTEIbHOE
YCKOpEHHE» COCeSHHX TIeofe3HYeCKHX.

PaccmoTpum cemeiictBo reomeauveckux & (A, n), ur. 8.4. Hempe-
PHIBHO HM3MeHAIOmMitcs mapameTp n («mapamerTp oT60pa») mO3BOJIAET
OTANYaTh ORHY reofe3mdecKyio oT gpyrou. IIpm ¢mrcmpoBammoM n
& (A, n) ecTs reomesmueckaa ¢ aGPMEHNM IapaMeTpoM A H Kaca-
TENBHHM BEKTOPOM

u=2a%/ah\. (8.40)
Torma V.,u=0 (ypaBEeHme reomesmueckmx). Bexrtop
n=0%/on (8.41)

CIYHUT MEPOil pa3feeHus ABYX TOYEK C OJHAM M TeM Ke 3HAYCHHEM A
HA COCEJHHMX TIeofe3mYeCKHuX.

Ha6mogaTenb, cBofogHo magaomait BAOAb «OHOPHOH reojeamde-
ckoiy n = 0, caenuT 3a npoGHOi 9acTHHEH, CBOGOHO MAKAOMe BOIb

18—03457

BasHOAKO
BERTOPH

» mAYane
ROOPAHEAYT

HepeHoc
DepuE — Yoaxepa
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Onpeneseane
TeHs0pa
KPHBMSHE
PHMaHA

gepea
OTHOCHTEILHOE
YCKOpeHHE
reojesHIecKREx

ONUT. 8.4.

CemeiictBo reopeamdeckux (A, n). Ilapametp orGopa n nosBoMAeT Y3HATD,
«KOTOpas» W3 reofesmyecKrux; adUHEHNIE mapaMeTp A H0SBOJAET YBHATH, €IJe»
HEa JNAaHHEOH reopesuveckoii. OcTpre paspeaAnmero BeKTopa h = 3J°/dn, BaaTOrO
B Touke J°(A, 0) Ha omOpHO reopesmvecKoii n = 0, Ae;KAT (NPEOGAMSHTEABHO)
Ha TWpobHoii reomesmueckod n= 1 B Touke P (A, 1) ¢ TeM ke 3HavYeHMeM A.

«opoGHO#i reofesmyeckoity n = 1. KoamwecTBennoit Mepoii ckopocTa
opoGHO# YacTAOH OO OTHOMEHAI0 K TaKoMy HAOMIOAATeNI0 CIYKBT
Vuh. OTa OTHOCHTEJIBHAs CKOPOCTh TaK ’Ke, KaK H pasfelfnmai
BEKTOD M, IpeAcTaBiaseT co60il HMPOMBBOJIBHO® ¢HATAIBHOE YCIOBHE».
Opuako ganexko He OPOM3BOJBHO OTHOCHTeNbHOE yckopenue» V,V n
npoOHOl YacTHIH N0 OTHOMEHHI0 K HaGaiogaremo (cM. [OmOJHe-
mag 11.2 u 11.3). OHo paBHO HYJII0 B INIOCKOM OPOCTPAHCTEE-BPEMEHN.
B HCKpHUBIEHHOM HpPOCTPAHCTBE-BPEMEHH OHO ONpPERENACTCA YypaB-
HeHAEM

VuVun+R(...,u, n,u)=0, (8.42)
HJIR B KOMIOHEHTHHIX 0003HAYEHEAX
D2n®
2n® + Rpyubrvud 0. (8.43)
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9T0 ypaBHEHHE CIY:KHT OompefeleHHEeM mMmeH30pa Kpusushu Pumana,
H U3 Hero MO)XHO HOJYIATH CleAylollee BHpaKeHHE IAA KOMIO-
BerT R e xoopdunammom Gasuce:

Rupyo =(dz%, [V, Vslep) =

[
=L ”I'“ﬂv 4 T%,,T¥gs — %", (8.44)
(4TOGH 03HAKOMHTBHCA C JOKA3aTeJbCTBOM, HYKHO IpPOYECTb KOMOJ-
venma 11.4, 11.5 n yopaxxuenue 11.3 B yrkazanuom mopapke). IIpoura
mononHeHEe 8.5, MOKHO HONYYATH HEKOTOPOE IPEACTABIEHHE O Ie€JO0-
BeKe, KOTOPH I mepBHM HAaYaJ N3y4aThb KPEHBH3HY NIPOCTPAHCTB C Tpe-
‘MA B Goyiee H3MEpEHAAMH.

Kpueusna ompocTpancTBa-BpeMeHH ABIAAETCA OPAYAHOA He TOJBKO
OTKJIOHEHHA re0fe3MYeCKUX; BCIEACTBHE HAIMINA KPUBH3HH HApPAJI-
JeIbHHA NepeHoC 3aBHCHT OT OyTH (HapajyieAbHHIH IEepeHoc o
3aMKHYTOMY KOHTYPY HPHBOAAT K HM3MEHEHMI0 BEKTOPa HJH TeN30-
pa — pomoarenue 11.7); KpABA3HA IPHBOAMT K TOMY, YTO KOBAPHAHT-
HHle DOpPOM3BOXHLIE HEe KOMMYTHPYIOT MekAy coboii [coorHOme-
HEe (8.44)]; ee mpucyTcTBHE He mO3BOJAET BBECTH INIOGANBHYIO JOPEH-
neBy cucTeMy KoopammEat (§ 11.5).

C mepBoro B3riAZa MOKeT HOKa3aThed, 9T0 TeH3op R oGmapaer
4 X 4 X 4 X 4 = 256 nesaBmcumrmu KomnoHenTamu. Ho mpm Gosee
TmaTeabEOM paccmorpeHmd (§ 13.5) BHACHAeTcA, 9YTO OH YAOBIETBO-
pAeT HeaoMy PARY COOTHOIIEHHA CAMMETPHH:

Rapyo= Riapivo1= Ryorialy  Riopw)=0,  Rarpyy=0 (8.45)
(aHTECUMMETPHYEH 10 OEePBHM JBYM HHJEKCaM; AaHTHCUMMETPHICH
OO0 mOCJeSHUM ABYM MHJEKCaM; CHMMETPHYEH IO OTHOIIEHHIO K IIepe-
CTaHOBKE IEPBOii mapH HHAEKCOB CO BTOPOH; COBEPIICHHO AHTHCHM-
MeTpHYHHE 4YacTH PpaBHH Hy;I0). Biarogapsa 3THM COOTHOMEHAAM
Tensop R (B caywae geTnpex wmamepenmii) BMecTo 256 mMeeT JMImIbL
20 He3aBHCHMHX KOMIOHEHT.

Hapany ¢ stamu aareGpamgeckumu cumMerpusimMu Tensop R obxa-
naeT nupdepeHnuaNTbHEMA CAMMETDPHAMY, HaSHBAeMHMH modxcdecmea-
xu Buanku:

Rgap; =0, (8.46)

KOTOpHe HMelT riyGoxkmii reomerpmueckmii cmuica (ra. 15).
C nomompio cBepTkn n3 R Mo)xHO o0OpasoBaTh pAj Apyrmx TeH3O0-
poB KpumBu3HH. IIpome Bcex o6pasyioTcs mew3op kpususub Puwuu

Ryv=R%ov=T%0 o — I%q, v+ [%TP,, — %8, (8.47)

I—['n KOOpPAHMHATHOM Oasmce

" CKkaaapHas Kpususna
R=R",. (8.48)

18+

KommoneatTt R

odderTn,
YCJIOBNEHHANE
KpHEBH3HOH

Cammerpur R

TomxpecTna
BHaHKR

Teusop
KPHBH3HLL
Puuan

CrangpHan
KpHBH3HA
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Oxunaxo ropasfo Gonbmmee 3HAYCHHE B eOMETPUH HMEET MEH30D Kpue
susnm JiHwmelina

G*, = %euasmw evapo=R",— % 1 84,R. (8.49)

2
U3 Bcex TeH30poB KPUBU3HE BTOPOro PaHra, KOTOPHE MOKHO oGpaso-
BaTh cBepTkoit R, nmmp gus Tensopa Jimmreiina @ coxpausercs
qacTh ToAecTB Buanxm (8.46): om ymosmeTsopseTr cooTHOmeHHAM

G“v;v = 0. (8.50)

Hpacubuiii reoMeTpaTecKail CMECI 3THX céepHymux mowcdecme Buan-
ku («rpaHMIA TPAHANE paBHA HYJI0») pacKpeBaeTca B ra. 15.

B momonnenmm 8.6 mama cBojKa mpEBeJEeHHHX BHIN® ypaBHEHHH,
ONHUCLIBAIOMUX KPHBU3HY, & TAKKe OCHOBHRIX COOTHOIIGHAH MJIA KOBa-
PHAHTHEIX ITPOM3BORHEIX.

YOPAKHEHUE

(Yopamuenus 11.6, 11.9, 11.10, 13.7—13.11 u 14.3, npusesennne
B Kypce 2, OyAyT moJesusl MJAs 4@TaTeNsi Kypca 1, KoTopHii xoder
3aKpennTh MOJYIEHHEE CBEJeHAS O KPHBH3HE.)

8.16. HeroTopmie monesnsie COOTHOMEHHA B KOOP{AHATHLIX
CHCTEMAX OTCueTH

B nponsBoibHO KOOPAMHATHOHR CACTEM® OTCYETa HOJOKEM IO OIpe-
JeJIeHAI0, 9TO {eTePMUHAHT MATPHIH g, 5 PaBeH g [Bupaxenne (8.11)].
BuBemute ciegyomue COOTHOUIEHHA, COPaBeAJnBEe B NPOA3BOIBHOMK
KOOPAMHATHOR CHCTeMe OTCYEeTa.

a. CBepTka K03P(PHIEEHTOB CBA3HOCTH:

I‘aga= (an:é)'p. [(8.518)
(¥Yrasanue: WcumonbayiiTe pesyJabTaTH yupa)kHeHAd J.5.)
0. I{ounonemm rep3opa Pmuunm:

(V M) —(InV =g) 08— TalVgs (8.516)

B. Ilnneprenmm BekTopa A® W GHmMuUCUMMemMpUYHOZO TeH30pA
F*8,

L (8.518)
Faﬂ:6=]'/—!_=g(v—gfaﬂ).ﬁ-

r. Umrerpan or crkamapuoro moxa ¥ mo coGecrBeHHOMYy o0Bbemy
qeTeIpexmMepHoit o6xacta 7°:

S W¥d (cobcTenmbi#t 06HEM) = S YY) —gdtdzdyds. (8.51r)
¥ ¥
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(¥Yrasanue. B moxanbuo gopenmesoit cucreme d (CoGcTBenun 00bem)=  YIPAKHEHNE
= dt dz dy dz. C momompio AKOGHmAaHA WpeoGpasyiiTe DTOT BIEMEHT
00beMa B JaHHYI0O KOOPAMHATHYIO CHCTEMY OTCUeTa, & 3aTeM, BOCIIOJIb-
30BABIIACH B3aKOHOM Ipeo6pasoBaHEs
- 6.zﬁ t’i:::‘7
8o =3 5B

IOKaskuTe, 9To sKobman pasen J/ —g.)

Honoanenme 8.5. TEOPT' ®PUIAPUX BEPHXAPH PUMAH, 17 cenradpa 1826 r.
Bpegenenn, I'annoBep — 20 miona 1866 r. Cemacka, Jlaro-Majxope

Croeil 3BHaMeHATON MOKTOPCKOM muccepranueis «OCHOBE o6melt Teopun YHKIME OXHOA
KOMIJIeKCHO# mepeMenHoiy Puman B 1851 r. sanosmi ccnoBw ofinoit o6racTm coBpe-
MEeHHON MaTeMaTHKH (T€OpMM PHMaHOBHX IIO-
BepXHOCTeH), a TPU Tofa CIYCTA CBOei 3HAMe-
HETOH JeKmWeil — OCHOBH JApyroi ob6iaactu
(pEMaHOBO# TeoMeTpuH). ITH [Be U LPYTHE ero
pa6oTH MO)KHO HafiTu B coOpaHME CoUMHEHHH
{143], mapanzOoM B 1953 r.

«Te cBoficTBa, KOTOPHE BHAENAIOT IPOCTPAH-
CTBO M3 JPYTAX MEICJIUMHIX TPHEKAH OPOTAMKEH-
HHIX BeJINYWH, MOTYT OBITH HOYEPUHYTH TOJBKO
H3 ONEITa ... B Kakmoil ToYKe Mepa KPHBHSHBI
MOJKET II0 TpeM HaupaBlIeHUAM MMeThb KaKme
YIOAHO 3HAYEHMWS, JUNIb OBl B IEJOM KPUBU3HA
AOCTYIHEIX H3MEPEHHI0 YacTell IpOoCTPAaHCTBA
saMeTHO He oTiamgajach oT Hyuas» (Pumam,
«O runoresax, JeKaIMuX B OCHOBAHHH TeoMeT-
pumy, nexnus, upountanHas 10 mioms 1854 r.
IpHd BCTYIJIEGHUN B TOJKHOCTH MPHBAT-JAOIEHTA
ma ¢uiaocodckom daryaprere l'erTuHTeHCKOIO
yHHBEpCHUTETA).

JlBeHaguaTh JIeT cOoycTs, ymupas oT TyGepKysiesa, IOTJOINCHHBIA MBICABIO JaTh
enuHOe 00OBhsCHEHWe TATOTCHHS H dJIeKTpOMarHeTmsma, Puman coobmun Bertu csorw
CHCTEMY OIMCAHOS MHOTOCBSBHHX TOIOJOIHH (9T0 ABHAOCH TOAYKOM JIJISI IPEICTABJIE-
HUA 00 DIEKTPHYECKOM 3apsajie KaK O «CHJOBEIX JUHWAX B IPCCTPAHCTBEHHON TOLO-
JIOTHYECKOH JIOBYIIKE»), MCIONB3YIOUIYI0 YUCIa, KCTOPHE Teneph Ha3HBAOT 110 HMEHH
Bertu, a oGo3Havaor cuMBosiom R, B wects Pumaua.

«Bonee mompo6Hoe n TmaTenLHOE MCCIEOBaHNE MOBEPXHOCTH MOIJao Oul obHapy-
JKHTH, YTO Y TOTO, YTO MBI CUMTAJH IPOCTERNINM yIaCTKOM, B JefiCTBHTeIBHOCTH UMEIOT-
¢ KpOIIeYHHE DPYKOATKH, MEHSIONYEe XapaKTep CBABHOCTH YYacTHKA, a MHUKPOCKOU
¢ eme GOJHIIEM YBeJIWYEHHEM HpUBes 6B K o0HapysKeHUI0 HOBHIX TOIOJOTMYECKHX
yeaokHennit mofo6HOTO pofa, 1 TaK Ko GecKoneunoct:. Touka apenms Pmmana pmomy-
cKaeT (M B peaJbHOM HPOCTPAHCTBE TOKE) TOMOJOTHYECKUE YCJIOBHA, COBEPIICHHO
OTJIMYHBIE OT YCJIOBU{, U3BECTHHIX B 9BKJIMIOBOM mpocTpaHcTBe. fl mosaraio, 4To JAMIB
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Ha ocHoBe Gojee cBoGofHOro M Gojiee IMMAPOKOTO B3TAANA Ha TeOMETPHIO, KOTODHIA
BO3HHK B Dpe3yJbTaTe Pa3BHTHA MaTEMATHKH Ha NPOTAKEHHH NOCJHENHEro CTOJeTHS,
oTHOCACH Ge3 mpeRXyOerIeHARX K OTKPHBIIAMCA BO3MOKHOCTAM IPOABHTH BooGpaske-
HEe, MOKHO IPefOPHNATH QHIOCOPCKE He OeCIIOfHOEe HACTYWMIeHAe Ha mnpobieMy
npoc*rpancma» (T. Beitan [144]).

«Ho ... ¢usurm OHIM elMe AajeKM OT TOTO, 4TO0H XyMaTh TaKkHM oGpa3oM; Mg
HAX HpOCTpaHCTBO OBLJIO YeM-TO JKeCTKUM, HeNOABH’KHHM M ORHOPOAHEIM, He JoIy-
CKAOMUM HM3MEHEHNs MM HAJIOKEeHHA KaKMX-To yciaoBdir. VI Tompko reummit Pumana,
ONHOKUIl W HENOHATHHA, y/Ke K CepeluWHE HPOIIJIOrO CTOJETHA Hamesi CBOM TmOAXoj,
K OOHATHIO OPOCTPAHCTBA — KOJAXOJ, KOTOPHIA JHINAJ IPOCTPAHCTBO €I0 KECTKOCTH
M JONYCKaJ BO3MOKHOCTH TOT0, UTO OHO IPHHEMAeT YJacTHe B YU3MYECKAX SABICHAAX»
(A. diiamreiin [145]).

Puman chopmynmpoBal mepByl0 H3BeCTHYI0 MOAedb cymepupocTpaHcTBa (06 aToM
cM. ri. 43), HO cymepmpOCTPaHCTBA, IOCTPOEHHOrO HE M3 COBOKYIHOCTH BCeX 3-Teo-
MeTpUii ¢ HOJIOKATENIBHO OIpefieIeHHOM PUMAaHOBOM METpPHKOH (ImHaAMHYeCKas CIEeHa
SHHmMTeAHOBCKOI 00meil TeopMM OTHOCHTEIBHOCTA), a M3 COBOKYNHOCTH BCeX KOH-
$opMHO SKBMBAJEHTHHX 3aMKHYTHIX PHMAHOBHX 2-reoMeTpHii C OfABAKOBOM TOHOJO-
rheii,— THI CyHepOPOCTPAHCTBA, HM3BeCTHHI HEIHe HOJ Ha3BaHEEM NIPOCTPAHCTBA
Taitxmionnepa. Bomee monpo6uo o Briane Pamana m o mocaenyromeM pa3BATHH MIed
CymepupocTpaHCTBA CM. B FiIaBaX, HamMCaHHHX Depcom m Ymaepom, B kmmre [146].

Hononnenue 8.6. KOBAPMAHTHOE NUOP®EPEHINVUPOBAHUE N KPUBU3HA:
OCHOBHBIE COOTHOINIEHBH A

HonaATne AGcTpaxTHOE 0003HavYeHHne HomMnonenTHOe 0603HaYeHue
HoBapmaHTHas VI=VT(uy ooy W) 78, u¥=DT8y/a) (u=dP/dh) =
IpOH3BOiHARA dT
u"‘(l1 'vurv IwauTﬁv) ut
v"f=a"f=(df, u) j;auazf,auu
z:;:ﬁg:;mecxne Vau+ ol =b avV;T + TP,y (@u¥ by =aTBy u¥ - bTB o
(ynpasxmeHue +ov,
V,(8+M=V S+ VM (SPatMBy). u¥=sB uviMP, u¥
VWw—V u=[u, wj, I“’[M] = —-% cuy® [cooTHOmEHEE (8.34)]
Tae U O W—BeKTOpHEIe
noasa
npuddepennmpo- V. (A®B)=(V,AQ (A%gBy). , ut = A%, p‘B?u"'-i-.d"‘BBﬂy,; w?
BAHHO® ITPOH3Be- ® B+ A® (v B)
neHHR n
V. (IR =(V,)A+ (fA%g);  u* = fuA%guM + 1A%, ut

+1V,A
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IHpogoxnmxenne

KommnonenTHoe ofi0sHagenne

ITouaTue AGcTpaKTHOe 0608HauUCHEE
V, W CBepTKa V, (cBeprka $)=
KOMMYTHPYIOT =(ceprra V,$)
* MeTpHKa KO- V.0=0
BapHaHTHO IO-
CTOABHA
T'panuent vT
KoaddunuenTn =(0% 8=
CBASHOCTH gy =(0"% v‘; p
=—(Vvo) ’ OB)
* JloKafpHO JIOPEH-
1eBa cHCTeMa OT-
cuera B P
MapannenbHHIt Ie- v,$=0
peHOC
¥Ypasaenue reopne- V=0
BWYECKNX
Temsop xpusmEx R (0, G, A, B)=
PuMana = (0,% (A, B)C)

R, B)=[V,, Vgl—
—V(a, g (312 dopmyaH
He U3 Kypca 1, cM. ri. 11)

Tem3op XpPHBU3HH
Puvun aaM 1 u 3

* CKalApHAA KpHd- R = (cBepTKa R¢)

BE3HA
* Temsop kpupuss ~ 8=Re— 5 GR
OiHmTeliHA

Re =cBeprka R mo KaHa-

(g SG‘W) = Zl s, ay; ul
Bap;y4 =0

78, =Tl g+ 1B, T, — ¥, T8,
Igy=g'r usy®
Typy= ';— (818, + 8uv,8 —EBven+cupy +
TCuys—Cpyu)*
Chn=Enalpy” =
=gua (0% [eg, 8y])*

CucreMa Koopmma-r, B KOTOPOH gyy (Fo)=
="uv, %y (Po)=0

5%, pu?=0

d22%/d\2 4 I'%,,, (dz*/d]) (dz¥/dh) =0
B KoopaWHaTHOM Gasumce,

%,y oI%,

az¥ oz°
+I‘“WI""B°—]‘°‘MI'”B,

B KOODAWHATHOH CcHCTeMe oTcyeTa [BHIpAsKe-

HAe Bj HeKOODAHHATHO# CcHCTeMe JaeTcs
(11.13)]

R%gyy=

Ryy=R%qv=T%y,a—T"%av+
+r aﬂar ﬂuv‘“r anF ﬂua
B KOODAWHATHOH CHCTEM® OTCUeTa

R=Raa

i
Gaﬂ = RaB -3 6’aBR
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Mponoanxenne

IIouaTne AOGcTpakrHoe 0603ihaueHne Komnounenrnoe 0603uayeHne

MMonearnie GopMyab ANA BHYNCISHHA G“p

* Ten3op KpPHBH3EH
(g (BuiBefieEN B § 14.2):

JifEmTEeHHA
G9% = — (R1249+ R23,5-- R313,),
GOy = R024y 1 R03(,,
Gly == —(R029y + R033 | R?3,3),
Gla= R0+ R13y3 1 1. 1.
. § _ _
CuMmerpuu  TeH Rapys = Riaprve) = Rips)iap)

80pOB KPHBH3HK
Riapys) =00 Bopys)=0

Ropg=Riap)y Gap=GCwap

Tosxnecrsa BraBkm R%grvia=0

* CBepHYTHO TOK- 6%, 5=0

necTBa BuaBKHN

0 D2n%*
TKJOHeHHe Teofe- _

BEYECKAX V.,V.n+R (.., u, 0,u)=0 Fie]

+ R%guPnVul=0

Napaanensmnit me-  §ALR (..., A, u, v)=0, 8A%+ R%gysAPu0 =0

PeHOC IO 3aMKHY- ecad U, v— pebpa KpnBoi
TOMY KOHTYDY
(§ 11.%)

* B orcyTcTBEe MeTPHKH (OpMYJH, TIOMedeHHLE 3Be3flouKoil, He Moryr OunTh BanmcaBu. Bce
OCTaNBELNe POPMYJNH cHpaBefiuBH u Gea MeTpmkm.




9. AUDODEPEHLIUANIBHASA TOMONOrns

B anasumuueckoii zeomempuu MHozUE COOMHOWEHUR,

He 3asucauue om cucmemvl omcuema,

npuxodumcs ewpaxcamo N0 OMHOWEHUI) K HEKOMOpol KOHKpemHol
cucmeme omcuema. Ilosmomy npednoumumenvhee cozdamo

Hogvle Memodv. — memodv, Komopwe umeiom Oeao HenocpedcmeeHHO
¢ GHYmMpEHHUMU ceolicmeamu,

He npubezas HU K KAKUM KOODOUKHAMAM.

Pazsumue monosozuu o6wux npocmparcme u 066eKmos 8 HUZT,

max Jce xKax paseumue zeomempuu o6WUx

MempuxecKuxT npocmpancms, npedcmasasem co6oil wazu

8 aMmoM HAnNpPAsAeHUL,

KAPJI MEHTEP [77)

9Ta rnaBa NEeABKOM OTHOCHTCH K Kypey 2.

Ee copeprkanEe He SaBHCHT OT NPefbIAYINEr0 MaTepmana Kypea 2.

OHa Hy:XHA B KaueCTBe UOATOTOBETEILEOr0 MAaTepHana

1) mna ra. 10—13 (meddepennpansuas reoMeTpnsi, HbIOTOHOBCKOE TATOTEHHE) B
2) naa npowmoamenHa 30.1 (Momenh nepeMeINaHHOro MEpa).

Snanme ee marepHana Gymer monesHnM 1) B ra. 14 (BLYHCICHHe KPHBHSHM) B
2) B ra. 15 (Toxpectsa Bmanxkm).

§ 9.1. TEOMETPMYECKHNE OBBEKTBI B IPOCTPAHCTBE-
BPEMEHHU BE3 METPHKHN M BE3 I'EOJE3UYECKHX

Ilpeamerom u3ydeHuss B 3Toif HECIOKHOM TiIaBe SABISETCA NMPOCTPAH-
cTBO-BpeMA 6e3 Mmerpmxu, Ges reomesmueckux u 6es mapajiielbHOro
mepeHoca, T.e. «aupdepennmanbHag Tomoxorms». JlamHas riaasa
opocTa TOTOMY, YTO Bce Heo6XOJEMEIE TreoMeTpHYeCKHe OGBeKTH
(cobuiThe, KpuBas, BeKTop, 1-popma, TeA30p) yiKe M3BECTHHI M3 IJIO-
CKOro mpocTpaHcTBa-BpemeHd. OfHako, ona Tak:ke u Heo6xoamma,
NOCKOJBKY, OTKa3aBIIMCh OT JIOPEHIEBOM METPHKH IJIOCKOTO Ipo-
CTPAHCTBA-BPEMEHH, MK JO/UKHH YTOYHMTh CBOHM IIpeNCTaBJICHHSA.

CobmiTRa

Ipocrefimee monaTne coburaa & (Pur. 1.2) me myxmaerca B yTou-
nenun. Jlasa Hero cymecTBeHHO JUIIb CBOXCTBO HACHTHGHOAPYEMOCTH,
KOTOpOe He 3aBHCHT OT JIOPEHIIeBO# METPHYEeCKOH CTPYKTYpPH Ipo-
CTpaHCTBa-BpeMeRN.

Orxas
OT MeTpEEm



reOMeTPAYECKHE
NOHATHA
HeoGxoNHMO
YTOMHHTDH
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Kpaeue

3aech ToMKEe HHKAKOrO yTodHeHma He Tpebyerca. «HpmBas»
& (L) — Takme CIAMMKOM mPOCTOE MOHATAE, YTOGH 3aBHCETH OT TOTO,
HaJleJIeHO JIM OPOCTPAHCTBO-BpeMA METPHUKOH MJIM HeT, 3a UCKAo4e-
Huem mozo garma, 4ro 6e3 METPHKM He CyHIeCTBYeT HMOHATHA «co0-
CTBEHHOU JJIMHEI) Kpnnoﬁ. JTo corsacyercs ¢ HbIOTOHOBCKOM Teophei
TATOTEHMA, B KOTOPOil peub uIeT o JJINHE KPHBEIX B «npoc'rpanc'me»,
HO He B (IOPOCTPAHCTBE-BPEMEHM».

BexrTopm

3nech Ges yrounenma ue oboittmch. B cmemmansHO# Teopmm oTHOCH-
TeIbHOCTH mpocTeiimine («naeHTAGUOUPYEMEe») COGHITHA HaTeMeHH
MOCTATOYHBIM KOJIMYECTBOM ajreGpandecKAX CBOMCTB, 4TOOH O BEK-
TOpax MOMKHO ORLUIO TOBODHTH Kak o pasHocTax & — @ mexay
«anreGpaugecknmuy cobuTHamu. Temepb 3THX CBOMCTB HeT, M CTapoe
OpeficTABIEHHE O BEKTOpe Kak o OmiokambuoM oOBbekTe («ToIKa
OCTpHA U TOYKA OCHOBAHMAY) AOJIKHO GHITH 3aMEHEHO HOBHIM Ipef-
CTaBJEHMEM O HEeM KaK 0 YHCTO JOoKajabHOM oObekTe (§ 9.2). BexrToph
Helb3f TaKKe MepeMeHjaTh ¢ MeCTa HAa MeCTO; KKK BEKTOD JOJKeH
6HTH IpHOHCaH ompefexeHHoMy coOurmio (§ 9.2 m 9.3).

1-popMu

IloaTs HEKAKMX YTOYHEHMil He TpeGyeTcs, 3a MCKIOYEHHEM TOTrO,
970 6e3 MeTPMKH HEBO3MOJKHO YKa3aTh, KakaA 1-gopma cooTBer-
CTBYeT JAHHOMY BEKTOpYy (HET BO3MOKHOCTH IOJXHAMATH M OOYCKATh
HHAEKCH), M 49T0 KaskAasA 1-Ppopma MoiKHA OHTh NpPHOACAHA OIpe-
nexengoMy coburaio (§ 9.4).

Tensophl

3nech Take mouyTH He TpebyeTcA YTOYHEHHH, 3a MCKIIOYEHHEM TOTO,
9T0 KaKAWHA BXOJHOH KaHal TeH30pa MMeeT CBOKI CHeMUPHKY: eciad
B HEro BBOJAT BEKTOPH, TO €ro yike HeJIb3f NPACHOCOOHTH JJIA BBOAA
1-dopM, 1 Ha0GOPOT (HET BO3MOKHOCTH HONHUMATh H ONYCKATh HHMEK-
CH); K TOMY jKe KaKAHIl TeH30D JA0JKeH OHTh NPANNCAH ONMpeNejeH-
Homy cobOurmio (§ 9.5).

§ 9.2. PE3YJIbTAT YTOYHEHMA OOHATHNA «BEKTOPA»
H «OPOU3BOJHOA N0 HAINPABJIEHHIO» — IIOHATHE
«KACATEJIbHOI'O BEKTOPA»

Iliockoe MPOCTPAHCTBO-BPEMA JOMYCKAET HECKONBKO SKBEBANCHTHHX
ompeztenennit BexTopa (§ 2.3): BeKTOp — cTpelKa, HaOpaBJIEHHAA K3
cobnrna &, B cobutue (§, BEKTOp — HmapaMeTPA30BAaHHAA NIpAMAA
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apaaa P (A) = Py + A (By — P,), Begyman or F, npu A =0
K @, mpu A = 1; BekTop — cKopocThb m3meHenua TodkE &P (A)
¢ pocToM A, T. e. dP/dA.

B oTcyTcTBHe JIOpEHIEBOl METPHKH OLIpeleleHHS BEKTOpa Kak
«CTPEJIKA» M «HApPaMeTPH30BAHHOM HPAMON JMHUHY TEPAIOT CMEICI.
Ilo kaxomy myTH ciefyer npoBoauTh Mexay &, u G, cTpenky wiu
auuuio? Bexb nodATHE NPAMONMHEHHOCTH OTCYTCTBYeT; Bce IyTH
OAMHAKOBO NPSAMBIC MJIH HCKPHBIEHHLIE.

Takasa HeOmpeReSeHHOCTh 3aCTaBAAET HAC OCTAHOBHTHCA HA OIpC-
JieJIeHEH BEKTOPA KaK «CKOPOCTH M3MEHeHHS TOYKH BROJIb KPHBOH»—
d&P/d\. 1o moHATHE BeKTOpa UOJX HOBHM HA3BAHHEM (KACAMEALHbI
éexkmopy KpaTko Hcciefyerca B pomoixuennu 9.1 u Goxee rayGoko
B ciegyomux adzamax.

BoapmaHCTBO MaTeMaTHKOB OTMETHT, OfHAKo, 4To u «dF/dh»
ABIAETCH JOBOJHHO HEICTKHM ONpeNeNeHNeM KacaTeJbHOT0 BEKTOpa.
Boaee mpmemiiemsimM, mo MX MHEHHIO, GyZET cilefyiomee onpeeleHHe:
Kacameavnuii eexmop U K kpueoli & (A) ecmv onepamop npou3sodHol
no Hanpasierul 600ab IMOU KpPugol:

9.1)

KacaTenbHEIZ BEeKTOp paBeH omepaTOpy HPOM3BONHOE II0 HAImpaBJie-
gm0 ? HeeeposatHo! Buawane BekTop GBI BBeleH Kak Oea3aboTHoe,
JIMIDeHHOEe BCAKON OTBETCTBEeHHOCTH nyTemectsue u3 P, B @,.
A B KOHIE OH OKAa3aJCH OTBETCTBEHHHM 33 TO, KaK 4TO-TO Apyroe
gameHseTca B Touke &, B Kakom ke MecTe Ha BEKTOD B3BAIHIM OTY
HEOKHJAHAYI0 OTBETCTBEHHOCTH? U [eicTBATENbHO I OH TAK CHIBLHO
M3MEHHJI CBOi 06MuMK, Kak 3T0 Kamerca? UToOH mOJYIATH OTBET,
BepHeMCS HEMHOr0 Hazag u Inompo0yeM UPeACTABHTH OIpeAeieHde
BEKTOpa KaK CKOPOCTH W3MeHeHHmA Toukm», mian d&P/dA, mo-HOBOMY,
B BHJEe NIpPENeJbHOTO Hepexona:

0. Bubupaem xpmByw & (M), k xoropoit mpm A = O Tpebyercs
HAWTH KacaTeJbHE BekTop d&F/dA.

1. Haxogum cmemenne & npm mamenemum A or 0 no 1; sTo eme
ne dP/dh.

2. Haxogum yaBsoennoe cmemenme & npm mamenemmm A ot 0
o Y/, aro eme He dP/dA.

N. Haxonum cmemenne & npm usmenemmn A ot 0 go 1/N, ymHo-
skeggoe Ha N; 310 eme He dP/dA.

oo. ITepexoaum Kk mpemeny Takmx cmemenait mpm N — oo; 3To
u ectb dP/dA.

dro onpenenenne oGaagaer TeM JOCTOMHCTBOM, 4To dP/dA onucr-
BaeT cBoiicTBa KpmBoil & (A) He B orpoMHOM mpome;kyTke oT A = 0
oo A = 1, rae KpuBasg MOKeT BecTH cefA CaMEIM NPAIYAJIABHM oGpa-
30M, 4 IAMb B GeCKOHEYHO Maloit okpecTHocTH Toukm &, = &F (0).

HepgocTaTok aToro ompenenennsa 3aKIOYaeTCs B TOM, 4YTO HE
00'bACHEHO, 9TO 03HAYAET KAKIHH oTReapau mar 1, 2, ..., N, ...
H IIOPTOMY HEACHO, NMpemes dero MH HaxommM. UTOGH Kakmoe «cme-
menue &» npeBpaTHTh B ONpeNeNEeHHHH MATeMATHYECKHI OGBHEKT

=0y = (d/ ax)nnom, KpaBoik«

B oTcyTersHe
METPUKE
crapbie
onpefneienna
BEKTOpAa
TEPAIOT CMBICA

Hamaydymee

A3 HOBLIX
oupenesienmii:
«xacaTenbEbif
BEKTOp
©cOBIIARAET

© onepaTopoM
HpoR3BORHOA

o uansa}atmenm»

Hpyroe
onpeaenenne,
0= dc@ /d’.,
Tpebyer
MOrpyREHAA
B INOCROE
PAHCTBO
Gonee BLICOKOA
PaaMepHOCTH



Yrounenne
aFran,
NIPUBORAILE ¢
xpd/dl "
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B HPOCTPAHCTBE, T/le MUMeeT CMBICJ «IIpefiell», MOJKHO IpeACcTaBUTh cebe,
YTO MCXOMHOE MHOrooGpasue ABIAETCH TOBEPXHOCTHI0O B HEKOTOPOM
nAockoM TPOCTPAHCTBE, UMCIO H3MepeHUH KOTOpPOr0 HAMHOTO Tpe-
BOCXO/IHT YHCJIO m3mepenuii momepxmuoctu. Torma & (1/N) — & (0)
CCTh BCETO JHIMDb NpPSAMAaA CTPENKAa, COENNHAIONIAA ABe TOYKH, T. €.
OTPEe30K OPAMOH JUHMM, KOTODHIT B o0mieM cjlydae He NMPHHAMIEKUT
camoii moBepxHocTH (cM. nomoinenue 9.1). BosnmKkawinee B pesyib-
TaTe yYMO3PHTEIbHOE NPEACTABJAEHAO O KAacaTeJIbHOM BEKTOpe OdYeHb
KpacHBo BHIABIAET ero CYIMeCcTBeHHHE CBOMCTBA, HO JOCTHIAETCA 3TO
menol nexoTopux apredaxtoB !). Takroe upencrapienne onupaercs
Ha HEKOTODPHH KOHNKDPETHH, X0TA U DPON3BOJILHEA, cn0co6 morpyske-
1A HHTEpeCcYIONmero Hac MHoroo0pasus (IpocTpaHCTBa-BpeMeHH Ges
MCTpPHKH) B Jpyroe, miockoe mpocTpauctBo. Ilombsysace aram mpen-
cTaBienneM, HeoGXOJUMO OTBIEYLCA OT BCETO, YTO B3ABHCAT OT 0CO-
6eHHocTeil morpys;xeHua. HyskHO ynmomoGuThes XHMHKY, KOTOpSIif,
4yTo6H YeTKO HOPEfCTaBHTH ceGe OCHOBHHE CBOACTBA MOJEKYJH, MOJb-
3yeTcs UrpyLieTHo# MOJENbI0 3TOH MOJEKYJH, JEerko OTBAEKanuCh Hpn
aTOM OT apTepaKToB Mojiean (IBeT OTHEABHHX AaTOMOB, AAAMETP
CTEepPKEHBKOB, CHOCOGHOCTH MOJeNn JAeopMAPOBATHCA), KOTOpHE He
OTPaXKAIOT KBAHTOBOMEXaHAYECKOH peaTbHOCTH.

Kapran, noavayscs cBoum moxxomoM B auddepeRmHaIbHOE reo-
METpHH, BKJIIOYafg MOpENCTAaBIeHHe O KacaTeJIbHOM BEKTOpe Kak
d&/dA, no-BupuMOMY, Beerna mpencTapasnn cebe mEorooGpasus morpy-
JKEHHHIMH B INIOCKHE NPOCTPAHCTBA U ONAPAJICA HA METONH, KOTOpHE
He Bcerja moasepraix ¢gopmananaanmd, Heobxomumele, 4To6H OTAEINTH
CYINeCTBEHHKE TeOMEeTpHYeCKHe OCOOEHHOCTH TaKo# KapTHHW OT
HEeCYIHEeCTBEHHHIX JleTajleldl, 3aBHCAMEUX OT cmocofba NOrPY’KEHHA.
Ero BhuMCANTEJIbHEIE METO[H HOJYYMJIH NpH3HaHHE mosgHee. Mare-
MaTHKH, KOTOpHE He JOBEPAIOT CBOEH CIOCOGHOCTH OTIHMYATH (PaKThLI
or apredakToB, OTKA3HBAalOTCA OT NPEUMYMECTB TAKOH KapTHHH
BO UM cTporoctu: He Gymem Gojiee TOBOPHUTH O NBHKEHHM CaMOM TOY-
KM, a oGpaTMMCH K TOMY KOHKDPETHOMY H3MEHEHHI0, KOTOpOe MOKHO
H3MEPUTh M KOTOpOe NPOHMCXOJHT B caMoM MHoroo6pasmm,— mamene-
HHIO, KOTOPOE NpPeTepIeBalT IpM ABMKEHUH TOYKH HEKOTOpHe (Ham
Bce cpasy) ckanapHue ¢ynknum f. Torma mpemensHHE mepexox mpu-
HUMAaeT BHA:

0. Bubupaem xpupyio & (A), K KoTopoit TpeGyerca HaiTH Kaca-
TeaAbnNi BeKTOp mpH A = 0.

1. Haxomum umcno f [P (1)] — f [P (0)], xoropoe paBHO m3Me-
nennio f mpu nepememenmn Toukn & (A) us Py = &F (0) B G, =
= & (1).

2. Haxompum umcno 2 {f [&® (*/,)] — f [P (0)]}, pasmoe ygsoen-
HOMY H3Memenuio f mpm mepememenmu Toukm us & (0) B & (1/,).

1) Apreparr (oT JarmHCKoro «artefactums— NCKyCCTBEHRO cpe;aHHOE) —
ynorpebasemuii 3 6uosiorun TepMuH, ofosEavalomunii nponecc i obpasosanne,
HECBOiCTBeHHEKE OPraHN3My B HOPMe 1 BHIBHIBaeMEIe CAMEM METOJIOM €ro MCCHepo-

Bauna.— Hpum. nepes.
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N. Haxomam uwmcno N {f |& (1/N)] — f [& (0)]}, paBmoe uame-
Hemnmo f upm uepememenun Touku u3 & (0) B & (1/N), ymuoxen-
oMy Ha N.

oo. Ilepexomum k npegeny mpm N — oo: (uamenenue f) = df/dA.

0. Mamenenne f — 310 eme He cam BekTop. Bekrop — 3To omepa-
uua d/d\, rotopas, Gynyus mpmmenena K f, gaer namenenae df/dh.
Takam obpasowm,

KacaTeJabHHH BeKTop = d/dA

lcp. onpenenenme (9.1)].

ficro, 9To omepamaa d/d\ HAYEro HO COXEPKHAT, KPOME IOC.IETHHX
mwaroB N — co B 3TOM IpPEJENbHOM Iepexofe, OpHIeM M BT IUATH
JIMMb B TeX acOeKTax, Kotopsie He 3aBucAT oT f. Ho aTo o3magaer, uto
OHa BKJI0YaeT B cefa GecKOHEYHO MaJne CMemeHns ToYKd & u nuuezo
6oaee.

ToT, KTo He X04YeT OTKA3HBAThCA OT INIOAOTBOPHOTLO MOAXO0IA
B reoMeTpmu, passuToro Kaprasom (momoxmenue 9.1), u B TO ke
BpeMsA He X09eT TOPATh KOHTAKTA C COBPEMEHHBIMH METOAMH, J0.TKel
BCe BpeMA HPOBOAHTHL DAITHINEG MEOKIY

A) camuMm KacaTeJbHRIM BEKTOpPOM, Kak ero momumas [aprau,
T. e. cmemeduem Touka dP/dh, m

B) «omepaTtopoMm KacaTelbHOr0 BeKTOpa», HMJH «OIEPATOPOM Mpo-
H3BOJHOM MO HANPABJICHUIO», YKASKHBAIOMUM, YTO IPOMCXOTUT C Py K-
oueil mpm TaxoM cmemeuus: (OmEPATOp KAacaTeNIbHOTO B2KTOpA) =
= d/dh\.

Ongmako B COBpeMeHHOM HIpPaKTHKe CJOBO «omepatop» B B omy-
CcRaercd, H JJaA 0003HAYeHAA OIepaTopa MCHOJb3YeTCsS CaMo BHIpa3ke-
HHC «KaCaTeJbHBI BEKTOD»; AaHHAA KHATA He ABJIAETCA HCKIIOICHHEM
B aTtom orHouwennn. Camu mouatTaa A u B Toxke camBaloTca B uamem
HpeCTaBJIGHAN: KOTXA MH INpeAcTaBisAeM cebe Auarpammy Horpysie-
HAA CO CTpeJKaMd, MPOBEJEeIHHIMA KacaTeJhHO K IIOBEPXHOCTH, TO
BCerjJa OCO3HaeM, 4TO CTpEeJIKa XapaxkTepmayeT OecKOHEYHO Mas1oe
nepememense Touxku d&P/dA, koTopoe IPOMCXORAT IIa CaMoil MoBepx-
HOCTH; KOrfa ’Ke MHl mpefcTaBsisem cebe omepaTop IpOH3BOLHOIR
d/d\, To BCcerna mMeeM B BHUAY TO jKe camoe GECKOHEYHO Majoe mepe-
MemeHnne TOYKH B Ipefiesax MHOToo6pasus, mepeMenieHume, KoTopoe
HeoGXomMMO MiIA HaXO:KEeHHA Jdw06oii npomaBoxmoit  df(P)/dA.
B rakom monumanmu BekTop d&P/dA = d/d\ caepyer paccmarpnBaTth
cpasy M KaK «CMemenue, KOTOpOe IepeBOJAT BHAMAHHE OT OHOM
TOYKHA K APYTroil», H KaK «IMCTO reoOMeTPpAIECKH 06heKT, A1 uocTpoe-
HAA KOTOPOr0 HYMKHH TOYKH, H HAYEr0 KpOMe TOIeK».

Ho ynpammit ¢usur Bce eme MOKeT OHTb CKJIOHEH 3aABHTH:
«KacarenpHblil BEKTOpP paBeH omepaTopy NMPOM3BOAHON IO HampapJe-
nuio ? Heseposaruol» Boamosxuo, ero yGegsaT mecKOJIbKO MHbIE TOBOJHI.
Ilycts om BoabMer cobumrme &, B KOTOpOM BHGEpeT MPOU3BOILHYIO
COBOKYMHOCTH UETHIpEX HeKOMIUIAHADHEIX BEKTOPOB (BEKTOPOB, ofpe-
JeJIeHHHX JIOOHM CcmocoOOOM, KOTOPHIA Ka3KeTCS eMy paasyMilbiy)
u 0003HATNT HX @,, 8, 8,, 8;. ITH BEKTOPH GYAYT CHYKUTH (5a31COM,
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IO KOTOPDOMY MOKHO pasjaraTh BCe OCTAJIbHHE BEKTODH B COGH-
Tl &

U=1u%gq, vV =0%q. (9.2)

IlycTe 3aTem Takoit U3HK IOCTPOHT YETHpE OIEPATOPA MPON3BOLHOMK
0 HAaNpaBJIeHHI J, = a.a BAONb 3TEX 6asmcHEIX BekTopoB. Toumo
TaK e, KAK B INIOCKOM IPOCTPAHCTBE-BPeMEHM, 31eCh Te ;Ke Ko3(-
QUIUEeHTH Pa3JIoKEHNAsA, KOTOPHe QUIypHPYIOT B U = u% 8,, furypu-
PyOT H B Pa3JIOKeHWH NPON3BOAHOM IO HANPABJICHUIO:

u= uaaa, a' = Waa- (9.3)

CremoBaTenbHO, Ni060€ COOTHOMEHHE MEKIY ONpPEAENIEHHHMH BEKTO-
pama B & MEAyNEPYET TOYHO TAKOE 7K COOTHOMEHHE MEKAY COOT-
BeTCTRBylOmEMA MuddepeHIEATPHEIMA ONEpaTOpaMH:

u=aw + bv <= u%* = aw®* - b
< au = aaw + ba'- (9-4)

CymecTByeT HOJHHI «H30MOpPPU3M» MEKIY BEKTOpaMd M COOTBeT-
CTBYIOIIEMI IPOM3BOAEHMH IO HampaBieHmio. Hak ke Mo)keT Tormga
YOpAMHEA (QH3WK JHAMHATH YOPAMOrO MaTeMaTHKa HIpaBa NOJHOCTHIO
OTOKMECTBIATh Ka:KABIHA KacaTeJIbHHIM BEKTOp ¢ ero IpPOM3BOZHOM
no HanpasieHnio? Tem Gosee, 9To 3TO0 He IPUIAHAT HAKAKOTO ymep6a,
He M3MEHHT HH OJHOIO pe3yJbTaTa BEIIUCICHMUIA.

Taroir m3oMOp(U3M NPHEBOAMT K HOHATHIO KACAMEALHO0 npO-
cmpancmea. IloCKONBKY CMBICH JAHEHHHX COOTHOIIEHMH (TaKux,
Kak 0y = ady -+ bdy) MeXny NpPON3BONHHIMM @O HaNpPaBICHHIO
6 00noli u moli e mouke &, BIOJHE ompeaeseH, a CaMH 3TH COOTHO-
NEeHAA NONIMHAKTCA OOHYHHM IPAaBHIAM CIOKEHHS H YMHOKEHAA,
rakde auddepennmmanbHbie omepaTopu ob6pasyioT abcTpakTHOE (HO
KOHEYHOMEDPHOE) BEKTOPHOE NPOCTPAHCTBO, Ha3HBAaeMOe KacaTeJIbHEIM
opocTpanctBoM B Touke &, Ha amarpamme Bio;keHmsa (momosHe-
nue 9.1) sTH DpoM3BOAHEE ACHOAB3YIOTCA (KaK OHepaTOPH B MIOCKOM
NpPOCTPAHCTBE BJIOKEHHA) MIA IOCTPOGHAA KAaCATEIbHEIX BEKTOPOB
u=0, v=20, B Bage npamex cTpeaok. Tarkmm oGpasom
abcTpaxkTHOE KacaTeJlbHOe IPOCTPAHCTBO OTOKEECTBISETCA € Kaca-
TeJIBHHM IPOCTPAHCTBOM, MMEIOMMM TreoMeTpuYeckoe ma3obparkenme.

HNonmonuenne 9.1. KACATEJBHBIE BEKTOPBI B KACATEJBHOE HPOCTPAHCTBO

HKacaTensunit Bexrop d&°/d)\ onpenensierca Kak «upemen npu N — oo, K KOTOPOMY CTpe-
MHTCA YMHOKeHHoe Ha N CMellleHHe, HCOETHBaeMoe & npm mameneHuu A ot O mo 1/N».
Henpss npencraBiasaTh cebe, uTo moJydamomeeca B peayiasraTe cMemesue d&/dA aexur
B OPOCTPAHCTBE-BpeMEHH; TaM eMYy HeJIb3s NPHAJATh HYKHHE CMHCI (OTCYTCTBYET
noHATAe mpsAMoamEeiHocTH). BMecTo aToro mMu msobpaskaeM dF/dA nexxamum B «kaca-
TeIbHOH IJIOCKOCTH», MM B «KacaTeJbHOM HIDPOCTPAHCTBE», KOTOPOE KacaeTcs Ipo-
CTPaHCTBa-BpEMEHH TOALKO B ofiHoM cobutEu & (0), KoTopoMy npuHamaexmr dF/dA.
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Bce ocranbEme KacaTeabhe BekTopH B & (0), mampmmep d&/dp, d&F/dv, dF/df
JAeRaT B TOM ke KacaTelbHOM IpPOCTPaHCTBe.

Yro6H mpaAaTh NOHATEAM KacaTeAbHOTO BEKTOPAa M KacaTeJIbHOrO HPOCTPaHCTBA
TOYHHI CMHICH, MOKHO CUHTaTh, 9TO NPOCTPAHCTBO-BPEMs NOTPYKeHO B IJIOCKO®
npocTpaHCTBO Gonee dem weTHpeXx u3aMmepenmiti. Torma MoskHO, BOCHOJB30BABIIECH

¥
0 <

0

P

IPAMEIMA CTPEIKAME ILIOCKOTO IPOCTPAHCTBA BIOKEHHSA, OCYIECTBHTH HIpefelbHHIA
nepexofl, KoTopuit fact d&/dA. B pesyapTaTe Hoay9HTCA KapTHHa, aHAJOrMYHAA
m306pakeHHOH BHmeE, Ho ¢ GOJBIIEM 9YHCJIOM H3MepeHHmi.

Ho takas TpakToBKa HeGesomacHa. Hcxopma ®M3 Hee MOKHO HeOPaBHALHO Hpef-
IIOJIOKHATD, 9TO KacaTeNbHHI BeKTop d&/dA 1 KacaTeasHOE IPOCTPAHCTBO B & 3aBACAT
OT TOr0, KaK OCYImECTBJIAETCA NMOTpPY;KeHHE, WU CaMHM CBOHM CYIIeCTBOBaHHeM 00A-
BaHH mpomeccy morpyxendsa. OgHako 3To He TaK. VI cTpeMileHWe fCHO NOKAa3aTh,
9T0 9TO He TaK, No6yaaeT BBeCTH ompefielIeHEE KacaTelIbHOT0 BeKTOpa KaK omepaTopa
NPOM3BONHON N0 HampaBieHM0 d/dA, a He ECHOAL30BaTH Gojee HariAfHOe MOHATHE
d&/dh, ssenernoe KHapranom,

§ 9.3. BA3NCbl, KOMIIOHEHTbI N 3AKOHBI
IIPEOBPA3OBAHMA BEKRTOPOB

OcoGenno ypoGHEM 6asucoM B KacaTeJbHOM NPOCTPAHCTBE B COOH-  gagmo,

taa &P, ABnAeTcA Gasuc, ompefeageME KaKoi-1m60 CHCTEMOR KOOp-  OnPenensemuii
0 1 Py 3 cHoTeMolt

murar [detHpe ¢pymrmum 20 (F), zt (F), 22 (FP), 2® (F)] (dur. 9.1) noopamuar

s OpPOM3BOJIHASA IO HAIPABJIEHHIO
8o = ( dz0 )xl, x2, %8 ((

BAOJNb KPHEBOA ¢ DOCTOAHHEIMH ) , (9.9)
z!, 2%, #°) m mapamerpom A=2°/ &

a
ei—ﬂ]—v 8 = 922 ? 83 = 93 °
Ilepexon
IIpeoGpa3oBanune ot ogHoro 6asmca K APYroMy B KacaTeJIbHOM IIPO- g.al;l’g;‘;“"
cTpasctee B &, mogo6HO BeAKOMY mepexofy K HOBOMY G6asmcy  ompemeneame

B 1060M BEKTODHOM NpPOCTPAHCTBE, OCYMIECTBAAETCA C HOMOMBIO  mpesGpasosamma
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OUT. 9.1.

BasHCHHE BOKTOPH, OLpe/enaeMHe B KaCaTeAbHOM HMPOCTPAHCTBE KAaKAOrO COOHI-
THA CHCTOMO# KOODJHHAT IPOCTPAHCTBA-BPeMeEH. 3/1eCh B306paskeHO yCedeHHOO
ABYMepHOE IPOCTPAHCTBO-BPeMA (B XPYTAX H3MEPEHHS OTGPOMEBH) C KOODAH-
Ratamu ¥ () 1 1 () B CooTBETCTBYOmEMA GasHCHHMEA BeKTopaMu /9y 1 8/6.

HECHHTYJAAPHOR MATPHAIK
8r = 0pLPos; (9.6)

KOMIOHEHTH BEeKTOpa, KaK BCerfa (BKIIOYasd JIOPEHNEBH CHCTEMH
IVIOCKOTO IPOCTPAHCTBa-BpeMeHH), upeobpasyiorca mo o6paTHO
MaTpHNe

u* = L“'Bup; (9.7)
L*pLP 0 =8%p,
L% L% g=8%.

910t «006paTHHI® 9aKOH mpeobpasoBanma 066CIETHBACT COTIACOBAHHOCTD
pasioeHEil U= @q-u® # u=epub:

1Zsl=0 L% I, =, 9.9)

U= 0a:u% = (8yL"as) (L puP) == 0,87puP = epuP.

B uacTHOM ciaydae mepexoloB MEKAY KOOPAMHATHHME Gasmcammu
mMaTpEma npeo0pasoBaHdMA NPAHMMAeT OPOCTOA BHA

(cormacmo o6xaHHM HpaBHIaM AAdPepeRnEaTIPHOTO HCIACACHHSA), T. €.

Lﬂ“' = (0zP/ aza.)n coburar Py, rue pacmonioseno® (9.9)
KACATeNbHO® NPOCTPAHCTEO
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(Illpumewanue. IT0 BHpaKeHHe aABIAeTCA 0000meunemM 3aKoHA mpe-
obpasopanma Jlopenma zf = AB,. 2%', KoTopwiii Toke MoKeT OHTH
sanucad B guddepenuanbuoit fopme APy, = 928/9x%"; Takaa samuch
N03B0JIAET TAK}KE JIETKO 3a0MHATE PABAJNIbHOE HamAcauue MaTpur A.)

§ 9.4. 1-®OPMbI

Yaaaue n3 onpocTpalCTBa-BpeMeHU JIOPEHIEBY METPHKY, MBI JOJKHEL
YCOBEpIEeHCTBOBATh moHATHE 1-PopMH 6, morpeGoBaB, 4TOOH OHA,
no06HO BCAKOMY. KacaTeAbHOMY BEKTOPY U, OGnla mpmmucaHa ompe-
nenieHEHOMY cOOHTHIO &, B npocTpaHcTBe-BpeMernn. CeMelicTBO mOBepX-
HOCTeHl, IPeACTaBAAIONUX ¢, OPUHANICKAT KacaTeJbHOMY HOPOCTPaH-
cTBy cobutus &, a He camoMmy mpocTpaHcTBy-Bpemenn. Ilepeceaenme
HOBEPXHOCTEH O CTPEenKoit U, B pe3yJbTaTe KOTOPOTO NOJydaeTcA

gquciao (0, ) («ymapn KOJOKO0Ja»), IPOUCXOJAT TO}Ke B KacaTeJbHOM
OpPOCTPAHCTBE.

Ecin B cobuitem &, 3aKaHa COBOKYOHOCTh Oa3MCHEIX BEKTOPOB
{eo, 84, 8,, 85}, TO MOYKHO HOCTPOHTH Jyaavntii Gasuc 1-Popm {@®,
ot, 0%, @°}, Bribpas nosepxHocty ©F TakmM obpasom, wro

(0, 85) =08, (9.10)

(¢ur. 9.2). OTcoaa cieayeT yAABATEAbHO NPOCTOR OPMATA3M HAX 0K~
IeHUsA KOMIOHEHT KacaTeJbNHX BeKTOpoB u 1-gopm:

U= 8,u® (OmpefieJeHEe KOMIOHEHT W), (9.11a)

0=0pwP (ompemeneHme KOMOOHEHT O), (9.116)

u*= (0% u) (cmoco6 maxokmeHHs KomMmomeHT U), (9.118B)

og=(0, 6p) (cmoco6 Haxo;kmeHMA KoMmoHeHT ©), (9.11r)

(0, u) =04u* (cmoco6 HaxoJAeHHA (G, U) C NOMOMBI0 KOMIOHEHT),
(9.11n)
0% = L% g0B (saxom mpeoGpasosamms Gasmca 1-gopm,

cooTBeTcTCTBYIOmMHAi (9.6)), (9.11e)

Oa'=UﬂLBa' (saxon mpeoGpasoBanmA kxommoHeHT 1-Popm). (9.11:x)
(B yopasknennm 9.1 mamo oGocnoBanme aTEx $opmyi.)

B oTcyTcrBHe MeTPHKHU He CYMECTBYET crmocoba, ¢ IOMOIbI0 KOTO-

poro mMo:xuo Obllo OH BhIOpaTh onpepeneduyio 1-dopmy U B coGuTUR
&P, u cKazaTh, YTO OHA COOTBETCTBYET JAHHOMY KAacaTCJbHOMY BOK-

Topy 4 B &, CooTBercTsne, yCTAHOBJAEHHOE B IJIOCKOM IIPOCTPaH-
CTBe-BpeMelin

(Ug V)=mUeV JJA BCEX V,

mpomajJaeT BMecCTe ¢ HCYe3HOBeHHMeM 3HaKa «+-». To ke yTBep:KaeHue
MOKHO CcPOpPMYJIMpoBaTh HA ABHIKE KOMIOHEHT: NONHATH WHIEKC
u®* = n“ﬁuﬁ HEBO3MOXKHO, IOCKOJBKY n“B 0oJinlle He CYHIECTBYIOT;
TOYHO TAK K€ HEBO3MOKHO ONYCTATh MHJEGKC lUg = TgqU®.

19—04457

2

Onpepenesne
RYaAbHOTO
Gasuoa 1-@opm

QOopMyIN
ONepHPOBAREA
¢ KOMIIOHEHTAME
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QUT 9.2,
Bexrops Gasuca 8, m 1-popmm ayambHoro Gasmca ©f B kacatensmom npocTpaH-

ctBe cobutaa F,. Ma ycxosma (P, 8,) = 8P, cmenyer, uTo BexTOpH e, & g
HOJKEH JIeKaTh NapajiesbHO NOBEPXHOCTAM o)?, a e, TAHEeTCA OT OfHOIl moBepXx-~
HOCTM ©' o apyroil cocenHeii (mepecekaer posHo 1,00 moBepxHOCTH).

OTMeTHM, 4TO BTOT PUCYHOK OUY€Bb X0poumio GH mojomes K KHUre 1o PeHTreHOB-
CKHM Jy4aM M Kpuctannorpagun. Tam sexTopH e, €,, €3 mpencraBasan 6u pe6pa
€[AMBMYHOH KPHUCTAJUIMYECKOHl AdeilKll, a MoBepXHOCTH ), 0, ®® Owan OHW
NOBEPXHOCTAMH €NMHUYHLIX SAY9EeK. B 9KCNIepUMEHTEe TIO nu(bpaxnml PeHTre-
HOBCKHAX Jydeii IpA COOTBETCTBYIOMEM N0AGOPe AJIEHH BOMHE U3JIYyYeHUA H OpPHEH-
TEOMH KPHCTaAla Ha HOCHENOBATEJBHBX NOBEPXHOCTAX ©! ODPOMCXOAMT GParroB-
cKoe orpaskeHue. IIpn ppyrom mopGope RAMHEL BOJEHH U OpHEHTanml GParroBcKoe
OTpasKeHIe NPOMUCXOANT HA IOBEPXHOCTAX ®2 H .

1-popma rpaguenta df Gmaa BBefena B § 2.0, coBepmreuno He
ommpasch Ha noaarne merpuku. CiegoBaTenbuo, TPagueHT M CBA3aH-
HHE ¢ UM MaTeMaTHYeCKUil fopMaiusM Temepb, KOTAA HET METPHKH,
TOYHO TaKHe ke, KaK H TOTNa, KOrja MeTpHKa Ghiia, 3a HCKIKYCHHEM
aumsb Toro gakTa, UTo Kak U Bce ocTanbunte 1-¢gopmsl, df mpunaymckaT
Telmeph KacaTeJbHOMY LpPOCTPANCTBY, a He CaMoMy IIPOCTpPaHCTBY-
Bpemenu. Tak, Hanpumep, COBCEM He MEHACTCA OCHOBHOE COOTHOIIElHeE,
CBA3HIBAIOIIEE TPOCKIIIO [PAAMENTa ¢ IPOI3BOJHON N0 HANPABJICHHIO:

(df, wy=0uf=ulf]. (9.12)

crapoe oGosHauenme HNJIA ’ ‘__[ HOBoe 00o3HaueHme;
OPO3BOJHON MO nanpanncnmo] _HALIOMHHM, 9YTO U=:4d,

ITomo6GuEIM e 06pa3oM He MEHSIOTCA Y COOTHOIICHHSA B KOMIOLIEHTAX:
df = f,0% (pasmoxerme df B npomsBoasHoM Gasmce), (9.13a)
f.a=0uf=e,[f] (cmoco6 vaxosxnenus xommoment df), (9.1306)
f.w=0f/02%, ecam {@,}— KoopmumaTHbii Gasmc;
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OpuYeM OHHM BHIOJHAKTCA B M0GEIX Gasucax, a He TOJABKO B Jopenme-
Bux. Hak B JopeHmeBBIX cHcTeMax OTCYETa, TAK M B cHCTeMaX obuiero
Bnfa, Gasuc 1-popm {dz*} m Gasnc KacaTeabHEIX BeKTOpoB {0/dx%)}
(ompesmesneHnBle B KacaTeJbHOM IIPOCTPANCTBE AJMA ORANOH M TOM ke
CHCTEMHBI KOODAMHAT B IPOCTPAHCTBE-BPEMEHH) Jyaiblibl JIPYL APYTY:

(dz®, 8/0xP)=8§%p. (9.14)

(lokasaTenbctBo cM. B ympakHeHuH 9.2.) «Buemnee ncumcienue»
Kaprana (myaktm A, B, B pononnenns 4.1) Taxske B GoabIIHHCTBE
CBOHX AaCHOeKTOB He MEHAETCA NpH YHAJICHHH MeTPUKH.

§ 9.5. TEH30PBI

Teuzop $ B oTCyTCTBHE JOPERNEBOIl METPUKU OTAMIAETCH OT TEH30POB
B IUIOCKOM JIOPEHIIEBOM NIpPOCTDPAHCTBe-BDEMEHH B JBYX OTHOLIe-
guax: 1. Tenmsop 8 momen GHTHL NPHUOUCAH OHpPENETEHHOMY COOH-
tHio &, ToYRO TaK e, KAK 3TO JOJIKHO MMETh MECTO [JIfi BCEX Bek-
ropoB 1 1-popm. 2. Hakmwii Bxomuo#t kamaa teusopa 8 aBaserca
KaHaJIOM ONpEAeJeHHoro BHJA: B HETO MOKHO BBOAMTI JIMGO BEKTODHI,
aubo 1-GopMnl, HO HMKAK He Te ¥ APYTHE CPa3y, LOCKOJBKY y Hero
HeT BO3MOKHOCTH IpPeBpaTHTh 1-$opMy U B «COOTBETCTBYIOLIHUIT BEK-
Top», Koraa ata 1-gopma momagaer B ero amueiinyio Mmamuay. Taxum

obpasom, ecam 8 ecth TeH30p paHra (;)

S(evey ooy i)y (9.15)
T T 1‘ [cmna BBOJIATCA ‘
i BEKTOP
CI0Tia BBOJAHTCA BEKTOD

ciofia BBOJHTCH
1-popma ]

TO ero Heabss MPEBPATHTH ¢ HOMOIMBIO DpoieaypH § 3.2 HM B Teusop
3 0
panra (“f) , HI B TEH30p (0) , HH B TeHsop (3) . Ha sasuke

KOMITOIIEHT MHNEKCH 8 Henp3A HU NOJHATH, HH ONYCTHTH.

3a MCKII0OYEHHEM 3THX [BYX OrpaHudeHud (IPHHALIESKHOCTH
onpexeaenHoMy coGuTIIO; cnemudnKa KanaaoB), TeHsop § ocracres
TaKOH ;Ke JUHEeHHOH MamuHO#, Kak n pauec. M1 anre6pa omepuposa-
HHAA C KOMIOHEHTAMH TOKe He I3MeHnsaeTcs:

S%s, =S (0%, ep, 8,) (S, ©*, 8g— BCe MOKHBI IPUHALJIEKATH

OfiHOMY COOEITHIO), (9.16)
8=5%8, ® 0f @ o, (9.17)
S (o, u, v) =S%p,0,ubv. (9.18)

19*

Cnenuanusaynn
KARA/I0OB
TeH3opa
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YIIPAJRHEHHAA

9.1. Onepanue ¢ KOMIOOHEHTAMH

Brueenute coorHomenma (9.118) — (9.11x) us (9.10), (9.11a, 6),
(9.6), (9.7) un (9.8).

9.2. KoMnoHeHTH rpajdeHTa M [YAIbHOCTH KOOPAHHATHBIX
0a3ucoB

B npomaBonbHoM Gasuce ompenenuTe f o COINMACHO DPAa3JoMeHHIo
(9.13a). 3arem u3 cooruomenuix (9.11r) m (9.12) momyuure meron
HaxoneHns f, o (9.136). Haxonen, us coorHomenms (9.12) Bmecre
¢ (9.136) mokaskure, aro Oasuch {d2z%} u {9/9zB} myadabHm pKpyr

APYTY.

9.3. IIpakTEKa oHepandii ¢ KacaTeJbHMMH BEKTOpaMB

llyets &, — TOYKa B TPEXMEPHOM NPOCTPAHCTBE C KOOPHXAHATAMHI
(z =0, y =1, z = 0); onpegesum Tpu KpHUBHE, NPOXOLAIINE Uepe3
&,, caepyouam obpasom:
& M) = @, 1,),
& (£) = (sin , cos §, T),
& (p) = (shp, chp, p + p%).

a. Haitgure (d/dA) f, (d/d0) f n (d/dp) f nna ¢yurmuu f = z* —
— y? + 2% B Toure &,. 6. Haiigure KOMIOHEHTH KacaTeAbHHX BEK-
topos d/dA, d/dt u d/dp B &, BocmoanzoBaBmuch Gasucom {d/dz,
d/dy, 0/dz}.

9.4. [lomoranTEIbHAS HOPAKTHKA Omepandaii ¢ KacATEIbHBIMH
BEKTOpaMn

BeemeM B TpexmepHOM IPOCTPAHCTBE C KoopAuHATamu (r, ¥, 2) moJe
Bekropa ¥V = y? d/dx — x 8/0z v pynkouu f = zy, g = z°. Haitnure
a. v[fl, B v[fgl, n. vif*+g,

6. vigl, r fvlgl—gvlfl, e v{v[fl]}.

9.5. Harasgaoe npejcrasineAne KoopamHaTHoro Gasmca 1-dopm

Hapucyiire B kacaTearHom npocrpascTBe ¢ur. 9.1 Gasucusie 1-dopMsr
dy u dy, ounpegeasembie cucTeMoit KoopamHar P, .

9.6. Onepauuu ¢ gyansHumn GasmcaMa

B rpexmepnoM mpocTpaHcTBe B chepHuecKHX KoopauHATax r, 0, ¢
gacto Bmecro Gasuca 9/dr, 8/00, d/d¢ wcmonsayercs Gasme

3 12

®° % = rem 630 °
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a. YUro coboi mpencrasiaser Gasme 1-gopm {m; , @9, (,,3}’ yajb-
HHE K dToMy 6asmcy W3 KacaTelbHHX Bextopor? 6. Hapmcyiite na
cdepe r=1 pacnonoxenne Gasucos {§/0r, 0/30, 0/d¢}, {e;, eg, s},

{dr, 46, d¢} 7 {07, ©®, 0*}.

2

YOPAKHEHUA

§ 9.6. KOMMYTATOPBI U METOAbBI HATJIAAHOIO
IIPENCTABJEHUA

Bexrop u, 3agaHHHi JuiiL B OAHOI TOuke &, D03BOAAET HAKTH
OPOM3BOAHYIO U, if] Ea..of, KOTOpasA InpefcTaBiasgeT €o6oil mpocTo
4ucI0, CBA3aHHOE ¢ TouKol &, Bekroproe mose U B OTAMYHE OT
u, sagaer Bexrop U (P), r. e. FudpdepeHnUANbHEN omepaTop 0"(50),
B Kammoit Touke & meKoTopoit 06MacTH DpOCTPAHCTBA-BPEMEHH.
BekToproe mose, meiictBya Ha $pyHknuo f, obpasyer He OTAeNbHOE
wieao, a Apyryio dymknomio ¥ [f] = d,f. Bropoe BextopHoe moie ¥
MOJKET ¢ TAKHM jKe yCIéXoM IONeHCTBOBATH HA 3Ty HOBYIO QYyHKIOIIO,
o6pa3oBaB IpE 3TOM eme OoAHY (QYHRIHIO

v {II [f]} =0y (auf)'

CoBnasaer am 5Ta QYHKOMA C pe3yIAbTATOM, KOTOPHIH NOJYdIHTCA,
€ClIH CHAa4YaJa mOAeHCTBOBATH MOJEM V, a 3ateM U? Jlpyrnmu caoBamu,
PaBeH JHA HYJI (KOMMYTaTop»

(u, v1[fl=u{v [fI}—v {u []}. (9.19)

B npocreiimeM wacTHOM ciaydae, KOT4a U M V ABIAKTCA GaznCHBIMU
BCKTOPAMH CHCTEMH KoopamHar W = 9/0a%, v = 9/9zB, rommyraTop
AeHCTBATENBHO paBeH HYJI0, DOCKOJbKY YaCTHEE IPON3BOJXHEE BCETRA
KOMMYTHPYIOT:

[0/82%, 8/028] [f] = 0%f/0xP dx* — 0°f/0a* dzB = O.

Ho B ofiem cniyuae KoMMyTaTOp OTJIWYCI OT HYJs, B 4eM MOJKHO yOe-
OUTHCA, OpPOBEls BHIKJANIKK B KOOpAWHATHOM 6asmce:

[u, v1f=ua3§(vﬂ%)_vaw%( s_‘%)=v

= [u“vﬂ,a— veub ;) ’a%».'] f-

OTtMmernM, 9TO KommyTarop [u, v], nogo6ro camum U H ¥, eCTh BEKTOp-
Hoe TIOJIe, T. €. JuHeinsi JuddepeHnUANBHEI oneparop, onpeneyen-
HHII B KaKAOM COOHITHH:

[, V)= ([P — v [uP) 2 = (ueh o — voub) 5. (9.20)

Onpegenenne
KOMMYTATOPA

KOoMMYTATOD RBYX
BeETOpHMX nonel
€CTh BEKTOpHOE
none



RouxyTarTop
B poan
«3AMbIKAIOLE

KpHRLIE»

Hynesoit
KOMMYTATOP:
TecT A
KOOPRHHATHLIX
Ga3ucos

Omnpefienenne
WOMMYTAI[HOMHBIX
KoadpunneuTon
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9Ti pe3yabTaThl NOJKHHE GHITh H3BecTHL U3 (opmaluaMa KBaHTOBOM
TEOpPHH, CBA3AHHOTO C ONEPATOPOM MOMEHTA MMOyJdbca (yopaskHe-
are 9.8).

Tpu acmekTa reoMeTpuu — HA UYepTe;Kax, B abCTPpaKTHOM BHJE
¥4 B KOMIOHEHTaX — HO3BOJAIOT C TPeX PA3IHIHHX CTOPOH NOJOHTH
K DOHATHIO KOMMYTATOpa.

1. AGcrpartnoe BHpaskeHue (U, v] HaTaJdxk@BaeT HA MEICIb O Tec-
HOii CBA3M ¢ KBAHTOBOM TeopHeil W BH3HBaeT B HaMATH PasdBHTHIE TaM
MHOTOYUCICHHHEe MeTORH oOpameHns ¢ omeparopamu. Hamomumm,
OIHAKO, UTO OLEPATOPH KBAHTOBON TEODHH HE 06A3aTEIHHO FOJKHH
Outh AuddepeHqnaNLHEIME ONEPATOPAME HEpPBOTO mopagka. B o6sra-
nom ypasHedun IlIpegmarepa KmHermYeckasA 3Hepras IpeJCTAaBIeHA
omepaTopoM BTOPOro, a NOTEHOUAJIbHASA — OHePaToOpPOM HYJIEBOTO
nopAnxka. Bekropamu ke ABIAITCA JIHIDb OHEPATOPH HEpPBOTO
nopAAKa.

2. Bupamenne B rommoHeHtax u%vB, — v2ub,, copasemauBoe
B NPOU3BOJIbHOM KoOpAuMHaTHOM (asHce, Je1aeT KOMMYTATOpP JOCTYI-
HHIM [ OPHUMEHEeHUS MOIIHKX METOJ0B MHICKCHOH TeXHMKH.

3. Haraagnoe npexacramiesne Kommyratopa [u, v] (momoaue-
uue 9.2) BuABAAeT ero QYyHIAMEHTAIbHYIO POJNb KAK «3aMHKAIONIETO
KPUBHE»— POJIb, KOTOPAs OKA/KETCHA BAayKHOM IIPH aHAIHA3e KPUBH3HEI
B ra. 11,

HoMmyyTaTopsl HAXOJAT HpHMEHEHMe, KOrga HY;KHO IPOBECTH
pasandue Meskay KoopauHaTHuM {84} = {0/0x%} m HexoopAHHATHBIM
G6asucamm. IlockonbKky dacTHEE HpoU3BOJHHE BCErqa KOMMYTHUPYIOT
MesKRy coboii,

[@os @8] = [0/02%, 0/02B] =0 (9.21)

B mio6om koopauuarHoM Gasmce. U oGpardo, ecam sagano moxe Gasuc-
HHIX BEKTOpOB («mosie cHCTeMH oTcdera») {8, ()}, u mu He 3uaem,
cymecTByer Jam cucrema Koopaunar {z® (F)}, B xoropoir {e,} =
= {0/dz®}, TO 3TO MOKHO y3HATHh IDH MOMOMM HPOCTOFO TECTa:
HaxomuM (4 X 3)/2 = 6 xommyTartopos [e., 8gl; ecin Bce orm paBHH
yJI0, TO TaKadg cACTeMa KoopHuHaT cymecrByer. Ecam Her, TO ee
ue cymecrsyer. Hopoue, {8, (F)} asssemca Gasucom, onpedessemvim
cucmemoli Koopduram, mozda u moavko mozda, kozda (e, @zl = 0
dasn ecex 8, u @p. ([HowazareascTBo cM. B ympamaenun 9.9; onuo
13 BasRmedmux mpusoenuit cMm. B § 11.5.) Basucu, ompepensemsie
cUCTeMOi KOOPAMHAT, MHOTIA HA3HBAIOT 2040H0MHLIMU. B «HETOTOHOM-
oM OGasmce» (HeroopauHaTHOM 0asmce) BBONATCA KOMMYTAIIHOHHEIO
koappunuenTy c, %, ompegeldeMhe BHpa;KeiTMeM

(8, 8v]=1cpy*0a. (9.22)

Ouu BXOMAT B KOMOOHEHTHOe BHIpa)KeHMe I8 KOMMYTaTopa MpOH3-
BOJILHKIX BEKTOPHLIX IIOJeil U M V:

[u, v]=(u[vP]— v [uP]+ utvvc,.P) 8g (9.23)

(cm. ympaskmenune 9.10).
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[{Ipedocmepencenue! OunucniBag GyHKUMM ¥ HONA, MATEMATHKH
¥ QU3MKHU YaCTO UCHOJIB3YIOT OJHH U TO ;Ke CHMBOJIL, A 0603HATSHU
OOHATHN, KOTOpHeE HmpOTHBOpedaT ApPYyr Apyry. Pusax moxer Hamu-
caTtb £, UMeA B BUAY AJUHY KaKoW-HUGYZb BaKHOM 4acTH KOHCTPYH-
pyemoro my mpmbopa, a 3arem mepeiitu K £ (7), Korga eMy HY:KHO
PaccMOTpeTh, KaK 0Ha pearApyeT Ha u3MeHeHdAsA TeMnepatypsl. Torzga
£ ABagerca duciaoM, a £ (I') — dpyaxgued. MaremaTuk ke 0603HaATAT
gepe3 f ¢yHkmmio, paccMaTpuBasg €e KaK 3JIeMEHT KaKoro-Hubyasb
6eckoHeaHoMepHOro mpocTpaHcTBa QyHKUAN. Ecanm y dyuxmum ects
apryMeHT, To OH Hanmmer f (z), YTo SABIAETCA LPOCTO YHUCIOM —
3HagenneM f B Touke z. CTOJIKHYBIIMCH C ITHMH IPAMO IPOTABOLOIOK-
HHIMM MaHepaMd BHIPA;KaTbCA (QHBSAKOB M MAaTEeMATHKOB, ABTOPH
8aHAIH Roxebaoiyoca no3unuio. OGKHIHO MK HCIOAb3yeM yTBep:K/Ie-
HuA, NDpuHATHE Yy ¢usmxoB, Hampumep: «Ha xpmeoir & () .. ..
Yurarenr caM MosKeT NepeBeCTH WX HA CTPOrMil MaTeMaTHIeCKMit
Asbik: «Pacemorpum KpuByw €, TOUKM KoTOopoit uMewT BuUE P =
= € (A); Ha aroit Kpusoi ...». Ho Bpema or Bpemenu gararendb Gymer
CTAJIKMBAaTbCA ¢ ab3aieM, 3BydamuM MOeJaHTAYHO M HANMCAHHEIM
HR jKaproHe, HPUHATOM B KPYTy MAaTeMaTHKOB (mpUMep: HOHOJIHE-
e 23.3). B Takux a63amax pedyb uJeT 0 MOHATHAX U COOTHOIIEHMAX
CTOJIb CJIOKHEIX, 9TO OOHYHHIA NI (PM3UKOB CcHOCOG BEIpa:KATBHCA
Kpaiine 3amyrtaJ OH curyanuio.  ToMy sKe oHI He MO3BOJIAT YUTATETIO
HaCTOJBKO B:KHTLCA B (QH3IYECKUH KAPrLOH, YTO [JIA HEr0 CTAHeT
Herpuem/jeMoi MaTeMaTHYeCKas JMTepaTypa, Koropaa Oiaarogaps
nOCJeJ0BATEIBHOMY MCHOJb30BAHUI0 COBEPHIEHHO OJHO3HAYHHX 0060-
3HaveHnil 06:;1a7aeT OTPOMHBLIMH HPEHMYIECTBAMH SCHOCTH H3JI0MKe-
HAA M JKOHOMUHM MEICHH.]

CpasHesne
oboaaa

HONONb3IYeMBIX
duaExann
H MATOMATHRAME

9.7. KommyraTopnt

Haitgure xommyraTop [es, 03} BEKTOPHHIX moJIeil

1 9 1 a
8 =73 © =7sn6de-"

Bupasute pesynbrarT B BHAe Juueiinoii kombumauum @5 u e;.

9.8. OnepaTrops MOMEeHTa EMOyabca

B nexapToBHIX KOOPAMHATAX TPEXMEPHOIro 3BKJIH0BA HPOCTPAHCTBA
TPH (OIIEPATOPA MOMEHTA MMIYJIbcay (BekTopiibie moas) L; oupenensior-
¢ cheaylomuM oGpa3somm:

Ly = ej,2* (0/02").

U3o6pa3ute 3TM TpHM BEKTODHHIX NOJA Ha pucynke. Hailimure ux
KOMMYTATOPH! {BYMA NYTAMH: aHAJATHYECKN M ¢ TMOMOLIBIO YepTeKa,

YOPAKHEHUA
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9.9. KoMmyTraTopsl 4 KOOpAEHATHLIE $a3UCH

Ilycte w 1 v — BexkTOpHHE m0JA B mpoCTpaHCTBe-BpemeHu. llokaskii-
Te, 9T0 B HEKOTOPOIl OKPECTHOCTH HPOM3BOJHHO BHIOPAHHOH TOUYKH
cucTeMa KOOPAUHAT, MJIA KOTOPOM

u=a9a/ox!, v=203/02%,

CYImEeCTBYET TOIAA M TOJbKO TOIAA, KOIAa U A V JIMHEHHO HE3aBHCHMEL
H KOMMYTHPYIOT:

[u, v]=0.

Y6emqutecs cHaYajga, YTO 3TOT PE3YJAbTAT COLJIACYETCA CO BTOPHIM
pucyHKoM B momoanenun 9.2, a 3aTeM JOKa)KUTE €r0 MaTeMATHICCKHU.
ITpumeugrue. ITOT PE3yNbTAT MOKHO 0000IIMTH HAa YETHIPE HPOH3-
BOJIbHHIX BEKTOPHHX I0JA 84, 8;, 8,, 8,. CHCTeMa KOOPAUHAT, B KOTO-
poit @, = §/02%, cyuecTByer TOrfa M TOJBKO TOTAA, KOTLAA €, ©j,
8,, @, JuHeliHo He3aBucumH u [e,, e,] = O ana Bcex map e, @,.

9.10. KoMnonenTsl KOMMYTaTOpa B HEKOOPAHHATHOM Oasmce

BriBeaute coornomemnne (9.23).

9.11. Ilpoussoguan Jin

«[lpoussogras Jlm» BewxTOopHOrO0 moass V (&) BEOAB BEKTOPHOrO
moiia U (&) ompenensercs caemyiomuM o0pasoM:

Lyv=u, v]. (9.24)

Hapucyiite mna ucre OymMarm ceMedCTBO KDUBHIX, 3alOJHAKHIHX
II0CKOCTh («koHrpyaummsaA»). B mpoumsBoibHoil Touke aucta P,
HapucyiiTe TpOH3BOJbIHIA BekTop V. IlepexHecmre 3TOT BeRTOD
BIOJb KPHBOI, mpoxoismeil gepe3 &, ¢ OOMOLIBIO 3aAKOHA NEpeHoca
Ju Lyv =0, re u = d/dt — xacaTexbHHi BeKTOp Kpupoil. 1130-
OpasuTe IMOJYUYEeHNBIl B pe3yJbTaTe BEKTODP V B PA3JHYHBIX TOYKAX
& (t) ma kpusoii.

9.12. Toxpecrso fAxoom

a. JlokamnTe TOMEecTBO fIKOOM

fu, [v, Wil +[v, [w, ull 4w, [u, v]]=0; (9.25)

IJA HTOTO BHINHINNTE BCE WIEHH BHAA JyOyOyw, NMOKA;KHTE, 9YTO OHH
B3AlIIMHO YHHYTOKAIOTCH, ¥ OTCIOfA, MCHOJB3yA CAMMETDPHUIO, 3aK.IIO-
yhTe, 4TO BCE OCTAJLNHE WIEHH, KaK, HAImpuMep, Oydyly, Tawr:Ke
B3AUMIO YHHUTOMAOTCA.

6. BrimuminTte DTO TOKAECTBO B HMHAEGKCHEIX o6o3nadenndx.

B. JlaiiTe puUCYHOK, COOTBETCTBYIOIMH 3TOMY TOMKAECTBY (CM.
nonoauenue 9.2).




§ 9.6. Kommymamopn u memodn nazasdnogo npedcmaesenus 297 2

Nlononpenue 9.2, KOMMYTATOP B KAYECTBE 3AMBIKAIOMETO YETBIPEXCTOPOHHNKRA

A. Haraapaoe npencraBiedne B MIOCKOM IPOCTPAHCTBE-BPEMEHN

1. Uto6H cpa3y ke He meperpyskaTh BO- 9 oKaswsaeTeR
ofpasKeHlle 9ATaTeJNA, PACCMOTPHM R ‘
CHagaJla IIOCKOE HPOCTPAHCTBO-Bpe-

pusibiv [u, v}

<

Mf, KOTAA JIBa BeKTOpHHIX 1o U (&) 7,
n Vv (#) MoryT GHTb OTI0EHH B ca-
MOM [POCTPaHCTBEe-BPEMEHH. &° -~
<) >
2. Bubepem cobbitme &, B KoTopoM Ha- 2 N
mo HafiTu KomMmyTaTop [u, V. N
3. O06o3nauuM coOBITHA, H300PaKEHHBIC 9 Vi) T
[} o 2

Ha pucynke, &,, &,, &, F,.
4. Torma Bektop &, — &P, sambikaommit M3oGpasiculyl0 KpABYIO M3 9eTHpeX
OTpe3KOB, Mos;KeT GHTH cleXyomuM o6pasoM BhIpasieH B KOOPAMHaTHOM Gaszmce:

Pro—Py=[u(Po) + ¥ (F1)] —[u (F2) + v (Fo)1 =
= [V (F1) = v (Po)] — [u (F2) — u (Fo)] = (vB,cu"ep) o, — (1P, a0"@p) o, + OMIHOKE =
= [u, V]gp,+ omubKm.

— (wxenst sEpa vP,,utuveg)

5. 3ameTnM, uTo eciu U M V yMEHLIIATH B AABa pasa, 1o (U, V] yMenpmurcsa B yernpe
pasa, TOrfia Kak WiIeHH, cofiepkamue omHOkW, ymenpmatca B 8 pas. Takmm
o6pa3som, [u, v] B TouHOCTH mpeACTaBAAET Pa3pPHB KPUBOM U3 YeTHPEX OTPe3KOB
(¢geTHIpexCTOPOHHHMKaA») B mpefiejie, KOTa U K V JOCTATOYHO MaJH; T. €. [u, v] sa-
MBLKAEM Yembl peXcmopoHHUE, pebpaMi KOTOPOTO ABJIAIOTCA BEeKTOPHEE HOJAUNA V.

B. Haraapsoe npeacTraBicHHEe B OTCYTCTBHE METPHKH H B HCKPHBJICHHOM
HPOCTPAHCTBE-BPEMEHA € METPHKOM

1. 3pech momsiceH GHITH TaKoél ke pHCY-
HOK, KaK H BHIIe, HO MK Temepb He
ocMmejinBaeMcsl (Do KpaiiHeil Mepe BHa-
qajie) OTAOKATH BEKTOPHHE HoJdsA B
caMOM npocTpancTBe-Bpemenn. Bmecto
3TOr0 MHl TPOBOAMM fBa CeMEHCTBA
KDHBH X: KPHBHE, LA KoTophXx U (F)
ABJAETCA KacaTelIbHHM BEKTODOM, M
KpHBHe, Aad KoTophx V () aBagerca
KacaTelAbHEIM BEKTOPOM.

2. Paspus &, —P; Kpusoii, cocroamei
U3 9eTHIPEX YJIaCTKOB, MOMKHO OXapaK-
Tepu3oBath pasHocThiO f () —f (&) 3mauenmii mpomsBoabHOHE ¢yRKIME B TOU-
Kax &, m &;. ITta pasHOCTH B KOODAHHATHOM 0asmce paBHA

f[(P)—F (@)= [f(P)—F(F)) + [F(@)—f(F0) —
N e e N et e

(f '““a"";' f '“B"a"ﬂ) P

A=0

( f.av®+ % f,abv“vﬁ)go’
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- [f(’fpz)'—f(ﬂso)] — [f(@)—f(F)] =
—_ Nt e e/

( f.av® + f_agv v )330 (f.a“a-l-%f.aﬂ"aus)?z

= [(f.a0®).8 P — (f.0%) 5 UP] g, -+ «KyGmaecKme OmUGKM» =
= [(ubv® g — vPu* g) 9f/02%) o T «xyOmaeckme omubkm» =
= {[{u, v][f]} Pt «KkyOmuecKre omumOKm».

3mech «kyOmueckue ommOKkm» yMeHbmaoTca B 8 pas (torpa kak [u, v]f ymens-
maercA B 4 pasa) Opm yMeHBDIEHMHM U U V B JBa Dasa.
3. Peayawrar

F(F)—1 (&) ={lu, V] [f} p,+ ¢xybuneckume ommbxrm»

raacat, 9ro [u, v] mpencraBasier cofoit KacatenbHsii BexTop B &, onmcuiBaio-
muii, HACKOJBKO pasfelienbl Me;kay coGoi Touku P, u P. d1o omucanme
MOKHO C/IeaTh KaK YIOJHO TOUHEIM, €CIM B3ATH U M V JOCTATOYHO MAJIbIMM.
Taxum o6pasom, [u, V] 3aMBHKaeT YeTHpPeXCTOPOHHAK, peGpaMu KOTOPOTO ABAAIT-
€A TmpOoeKIMM U M V Ha NPOCTPAlCTBO-BPEMSA.

B. B uem cmbica pACYHROB

1. Pucydxkd He MOTyT 3aMeHHTH BHuHCIeHHs. OHM CKopee HOMOTAIOT: a) mpep-
HOJIOKATH HAJAYAE FeOMETPHIECKAX COOTHOMIEHHI, 0 CYMEeCTBOBAHMH KOTODHIX
paHee He IOJO3PeBAJIOCh M CHPABENIABOCTD KOTOPHIX 3aTeM IOITBEDIKAAETCS
BHIYACJHEHAAMU, U §) HATEPIPETAPOBATH TOJHKO YTO Y3HAHHBIE TeOMETpPHYECKHe
pe3yIbTATHL.

2. Taxas poib pACYHKOB, KaK IPaBAJO, He CBABaHHAS HENOCPENCTBEHHO C BHIUAC-
JICHHAMHA, T03BOJSET HAM PHCOBATh MX [0 HEKOTOPOH CcremeHHM HeGpexHO.
B nysxkte B He OHIO HOCTETHYTO CYI[ECTBEHHO HOBOTO HOHMMAHHMA IO CpaB-
HEHHIO C HYHKTOM A, HECMOTPA Ha TO, YTO MH THIATEABHO Pa3MemaJH KacaTeldb-
HEE BEKTOPH B COOTBETCTBYIOIMX KacaTeJbHHX HPOCTPAHCTBaX, a B MPOCTPAH-
CTBe-BpeMeHH OCTAaBHJIH JHIMb KpHBHe. Bojee Toro, nepBoHavaJbHb# PHCYHOK
(myBexT A) GbUT DOHATHEe, MOCKOJBKY OH rOpa3fgo mpome.

3. Bce 3T0 Cay:;KMT ompaBJaHHEM IS HCIOOJH30BAHAA «HEOPEKHHIX» PHUCYHKOB,
HAa KOTODHIX KAcCaTelbHble BEKTOPH H300paKal0TCA B CaMOM WPOCTPAaHCTBE-
BpeMeHM, 1o KpaiiHeil Mepe [0 TeX NOp, HOKAa STH KacaTeldbHEe BEKTOPH MaJH
H BpeMs OT BpeMEHH IPOH3BOJHTCA KOHTDPOJNH IOBeJCHUS OMHGOK IPH YMEHb-
HIEHWH BEKTOPOB B JBa pasa.

§ 9.7. MHOI'OOBPA3NA H [TUOOEPEHIMWAJIBHAA
TOIOJIOTHA

ITpocTparcTBO-BpeMsa — He efWHCTBEHHAsA 00MacThb, T MOMKHO IpH-
MEHATh MOHATHA JaHHON raaBsl. ToYkw, KpuBHe, BeKTOpPH, 1-dopmMu
M TEH30pH CYHECTBYIOT B JwoboM «auddepenmupyeMoM MHOrooGpa-
aum», VcnoabsoBanme ux nmpu usyvennu auddepenmupyeMbx MHOLO-
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obpasuil cocraBiser pasjel MaTeMaTMKH, HA3LIBaeMHl Juggepen-
Yyuaavkoli monosozueli,— OTCIO[A U HA3BaHME JAHHOHE IJIaBHL.

Maremarnk OORYHO HaYdHAaeT mocTpoeHne JuddepeHmUaNbHOM
TOHOJIOTMM C BBeJeHUA HEKOTOPHX INpOCTEAMMX HOHATHH, TAKHX,
KAK MHO}KECTBA M TOIIOJIOIMH MHOKECTB; 3aTeM CTPOHT H3 HMX JOBOJb-
HO CJOKHYI0 KOHCTPYKIMI), KOTOPYI0 HOOTOM Yy:;Ke HCHOJb3yer NJIA
onpegesenus noHATUA quddepenmupyemoro muoroobpasaa. Ho Gosnb-
IIMHCTBO (GU3MKOB YHOBJIETBOPAIOTCA MeHEe YeTKHM HHTYMTHBHBIM
ompenenenueM MHOrooGpasus: rpy6o ropops, n-mepHoe dugddeperyu-
Ppyemoe mH02006pasue NpeAcTaBiageT co60il MHOKECTBO (TOYEK», COENH-
HEHHHIX HeNmpepHBHEM H JuddepenmapyeMuiM ob6pasoM, T. e. Tak,
9T0 B JOCTATOYHO MAaJO# 0GJACTH ITH TOYKM MOKHO HOCTAaBUTH BO
B3aHMHO OJHO3HAYHOE COOTBETCTBHE C OTKPHITHIM MHOKECTBOM TOUEK
B R™. [R™ ecTb n-MepHOe YHC;I0BOE IPOCTPAHCTBO, T. €. IPOCTPAHCTBO
YOOPALOYEHHLIX COBOKymHocTe# u3 n umcen (z!, z2%, ..., z").] 910
COOTBETCTBAE HAAEAAET U3YIAeMyl0 OKPECTHOCTh CHCTeMOil Koop-
JMHAT.

Heckonbko mpumepos Jyuule mepegagyT CMBICJ 3TOTO IOHATHA,
geM npuBefeHnHoe omnpejeneHue. OQgHako mpocTeiuide TNpPUMEpH
(3BKIMOOBO 3-HPOCTPAHCTBO, IOBEPXHOCTH Cepbi) BHIBHIBAIOT B MaMsA-
TH CJHMOIKOM MHOTO Te€OMEeTPHIEeCKHX NpeCTaBJeHnil, OTHOCALINCA
K reomerpuu 1a 0ojee BBICOKOMY POBHE; ITOATOMY MBI BEIHYKI€IIBI
pacemoTpers 4to-1ubo Menee TpuBuanbuoe. [lycte R® — Tpexmepnoe
YHCJOBOE MPOCTPAHCTBO C OGKHYHKIMH I COBPEMEHHOTO AHAJIM3R
moHATHAMM HenpephBHoctd u Audpdepennupyemoctu. Toaxamu §
B R® apasorca rpoitkm § = (4, &,, ;) BemecrBennnix yucen. Haso-
BeM ayuox P B R® monyGecKoHeUHYIO JMHAIO, BHIXOMALLYIO U3 Hadalb-
HOt TOUKM ¥ cocToAmylo U3 Bcex § Buga § = An, rae n 5= 0 duxcupo-
BaHO, a A > () — mpoM3BOJIbHOE HOJOKUTEIbHOE BeMeCTBeHHOe THCI0
(¢pur. 9.3). Muo:recrso S? Bcex OTAETHHHX Nydeil mpeacTaBisgeT coboil
xopommit mpumep aapdepeHmupyemoro mHoroobpasmua. Ecanm f —
{yHKOHA, MMeomas ompereleHHoe BemecTBennoe 3Hadenne f (F)
Ha KaxmgoM Jyde &P [f sanucmBaerca B Buge S2— R: & — f (P)],
TO MATYMTHBHO (MJH Jla;keé ¢ OYeBUAHOCTHIO) HOJKHO OHTH SACHO, UTO
TO, UTO MBI HMeeM B BHAY, MOKHO OIPeIeNHTh, CKa3aB, 4T0 f Hempe-
puBHa n auddepennupyema. B artoa cmmiciae S? camo HempephIBHO
n naddepennupyemo. Takum obpasom, S? ABnsercs mMHOrooGpasmem,
a ayan & cyTh ero toukn. Ecth MHOro Apyrax muHoroo6pasmii, koro-
pHe B pamkax auddepeHnHaibHOR TOMOMIOrHM HEOTTWYAMHE OT S2.
Mpocreitunm u3 HUX sABIAeTCA JAByMepHaA cdepmueckas moBepx-
HOCTb (2-cfepa), KoTopasi HTPAET POJNb CTAHNAPTHOTO HPENCTaBJeHUSA
S?: oma mpencrasiser coboit MEOKecTBO ToueK § B R, ynomraeTBopsio-
max cootwomenumio ()2 + (§,)2 + (§;)® = 1. flewo, wro Kakaymo
TOYKY ITOM CTAHIAPTHOU NBYMepHO# chepHUdecKoil MOBEPXHOCTH Hepe-
CeKaeT CBof, oTAMUHAA oT Apyrux touka & ma S? (ays B R3) m wro
9TO COOTBETCTBHE HBJAETCA HENMPEepHBHHIM W JIupdepeHmupyeMuIM
B o6e cTopoHH (0T aydeli K TOIKaM K OT To9eK K Jydam). To ke camoe
cnpaseuBo AAA 060l 3NIANCOMAATRHOM mOBepxXHOCTH B RP,

«Onpenenenne»
P pepeHnHpye-
Moro MeorooGpa-
suf

IIpaMepst
paddepeHumapye-
MLIX  mMuorooGpa-
sul

Muoroofpasue
K]



MnuorooGpasme
1'2

MuorooGpasne
S0 (3)

(rpynna Bpame-
HHIT)
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OUr. 9.3.

Tpu pasiauuHbelX mpejpcrabieHusa guddepenunpyemoro mMuoroodpasusa S2. Ilep-
BO€ €CTh MHOKECTBO BCeX Jydeil, BEIXOAALIX 113 0AHOil Ha4aJbHOII TOYKH; BTO-
poe — cdepa, KOTOPYI0 OHM IlepeceKaioT; TPeThe — 3aMKHYTas ICBEPXHOCTH
IpNYyRauBoi GOpME, KOTOPYI0 KasKABlil JIyd mepeceKaeT POBHO OfWH pa3.

OKPYIKaWIIeil TOIKY HaYajla, a TakkKe H MIH JM1000i gpyroil moBepx-
HOCTH, OKpY;Kaloleid HAYalo, Yepe3 KAKAYI TOUKY KOTOPOH mpOXo-
OAT pasHble Jgydu. Hakgad W3 TaKUX IOBEPXHOCTEl OXBATHIBAeT
OJHM U Te Ke HOHATHs IN00aNTbHOI HempepHBHOCTH U AuddepeHmn-
PYEMOCTH H IPEACTABIAET OJHO M TO ke abcrpakrtaoe guddepennn-
pyemoe MHOroo6pasme S% — 2-cdepy. ITH HOBEPXHOCTH M MYYOK
JIy4eif, ¢ KOTOPOTO MBIl HaYalu, 00Iafa0T HA [AHHOM HAUAIbHOM YPOB-
He TeOMETPHH OJHUMHU M TEeMIl jKe cBoiicTBamu. [Ipmmepom mBymepHOTO
naddepeHqupyeMoro MHOroob6pasus, KOTOpPOE YyiKe HAa ITOM YpOBHE
HMeeT JPYryl0 TeOMeTPHYECKYyW CTPYRTypy (mpyryio «uuddepenii-
PYEMYI0 CTPYKTYpYy»), fABisierca Top 7% — moBepxHOCTh OyOmmKa.
ITy NOBEPXHOCTH HEBO3MOMKHO TIJIAJKEM 00pa3oM mnorpysutb B R3
Tak, 4TOOH KaKAYyI0 €e TOUKYy Iepecerai oTmexbusii ayas P € S
ne cymecTByer obpatumoro u AudgepeHIupyeMoro COOTBETCTBHSE
messny T2 m S2.

IlpyraM mpuMepoM MHOT000pas3us SBJSCTCS TPYNNa BpameHHi
SO (3), Toukamm & KoTOpOIi ABIAOTCA BCe OPTOrOHANbHHEIE MATPH-
me 3 X 3 ¢ ferepMuMHANTOM, DaBHBIM efumHume, T. e. & = || P;;||,
rae PTF = 1 n det # = 1. Ito TpexmepHOe npPOCTPAHCTBO (B Kade-
CTBE IIAPaMeTPOB B BEIYMCJIEHUSX YaCTO MCIOJB3YIOTCA TPH yTia
diimepa), B KOTOPOM BBOAATCA AuddepeninaibHEe MOHATHA (HAOPH-
Mep, YIJIoBasg CKOPOCTH); CJIEI0BaTEIbHO, 9TO — MHOrooGpasme. AHa-
JornYHO MHOTooGpasuem sBiasercs u rpymnmna Jlopemma.

HuddepesmupyemMmocth MHOT006pasha (T. €. BO3MOKHOCTH OIIpe-
neanTh Ha Hem MuddepeHmupyemble (QYHNKOUHM) TO3BOJAET €CAH He
r106aJIbHO, TO XOTA OB JIOKAJIHHO BBECTH CHCTEMHBI KOOPAMHAT, & TAKKe
KpHBHE, KacaTeJbHHE MPOCTPAHCTBA, KacaTelbHBe BEKTOPH, 1-¢op-
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ME B TEH30phl,— TOYHO TAK jKe, KaK 370 OHUIO CHENAaHO B CIydae
npocrpascTBa-speMenn. Ho opun Toabko ¢axr, 910 MHOrooGpasme
auddepergupyemo, BOBCE He 03HATAET, YTO B HEM CYMECTBYIOT TaKme
IOHATHA, KAk Treojle3audeckue, NapajijieJbHHI NEepeHoc, KpUBU3HA,
METpMKA M HJauHa. JTO AOMOJMHMTEJNbHLIE YPOBHH CTPYKTYPHI, KOTO-
pHIMH 06J1aaI0T 11eKoTOpHIe MizorooGpasus, Ho He Bee. I'py6o rosops,
y KajKJ0r0 MHOT000pa3usA ecTh CBOMCTBA IIAagKOCTH M TOIOJOTHA, HO
6e3 JODOJMUTEIhIOH CTPYKTYPH OHO He obmamaer Hm ¢(opMoit, HEM
pasmepamu.

Tor pasmen maremMaTHKH, B KOTOPOM MHOrooGpasme HageasAercs
reofie3au9eCKNMY, Napa/LIelIbHHIM NepeHocoM W KpuBH3HOM ((opmoii),
HasnBaercsa agPurrnoli sceomempueil; TOT pasfesi, B KOTOPOM MHOTO-
obpasue HaJengeTCs METPHUKOU, HA3KIBACTCA PUMAHO60LL zeomempueli.
HNx nsydennio nocBsAMEHO HECKOJbKO CHEYyIOIAX IJaB,

Onpejte;ieHEe
apPEHOR

H pHMaHOBOH
reoMeTpE#

YnpakHeHHst, HOCBAINECHHRLIE H3YYCHAI0 TPYNON BPAI{CHHH

Ilo mepe Toro, kKak musgokeHne AuddepeHUATLHOK TreoMeTpHA
B moclegywomux TIiasax Oyger Bce Goxee m Gosgee yCIOKHATHCA,
B yOpa;KHeHuAX MHI OymemM BpeMs OT BpeMeHM BO3BpALATHhCA K LPym-
Ile Bpam[eHMH KaK K mpumepy MHorooOpasmsa. Pe3ynbraTh, moayden-
HEIe B JTHX YOPasKHEHMAX, OYAYT BOOCHENCTBAH HMCIOJIb30BAHK
B ponoanexuu 30.1. ImpH paccMOTPEHHH «MOMENH NEpeMEemaHiIoro
MHpa», KOTOpasA ImpeicTaBisieT co00ff o0coGeHHO BasKHBIA ciaydail
pelueHUsT JHINTEHHOBCKOTO ypaBHENHA MOJA.

Ilpe:kze 4vem mpueTymaTh K 3TuUM YODPayKHEHHAM, Y YHTATE]dA
MOKET BO3NWKHYTh sKeJaHHe NPOCMOTPeTh, KAaK OCYMEeCTBIAETCHA
mapaMeTpusalMss MAaTpHUI[ BpadleHMA ¢ INOMOIObI0 YIJIOB Jiinepa,
9T0 M3JI0Keno, Hampumep, B Kaure [42].

9.13. I'pynna BpameHmii: remepaTops

O6o3naunm d9epes &£ ; tpu Marpumsl 3 X 3, 3JIEMEHTH KOTOPHIX
paBub (K )m, = €mn.
a. Buinunmre matpmuer 2%, (9F,)%, (38, m (34 )L
6. Ilpocymmmpyitte psg
00
n
R (6) =exp (F:0)= 3 T (ot )" (9.26)
n=0
IlokassnTe, uTo %, (8) ABAsIeTCA MaTpUIIEll BpAIleHUA H OCYLIECTBIACT
mOBOPOT HA YroJ 6 BOKpYr ocd .
B. Ilogo6ubivM ke oGpasom mokamkure, ure %, (¢) = exp (& gp)
u %, (x) = exp ($¢,)) ABAAOTCA MATPHOAMA BPAMEHMA W OCYIDIe-
CTBJAIOT MOBOPOTH Ha YIJIH ¢ M y COOTBETCTBEHHO BOKPYT OcCeil z | y.
r. O6wacunre, modemy Bhipamenne & = B, (p) R, (0) 2, ($)
MOJKeT CJIY7KHTh OmpefeleHneM SHMepOBHX YIMOBHX KOODAHHAT 1,
6, ¢ nuna smemenra obmero Buga & € SO (3) rpynnu BpameHnii.
a. Ilycrs € — kpuBaa & = %, (¢), opoxogAmas depes equHAY-

YIIPARHEHENA
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uylo matpumy € (0) = ¥ € SO (3). Ilokamnre, 4TO0 KacaTeJbHHIA
K Hell BexTop (d%/dt) (0) = € (0) ue pasen nymwo. laa sroro Haiigure

6 (0) f1o, rme fi1y — Pyuxuua fy, (F) = P,,, 3navenneM KoTopoit
SABIAAETCA diaeMeHT Mmarpunsl & mnom Homepom 12.

e. Onpegennre Ha SO (3) BeKkTOpHOE MOJE @5, TOJOMKHB, YTO
83 () ectp kacarenbHmit BekTop (mpm ¢ = 0) K Kpusoi € (f) =
= %, (t) &, npoxopsmeir wepes &. Ilokamure, aro @, (&) murge
He obpamaercss B Hyab. ITpumeuarue. 8, () HasuBaeTcs «reHeparo-
POM BpaleHd# BOKPYT OCH Z», IOCKOJBKY OH HampaBieH ua & B cro-
POHY COCeRHHX BpamleHuit %, (1), orauwaomuxca or & mosopoTom
BOKPYr OCH z.

. Ilorarkure, 9T0 83 = (9/0)es.

3. Bmuepure cnemyromue ¢opmynw, cnpasegnupre mpu t & 1:

Tx (t) R, (V) R (0) R, ($) =

=%, (p—tsinpctg8) 2, (04t cosy) 72, (¢ +¢sin y/sin 6);
Ry () R, (V) R (0) %, (¢) =

=R, (p-+tcosPctgl) 2. (0+tsiny) %, (p—1ctg P/sin 0).

n. Ilonomure no onpenenennio, uto €, (F) m e, () —kacatenns-
Hwe BeKroph (mpu t=0) k xpmBuM G (f)=Z.(1)FP m B()=
= %y (t) P coorsercTBerno. Ioxaxmte, 9O
o __1 J’_)
ap sin@® a9 /°?
ez=sin¢%+cosq} (Ctge%_—si;e —a%) .

@; N @, ABIAITCA «TeHEpATOpPAMH BpPAmleHHA BOKPYT OCeil = U y».

e,=cos1p3%—-sin1p(ctg6

9.14. 'pynna BpameHmuii: CTPYKTypHBIE KOHCTaHTHI

Bocmoanayiitech B KadecTBe 0asnCHHIX BEKTOPOB B MHOrooGpasum
rpyunsl BpaueHuil Tpema BeKTOPHBIMY IIOJSMH, IOCTPOCHHBIMI B Tpe-
ABIYHIEM YTPaKHEeHIH:

a . /] 1 (/]
61=COS\p —ag—sln'lp (ctgew—-m—ne—a—(p-) ,

. a a 1 a

82 =SInY g --CosYP (“gew—mﬁ)’ (9.27)
7}

8:=%%-

ITH ypaBHCHAA BLIPAKAIOT TaNHHI «Ga3nC TCHEPATOPOB» 1epe3 Gasuc,
onpefesAeMEit yraamu Jiinepa. Iloxaskmrte, 4To KOMMyTandoHHEIE
Ko3hPuuMeHTl B 3TOM Oasmce MMEIOT BHJ

Cup? = —Eaby (9.28)

HC3aBHCHMO OT TOFO, I/le PAaCIoJo;keH 21eMCHT & rpynns Bpalienui.
9t K0o3p(QUIMEHTh HA3HBAKTCA TaKKe CMPYKMYDPHLIMU KOHCIMAK-
mamy TPyOoel BpallleHHH.




10. AOOUHHASA FTEOMETPUA:
FEORE3NYECKHUE, NMAPANNENbHBIA
MNEPEHOC U KOBAPUAHTHAA
NMPOU3BOAHASA

Hocmamouro o0dnozo npunyuna omruocumesavrhocmu Iasuses,
ymobu ybedumeavHo dokasamv aP@HUHHBL TaApakmep HAWE20 MUDA.
TEPMAH BEWIb

JTa riaBa HEJHKOM OTHOCHTCA K Kypey 2.

HeoGxonuMBIM NOATOTOBHTENBHBIM MATEPHANOM &I Hee ABASAETCA T, 9.
Ona HY)XHA B KavYeCTBe NOATOTOBHTEIBHOr0 MaTepmaza mIA

1) ra. 11—13 (raddepernuanbas reoMeTpasn, HEIOTOHOBCKAS TEOPHS TATOTEHAR) ,
2) mropoii monoBEAM ri. 14 (BhMMHCIeHNEe KPHBH3HH) H

3) moppobrocreit, Ro me maen, ra. 15 (Toxaecrsa Baamkm).

§ 10.1. TEOJE3MYECKME N IMPUHINII 3KBUBAJEHTHOCTH

CBoGonHoe najieHne ABASETCH «PCTECTBEHHHIM COCTOAHRMEM HNBMMCCHHAN,
HaCTOJIBKO €CTEeCTBEHHHIM, UTO HelimpaswvHoe npobHoe meao & cocmos-
Huu c0600H020 nadenus onicvéaem 6 npocmpaHcmee-6peMeni mpaek-
mopui, Komopas He 3a8uUcum HU Om CMPOEHUS mead, HU Om ezo
cocmaga («cnabuil mpuHNND JKBMBaJeHTHoCTH» Jiinmreiina, JTBema,
Huxke: cm. momoyHenme 1.2 m § 38.3).

ITpencraBuM cefe, uTo MpocTPaHCTBO-BpeMd 3alojJHCHO BCEBO3-
MOHBIMH TPaCKTOPHAMH cBoDojaHoro mafenusi. Bribepem coOmTume.
BriGepem B neM ckopocth. Oiill ompefensiT efMHCTBEHHYIO TPAaCKTO-
puio.

Bynem Gonee TounmMn. 3ajagaMcs 1ebI0, H3BIeYh MaKCHMAaJlb-
Hoe KoJaMyecTBO MHPOPMAINH, KOTOPOE CONCPRHT Ka)Aasds TPaeKTO-
pua. fAABasieTCs JM OHA HPOCTO MOCACMOBATCHBHOCTHIO TOYCK, TI0 KOTO-
poii mpobmoe Teso ocymectBasier cBobontoe maneuue? Her, ona ccrp
HeyTo Gospmee. Hammoe mpoduoe Teno MoeT HecTn Ha cebe 9achl
(7acBl OmHOTO M TOTO »Ke BHZA, «XopomHe» B cMucie ¢mr. 1.9,
T. e. He B3aBACAIUE OT CTPOEHHMA HJM cocTaBa Teja). B mpomnecce
IBMKEHNsT Teja YacH HAYT M IOMeYaloT Ka)<foe coOniTHe Ha ero
TPAeKTOPHH YHCJIOM — MOMEHTOM BpeMeHH A, B KOTOPHH TeJdo TaMm
Haxofiuloch. PeayapTaT: TpaekTopus cBOGOAHOTO IafleHHA — He HPo-

H MX Yack
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A=0

®uUr. 104

Teoneamgeckas, TpakTyeMas KaK IPaBHIO IPAMOJNMHEHHOro HapajjejbHOro
nepeHoca». Brubepem cobrTue 9%, 1 B HeM KacaTeabHHI BekTop U = d/dA.\[locT-
ponM eAMBCTBeHHYIO reofesmiueckyio & (L), Koropas 1) mpoXOmMT uepe3 FPg:
F(0) = P, 1 2) KacaTeIbHEM BEKTOPOM K KoTopol B P, saserea u: (d.F/dA), o=

=U. Ty reo/Ie3NYECKyi0 MOKHO CYNTATh IPABHIIOM, COTAACHO KOTOPOMY MH GepeM
U 13 9 (0) u oTKAAAHBaEM €ro OT €ro IpeAHAymero ocTpusa J° (1) kKak MOKHO
Gonee mpaAMO:

“K=i = (d'@/dl)h=1;

3aTeM GepeM ero CHOBa u OTKJajibiBaeM KaK MO;KHO Oojiee mpsMo oT P (2):

I T. B. 9Ta MOCNEeNOBATOABHOCTh «KAK MOKEO Gojee OPAMONMHEAHHIX» mepe-
HOCOB ¢OT OCHOBAHHA K OCTPHIO» NIOACHAET CMHCI TOTO, 9T0 (dFP/dA), _ .4 U=
=(dFP/d\)) ..o MOKHO CUMTATH COMHMM M TeM K BEKTOPOM» B Pa3JHMYHHX TOTKAX

Ha reofieaMdecKoil; WJH, 9T0 SKBUBAJEHTHO, OJMH M3 HUX MOJYYEH H3 APYTOro
«OPAMONVHEHHHM MNapaIeJbHRM IIePEeHOCOMSY.

CTO NOCJIeKOBaTeJIHHOCTh TOUEK; 9TO MapaMeTPU30BAaHHAg IOCIelNoBa-
TCJBHOCTD, Kpusas & (A).

Onnasnavna ¥ Takas napaMerpusanusn? He coscem. CoBepmenHo
LPOU3BOJALHO MoryT OHTH BHOpanm 1) Haualo oOTCueTa BpeMeHH
& (0) m 2) epuHHUB (CAHTHMeETPH, CEKYHAH, (apoHry, ...), B KOTo-
pHiX yachl oTMepAIT BpeMs A. CiefoBareikHo, A OJHO3HAUHO JIAIIL
¢ TOYHOCTBLIO [0 JHAHeHHHX mpeolpasoBaHmii:

Agonoe = axc-rapoe +b; (10-1)

b («iioRoe Hadallo oTCUeTa BPEMEHM») €CTh YHMCJIO, KOTOpoe He 3aBH-
CUT OT MNOJOeHHA Ha [alHo#l TPaeKTOPHH CBOGOAHOTO NajeHMA,
TO KC CaMOe CIIPABeJIMBO U Ji1d a (¢OTHOHmIeHHe HOBH X eMHHI| K CTa-
pPHIMY).

B mcxpuBieEHOM mpocrpaHCTBe-BpeMeHM OHHmTeidHA (a TaKmke
B npocrpaHcTBe-Bpemenr Haprama — Hsoroma, ra. 12) stm mapa-
MeTpH30BaHHEIE TPAEKTOPHH CBOGOJHOI'0 MaJeHHA ABJAITCA CaMBIMA
NPAMBIME B3 BCeX BO3MOXKHEIX KpHBHIX. IloaToMy aTEM TpaekTopmam
naeTcA TO 3Ke Ha3BaHHe zeofdesuueckiie, KOTOPOe MATEMATHKHE ymoTpe6-
JAT NJIA OPpAMEX JAHAHR B ACKPHBIEHHOM MHOT000pasnM; TaK e, Kak
3TO NPHHATO y MATEeMATHKOB, [JIfA HmapaMeTpa A, OTCIHTHBAEMOIO
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BIONL reofle3MdeCKAX CBoGogHOro majeHHMsA, ynorpebisercs HasBa-
nue agdunnnii napamemp. Torma cootrHomenme 10.1 riaacur, 9TO
«adppUHHBIA mapaMeTp reofie3MIeCKOM eAUHCTBEH C TOTHOCTHIO [0 THHE-
HBIX mpeo0pasoBaHU».

Aunpnopu apdmuuniit mapamerp (¢BpeMs, 0OTCUNTHBAEMOE TACAMU») ggﬁ%ﬁm"
BIOJAb reofie3MYeCKOM He mMeeT HHYero obmero ¢ MeTpakoit. OH cyme- napamerpa
CTBYyeT M B OTCYTCTBHE MeTPUKH (HaOmpuMep, B HDPOCTPAHCTBE —  oroamicimaomoro
BpemeBr Haprana — Hetorora). OH no3Boiser CpaBHABATH, HACKOJIh-  U8CAME BIOb
KO pa3sfiejieHH coOmnTHs Ha reofesmdeckoir (F m A «orcroar apyr Hovrii

najgeHnn

OT fipyra B fBa pasa faxbme», weM £ u @, ecnim Ag — A ] =
= 2[Agp — MAgl). Ho apurnmil mapaMeTp mO3BOJAET H3MEPATH OTHO-

CHTeJbHOE pasfielieHHe COORTHHl JMIIL BOOJAb CBoOeil reofeamyec-
KOHi, ¥ ¢ ero MOMOMBI0O HEBO3MOKHO BHITU 3a mpeJeJibl 3TOH reojesun-

9eCKOM.

OmnnucaHBHe BHINE M APYTHe XapaKTepHEE CBOMCTBA Te0Ne3UUeCKAX
npeactaBiaeH Ha ¢ur. 10.1 m B momomnenum 10.1.

JNonoauenune 10.1. TEONE3UYECKHE

Hanmaa Touka m naBHHE KacaTelbHHI# BEKTODP ONpeeNAIOT eJMHCTBeHHYyI0 addmmHO
MapaMeTPH30BAHHYIO KPHBYIO («TreOfe3HIECKYIOY),

Feonesmecnne B TEOpHAH TArOTCHHA

MmpoBas awHMA HeATpaJbHO NPoOHOH YacTHIH («reoMeTpHYecKas TeoOpUA TATOTEHAA
JnmTeiiHA», a TaK:Ke <«reoMeTpHdecKas nHTepnperanmsa HKapraHa HBIOTOHOBCKOM
TEOPHH TATOTCHHAY):

1)
2)

3)

4)

5)

20—-01457

«JaHHAA TOYKa»: KaKoe-gHG0 COOHTHE Ha 3TOHA MHUPOBOH JIMHHH;

«TaHHRIA BEKTOpP»: BEKTOp («CMemleHHe, COOTBETCTBYIONee M3MEHEHHIO Hmapa-
MeTpa Ha eIHHALY»), KacaTeJbHHA K MUPOBOil JIMHME B MOMEHT, ompefeise
MH# 3THM COOHITHEM;

«eAMHCTBeHHAas KpHUBasA»: Bce HeHWTpaJbHEe NpPoOHbIe YACTHIBI C JAaHHBIM
HagdaJhbHBIM IIOJIO)KEHMEM M JaHHOM HadYaJbHOM CKOPOCTBHI0 NBHKYTCA IIO
ORUO# W TOM e MUPOBOH JMHHMU B NPOCTPAHCTBE-BPEMCHHM He3aBHCHMO
OT HMX cOCTaBa M He3aBHCHMO OT MX MacChH (MaJjoii — mpoGHas Maccal;
«caabulii OpUHUMI SKBHBAJeHTHOCTH» JiHmMTeiHa — JTBema — JlAKKe);
«adpparnpit mapamerp»: B Teopnun Haprama — HrloToHa — HBIOTOHOBCKOE
«MApOBOE BpeMA» (M3MepsAeMoe IO «XOPOIMMM» dacaM); B peaJbHOM ¢uamde-
CKOM MHpe — «coGCTBeHHOe BpeMsa» (E3MepseMoe II0 «XOPOIIAM» JacaM)
BIOJIb BpeMeHHION00HOI reofe3mdecKoil;

«mapaMeTpH30BaHHast KpUBas»: a) apPuHHHIA DapaMerp eUHCTBEH C TOY-
HOCTBIO [0 npeoOpasoBandii Buaa A — ah + b, THe @ n b — HocToAHHEE
(Ha mapHO# reoJe3udecKoil MMeeTCS IPON3BOJ JMIL B BEIOOpe TOYEK € HYyJe-
BHIM M e[MHAYHHM 3HAYCHMAMH IapaMeTpa); MJH, YTO SKBHBaJeHTHo, 6) mo
TPeM IPOM3BOJIBHEM COOHTHAM 4, &, € Ha reofe3nuecKoil MOKHO C IO-
MOIIBI0 YETKO OIpe/ieleHHol ¢Hu3MdYecKoidl NpoueRypH («XpOHOMETpHpOBa-
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HHA») HaWTH elMHCTBEHHOe YeTBepToe coGhTHe & Ha reoie3MYECKOM, TaKoe,
ato (Ag—Ag) paBHO (Ag—A 4); Wam, 9TO BIKBHBANCHTHO, B) [maddepen-

naaidbAag QopMYIHPOBKal mo 3aflaHHOMY B TOYKe o4 KacaTejlbHOMY Be-
TOopy ¢ KommoHeHTaMm (dz%/d)) 4 MOKHO C IOMONEBI (EBHIECKOH mpole-

AYPH (OmATH «XPOHOMETPHPOBAHHMA») LOCTPOHTH «TOT jKe CaMHIl KacaTelb-
HH BeKTop» B TouYKe ¥, KOMIOHEHTH KOTOpPOTO (da“/d?»)%‘ onpenenAnTca

oNHo3HAYHHM 06pasoM (BEeKTODH «paBHHY»; KOMIOHEHTH jKe, KaK IpaBHJo,
He PaBHH, H3-338 KPYYeHHA M BPalleHNs NPOM3BOJBHHX Ga3MCHHX BEKTOPOB

mexay A n 6).

CpaBnesse

BEKTODPOB

B PasTHURLIX
NTHAX

¢ NOMOIBLI0

NapannenbHoro

nepenoca

§ 10.2. HAPAJJIEJIBHBI NEPEHOC 1 KOBAPMAHTHAA
HOPON3BONHAA: HAIIANHOE NPEJCTABJIEHUE

JiBa npo6HHX Tena, NePBOHAYaAbHO NAJaBMMX B IPOCTPAHCTBe-Bpe-
MeHH N0 JBYM COCeJHEM Napajlie]bHEIM reofie3NUeCKuM, Gaaromapsa
NeliCTBHIO NPAJMBHHX CHJ TATOTeHAs (KPMBH3HH IPOCTPAHCTBA-Bpe-
MeHH) HAYHHAOT COAMKATLCA HAN YAAJIATECA DO OTHOMIEHHIO JADYT
kK papyry. UYUro6m ommcaTh 9TO YTBep:ileHHe KOJHIECTBEHHO,
MH J[OJKHB KOJNYECTBEHHO ONHCATh NOHATHA <IapaJjeJbHOCTH»
H «YCKODEHHS N0 OTHOIEHHIO APYT K Apyry». HaumeMm ¢ momaTHs
napajieiabHOCTH.

PaccmoTpum fBa cocefiHAX CoOnTAA o B &, COeNMBEHHHX KPH-
Boit & (A). Bexrop V_ pacmoioxieH B KacaTeIbHOM IPOCTPaHCTBe
cobutua A, a BeKTOp Vg — B KacaTeNlbHOM NPOCTPaHCTBe COGHI-
taa F. Kax mMosifo CKasaTh, HapajjielibHEl JH V o B Vg, B KaKUM
0o6pasoM MOKHO CPaBHETh HX AJAAEH? OTBeT NaeT NPHHOMI HKBU-
BaJIEHTHOCTH: OYCTH B NPOCTPAHCTBe-BpeMeHH BAOJb MHDOBOH JIMAHM
& (A) neuskercs HabaionaTeNb (ACOONAB3YA pakeTHYIO TATY). OH Hecer
¢ co6oii BCKTOp V_g ¥ C IOMOIBIO 3TJIOHOB IJOCKOr0 IPOCTPAHCTBA
Hrorora mam MEHKOBCKOTO CHeIMT 83 TeM, 49TOOH 3TOT BeKTOp
IO OyTH He MEHAJICSA (COINIACHO NPHHNUNY 9KBHBAJIEHTHOCTH, JIOKAJILHO
cupaBefauea ¢usmka miockoro mpocTtpancTeal). IIpm6mB B coburme
% mabaiofatens CpaBHABAET CBOHM, <«nepeHeCeHHHI mapaieldbHO»,
BCKTOp V_, C BeKTOpOM V g. Ecau ORE COBNANAaT, TO MCXONHKI Bek-
TOp V. (U0 onpefleieHHI0) mapaiieleH Vg, ® OHM MMEIOT OJHY
¥ Ty e gauay. (Ecam HeT MeTpHKH, TO HEBO3MOKHO KOJHYECTBEHHO
onucath NOHATHe [JHHH;, TeM He MeHee DapajJleJbHHI mepeHoc
103B0JIAET CPABHABATH AJIHHHI)

IIlpmEnmn oKBHBaJIeHTHOCTH BoOIleN B JaHHOe DpacCy;jleHHe,
BO3MOJKHO, HECKOJBKO HeoOmuubM o6pasoM: oE OHJ mDpuMeHeH
He K cBOGOAHO mafaomeMy HaGII0aTeldl0, a K HaGaonaTenio, KOTopHiA
MOKeT HCOHTHBaTh yckoperme. Ho oT ¢ympmameHTaNbHOTO NPHH-
IANa HeAb3s M3GaBATHCSH, NPAAYMAB 3aMHICIOBATH cmocob ero mpm-
menenns. (CloxcHHe BeYHHe JBHTATENHM TaK e He MOT'YT CymieCTBC-
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BaTh, Kak ¥ npocrthle!) [IpuHnun sKBEBaJeHTHOCTH yTBEpP:KIAaeT, 4TO
HU ONIHO JIOKAaJIbHOE M3MepeHHme, He YYBCTBHTENBHOE K NpPHJIMBHEM
CHJIaM TATOTEHAsA, He NO3BOJHT 00GHADYKHETb Kakoe-imGo pasamdme
MEXy IJOCKEM M KPHBHM IPOCTPaHCTBOM-BpeMeHeM. IlycTs B pac-
DOpSKeHNMH IMTYPMaHa KOCMHYECKOTO KOpabis HMMeeTCA HHEPIHOH-
Hasl CHCTeMa yIpaBjieHnA (aKceJepoMeTPH, TAPOCKONH, BHYACINATENb-
Hble MAIAHKE), COOCOOHAA COXPAaHATH MHEPIHEAJBHYIO CHCTEMY OTCYETA
B [JIOCKOM IPOCTPAaHCTBE-BPeMEHM; B IJIOCKOM IPOCTPaHCTBe-BpeMeHH
C ee IOMOMBIO MOYXHO pacCIATATh IIOJOKEHHe H CKOPOCTh M0GOro
o0beKTa B KOCMHYeCKOM Kopalie N0 OTHONMIEHHI0O K AAHHOM HMHep-
LUHaJbHOM CHCTEME OTCYeTa. BHUKMCANTeNbHAA MAIIKHA CACTEMbl YO PaB-
JeHHAA MoKeT OGHTEL IO jKeJlaHAIO 3aPOrpPaMMApPOBaHa aMGO COTIACHO
3aKOHAM HBIOTOHOBCKOH MeXaHAKE B OTCYTCTBHE TATOTeHHA, A0
COTJIAaCHO 3aKOHAM CHeUaJbHOHl TeopMH OTHOCHTedbHocTH. Bocmoas-
3yeMCsl Telleph TOH Ke CHCTeMOH ympaBJeHHA (BKIOYasg Ty e mpo-
IpaMMy [AA BHYHCJATEJNBHOH MAINMMHEH) B MCKPHBJIEHHOM OPOCTPaH-
CTBe-BpeMeHN. BekTop mepeBOCMTCA mapaliedbHO, €Cad, COTJIACHO
IOKA33aHUAM BHYHACJIATEAbHO MANHMHHK CHCTEMH YOpaBIEHAA, OH
He MEHAeTCH.

Byner am pesyasTaT ompefeJeHHOTO TAaKEM 00pasoM mepeHoca
3aBHCETh OT KPHBOH, cocnasomei cobntasn 4 1 & ? B npocrpauncrse-
BpeMeHH 0e8 TATOTeHHA Ge3yCHA0BHO HET, IOCKOIABKY 9TO OAHO K3 OCHOB-
HHIX YCJIOBHi, BHIOJHEHAA KOTOPH X 3aKa34YMK NHEPOUOHHOA CHCTEMBI
yupaBJeHHS BIpaBe moTpeGoBaTh oT maroToBmTensA. Ho B mckpusien-
HOM IPOCTpaHCTBe-BpeMeHH oTeBeT Gymer «Ial» Ecam v £ COBIAanaer
C Vg IOCJe mapajielbHOro IepeHoca BROJb OXHOM KPHBOH, TO OHH

BOBCE HE 067138HhLCOBIIaJ.IaTB ooclie mapajJieJIbHOI0 mepeHoca BIAOJIBb
apyroiz kpuBoi. IlpmumHOR pacxoKJeHEA ABAAETCA KPHBA3HA NPO-
cTpaHCTBa-BpeMeHd. ONHaKO MH He TOTOBH K HM3YYEHHIO M Kojmnye-
CTBEHHOMY ONMCAHHMIO 3THX pacxofenmii (ra. 11), moxka He cosgaH
MaTeMaTHYeCKHit fopMannaM A ONBCAHUA HApaJeJbHOTO IepeHoca,
9TO B CBOIO O04YepeAb HE MOMKeT OHTH ClieJ1aHO, IIOKA MBI HE YTOYHHUJIU
«3TAJIOHB DJIOCKOT0 IPOCTPAHCTBA-BPEMEeHHN AJIA COXPaHEHHA BEKTOpa
V¢ HEHM3MERHHM» B Ipouecce IEpeHoCa BAOAb KpPHBOM.

YTOYBEHHIO 3TaJOHOB IIOCKOTO HPOCTPAHCTBA-BPEMEHM IOCBS-
mexso pomoanenne 10.2. Taxoe yrounenme npupomut 1) K mocTpoeHmio
wiectannst llmana», Dmo3BoJANMEMY OCYMECTBATH TapajelbHBIN
TmepeHoC; 2) K NOHATHIO (KOBADMAHTHo# mnpousBoiHo#» V.,V pek-
TOPHOTO HOJA V BROJH KPABO C KacaTeJLHKM BEKTOPOM U; 3) K «ypaB-
HeHHIO ABMKeHHA» VU = O I1s reofiesuuecKoil, COrIacHO KOTOPOMY
«KacaTeJILHH BeKTOp Teofle3NIeCK0i NePeHOCHTCA NapajiebHO BAOJD
reofiesmIeCKoit», M 4) K yCTAaHOBIEHAK CBABH MEKAY KacaTeIbHEMH
OPOCTPAaHCTBAMA coceAHMX cobmTumit (Pmr. 10.2).

20*

Onpepenesne
napaneaLHOro
nepexooa

OpE NOMOm®A
HHEPNHEOHHOMA
CHOTEMB
YNpaBNeHRA

H DPRHUEBOA
SRBHBAJICHTHOOTH

PeayabTar
napaxiemHEOro
nepeHoca

BABHCHT OT HYTH

OcynieoTnaenne
napannensRoro
nepenoca

¢ MOMOMBIO
NECTHHIBI
ninapa;
CNeNCTBEA,
KOTOpHIE M3 Hee
BBITERAOT
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OUr. 10.2.

CBsA3h MeKAY KacaTeJbHHMH NPOCTPAHCTBAMU B COCENHUX TOYKaX, CTABIAA
BO3MOKHOH 0Jarofiaps saKoHY MapaJIeILHOTO nepeHoca. B cofmtnm £ BHOR-
paeM KacaTeJbHHE BOKTOPH @; m @,. IlepeHOCHM HX NapajyIeIbHO B COCONHEe
cobure JB. (Ha ¢purype usobpamena necrauua lmaga aaa nepemoca e,.) Torma
aioboif gpyro# BeKTrop V, Gymyum mepeHeceH DapajiellbHO M8 £ #H 3, Oymer
B 060MX COGHTHAX WMeTH OfHM W Te >Ke KOMIOHEHTH (mapajieJbHHI mepeHOC
He MOKeT PA3OMKHYTb TPeyToJbHMK; CM. ponojmEerme 10.2):

I_'l
L]
=v‘31+l)282 B A =v=vig;tv2e, B R.

11
L |

_['re e yucaa, YTO U B og

l—-[napa.rmenbno nepenecens us A B B

TakuM oGpasom, mapajiieJbHHIl epeHOC yCTaHABIMBaeT €UHCTBEHHOE ¥ NOJIEOe
COOTBETCTBHE MEKNY KacaTeJbHHM OPOCTPAHCIBOM B .4 M KacaTeJbHHM IPo-
cTpaHCTBOM B B. C KakaHM BEKTOPOM M3 4 OH OTOKACCTBAAET eANHCTBeHHHI
BeKTOp B 48, cCOXpaHAA mpu aToM Bce anreGpawdeckue coorHomenusa. IlomoG-
HHM Xe ob6pasom (cM. § 10.3) oH ¢ Kaknoit 1-Gopmoii U3 # OTOKAECTBIAAET eUH-
ctBeHHYI0 1-PopMy B B, ¢ Ka)KABHIM TEH30POM M3 . — CMHCTBEHHHH TeH30p
B B, COXpaHAsA IIpHM TOM Bce airefpamyecKue COOTHOmEHMs THHIA (0, V) =
=199 u § (o, v, W) = 37,1.

B [eiiCTBHTeJBHOCTH BCe 3TO CHOPABEANMBO JWUNIb B Npefese, Koraa . H B
GecKoHEUHO GAUBKH [PYT K ApyTry. loraa £ 1 43 6au3ku, Bo He GecKoHeuHO 6U3KM,
Pe3YJIBTATH MApaJIIeNbHOTO TIePEHOCA IO PABINIHHIM KPHUBHIM CJI6TKA OTINYAIOTCH
JDYT OT Jpyra; MO3TOMY COOTBETCTBME MEKNy KAcaTeNbHHMA NPOCTPaHCTBaMH
710 HEKOTOpOii cTemeHM He ejuHCTBeHEEO. Ho Kapiuii pa3, Korga paccToAHHe
no apPmMHEEOMY HmapaMeTpy Me;KAY .# M 5 yMeHbmAaeTcs BABOe, 9TO pasjuyHe
yMeHbImaerca B 4 pasa; cm. ra. 11,
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Honoanenne 10.2. OT TEOIEBHYECKUX K IMAPAJIJIEJIBHOMY IIEPEHOCY,
OT NAPAJJIEJIBHOIO NEPEHOCA K KOBAPHAHTHOMY NMHOOEPEHIINPOBAHNIO,
OT KOBAPUAHTHOI'O NTHOOGEPEHIIUPOBAHUA K IEOAE3MYECKHM, ...

A. HapannennHbiii mepeHoC, ONpPeRENAEMblil ¢ MOMOIMBIO FeOE3HICCKHX

TlepereceM NPOHBBOJBHHIA, NOCTATOYHO KOPOTKHIl yd4acTOK KpHBoi AZ (T. e. mpoms-
BOJIbHBIH KacaTeJabHbi BeKTOp) NapaiielbHo caMoMy ceGe BRoib KpHBoi AF B T09-
Ky &, moctynuB caemylomum oGpasom:

1. Bo3pMeM Kakyio-HEHOYnbL Touky of Ha AF, pacmonoxkeHHYy0 B6amSE of. Uepes
Z un oA mposenem reomesmueckyio Zof. BuGepem HekoTopylo apPmERYIO mapa-

2 -3

@ X @

meTpu3anuo A Kpupoit Z'of m HafileM eAHHCTBEHHYI0 TOUKY .§°, YNOBJETBO-
pawomyo ycaosuio A g =", (hg +A,4) (¢paBHHE IPOMEKYTKA BPeMEHH BIOMDL

N n N HA»).

2. Iposeaem reofeauueckyio, Kotopas Geper Hadalo B o H mpoxoaut vepes f°,
¥ IPOJJIMM ee 1o ToUKH & Tak, uToOH mpupameRHa mapaMerpa Ha A4° u P
OHJIA paBHHL.

3. KpuBass A& paer Bekrop AL, NepeHeceHHHWI mnapaiieibHO caMoMy ceGe
H3 4 B of (upm RocTaTo9HO KOpoTRAX AL u SAof). JlanHoe moCTpoeHHE

4 ”f‘—o,?

J/’{/? al
@ ZZan e

6esycJIOBHO, AaeT NapajjelbHHH HepeHOC B IJIOCKOM HPOCTPaHCTBE-BpeMeHH
(HBIOTOHOBCKOM WJIM 3MHmMTEHOBCKOM). BoJee Toro, 0HO JOKaJbHO (BEKTOPH
AL, AN m T. 0. oueHb Koporkm). CienoBaTelbHO, OHO JOJKHO paboTaTn
H B HCKDHBJEHHOM HpocTpaHCTBe-BpeMeHH. (B Hem HaXoiuT cBoe BHIpaKeHHe
OpPHHIEN 3KBUBAJOHTHOCTH.)
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3 Y
P i 4. TloBTopMB 3Ty mpoleRAypy elle H eme pas,
£ OOJYYEM B KOHIE KOHI[0B YYaCTOK KpPWBOM
s 'd AL, mepeHeCeHHHH mnapaxdelbHO CAMOMY
£ cebe m3 A u F. HasoseM ato mnocrpoenue
A wrectrmnein Imapga», caemys aHadormd-
Vi HOMY TOCTPOEHHIO, BhiNojiHeHHoMy IITmapmom
Q\M) Jecravna lnna. [147] (cm. Taxme [148]). OT™MeTmM, 4TO KpHBas
¢ AF Be 0b6A3aTeNBHO NOMKHA GHITH reofie3H-
5 o yeckoit. He TpeGyercs, uroGu of§ Gui0 mps-
X’J; MOJMHEHHRM OpofoJKeHHeM Aol nono6f‘1'o
Y TOMYy, Kak /& pgomxHo OHTH DpAMOJHEHENR-

HEIM nOpoxoJxeHneM 44",

5. Peayaprar mapajieibHoro mepeHoca A% ma A B H 3aBHCHT OT BHGpaHHOH
MApoBo#t nAHEE AF («oposBleHHe KPUBH3HHL MPOCTPAHCTBA-BPEMEHM»).

B. KosapnanTnoe audpepennuposanne, onpegensieMoe ¢ HOMOIMBI0 HAPALIEIHLHOrO
nepeHoca

3aganEMca Neap0 ysHATH, HaCKOJABKO OGHCTPO BeKTopHOe mojie V B3MEeHSeTCA BHOJb
KDHBOH ¢ KacaTeJIbHHWM BeKTOpPoM U = d/d\. Otser dV¥/dA = V.V = «CKOpPOCTH
M3MEHEeHHA V II0 OTHOIIEHMIO K A» == «KOBapHAHTHAA WPOM3BOAHAA V BIOJIb U HOJY-

vid,) v(Ag)

9aerca U3 cae/[yiomei o9esEAHOA npoueaypsi: 1. Bepem v B Touke A = A, 4 &. 2. Ilepe-
HOCHM €ro mapajiIeXsHo Ha3al B TOUKY A = A,. 3. HaxommM, HaCKOJBKO OH OTAHYAETCH
OT ¥ B 9To# TouKe 4. PesynsTaT geamM Ha & (M mepexofuM K mpeaeny & — 0):

Y.y =lim { [v(do +&)lpepenecennnit napannensio p Ao — Y (M) }
uy — .

g0 &
Ecam 4 = d/dA Maa Do CpaBHEHHI0 C XapaKTepHHM MacmTa(oM HEOAHOPORHOCTH
BEKTOPHOTO 1OoJIA V, T0 V,V MO}KHO Ha¥OMHATH mpsAMo U3 dur. I, mam ¢ TeM e ycmexom,
m8 ¢ur. II.
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B. «CaMMerpua» KoBapEaHTHOTO fH(¢epeHNAPOBARAA

PaccmorpuM fBa BekTopHEIX moiif. OOGbeflMHEM NB& PHCYHKA I V.V 2 V,u B ofuA.
M mero maxogmM, uro V,v— V, U ectb o ol
BEKTOD, 3aMHIKAIOMHUH{ YETHPEXCTOPOHHHK uh U=ty

V—u—v—u, 1. e. (cm. gomoanenme 9.2)
OH ABISETCA KOMMYyTaTopoMm [u, V}]:

vuV—V'u=[ll, VI. ﬁ __________

TepmuHosorua: omepaTop V Ha3bBaeTcA
cummempuunoil («6es KpydueHHA») KoBa-
pHaHTHO# HPOM3BONHOM, eciH Wwo—
—Vw=I[u, v]. [Ipyrae BN XoBapHaHT-

HHX OPOM3BOJHLIX, M3y9aeMEHIX MaTeMa-
THKaMH, He MMEI0T OTHOINeHAA HA K OfHOM
TEOPHHE TATOTEHHHA, OCHOBAHHOH Ha mpHH-
Hune KBABAaJEHTHOCTH.

viAy)

I'. KosapranTaoe aufdepeHnupoBanne Hpon3BefeHHIx

Haxosxpgende pa3HoCcTH M mepexof K Ipefeidy B mpolleflype, MCOOJL30BAHHON XA
onpenenenns V.V, 00eCmeYmBalOT BHOOJHeHHe OOHYHOTO mpaBmia Aaa xadgdepen-
IApPOBaHUA HPOU3BEJCHHIA:

Vn(fv)z'—'fvuv’*‘(u [j]) v

ST
— |
i — |

CKaJAPHOe BEKTOPHOE «IPOM3BONHAs [ BEOIDL U»;
moJie poJle B HDepBOiA U BTOPOHl 4aCTAX
KHETH 0003HATANACH Od,f;
ecan U= d/dA\, To 0Ha DaB-
Ha df/d\; mHorga o6osHA-

qaerca V.f

(noxasaTenscTBo ¢cM. B ympaxkmenmu 10.2).

JI. AnruTaBHOCTS KOBApHAHTHOro AH(depeHNMPOBAHAA

B peaannom ¢uamaeckoM Mape, 6yab To HBIOTOHOBCKHII MM PeNATHBACTCKHIA, Mapaj-
JZeIbHBIA IMEePeHoC He MOKeT pa3oMKHYTh TpeyroasHEK: 1) mycts A, B, G BHaware
takoBel, 9T0 A + B = 0; 2) mycts mamee cBoGoAHO majalomuil (HHEPIWANBHELH)
Ha6mopatexs meperocat A, B, G mapannensuniM oGpasoM; 3) Torma Bce BpeMs BHIOJ-
asercsi A + B = C. JIwo6oit nmpyroit peayiasTaT HapymHJA OH DPHHIAI KBHBAJIOHT-
"ocTh!
1. CrencTBHeM aTOro (B 4eM MOKHO YGeqHTBCA, HTPOCMOTPEB oOIpefiesieHHe
KoBapHAHTHO{I MPOM3BONHON U 3aMeTHB, UTO J1I000H BEKTOp U MOKIO pac-
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CMaTpPUBATh KaK KacCaTeJbHHH BEKTOP K MAPOBOM JMHMHK CBOGOAHOTO majie-
HUA) ABIAETCA

Ve(v+w)=V,v4+V,w
AJA JI060T0 BEKTOPa U M BEeKTOPHHIX HoJieil V U W.
P 2. O'rcmna,” YuTA CHMMETDHIO KOBapHAaHTHOM mpo-
A ~ ¢ H3BOJAHOH M aJJNTHBHOCTL «3aMBIKAKOMIET0 de-
> THIpeXCTOPOHHUKM» [u, V], MOKHO HONydYHTH
/ B -
// Vu+nv = Vuv + an

/ (cMm. ynpasknenme 10.1). ItoT pe3yiabTaT MOKHO
/ BHIBECTH M JPYTHM CH0ocoGOM — M3 NpHHNADA
/ 9KBUBAJEHTHOCTH: B JIOKaJbHO MHEPLHAIBHOHA CH-
/ A cTteMe, KaK B CI€lMaJbHON TEOPHH OTHOCHTEIBHO-
= c CTH, TAK M B HBIOTOHOBCKO# TeopwH, ma3MeHeHHe V
/ - BIOJb U -+ M XO/HKHO GHTH PaBHO CyMMe H3Me-
HeHHUil BIOJBL U M BAOJL N.
3. CiaemeTBMe: mycTs M OTJIMYAETCA OT U JAMIb NOCTOAHHKEM MHOMKHTENEM;
TOrJa MMeeM

Va¥=0aV.v.

E. Teonesnueckne, onpefeiaseMuie ¢ MOMOIIBIO NAPALISILHOTO NepeHoca BN KOBAPHAHT-
Horo auddepeEnHPOBAHAA

IIpouenypa moctpoenms «iectHuun IlImapma» guaA mapaiiedbHOro mepeHoca (Hadalo
HaHHOTO HONOJHENHs), IpEMeHeHHas: K KacaTeJbHOMY BEKTOPY reofiesnueckoil (ympask-
HeHue 10.6), npmBOAMT K BHIBOAY: KacaTeXbHHIH BEKTOD reofleaMmuecKoil mepeROCHTCA
mapaJuiedbHO BJOJb reofiesndveckoii. B mepeBose Ha ABHK KOBapMaHTHHIX IPOM3BOA-
HBHEIX 3TO yTBep<HeHUe NPUHUMAET BHJ

u=d/d\ ecTh KacaTeIbHHI KPHBasA eCTh
BekTop Kpmeoi m Vu=0 reojieamyecKas | ©

TaxnMm oGpasoM, KPYT BaMKHYJCA: OT Teofe3MYeCKOd K mapalijelbHOMY IepeHoCYy,
0T mapajJeAbHOro mepeHoca K KoBapHaHTHOH IPOM3BOJAHOMN, OT KOBapMaHTHOM NPOM3-
BOMHOM K Treojie3HYECKOMH.

§ 10.3. MAPAJIIEJIBHEIN TMEPEHOC ¥ KOBAPMAHTHASA
IMPOM3BONHASA: ABCTPAKTHBIN TOIXON,

ITocrpoenne «necruuunt Ilunma», ommcansoe B gomonmenmm 10.2,
03BOJIAET BHIABATH CIEAYIOMME CBOMCTBA KOBAPHAHTHOH IIPOHM3BOJ-
HO#i B NpPOCTPAaHCTBE-BPEMEHH:

KoeapRarTHAS .
npouaBoxAR: Cummempus:

oouopasie  oBoi- Vov—Vu=[u,v], (10.2a)

Tr7ie U ¥ V—IOPOH3BOJLHBIC BEKTODHEIC HOJA.
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Hugppepenyuposarue npouseederus:
Vu(fv)=7Vuv+vadf, (10.26)

rae f — Dpon3BoJabHasA QYHKUMSA, ¥ — IPOA3BOJbHOE BEKTOPHOE 10Jie,
U — DpOM3BOJBLHRE BEKTOD.
Addumuernocmu:

Vi(v+w)=V.v+ Vuw, (10.28)

rme ¥ 1 W — IpOH3BOJIbHEIE BEKTODHHE moJf, U — np0K3BOJI])}H)Iﬁ
BEKTOp:
Vautron¥ =aV ¥ - bV,y, ('1021‘)

rge ¥V — IpOH3BOJAbHOE BEKTOPHOE HoJde, U H N — NPOM3BOJbHEE BEK-
TOPH HJHM BeKTODHbe NOJA, ¢ M b — NPOM3BOJNBHHE YHCJAA WIH
$dyrKIMEHN.

Jw6oe «npasusro» V pns o6pasoBanda HOBHX BEKTODHHIX moJeit
H3 CTapHX, YROBJIETBOPAIOMee 3TUM UeTHpeM YCJAOBHAM, B AupPepen-
NUaJbHOM reOMETPHH HA3HBAETCA CAMMETPHYHON KOBAapMaHTHOH npo-
m3BofiHoli. TaKoe mpaBuii0 He BHTEKaeT M3 (ojee MPOCTHX MOHATHIA
(ri. 9) KpMBHX, BeKTOpoB, TEH30poB M T. A. B mpocTpanmcreenHo-
BpeMeHHOM saopaTopHH CYMECTBYeT CTOJBKO e CIOCOGOB ompe-
ReJIeHNA IPaBHIIa BHYNCIEHH KOBAPHUAHTHO! NPoN3BoaHO#A YV, CKONBKO
CYmecTBYeT pasiWUHHX CHOCOGOB pasMemeHHsa HMCTOYHHMKOB I'paBy-
TAMOHHOI'O OOJA. Pas.nntmme pacnpefieieHHA MacC MPUBOJAT K pa3-
JUYHHIM TpaeKTopuAM CBOGOJHOTO HajieHHs (TeoHes8WUECKHM).

Ecau B mpocTpancTBe-BpeMeHM MJH B APYTOM KaKOM-JIu60 MHOIO-
o0pa3uu 3aaHB reofe3nyecKue, TO C moMompbo JectHuigs Ilmnga
(cM. momonnenne 10.2) MO}XHO DOCTPOATH €IMHCTBEHHKEIA COOTBETCTBYIO-
muii aM omepaTop KoBapMaHTHOM mpom3BoAHo#. Eciam 3amaHa xaxasn-
anbo0 KOBapMAaHTHAs NMPOM3BOAHAA, TO MOMKHO BBECTH HapaJijejibHHIA
IepeHOC ¢ IOMOINbI0 ypaBHEHHA

dv/d\ = Vv = 0 <=> BekTOpHOE IIOJIe V NIEPEHOCHTCH
DapaJlIeIbHO BAOJIB BeKTOpa U= d/dA (10.3)

H MOYXHO Yy3HaTh, ABJAETCA JIA IPOM3BOJBHAA NaHHAfA KpHBag Teo-
JIe3n4YeCKOM:

Vuu =0 <= racaTelsHHH BeKTOp U= d/d\ Kpusoii & (A)
TNEePeHOCHTCS HAapaJJIeNILHO BJOJNB 3TOM KPHMBOI, (10.4)

V=0 <= xpuBaa & (A) ects reopesmueckas.

Taknm o6pa3oM, 3HaHMe BCeX Teofle3MUECKHAX IOJHOCTHI0 HKBHMBA-
JIEHTHO YMEHHIO BHIYMCJIATH KOBAapHAHTHYI0 HPOH3BOJHYIO.
KopapnanTnasa nponssonnas V aBasercsa o6o6menneM Ha cayuait
ACKPUBJEHHOTO IPOCTPAHCTBA-BpeMeHM NOHATHA rpajguenta V B mio-
cxoM mpoctpancTee. Ilogo6Ho cBOeMy aHaJOTy B IJIOCKOM IPOCTpaH-
CTBE, €€ MOKHO TPAKTOBAaTh KAaK MAIMHY, NPOU3BOAAMIYIO YHCIO
(6, Vu¥) u3 1-PopMbI O, BEKTOpA U M BEKTOPHOTO IOJA V. JTa TOYKa
8peHHs Hcciaenyercs B pomoaHeHRmM 10.3. OTMeTMM BaykHHE (akt:
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HECMOTPA Ha TO 4YTO0 KOBAPHAHTHYI0 IPOHM3BOJHYI0 MOMKHO TPaKTO-
BaTh Kak MammHy, V He eCTh TeH30D; 3TO HeTEH30pHLI TeoMeTpH-
9eCKHil 00bEKT.

B BckpHBIeHHOM IpOCTPAHCTBE-BPeMEHH, TaK ’Ke KaK M B ILIO-
cKoM, onmeparop V MO’KHO IDAMEHATH HE TOJBKO K BOKTODHHM IOJSIM,
HO M K QyHKOuAM, K moaaM 1-gopM, K TeHsopHmM mouasMm. Ero peit-
CTBHEe Ha (QyHKUHHA ONpelelseTcd OYeBAXHHM o6Gpa3oM:

Vi=df; V.=ad.,f=u[f]=df, u). (10.5)

Ero peiticrBue Ha mons 1-fopM H Ha TeH30pHHe IOJA ompenexseTcH
nyTeM 0000meHAs Ha CAYdYail MCKPHBIEHHOTO IIPOCTPAHCTBA-BpPEMEHA
cootHomenna (3.39): VS ects naRefiHas MammHA AIsA HAXOKACHAA
U3MEHEeHHMsA OT TOYKHA K TOYKe BHXORHHX [aHHHX $§, Korga B ero
Kalajsl BBeJEHH «HOOCTOSIHHHE» (T. e, MepEeHOCHMhIe NapaJielbHO)

BekropH. [IpnMep: rpanguenT Ter3opa paHra ((1)) , T. . Moaa 1-popmml ©.

BuGepem co6urme &,; B kacarenbHOM mnpocTpaHCTBe cobuTEa &Py
BO3bMeM J[BA BEKTOpPa U ® V; C IOMOIILI0 IAapajielbHOTO mepeHoca
B0JIb HAaIpaBJIEHHS BEKTOpa U HDOCTPOUM H3 V (IOCTOAHHOE» BEK-

topHoe moie ¥ (&), Vv = 0. Torma VO ecTh TeH30p paHra (g),

0
a V,0 ects TeHsop paura ( 1), onpefensemsie B &y cOOTHOMEHAAMA

Vo (v, u) = (V.0, V) = V. (6, V)) = (0, V), (10.6)

rae U = d/d\. [laHHHe COOTHOINEHHs OHpPeNeJAT Kak V.0, Tak
# VO, DOCKOJIbKY OHH 3aJalOT YUCJIAa HA BHIXOAC STHX TEH30POB N
JI06HX BEeKTOpOB V M U Ha Bxofe. Ecam Ha v (&) He HakaaguBaeTcs
yCJIOBHE «IHOCTOAHCTBAa» BHOAb U = d/dAh, 10 B (d/dA){G, V) nRaer
BKJAJ, KaKk M3MeHeHHMe V, TaK M H3MeHeHue O:

2 (0, V)=V, (0, N =(V0, V) + (0, Vu¥) (10.7)

(cM. ympasmenme 10.3).
Anajorngso, ecim 8 ects TeH30p paHTa ( ; ) , TO ero rpagdeHT

V'S ects Temaop panra (;), ompefenAeMuli caegylomuM o006pa3oM.

Bri6epem cobnitme &, B KacarelbHOM mnpocTpascTBe CobmTmaA Py
BO3bMEM TPH BekTOpa U, Vv, W  1-popMy 6; ¢ IOMOIIBI0 Iapajiieib-
HOTO mepeHoca oGpasyem BOam3m Iy U3 V, W B O (IOCTOAHHLIEY
BEKTOpHEIe IOJA M «nocTosaHoe» moie 1-dopmu (V,v=V,w=V,0=0
B &Py); saTeM mojaraeM OO OUpPefeJIeHUIO

Vs (o, v, w, u) = (V..S) (o, v, W)=
=V.u[S(o, v, W)]=0u[S (0, v, W)]. (10.8)
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10.1. ApgnaTHBHOCTL KoBapmanTHOro nuddepeHnEpoBaHAN

IlokakaTe, 9TO KOMMYTATOP (¢3AMBIKAIOMMI YETHPEXCTOPOHHHKH»)
AU TABEH:

fu, v+wl=[u, v]4{u, wl; [u4n, v]=[u, v]4-[m, v].

Bocmonb30BaBIACE STEM  pe3ydbTaTOM, YCHOBHEM AJJHTABHOCTH
Vu(v+w)=V,v+V.W I caMveTpaell KOBapHAHTHOH IPOU3IBOAHOM
V. —V.w=[u, v], nokaxaTe, 9TO

V.H...v = V..V 4 an.

10.2. KosapuanTnoe puddepennupoBanne OPOH3BENCHHA

[Toka)uTe ¢ MOMOMBIO PHCYHKOB M ompefeleHHAA V¥V, HCHOJIb3YI0-
mero «HaXokJeHHEe DPa3NOCTH M HePexof K mpefieay» (MOmOJHEHH®
10.2), gro

Vu(fv)=1Vuv +vau[fl. (10.9)

10.3. Eme pas xosapmanTHoe nudepeHIHpOBAHHE ITPOMIBERCHHA

BrBemnte cootHOmenue (10.7), ECHOAL3ysa ompeNieieHHMsA NPOM3BOL-
EHX ¢ DOMOMMBIO «HAXOKAGHAsA PasHOCTH M Hepexofa K Ipefesy».
Ykasanue. Ilepex Tem Kak HaXOAMTh DPa3HOCTH, NEepeHeCHTe Hapaj-

aeasHo ¢ [P (A)] m v [ (A)] Basag us & (A) 8 & (0).

10.4. KopapranTHOe nudrpepeBnupoBaHne eme OHHOrO
OPOH3BERCHAS

TToxaxuTe, 970 Kak B MIOCKOM IPOCTPAHCTBE-BPEMEHH, TAK M B HCK-
PHBJEHHOM NUPOCTPAHCTBE-BPEeMEHHE
V(v W) =(VW) @ W+ VR (Vuw). (10.10)
danmmuTe 3TO COOTHOmMEHHe B Gojiee NPHBHYHOM KOMIOHEHTHOM
dopMe ausA ciydasa OIOCKOro NPOCTPAHCTBA-BPEMEHH.
Pewenue nepeoii wacmu ynpasxcrenus. Bosbmem 1-dopmn ¢ m p
B HHTepecylomeM Hac CoOntud &P, B mepeMeCTUM MX ¢ IOMOI[BIO
'lll‘apa.nne.nmoro mepeHoca BHOJAb BeKTopa W=d/dA, Vyp=V,0=0,
orpua

(Vu(v®w)](p,0) =—- [(v® w)(p,0)] (oumpenenenue meiicTEA V,
HA TEH30p)
= % [{(p, ¥) {0, w)] (ompenmeneHue TEeH30PHOTO NPOM3BeNeHEA «®»)

d (o, w)

d(P, e Y) (g wy+(p, )2 % ¥ (npasmro nmpdepennmposanma

LIPOU3BEACHHSA)

YIOPAKHEHHAA
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=(p, VuV¥) (0, W) +(p, V) (0, V,W) (coorHomernne (10.7)
OPH NOCTOAHHHIX P, O)

=[(Vu¥) @ W] (p, 0)+[v ® (V.W)] (p, 0) (ompenenenue TEH3OPHOTO
IIPOU3BeTieHAS « @ »).

10.5. " eme pas xoBapuanTHOE An(pPHepennupoBaHUe
OpOn3BEACHAA

TokakuTe, BOCHONB30BABIIMCH METOIOM, HMONOGHHIM IPHMEHCHHOMY
B ynpakdHemmu 10.4, uro

VieQRp@V)=(V0)QpRV+0Q (Vup) ®V+

+0®p® (V). (10.11)

10.6. YpaBHeHHE reoe3mIEeCKHX

Hcnoas3ysa miusA mapaiajieAbHOTO NepPeHOCA HpoueAypy LOCTPOeHHS
«aecrnninl anna» (mavano gomonuenms 10.2), noka)ure, 9T0 Kaca-
TeJbHHH BeKTOpP reofeaNuecKoil MepeHOCHUTCA HapajielbHEM ofpa-
30M BJIOJIb CBOeil reofiesmueckoil (komeny pomonnemmsa 10.2).

Hononnenne 10.3. KOBAPUAHTHAA TIPON3BOJIHAA, TPAKTYEMAA KAK MAIIMHA,
A KO3®OHUIUEHTHI CBA3HOCTH — KAK EE KOMIIOHEHTBI

A. IlpencraBneane B BAgE MANIMHBI

1. Omepatop KoBapmaHTHo# mnpomsBoRHoil V, mogo6Ho GoOJABMEHCTBY APYTHX
TeoMeTpHYeCKN X 06’BeRTOB, MOKHO pacCMATpHBATh KaK MaIlMHY C BXOJHBIMM KaHa-
aamu. B kammoM co6utau &, mpocTpaHCTBa-BpeMeHH CYIECTBYeT OfHA TaKasA MaIIMHA.

Unrepnperanua V B BHie MammuH B &, CBOXATCA K CIeNyOMEMY:

V(s
1

",

I

.lf.) = (0, VV).

[

1
|

[lepsuit  kamaim; L'ropoﬁ KaHaxu; ll‘pemﬁ kagan; Hopmil BekTOD;
B HEro BBOJHTCA B HEro BBOJAHUTCA B HEro BBOJHTCA «KOBapHAHTHAS
1-popma 0, mpE- BEeKTOPHOE IOJe BEKTOp W, OpH- IPOU3BOHAA

HajuIeykamas ka- Vv (&), ompeme- Hajgue)KamEil Ka- BEKTOPHOTO HOJA
caTeJbHOMY IpPO- JIGHHO@ B OKPECT- CaTeABHOMY OPO- V IO OTHOINGHHIO
crpancTey B &, HoctE &P, cTpaHeTBY B Fy K W

(ITpamevanme. OT 3TEX 0603HaYeHMIA AN KaHakoB V Majllo mOJB3H, 84 MCKIOYCHAECM
pasBe JHIb TOr0, YTO OHA HO3BOJAIT JYYme BHPASATh «MAINMHHYIO» mpupony V.
JlanHOe RomONHEHWe — EQMHCTBEHHOE MECTO, I/leé OHH HCHOJB3YIOTCH.)
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2. PegyabraT Ha BHIXOMe MamMHH (0, V,¥ ) reOMETPHYECKH HOJYYaeTCA CIENYI0-
mum oGpasoM:

a. Haiimem cxopocTh ma8MeHEeHHA V BROAb BeKTopa U, V,¥; eClit U B V GeCKOHETHO
MaJH, TO 3Ty HPOIeAYPY MOKHO M300pa3HTh Ha depTerKe.

\ v ¥ OCTDHS u

HOBAHUA U ~——|
vyoo \\

V Yy OCTPHX U, nepeHeceHHH)
HapasXeJbHO X OCHOBAHUIO
Vv — BeKrop, npunagrexaupil
Kacateabliomy npoctpasicrey B %,

6. Moncanraem, ckonbKo moBepxHOCTed 1-Popme 6 mepeceraer Bextop Vv (mepe-
CeUeHHe IPOMCXOJAT B KaCaTeJbHOM HPOCTPAHCTBe COOHITHA &P):

%
\\ Moxoxureasnoe
% \, HanpaBiciue &
\
ﬁ ﬁ\?‘ \

(07 Vuv) = - 2a8-

JT10 YHCIO MOABJAAETCA Ha BHXofe MammuHel V, KOrja B ee KaHaJH BBoAATCA O, ¥ (&)
1 u.

3. Hpyroi sKBHBaJeHTHHIA cnoco6 mpeacraBieHHs KOBAPHAHTHOM NPOM3BOMHOM
B Bufe MammHH. OcTaBAM NepBHE BXOJHO# KaHaJ nycTHM (He (YyIeM NnpHMBIEKaTh
HAKaKo# 1-PopMm O); o6pasyeM M3 MCXOZHOTO BEKTODHOTO HOJA V¥ HOBOE BEKTOPHOE
noJue:

V(..., v(&), u) = V,V = (KoBapHAHTHAA NPOU3BOJAHAS BEKTOPHOIO OIS
—— Vv BJOJDb BEKTODA U».
mycToit

4. Tpernit cooco6 upencraBiieHHs B BuAe MammaHn. OCTaBAM HEPBHEA M TpeTHil
KaHaJIB OycTHME (He GymeM mpHBJeKaTh HMKaKoil 1-Qopmbl 6; He GymeM npuBieKaThb
HAKAaKOro BeKTopa U, BA0JAb KOTOpOro BHIOJHAercA nuddepennmpopanue); oGpasyem

1
H3 HCXOAHOr0 BEKTOPHOTO IOJA V IIoJie TeH30pa paHra (1)2

V(..., (&), ...)= Vv =«roBaprauTHAA OPOM3BOLHAA», HJIH
— —~— «TPAfHeHT» BEKTOPHOTO HOJA V.
nycroit oycroi
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9to TemsopHoe Hojie VV aBasercsa 0GobmenneM Ha CAydail BCKPHBIGHHOTO NPOCTPAHCT-
Ba-BpeMeHH TeHs80PHoro noas VV, BBE[EHHOr0 B IJIOCKOM IPOCTPAHCTBE-BPEMOHH H H3Y-
gegsoro B § 3.5. OHo o6aafaeT ABYMA BXONHEIMA KaHaJaMm (KaK pas TeMH, KOTODHE
B JaHHOM omIpelieJIeHAH ocTaBieBH nycthiMa). Ha BrXome mpH 8afjaHHEIX BXONHHIX
NaHHHEX IOJIy4aeM
VV(..., u)=Vuv'
——
nycroit
Vv (o, u)=1(0, V).
5. Crojka onpeNelieHENX BHING WOHATHI:
a. V —onepamop koeapuakmmoli npoussodroii; oH oOpasyer 4UHMCIO, €CIH B HEro
BBecTd O, V(&) ®m u; B pesyanTaTe moiaydaerca (0, V,V).
6. Vv—epaduenm Vv; oB obpasyer 4WHCJIO, €CIH B HETO BBECTH O B U; B pesyib-
TaTe TaKxke moaydaerca (6, V,v).
B. V.V —Kosapuarmnas npouseodrnas ¥ BROAb U; oHa o6pasyer WMCIO, €CIH B Hee
BBECTH G, B pesyJbTaTe Takke Hoiaydaerca (0, V.v).

B. Yem V oTamuaeTrcs oT TeH3OpA

Mamuea V oramdaercs oT Tenzopa B ABYX oTHomeHuAX: 1. B cpennnit kanaa V Hennss
BBOJHTb BEKTOp; B HETO HYKHO BBOJAMTH BEKTODHOE IoJe — BEeKTOPHOE IoJie, KOTopoe
mapdepennmpyerca. 2. V He ABAAETCA JMHeHBOH MallMHOM (TOT/Ia KaK TeH30D NOJIKEB
OHTH JMHEHOW MamIMHOM):

V (a0, f(F) v (F), bu) = (ac, Vif¥)=
= abf (0, VuV)+ ab (3, v) V,f.

1

ecnm On ¥V 6ma
JAEeiiHOA MamH-
HOi1, 3TOT0 WIeHa
Be On0 OM

B. «Ko>(AnpenTH CBA3HOCTHY» KAK KOMIOHEHTH V

[ycts B cofnitem &, 3amanb Tersop § pamra ( ; ) , 6asmC KacaTeNbHEIX BOKTOPOB {8}

2 nyanbEH# emy Gasmc 1-gopm {©*}; Torma KOMIOEERTH § OmpeneNAIOTCA CIEAYIOTIEM
obpasom:

STﬂ?E S (ma’ e, .'V)'
TouHO TaK e MOKEO ONPeNeNTh M KOMIOHeBTH V, ¢ Toli JWmB pasEuneit, YTO
B 3TOM CJydYae HyeH re ToabKo Gasmc {@,} B coburEm &), HO Tarkxe m Gasmc
{e. ()} B xammoM cobniTum & B €ro OKpPECTHOCTH:

I'%p, = komnonentn V=V (0%, 8 (F), 8,)=
Q-KOMIIOHOHTA WSMEHEHHS GABHCHOTO BEKTODA 8p
IpE Iepexofe OT OCHOBAHES K OCTDHIO @,

= (0%, V.vep) =~ (
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9Tm komnomenTH V BasHBAKTCA Kkosgifuyuenmamu cessnocmu Gasuca {8,}. Osm nator
¢KOODJWHATHOE TpPEeNCTABJECHEE)» ODepaTopa KOBapHaHTHOR mpomspomHoit V.

Onepamop kosapuanmuoi npouseodnoii V u koagguyuenmu cessHocmu I‘“u\, daom
pasHble npedcmaeseHus 00H020 U Mo020 e 2eomempuueckozo o6texkma? Hesepoammol
Odun 06vekm ces3an ¢ 6BNOAHEHUEM KAKUX-MO Onepayull npu NepeMewjeHul ¢ Mecma
Ha Mecmo (nanpumep HazoxcOeHUeM DPASHOCMU MeHCOY SHAUEHUAMU 6€KMOPHO20 NOAR
6 dsyx pasuvxr, zoma u 6auskux mecmaz). Jlpyzoii o6vekm, Hadeaennwiii copoka komno-
Henwmamu (ynpascnenue 10.9), acecmro censan ¢ 0dnol meukoli. TpydHo scob6pasums
6oaeee 2aybokoe pasauuue Mmexucdy deyma o6eekmamu. H ece ace cHu evnoansom 00HYy
U my ace onepayuio 8 ai06oM MUDe, COBMECTNUMOM C RPUHYUNOM 3IKE6UEAAEHMHOCMIL:
1) onu eonaowalom 6 cebe ceolicmeéa écex zecdesuueckuz, komopvie npoxodsm uepes
unmepecylowyyio Hac mouky, u mem camvin 2) onu darxm gusuneckuli memod (napassens-
HBU neperoc), N03goAACWUL CPAGHUSAMYb 3HANENUS 6EKMODHBIT U MEH3OPHHZ noael
é Oeyx cocednux mouxaxr.

§ 10.4. IAPAJUJIEJIBHBIA NEPEHOC M1 KOBAPHAHTHAA
IPOM3BOAHAf: KOMIIHOHEHTHOE IIPEJICTABJIEHUE

Hcoonsaya HaraspgHoe npefcTaBiIeHHWe, Jerde YJIOBHTh MaTeMa-
TA49eCKYI0 HJew; Grarofmapsa aGCTPAKTHOMY WOXXORY STH HIECH CTa-
HOBATCA TOYHHIMH; OJHAKO HJA HIPOBeleHHA CHOKHHX BHYHMCICHHH,
KaK NIpaBHJo, Heo0X0AMMO NOAB30BAaTHCA KOMIOHEHTHHM IpelCTaB-
JIeHAEM.

Uto6n omepmpoBaTh ¢ KOMHOHEHTAMH, HYKHO HMEThH COBOKYI-
HOCTh GaSHCHEIX BEKTOPOB {@,} B AyaJAbHYI0 COBOKYNHOCTH 6asHCHBIX
1-dopm {@*}. B maockoM mpoCTPAaHCTBe-BPeMEHH JOCTATOYHO OAHOIO
TaKoro 6asmca; Bce COGEHTHA MOT'YT HCHOAB30BATH ONUH U TOT JKe JOopeH-
nes Gasmc. ViHave 0GCTOMT Mes0 B HMCKPHBJIEHHOM INPOCTPAHCTBE-
BpeMenH. 3[ieCh Y Kaskaoro coGLTHA CBOe KacaTelbHOe IPOCTPAHCTRO,
a B Ka’KJIOM KacaTeJJbHOM IPOCTPAHCTBE NOJKeH OGHTH CBoit Gasmc.
Ilo Mepe Toro Kak MH mepexofBmM OT COOHTHA K coGHTRIO, CpaBHHBAsA
BX Ga3HCH DOCPENICTBOM NapaijieIbEOI0 DEPEHOCA, MH BHMEM, 4YTO
9TH 6asWCH 3aKPYYHMBAIOICH M TNOBopaumBaioTcA. MHause m OuiTh
He MokeT. Jlis HEX Her mpyroro cmcco6a mpmcnocoOHTECA K KpH-
BA3He IPOCTPAaHCTBa-BpeMerNn. Basuch B Toukax &, m &F,, kotopme
COBNAjal0T IDHM CPaBHeHMH C IOMOINEI0 NapaJJlesibHOTO IepeHoca
BAOJL ONHOH KPHBOM, HOJMHH OTIHYATECA IPH CPaBHEBEH BJOJB
apyroii xpuBo# (cm. ra. 11).

[aa ommcaEEs KpYyYeHHMA M NOBOPOTOB «UOJSA» GAaSHCEHX BEKTO-
poB {e, (&)} m 1-dopm {©Z (&)} BocmoaB3yeMcs KOBapHARTHOM MpO-
n3BofiHoM. PaccMOTpEM, KaK BeKTOpHHe N0Js HM3MEHAKITCH BIOJb
(GasECHOTO BEKTOpa @p, BBOIA COKpamleEHoe 06o3HauYeHHE

Vi=IVs (ompenenerme Vp); (10.12)

B 0c0GeHHOCTH OCTAaHOBHEMCSH Ha CKOpPOCTH H8MEHEHH S OHOTO N3 6asmc-
HBIX BEKTOpDOB Vsea. 91a CKOpPOCTh H3MEHEHRAA CaMa ABJAETCSA BEKTO-



Onpefencane
KO3 QANHEHTOB
CBABHOCTH

HKoMuoHenT
rpajaesTa
TEH3OPHOro moas

320 10. Appunnas zeomempus
POM H MoKeT OBITH pasioskeHa mo Gasucy:
Vg6, = e,I" .5 (ompenenennme I',g) (10.13)

(o6parnTe BHMMaHHe Ha oGpaTHHIA nopAxok o u P!); nonyuaomuecs
B peayanTaTe Koaduyuenmo. ceasnocmu I'*, p MONHO HalTH, NIPOEK-
THpysA Ha GasucHue 1-dopmsr:

(oM, Vo) =T"p (10.14)

(em. ympakHenme 10.7, a tamke mpomosuenume 10.3). Ilockoabry
Gasncuule 1-GopMbl «3aBA3aHL ¢ Ga3NCHKEIMU BeKTopamu ( (Y, 8, ) =
= §Y,), Te ke Koadpduumenrtn casHocTH I,y IO3BOAAIT omMCATh
n3MeHeHHe OT TOYKKM K Touke Gasmca 1-dpopm:

Vo' = — IV, p0%, (10.15)
(VporY, 8o) = —T"gp (10.16)

(cm. ynpascuenne 10.8).

ITHM He HCUePUHBAOTCHA BO3MO)KHOCTH K03QUIMEHTOB CBASHOCTH.
C HX DOMOIBIO MOJKHO HaiTH KOMIIOHEHTH TPafileHTa MPOU3BOJBHOTO
tensopa 8. B JNopeHiEeBoil cucreMe MIOCKOrO MPOCTPAHCTBA-BPEMEHH
KOMOOHEHTH V8 MOJKHO IOJIyYMThH, HOAEHCTBOBaB Ga3sMCHBIMH BeK-
TOPaMH 8 = OP/3z* = 3/02* na womunoneHTH 8. Taxmm oGpasowm,

1
Ui Tel30pHoro mois S paHra (2) nojgaydaeMm

7]
V'S uMeeT KOMIOHEHTHI S“sv,o=3;3- [1S%y).

B uckpuBiICHHOM NPOCTPAHCTBE-BPEMEHM WJIHM Jlajke B HEJOPEHIeBOM
fasnce MJIOCKOrO NPOCTPARHCTBA-BPEMCHH 3TO He TaK. 3hAech 0asmc-
HBle BCKTODH IOBOPAYMBAIOTCH, B3aKPYYMBAIOTCH, PpACTAIMBAIOTCA
U C;KEMAIOTCA, MOATOMY Aaike ccad 61 8 6blr mocrosinen (VS = 0),
ero KOMIIOHEHTH B 3aKpyuuBaiouieMcA Gasuce uaMeHAIHch Gul. I{oag-
¢AIMeHTH CBA3HOCTH, OYAyYd HPABHJIBHO YHOTPEGJEHEI, II03BOJAIOT
CKOMIICHCHUDOBATh 93TH MOBOPOTH U XpydyeHHe. Hak Mu y3mnaem
u3 ynpakHenns 10.10, xomnonents $%g,.5 Tensopa VS, I8 KOTOPHIX

VS =5%y8. @ 0f @ 0¥ ® ©°, (10.17)

MOTYT OHITh HalKeHH M3 KOMIOHEeHT § oOHLYHEM cHOCOGOM, MCHOJb-
3yeMBIM B IIOCKOM OPOCTpaiicTBe, IPUGABHB MHOIPABKH, KOTOpHIE
Hajo cAejaTh HJAA KaykAoro MHiexca (T. e. OuA Kaskgoro 0asucHOro
BEKTOPa):
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3aMeHa MHJIEKCa, NJIA KOTOPOro
- JenaeTcs NONpPaBKAa, H CYyMMU-

«-+», cCIM TOTPpPaBKa POBAHEE II0 HEMY

JIeIaeTCA IS «BEPXHEro» {—
AHeKca —fmnpexc paddepenmmposanus

N
Saﬂv; 8= Saﬂv; s+ Suﬁvraub —Suuvruﬂb - Saﬁuruvb' (10-18)
«—», €CJIM HONPAaBKa JeJIAeTCH J T

VA «HAKHET0» MHIEKca uunexc pudde-

3aMeHa HIIJICKCa, JJIA KOTOPOro penuupoBanus
JeJiaeTcs NONpPaBKa, W CYMMMu-
poBalie IO HeMy

Jnecw
8%y, 5= 5 [S“py] = 00, S5y (10.19)

Cooritomrenne (10.18) uMmeer caoskHBH BMI, 10 lla CaAMOM JeJic OHO
OKa3hBACTCH o4elbh IIPOCTHIM, CCJH pa3ofpaTncs B cXeMe.

Touno Tak ke, Kak A KoMmoHenT V$ mcCHmoibsyerca CHeluajib-
noe obosuavenue S%y;5, TAK U IIA KOMIOHEHT KOBRDHAHTHOH IIPO-
n3BonHoli V,8 Bpons u=d/d\ BBOmHTCA chenmaibHOe 0603HaUeHHE
DSaBV/dl:

V.8 = (DS%,/dA) 8, @ 0P @ 07; (10.20)
DS%;.,
—‘ﬂi = 8%y, 68 = (8%py, s+ monpasounne WieHn) ud,

Ilockonbky nasa mwboit f
f, su®=0uf =df/dA,
9TO CBOAUTCA K

DS* ds®
dkﬁv = d}f —+8 “oy D pousd — 8% T pou® — 8%, I gus.  (10.21)

Bo3M0/KHOCTH KOMIOMEHTHOr0 NpEeACTaBJEHAS XOPOHIO IpOAB-
JIAIOTCA NPHM HaXO:KAeHNH KOBapMAHTHOH NpPoOM3BOJII0A OT Mpou3Be-
nenus. HoJsioe yueno pasauynbiX npasua auddepenumpoanns npo-
usseleanii B aGcTpakTioym mnpencraBieHun [cootnomenns (10.26),
(10.7), (10.10), (10.11)] npu mcpexofie K KOMIONENTaM CJIMBAIOTCH
B OfiHO mpaBWiIO:  Onepamop zpaduenma «» NOGYUHAEMCS TOPOULO
uzeecmuomy npasuay duggepenyuposanus npouseedenuli, komopomy
ROGUUHAIOMCA uacmHble npPou3eodnble 00vuH020 duddeperyuarbhozo
2101457

2

KoMoHenTsl
RKOBApHAHTHOH
NPOH3BORKON
TeHSOPHOrO0 NOAR

Iipasaaoc
BHYHC/IEHHA
rpajHeHTa

OT TpOoH3BefleHHs
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ucuucaenus. Ilpamep:
(fo%); u="1; w4+ %

1

(10.22a)

= f, u» DOCKOJIBKY y f HET HHJEKCOB,
_ IJASA KOTOPHX HAIO [IeAaTh NONPABKY
CBEPTHIBAA 3T0 BHDa:KeHHWe ¢ uM, momydaem mpasmio 10.26). dpyroi
P p y P Py
npumep:

(Gav“); n= Ua; uva + Oav""; 1} (10.226)

= (0xU%), 4, HOCKOJBKY Y GoU® HT CBOGOJHEIX
| EEMeKCOB, AJA KOTOPHX HANO [JEJNaTh HONPABKY

(coepTeiBas 310 BHIpaskenme ¢ u*, moaydaem mpasmao 10.7). Tpermik

mpumep:
(0appV?); p = Oa; uPpLY + OaPp; ub” + OaPpv”; u (10.228)

(cBepTHiBag 3TO BHIpakeHme ¢ uk, mosydyaem mpasmio 10.11). Eme
ofnH npEMep npupefeH B ynpakuennn (10.12).

VOPASKHEHAA

10.7. Buuncaesne K03(ppHIEEHTOB CBA3ZHOCTH
Buipenure ms (10.13) Bmpaskernme (10.14) pna Ik,

10.8. Ceaznocrs Gasaca 1-gopm

U3z coornomenns (10.14) suBemute coormomenua (10.15) m (10.16),
KOTOpHIe YCTaHaBIHBAIOT CBA3b V@V ¢ I'V,p. Vkasanue. Hcmons-

ayitre coorHomeHne (10.7).

10.9. CammMerpna kos(HpHIHEBTOB CBA3HOCTH

TlokaskuTe, 9YTO CAMMETPUA KOBADMAHTHOH IIPOHM3BOJHONM B IPOCT-
panctBe-Bpemenn [coorHomenme (10.2a)] skBuBasenTHa ClefyomeMy
YCIOBAI0 CHUMMETPHH MIs Kod()puimeinToB CBA3HOCTH:

(amTmcuMMeTpRuRan wacTh IMqp) = % (T —T"p0) =
= iopy = ——;— (0%, [8q, @p])= -——;— Cap®. (10.23)
[

KOMMYTaTop GasHCHHX BeKTOpoB] 1

B wactHOM caygae Koopdumammozo Gasuca (8, = 0/0x%) Kkoagu-
yuenmw T", g cummempuunn no o u P. [lokasnre, uro Graromaps
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9TOli CHMMETDHMH YHCJIO He3aBHCHMHX Ko3Q(HUHEHTOB CBASHOCTH
B Ka)kJioM COOHTHE B KoOp{UHATHOM Gasuce ymeHbmaercs oT 4 X 4 X
X 4 =064 o 4 X 10 = 40.

10.10. KoMnoreBETH rpagmeHTa

Busegare Bmpaskenme (10.18) nmisa xommomenT rpammenTa S%y:s.
YVxasanue. Pasnoknre 8 mo panHoMy Gasucy M BHYMCINTE HPaBYIo
9acTh COOTHOIEHHS

V8=V, (SaByea QoP® oY)

OpH IPOE3BOJBLHOM BekTope U. Bocmoassyiiteck npanmamm (10.26)
n (10.11). CpaBrmB peayapTaT C

VS = 5%;y: s @ 0F @ 0,

BHOHITETe KOMIOHEHTH S%py; 5.

10.11. JImeeprennun

Iycts T — moxe Tenazopa paHra (?‘)) OnpenieaM AEBepreHUMIO IO €T0

BTOPOMY KaHaly TaKHM jke o0pasoM, Kak 3To0 OO clelJaHo B IJO-
cKoM mpocTpaHcTBe-Bpemenm: V.T = cseptra VT, T. e.

(V-T)*=T%. ;. (10.24)

3anmmmTe BHpaxeHHA Ansa KommoseHT T%B.; wepes T°B ; m mompa-
BOUHHe WIEHH MNJA KaXKAOro W3 ABYX HHAexcoB T. [Omeem:

7%, =T, g+ I%T" 4 TP, 5T,

10.42, IIposepxa mpaBmna nuddepeHNUPOBAHAA HPOHSBEXCHHA
ITycrs S%, — KOMIOHEHTH HOJA TeH30pa paHra (f), a MgV — xom-

1
DOHEHTH HOJA TEHSOP& pPAaHra ( 1). CeepTHBas 3TH TeH8OPHHe HOJA,

noxydyaeM BextTopHoe moae S%f M V. IlpaBuio nuddepenLEpOBAHHA
OpOMSBeNieHHA ANA AMBEPTeHLMH 3TOTO0 BEKTODHOTO IOAA HEMeeT BHJ

(S \Mp"); o= Sy, o Mg" + S** Mg, .

Y6enurech B COpaBelIMBOCTH STOTO mpaBHJa, BHPpasuB ofe wacTu
PaBeHCTBA Yepe3 NPOM3BOJHHE N0 HANDABIACHHIO (0, ) M HOHPaBOY-

HBle WIeHH ¢ Ko9g(uumeHTaMu CBA3HOCTH. ¥Yxasanue. Jlesas wacTh
21*

2

YIPAKHEHHASA
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paBHa
(S*P,Mg"); o = (S™*,Mg"), o + T ("8, M4").
N, e/

t

8%, o Mp" +S*P,Mp", o,
COrJaCHO NpAaBHJIYy Haxo-
—| *XneEmsa DpOM3BONHON IO
HaOpaBJICHHIO OT IPOMS-
BeJCHAS

B npanoit wactu ropasmo GoJiplle DONPABOYHKIX WIEHOB (TpH A
Saﬁv; o) MBa maa M Bv;a), HO OHH [OJI:KHBI B3aMMHO YHNUYTOKHTBCSH,
OCTaBMB B peayJapTaTe JHAIMb OXHUH.

10.13. 3axon mpeoGpasoBanuA K03(pPHIHEHTOB CBA3HOCTH

Iycts {64} m {8y} — ABa pasnAUYHHX HOJNA Ga3UCHHIX BEKTOPOB,
CBsI3aHHBIX 3aKOHOM Ipeo6pasoBaHHA

op (F)= L% (F) 0o (F). (10.25)

IMokaxxnTe, YTO COOTBETCTBYIOMHE KOIPPUIHEHTH CBASHOCTH YHAOB-
JIETBOPAIOT COOTHOIMEHHIO

Pa’B’V’ = {'alpLuﬁ'va’Fpuv +La'uLuB’. v (10.26)

o6baHK 3aK0H npeobpaso-
BaHHS KOMIOHEHT TEH30pa

10.14. IonapHnie KOOpAMHATH B INIOCKOM JABYMEPHOM IPOCTPAaHCTBE

U3zo6pasnTe Ha sucTe GymMarn MOJAPHYIO CHCTeMy KoopmmHar (r, $).
Hapucyiite B COCefHHX TouKax G6a3ucCHLIe BeKTODH 8; = 0/0r &

8; = r-19/0¢. a. Vcnoapays 3TOT depTek M HMapalJlelbHHIM mepeHoC
B OBKJHOBOM Cjyuae, 0GOCHYyHTe COOTHOIIEHHHA
v,\e,\=0 VAQA=O V,\gA:r“Qs, VA3A=—r‘13A.
6. Hcxonsa mB3 9THX coomomennn, BHDAMATEe KO3QPHMIAEATH CBA3HO-
cra. B. Ilyets A= Are~ +A"’e~—nex'ropnoe mone. IloxaskmTe, 9TO
ero AMBepPreHIHI0
A A . af e, 4R

V-A=A% ;=4 . +T7:,4

MOXHO BHIYHMCIATL B0 (opmyie

1 04% 1 a(aT)
VA=~ a6 | r or

(koTopas moKkHA GHITH 3HAKOMa GOJNBIIMHCTBY YHTaTeNdei).
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§ 10.5. YPABHEHUE TEOJE3NYECKHNX

C reofieadecKMX — DapaMeTPU30BAHHBIX TPaeKTopHii CBoGOAHO mafa-
OMAX 9YaCTHL{ — Mbl HayaJu M3JI0;ieHHe B NaHHOM riaaBe. OCHOBH-
BafAch Ha HHX, MH DIOCTPOMJIM IapajjedbHBIl mepeHoC (JIeCTHHLA
Muxpa, nomonnenme 10.2); mapanidelbHHA mepeHOC B CBOX odepelb
IMOSBOJNJ HaM ONPEefeHTh KOBAapHAHTHYIO NpPOM3BOAHYI0O U Koaddu-
oueHTH cBsAsHocTH. OBJaafieB KoBapMaHTHHM HudpdepeHImpPOBaHNEM,
MH CHOBA BEDHYJNMCh K Treofle3WdeCKMM: OHH NpPEACTABIAT CobGoi
KpHBHE, KacaTeJAbHHIH BEKTOp KoTopex U = d&/0A ynmommersopser
ypaBeeEni0 V.U = 0 (U nepenmocmtcA mapa/UIeJbHO BHOJH CaMOTO
cebs).

Ilycrs 3apana cucrema Koopamuar {z% (&)}. IlycTs naliee B Kaca-
TeJbHOM HOPOCTPAHCTBE Ka:KKOTO COOHTHA €0 ompeneidAloTcA Gasuc-
HBle BeKTOpPH 8, = 0/0z%. Ilycth 3agaBbl Ko3(PMIHMEHTH CBA3HOCTH
I'*g., aroro «xoopmuHarHoro Gasmca». Torna ypasnenue zeodesuueckux
V.l = 0 B KOMNoHeHTHO# 3anKcH npuHEMaeT BUX AuddepeHnmalbHOro
YpaBHEeHAS OTHOCHTEJIBLHO KOOPAMHAT reofiedaudeckoit z% (A):

d dz* 9 dz®

- —— e —— — & e
1) u= B =D 5 => KOMOOHEHTH U PaBHH U FT

2) Torpa xommonentamm V,u=0 sBrsAoTCA
0= u, gub = (u%, 5+ T®ypu?) uP =
__9 (d.t“) dzP | ro  da¥ azf
926 \ak ] dk L7 W7 W
uTo CBOAMTCA K AuddepeHUMaIbHOMY ypaBHEHHIO

d2z* ™ dz¥ dzB
XA
IJTa KOMIOHEHTHas 3aniCh YPaBHEHUA Teofie3HYeCKHX JIaeT aHaJIu-
THYecKuii Meron («nepesomy nectHuun I[Huapa Ha AsHIK dopmyur)
IMOCTPOEHNA 3aKOHA HapajjelbHOTO IepeHoca MO WBBECTHEIM reofie-
audecKuM. BruGepem cobnitne &, M BBeJieM B €ro OKPECTHOCTH CHUCTEMY
KoopauHaTt. Ilpocieaum 3a aBMyeH¥eM MHOTHX YaCTHI[, IPOXOAANMX
uepe3 &, (Anu Geckonedno 6nausko k &F,) U Hecymux ¢ coboif Tach.
Ias wamkpgoit M3 wacTHi, ompefeanM 3unadcuusn da%/dA? u da%/d\
B &,. IlonctaBum Bce moJiyyeHHBIE 3HaueHUs A1A GOJBIMOrO Yucja
yactuy, B ypaBHeHHe (10.27) m paspemnm ero OTHOCHTEJBHO KO3(-
¢numenToB cBa3HocTM. Hac ne GecmokoMT ToT dakT, 4To MBI HaiifieM
OpM 9TOM JHMIIb CHMMETPHMUYNYI0 4acTb I'%,g, MOCKOJIBKY aHTHCHM-
MeTpHuHas 4yacTb I'*(yg; TosKkAecTBeHHO ofpaiiaeTcsa B HYJb B JI060M
KoopanHaTHoit cucteMe orcuera! (Cm. ympawknenne 10.9.) 3rasn koad-
Puuments I'*, 5, MBI MokeM € HX NOMOIIBIO OCYIICCTBHTH NapaJiaesb-
HBIii IepeHoc A1060ro BeKTOpa BOJb M0G0 KpHBOi, mpoXoasimei
uepes Pl

—0. (10.27)

dv® dazb
Vv =0 <> S + I S =0. (10.28)

YpasEegne
PEO/Ie3HICORMUX:
aberpakTHnil  BEJ

3anmch
P HOMIOHEHTAX

Kar, 3Baa
reofesHuYecKue,
HAATH SAKOH
OapaLIeILHOre
nepeHoca



2

326 10. Afpunnas zeomempus

YNIPAYKHEHHA

10.15. KoMooHeHTH 3aKOHA HApaLIeAbHOr0 HEPeHOCA

Ilokasxkure, uro ypaBHenme (10.28) mpencraBiaser co6oit koMmo-
HEHTHYI0 3aIIECH 3aKOHA NAPAJJIeAbHOr0 IEPEHOCA BeKTopa V BAOAD
kpuBoii & (A) ¢ kacaTeabHHIM BeKTopoM U = d&/dA.

10.16. Ieopneanuecknme B MOTAPHHIX KOOPAHHATAX

B npaMoyroapHHX KoopAHHATAX Ha IJIOCKOM JHCTe GyMars 3BRIA-
AOBH NpAMHe JAHAA (Teofe3HUYECKHE) YHOBIETBOPAKT YPABHOHHEAM
d*z/d\* = d*y/dA* = 0. TIpeoGpa3ayiiTe 3TH ypaBHEHAA I'e0NeBWISCKAX
K OOJAPHHEIM KoopamHataM (z = rcos ¢, y = r sin ¢) m, cpaBHEB
peayarsrat ¢ (10.27), naiinure KoadouunenTH cBsasHocTH. Ilocaexmme
6ynyr xoadpunumenTaMu CBASHOCTA A KoopAMHATHOro Gasmca (9/dr,
0/0¢). Hcxona n3 HAX, Halinute K03YPHIMEHTH CBABHOCTH NiA
6asuca
a 1 9

&= 8% ~=7 %"
PesyabraT JoJskeH COBOACThL ¢ 0TBeToM ympakaends 10.14 (6). Vra-
sanue. BocmonpsyiiTech COOTHOmMEHMAMH BHAA

Ve 0: = Vaneros (0/0r)= % Voo (9/0r).

10.17, I'pynoa BpameHnmii: reofesuueckne H Kod(hPHIEEHTH
CBASHOCTH

(Ilpomomxenne ynpakuennit 9.13 u 9.14.) Ipu maysemmm rpymnm
BpameHHit HeoOXONAMO NPOBOMUTHL YETKOE DAsIHIAe MEKAY 2I6KAU-
dosvlm npocmpancmeoxm (KOODAMHATH Z, Y, 2; 0GasUCHEE BEKTODH
d/0x, 8/dy, 08/9z), B KOTOPOM AEHCTBYIOT MATpPHMILI BpalleHHA, H 2pyn-
nosum mrozoobpasuen SO (3) (koopaumata ¢, 0, ¢; KoopAMHATHEIHA
6asuc d/0yp, 8/00, 3/0¢; 6asuc «reEepaTopoB» @;, 8,, @j), TOUKAMH
KOTOPOro ABJAIOTCH MATPHEIH LOBOPOTOB.
a. Ilyers

n =n*9/0zx + nY 3/0y + n’ 3/0z
eCThb BeKTOD B 3BKJIMOBOM mpocTpaHcrBe. Ilokammre, 4TO
R (t) =exp [(n"F -+ Ve, +n*eKs) t) (10.29)
€CTh MATpHIA HOBOPOTa OCell OBKJIHZOBA IPOCTPAHCTBA HA YTOX
tin | =t[(n%)? 4 (n')® + (n*)*1'
BOKpYr HanpaBieHEss n. (MaTpuus &; ompefeleHH B ynpaxiHe-
max 9.13.)

6. B rpynnosom Muoroo6pasum SO (3) BuGepeM Touky (MaTpEIY
nosopera) &, a B & BoabMeM KacaTeJbHHIA BEKTOp U = u%e,. Ilycrs
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%® — BEKTOP B 3KJIMAOBOM npoc-rpaHC'rBe ¢ TAaKHMH e KOMIOOHEHTaMHy,
Kotopnie U mmeer B SO (3):

u=u'e, +ue,+udes, wu=u'd/dr+u?d/dy-4u®d/oz. (10.30)
TokaxBTe, 9TO U ecTh KacaTedbHHIA BekTop (mpH ¢ ==0) K KpHBOi
B ()= Ru(t) P. (10.31)

Kpusas € (f), xoTopyio MOKHO HIPOBECTH 4epe3 IPOUSBOJIBHYIO
TodKy & W KOTOpO# MOKHO DPMOKCATH B 3TOH TOUKE MPOMBBOJNbHKLIM
KacaTedbHEH BeKTop U = (d6/dt)—0, oOnanaer KpaiiHe cnemupEge-
CKEM CBOMCTBOM: KaykK[Has TOUKa Ha Heil oTaHuaercsa oT & moBopoToM
R (t) BOKPYT 07HOTO M TOro ke HanpaBlends w. Hukakaa mpyras
kpupaa B SO (3) ¢ «mavanpEuMHU ycnoBuammy {&, u} me obGmamaer
TaKoii 3aMesaTelbHOH mpocToTol. IlooTomMy GOm0 GH ecTeCTBeHHHM
IOCTAaHOBHTL, 9TO KaniAasg Takas KpuBasA € (I) ecTb reopesmyeckad
B rpynumoBoM MuHoroo6pasmm SO (3). Takoe mocranopnenme Hajenser
SO (3) HoBoii reomerpmyecKoil CTPYKTypoii: oHo mpeppamaer SO (3)
13 nuddepernupyemoro MaOroo6pasnsa B HeuTO GoJiee crenHaJbHoe —
agpfunrnoe Mmrozoobpasue.

Her auxakax rapaHTdif, 4T0 B DpOU3BOJHHOM MHOr0oGpasur mpo-
H3BOJIBHO@ CeMEeCTBO KPHMBHX MOJCHO WO OUPefelleHAI0 HasBaThb reo-
nesddecKkAMA. Bopmasn 9acTh TAKUX CeMEACTB KPHBLEIX IPOCTO He 06aa-
AaeT HY)KHEIME FeOMeTpAIeCKAMY CBACTBAMH, YTOGH BHCTYNATh B POJH
reofe3MyecKaX. BoabMMUACTBO U3 HAX OPHBOAHUT K TAKAM KOBAPHAHT-
HHIM DOPOHM3BOOHKM, MJIA KOTOPHX HapymaioTcd ofuo Him GoJee
u3 ocHoBHHX yciosmi (10.2). Uro6n ysnarb, BO3MOKeH JH AaHHBII
BHOOpP Treofe3n4ecKWX, MO}KHO IONHTATBCA HAHTH KO3pPRIEeRTH
ceasocta I'*g, (B HexoropoM ¢mrcmposanHOM Gasmce), COOTBeT-
CTBylomHAe BHOPAaHAKIM reofiedmyeckaM. Ecia Takas HonHTKA yaaercs,
TO [faHHH# BHGOP reofesmuecKHmxXx BosMmo;keH. Ecam ke B mpoiecce
HaXo:KNeHEA I'®g, BO3BHAKAOT IPOTHBOpPETHs, TO BHOpaHHOE ceMed-
CTBO KPHBHX He 006JafaeT HY)XHHMH IeOMeTPHICCKAMH CBOHCTBAMH,
qTo0H BHCTYHATh B DPOJH Te0fe3MIeCKAX.

B. Haiigare B Gasmce remepaTopoB {8, } KOIPOUIUEHTH CBABHOCTH,
COOTBETCTBYIOIMEE BHGPAHHNM HaMH reofesndeckuM 6 (&) = R (t) P
rpynmnoBoro MHOroo6pasms SO (3). ¥Vxasanue. IlokaxaTe, aro KoM-
MOHEATH u® = (0%, U) KacareabHOro BekTopa U = d®/dt mammoit
reofiesEgecKoit He 3aBACAT OT LoJdoykeHHmsA B () Ha reofesHveCKoOi.
3areM ¢ moMOmBI0 ypaBHEHHs reofesmueckax V,u = 0, pasmoxen-
Horo mo Gasmcy {@,)}, HaliluTe CAMMETPUIHYI0 9aCTh KO3QPALUCHTOB
cBasgocTd I'%4py). M, mHakonen, Bocmolin3oBaBMHCH COOTHOMEHHEM
(10.23), monyumre I'%gyy. [Omeem:

1
gy =5 €apys (10.32)

rfie €gpy — COBEPIMEHHO AHTUCHMMETDHYHELA CAMBOJ, HPAYEM €9, =
= 1. Ilony4ennsii oTBeT He 3aBHCUT OT moJosxenusa & B SO (3)!]

YOPAKHEHUSA




KpaTeuit
0030p raasn

Il. OTKNOHEHUE FEOQE3UYECKUX
U KPUBU3HA NMPOCTPAHCTBA-BPEMEHMU

9Ta riaBa NEJHKOM OTHOCHTCA K Kypey 2.

Heo0xoauMbiM NOANOTOBATEAPHBM MATEPHANOM 1A Hee ABAAIOTEA raasw 9 m 10.
OHa HY)XHA B KaueCTBe NOJATOTOBHTENHHON0 MATEpHANA RaA

1) rnas 12 m 13 (EBIOTOHOBCKOE TATOTEHHE; PHMAHOBA TEOMETPHA),

2) BTOpoii momoBMHM . 14 (BHIYHCIERHe KDHBHBHBI) H

3) nonpoGuocreii, Ho me maen ra. 15 (Tompecrsa Buawim).

§ 11.1. KPUBU3HA, HAKOHEII-TO!

KpupuaHa mpocTpaHCTBa-BpeMeNH NPOABISACTCH B BHJe TpaBUTaLMY,
B OTKJOHCHUM ONHOM TEOREe3MUCCKOH OT Apyroit OAM3Ko# reojesmdye-
cKoit (oTnocuTesbloe ycKopenue NpoOGHBIX dYacTHI).

ITyetn reojeaudeckme mnpocTpancTBa-ppemenim H3pectnni. Torga
M3BECTHBI TaK/ke KoBapuauTHas npousBofHas V U ee KoddpduimeHTH
casiioctn I'%;,. Haxk, pacnomaras uToll mndopmaiyeii, fath ompe-
fieJieAne, BHIYMCIUTh M TOHATH OTKJIOHeHHe Teofe3WYCCKUX U KpH-
BH3HY mpocTpaHcTna-Bpemerin? OTBeT pacKphiBaeTcA B JlallHOi T.1aBe
M KpaTko manosied B pononauenun 11.1. YUrtoGm moayunts oTBer,
neo6xonumo: 1) onpefaenuth «BEKTOpP OTHOCHTEJIRHOrO YCKOpPCHHA»
VoV, cay:kamuii Mepoil oTKIoNeNns ofHoll TreojiesnyecKoit oT Apy-
roii (§ 11.2); 2) naiiTu BuIpaskenne AJA «puMaloBa TeH30pa KPUBU3HBIY,
KOTODBIA 3aCTaBJifET FeoJC3UUCCKUC OTKIONATRCH, B TepMuiiax V uian
Ieg. (§ 11.3); 3) ysuzeTn puMaHOBY KpMBM3IY B JIeHCTBMM, KOTHAa
0lla IIPUBOJUT K M3MCHEHMIO BEKTOPOB, TMepCHeCeHNbIX NapaniaeTnHo
BHOAL 3aMKNyToro kontypa (§ 11.4); 4) o3nakoMuTrCA ¢ TeM, Kak
pHMalioBa KPUBH3HA 1I03BOJIAET MPOBCPUTL, ABJIAETCH T4 TNPOCTPaH-
cTBo-BpeMsi muockum (§ 11.5); 5) HOCTPOHTL CHENMANBIYIO CHCTEMY
KOOpPAMHAT — «HOpMAaJhHbe PUMAHOBL KOOP/IHHATHD), KOTOpble 0CO-
6uIM o0pa3oM CBA3aHBl ¢ pUMaHOBHIM TeH30poM KpuBHaHu (§ 11.6).
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§ 11.2. OTHOCHUTEJIbBHOE YCKOPEHHE COCEIHHX
TEOAE3UYECKHNX

PacemoTpum cemeiictBo reomesamueckux (¢ur. 11.1). Ilycrs onna
reofieauuecKasi OTJAMYAETCA OT APYToil 3HaYeHHeM «mapaMeTpa oTGopa»
n. B cemeiicTBo BXOAAT He ToJbKO reofleanueckue n = 0, 1, 2, .. .,
HO ¥ BCe reofie3NdecKne ¢ MPOMe;KYTOIHBIMU 3HaUEeHUAMH IlapamMepa n.
Touka &, npuHanie;kamas reofe3UdeCKoill CeMeHCTBa, ABIAETCH
HenpepbiBHOH M ABakAbl AuddepeHumMpyeMoii pyHKnueit AByx mepe-
MeHHBIX: mapamerpa otéopa n ¥ adpdmHHOrO mapamerpa A:

F=P (A, n). (11.1)
KacatenbHBEI BEKTOD

u=_‘;~;i (oGosuauenms Haprana),

2

I'eomeTpusn
cemeficTea
reofie3n4ecKux

ITapameTp
orGopa

Addaanniit
napameTp

KacaTenbHblit
BEKTOp

OUr. 11.1.

OnHonapameTpHyecKoe ceMeiiCTBO reopesnyecknx. «llapamerp orbopa» n yka-
3L1BaeT, KoTopasa M3 reoAe3uueckux. AdPuHHHI mapameTp A yKaswBaeT, Iue
Ha JaHHOHM TreofilesnmdecKoil. IloKasaHn fBa KacaTeJbHHX BeKTopa: U = 6/dA
(y Kaprama 95°/9A) u n = d/on (y Kaprama a.5°/dn).



BexTop
yonopennn

330 11. Ommaonenue 2e0desuneckur u xpususna

HIN

u=% (oGosmaveHmA aToN KHMIH), (11.2)

HOOCTOAHEH BROJIB J1060i NaHHOH Teofe3nYeCKoit B CIeAyIOMeM CMEICTe:
BeKTOP U, B3ATHA B OPOM3BOJHHON TOYKe M NepeHeCeHHHH mapaJ-
JIeIbHO BJOJIb TIeOofie3dUecKoil, B Ji060ff Hpyroil ToYke coBmamaeT
0 [UIAHE ¥ HaNPaBJICHAI0 C BEKTOPOM U, KOTOPHH yske CymMeCTBYeT
B 3TO# TOUKe.

Paszdessowuii eekmop

aF

n=—— (oGosmavenus Haprama),

ann

n=% (o6o3Ha4eHHA 3TOH KHHIH), (11.3)

CIYKHT MEpoii TOro, HACKOJABKO OT Teojle3HYeCKOd 7, IPHHATOH
3a OHOPHYWO, OTCTOMT OiM3xeramas Treofesmueckad n + An (An
Majio), B TOM CMEICJe, HYTO

P
An ne _6n— CJIy)KHT Mepoﬁ 0JIOMEeHN I TOYKH 11 4
(An) n= a H3MEHeHHA . » (11.4)
b Karoi-1m6o GyHrmaE

0o0yclIoBAEHHOTO TeM, 9TO MH HmepeBeld BHEMaHHe OT OJHOH reofesH-
9eCKOM K APYrodl mpd (UKCHDPOBAHHOM BHaUYeHHMA apPUHHOTO Hmapa-
MeTpa A. ITOT BEKTOD HmpeACTaBieR cTpeikoi of @ Ha mepBoM pHECYHKe
momonHerus 11.2.

Homonnenne 11.2 maer MiTIOCTpaLHI0O TOMY, YTO MMeeTCA B BHAY,
KOTAa peub HAET 06 OTKIOHEHHH TreofledMueckuX. llepeHocHM pas-
meneHEe MAn = o#@ mnapamaelsHNM 06pasoM BIOJb OHOPHOH reo-
Re3ngeckoit. OcTpue 3TOT0 BeKTOpPA BHIePUINBaeT KAHOHMIECKYIO TPaeK-
TOPHIO, BIOJb KOTOPOH HONKHA CIeH0BATH OJaA3IeKanas TOYKa IIAHTO-
rpada, OTCTOAMAA Ha HOCTOAHHYI0 BeJIHIAHY OT ONOPHOM TOUKH HaH-
Torpad)a, KOrfa MOCIAeTHAA CJEeAYeT BHOJAb ONODHOR Treofle3MuecKoii.
JeficTBATeIbHAA TPAEeKTOPHEA NpoGHOME reoflesmyecKoil OKIOHAETCA
OT 3TO#l «KaHOHWYeCKo#» Tpaextropm:. OTKIOHeHMe, KOTOpoe IIpef-
cTaBasier coGoit Bekrop (AP B momonmenmm 11.2), MeHsAeTcA ¢ HaMe-
HennmeM addmaHoro mapamerpa (AF B A4, 0B @, B2 B F). Ilep-
Bafd HOpPOM3BOJHAS OT 3TOTO BeKTopa mno adPuEHOMY mapaMerpy
3aBHCAT OT MacmraGa DapaMerpHsanus mOpo0HO# reofesHyecKoi
1 oT ee HakJoHa (momonmeHue 11.2, E). Bropada npoHsBoAHas OT HEX
He 3aBHCHAT; OHA 3aBHCHT JHIIb OT KACATEIBHOTO BEKTOpa OHOpHOi
reof(e3d4ecKoit @ OT pasmenAnmero sexropa NAn. Pamemmm arty Bro-
PYIO OIPOM3BORHYIO OTKIOHEHAS Ha An M Ha30BeM Pe3YJIbTaT 6eKMOPOM
omHocumeavnozo yckopenus. B pononsesmm 11.3 gaA Hero monydeHa
opocras QopMmyra:

BEKTOP OTHOCHTENLHOTO yCKopeHEsA =V ,V e (11.5)
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Jlononnenne 11.1. OTKJIOHEHHME TEOJAE3NYECKHX M PHMAHOBA
KPHBHU3HA B KPATKOM H3JIOKEHMHA

«Pasgenenne reofesuyeckux» B mpeAcTaBisfeT coGod cMemeHAe (KacaTeJABHHH BEKTOD)
8 TOYKH Ha ONOpPHOH reofiesmdecKoit B TOUKY Oimane;kamieil reofilesmIecKol, xapak-
TepHBYWIMYIOCA TeM ke 3HaYeHweM adPmHEHOrO mapamerpa A.

Paspmenenne reofleamueCKEX MEHAECTCA ¢ M3MEHeHHOM A (T. e. MeHAETCA BXOJb Kaca-
TeABbHOTO BeKTOpa U = d/dA) CO CKOPOCTHIO, OIPEAENAEMOR YPAGHEHUEM OMKAOHEHUS
2e00eauneckux

VuVun+R(..., u, n, ll)=0 (1)

(ypaBHeame BTOpOoro mopsanka; cM. § 1.6 m 1.7; ¢mr. 1.10—1.12).
3anrcaEBas Yepe3 KOMHOOHEHTH TeHSOPAa KpHBH3HH PmMaHa, ABI:Kymas CHJa
(«mpuaMBHAS CHNa TATOTEHHA») paBHa

R(..., u, n, u)=8cR%ssubfnvud. (2)

HoMmoHEeHTH TeH30pa KpHBU3HK PpMaHa B KOODAHHATHOM cHCTeMe OTcYeTa, BHIpa-
7KeHHHe Yepe3 Koa(UIMEHTH CBASHOCTH, HMEIOT BHJ
0 [~
%y g,

R%gy= ——— —
Bvo az? 9z

+ IauvP“M—' e ,,,ol""'p,. (3)

IJTOT TeH30pP KPHBUBHH He TOJABKO KOJMYECTBEHHO OLNHMCHIBAET HOHATHE <NPHIABHAA
CHIa TATOTEHHA», HO M BXOAUT B 3aKOH JiiHmTefiHa, COIIaCHO KOTOPOMY «MaTepHA
yKasnBaeT HPOCTPAHCTBY-BPeMeHH, KaK HCKPHBAATHCA». JTOMY 3aKOHY, H8YJaeMOMY
B IOCJTeAYIOmHX IJIaBaX, B 33laHHOM cHCTeMe KOODAWHAT MOKHO IPHAATH $opMy Clie-
AYIOmEro ajropuTMa AiA BHYMCICHHIA:

a. 3anumeM npofHoe BHpajkeHHe AJA [UHAMHYIECKOH JBOJIONAH MeTPHIECKHX

KO3(QPHIIHEHTOB g,y IO BPEMeHH.
6. Haiinem xoagdummeETH cBAsHOCTE mo $opMyaaMm

I‘“'w=ga prﬂpw’ (4)
1 ¢ 02sv | 98y  Oguv
rmwsf( oz* a®  02P ©)

(nonyuenEnM B ra. 13).
B. Haitnem m3 ¢opmyan (3) remsop xpusmsHn Pmmana.
r. HaiimeM Tenaop KpwWBH3EM JHHmMTeiiHa COrIACHO

Guv= Ramzv - '%' 8 uvg“Raaon (6)

(reoMeTpuYeCKMA CMEICH H3ydaeTcA B ria. 15).

n. IlopcraBEM ero B ypaBHeHHs OJiHmMTedHa (ra. 17):
Guv = 0 (mycroe mpocTpaHCTBO),
G, = 8nT,y (UpPOCTPAaHCTBO, B KOTOPOM €CTh MacCa-3HepPTHA).

e. Ilposepuym, npaBmabHo am OGuio BROGpaHO mpo0HOe BHIpa)KeHHe NNA AXHAMHA-
9eCKOM 2BOJIOLMM I'eOMETPHH; eCIH HeT, TO H3MEHHM €ro TakK, YTo0L OHO CTa)o
IPABEALHHM,
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Nononuenne 11.2. OTKJOHEHHUE TEOAE3UYECKHX,

OPEJCTABJIEHHOE B BHJE CTPEJIKH

n+An

A. «Onmopuas reofeauueckas» n. Paspgesnsio-
muii BekTop MAn = o/ @ BHIXOOMT H3 TOYKM
o Ha Hell M HampaBiieH B Touky @ ¢ TeM ke
3HaueHnem adpPuHHOTO mapaMeTpa A (BpeMme-
AunonobHo#l BeAUYNHBI) HA cocepHell «opo6-
HOH TeofesmyecKoil» n + An.

B. Hapaaneabubit nepenoc of @ ¢ nomo-
mpio «rectHunu Iunga» (monosnenue 10.2)
B ' # u LA Ecan GelnpoGHas reofesnue-
cKadA n -4 An oTcTOANa OT ONOPHOH Teofe3n-
9eCKOM 1 Ha MOCTOAHHYIO BEJIMIHHY, TO TOYKA
nadurorpada, Ckoan3fAmas o npobHoil reo-
lesnuecKoit, nomaja 66l B +f npn 3HadeHUM
apdunroro napamerpa (A. — AA) u B & —
npu sHaueHun (A + AA).

B. JleficTBuTeNBHble NOJOMEHUA TOYKM
nantorpada, CKoJb3Ameidl no npobHoit reo-
IesnYecKoi, MpM 3Ha4YeHHAX BpeMeHHNono6-
Horo appuuHoro mapamerpa (A — AA), A n
(A + AA).

I'. ConocrtaBielive AeiicTBHTeNLHON Tpa-
CKTOPUH TOYKHM maHTorpada, CKoaAb3AmelR mo
npobHoil reofie3ad4ecKod, C «KAHOHAYECKOM
TPaeKTopHeil» — TpaeKTopueil, BIOJBL KOTO-
poii 9Ta ToUKa H0Jd:kHa OmlIa GBI clemoBaTh,
9100bl OTCTOATH OT OMOPHO TOYKM NAHTO-
rpada (CKoJin3simell mo OHOpHOH Teoje3H-
4eCKOH) Ha MOCTOSHHYIO BeJINYHHY.

J1. Ta nie npoGHas reojeauvueckasi, 4YTo
A Ha OpefbaymeM pHCYHKe ¢ afduHHBIM
mapaMerpoM, MacmTa0 KOTOporo mnoaBepr-
HYT paBHOMepHOMY pacTa;kenmio. JloGan
Mepa OTKJOHEHHA MeliCTBUTENBHON TpaeK-
TOpUH, COBMajalomieii C reojleapdeckoii, oT
KaHOHHYECKOH TpaekTopun A @F He DoTxHa
3aBUCETh OT 3TOTO PpaCTHAKEHHA, TOJIBKO
TOTZa OHA MOsteT OblTh modeaioit. Tlostomy B
KayecTBe Mephl OTKIOHEHMA Treole3NYeCKHX
BO3bMEeM He Bektop HHA U He BeKTOp
AP 1o oTHEABHOCTH, a HEe3aBHCUMYIO
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K

oT pacra:kenus KomOuvamuo 8, = (F#R) + (AP). 3umecs noapasymesaercs, 91O
npeskae, 4eM BHOOJHATH CIOkeHAe, 06a BeKTopa HepeHeCeHH HapaJieibHO B ofmiyo
Touky (Ha pucynke 3to (; B mpenene nupdepeHumaavHoro mcumciennsa An — 0,
AL — 0 310 o).

E. Jlpyrde TpaexkTopWH, IO KOTOPHIM MOrJja Ob mpoiiTm uepes TouKy (i mpoGHas
reofie3MuecKas [ceMeiicTBA TreOfe3MYECKUX, OTAWYAIOMHMECH CTENEHBLI0 PACXONAMOCTA
(cneBa) unm cxoguMoctu (cmpasa)l. Ilpyroii HakiOH DPHBOJUT K H3MeHEHHI AP
{uepexoauT B AF) 1 BR (uepexopur B B F) N0 OTHENABLHOCTH, HO HE HX CyMMH
8, = (BR) + (#F) («upaBmio pHuarar).

OrmeTHM, 4To cTpeika H.F — mepBoro mopsAgka no AA m mepBoro mopsifika mo Ar,
TO e cnpaBefuBO M A AP; ciemosatennHo, cymma 6, — BTOpPOro HOpsAAKa mo Al
¥ DEepPBOTO HOPAAKA Ho An. O'rclona 3aka0uaeM, uto cmpeaka 8,/(AA)? (An) ecmb ucko-
Mas Mepa OMKEAOHEHUS ze00e3uveckur B TOM CMBHICIE, YTO OHA He 3aBHCHT OT

1) pasMepa AvYeAKH (B KOHIE YCTpeMJseTCA K HYI0);

2) napamerpmaanyn NpobHoil Teofe3HYeCKoOi;

3) makaoHa upoGHoil Treoneamyeckoi.

Ha3soBeM 3Ty CTPeNKY 6€KMOPOM OMHOCUMEALHO020 YcKoperus; Goliee TIATeJIHHOE pac-
cMorpenue (momoasende 11.3) HosBoaAeT HAWTH [JIA 9TOTO BeKTopa Clefpyiomiee Bolpa-
JReHne:

62/(A)")2 (An) = Vuvun.

Jonoanenne 11.3. OTKJIOHEHMNE TEONE3NYECKRHAX:
KAK OT CTPEJIKM NEPENTH KO BTOPOM KOBAPMAHTHON NPOM3BOAHON

Crpeaka 8, B momonnennu 11.2 cayxuT He Mepoil CKOPOCTH HM3MEHEHMA pa3fcjeHHsA
MeKIy OpoGHOH reofe3uueckoir n 4+ Arn U «KaHOHMYECKOH TpaeKropmeiny AQF,
Wrpapnled podb Ga3ucHO# JHHEHM, a MepOd BTOPOH HPOM3BOMHOM:

OepBas NpPOH3BOAHAA B k—i—i AA =vun=.ﬂf"%—./1/‘.§3= BR ,
2 AM An AA An

LA—LP _ —AP
ALAn T AMAR

(nepaaﬂ OpOM3BOREHAA B A— % AA) =Vu=
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Ilepememas Kk o6meMy MeCTOLOJOKEHHIO A, BHIUATAA ¥ AelsA Ha AA, HojyuaeM BTOPYIo
KOBapHAaHTHYI0 UPOHSBOAHYIO BAOJH BeKTOpa U; TakmMm obpasom,

(V“n)H_ -‘-AA._(V"“);,_ 1 (BR+AP)senropm, nepenecennme
V.V, n= 2 2 _ K 00mIeMy MeCTONONOMEHRIO
e AL (ANZ An =
= TaNiEn A).?: A = BOKTOP OTHOCHTENBHOTO YCKODEHHS COCEJHEX T€ONe3HIOCKHX.

Boipamense ©Mn
TATrOTeHEHA,
BHBLBANIIEX
NPHAHRHOE
Boaneficrame,
gepes
ROMMYTATOD

§ 11.3. IPUJINBHBIE CHJIbl TATOTEHUA N TEH30P
KPNBHU3HBI PUMAHA

Onpeneans «OTHOCATENBHOE YCKOpeBHe», mepeiifleM Temeph K «OpM-
JUBHLIM CHUJIaM TATOTEHHA» (T. €. K (KpHBH3He MOPOCTPAHCTBA-Bpe-
MEeHH»), KOTOpHeE ero BH3KWBAT. [IpujiEBHLE CHJIE B PaMKaX HBIOTO-
HOBCKOM TeopdH paccMOTpeHH B fomoiaHeHnd 11.4. 9To paccMoTpenne
nobyskaaer DofoOHKM ke 00pa3oM NpPOBeCTH FeOMETPHYECKHH AaHAIMS
OPUJABHEIX CAJI, YTO M CHEJIAHO B TOM ke JomojieRuu. B pesyrnprare
IOJIydaeTCs 3aMeuaTesibHOE ypaBHeHHe

VuV.n + (Vo Vilu=0. (11.6)
1 1

g 2] T ~
OTHOCHTEJIbHOE CHJBl TATOTEHHs, BEI3BIBAIO-
YCKOpEeHHe mue OPHIHBHOE BO3[IeHCTBHO

9To ypaBHeHHe 3aMeYaTeJBHO TeM, 9TO C IEPBOTO B3TIAAA OHO KasKeTCA
abcypnauM. Bripaskemue [Va, Vu] U BKIOZaeT BTOpHIe IPOA3BOI-
HHe OT U M NIepBYI0 MPOH3BORHYI OT Vi

[Va Vilu=V,Vu—V,Vau. (11.7)

3HAYAT OHO AOJKHO 3aBHCETH OT TOTO, KaK U M N MEHAKIOTCH OT TOUKH
K Touxe. Ho m3BecTHO, 9TO BHIS8HIBaEMOe EM OTHOCHTEJBHOE YCKOpe-
pHe V,V.N 8aBHCHT JHIb OT 3HAYEHHHA U H M B ONODHOH TOuUKe,
HO He OT TOTO, KaK MBMEHAIOTCA U ¥ N (cM. momoxuerme 11.2, E).
B uwem e TyT feso?

Bce mpomsBofiBble B BHPakeHEH s npHIHBHHX cBa [Va, V.l
U JO/KHH KaKHEM-TO 06pasoM COKDATHTHECA. ¥ HAC HOMKHO OHTH
npaBo cumrtath [V..., V...] udcTo JOoKampHON aiareGpamdeckoit
MAINIMHOA ¢ TpeMs BXOIHHIMH KaHaJaMH, Ha BHIXOJe KOTOPO# moniy-
gaercs sextop. Ho ecnm ona umcro JokajdbHa, a He AHPPepeBnUabEa,
TO OHa K TOMY j<e JMHeiHa (4To cpasy cleAyeT N3 CBOMCTB aldMTHUB-
rocte V), H Toraa ato fodeH GuTh TeHaop. Hasosem ator Temsop R
7 cHaGIAM ero 9JeTBePTHIM KaHAJOM IAA BBoXa 1-dopmur:

R(' vy cv A’ B)E[VA’ Valc,
R(o, C, A, B)= (o, [Va, Ve]0).

JIlamnoe onpepenenue R spiasAercs NEmp npenpapHTentunM. [Ipexne
4eM NpAHATHL ero, HeoGxoauMo yGemuTHCA, 9TO 3TO NEMCTBHTENBHO
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TeH30p. JlelicTBATeNLHO AN OH 3aBHCHT TOJIBKO oT sHauenmit A, B, C
B TO#l TOYKe, Ifle MK ero BHYHECJsSEM, a He OT TOro, KakmM o0pasoM
oHE B Heit maMemsioTca? OTBer (mOJNYYeHHBHA B gomoaHeHmH 11.5)
raacuT: «[lourny. OH He YHOBAETBOPAET 3TOMY YCJHOBHIO, HO yIOBJET-
BOPMT €My, eClIE ero cjerka Moaudunuposars. Moaudpmkanma cBo-
naTca X 3aMene xommyratopa [Va, Vel onepamopom xpususnu

R (A, B)=[V,, Vs]— Vi, 8} (11.8)

rAe V(a, s}—IOpomsBofiHag BRoab BekTopa [A, B] (xoMMyraTopa A
n B). [Z(A, B)=[Va, Vs) Rus moneit A=n u B=u B 3agaue
00 OTKJIOHEHMH TreofleBHYeCKHX JHEIDb mOoTOMY, 4T0 [0, u]=0.] Torpa
MofupHIApoBaHHOe U Yike GeaympedHoe onpedeserue meH3opa kpu-
euansl Pumana NMpUHHMaeT BHL

R(...,C, A, B)= % (A, B)C,
R (o, C, A, B)=(0, 52 (A, B)C).

Onunaxo onpefenuts TakuM o6pasom R u yGemmTnes B ero TeHsopHOM
xapaxTtepe (yopaskueHme 11.2) HEKomM o6pa3oM He o3HagaeT eme
YCBOHMTB, 4TO TpeAcTaBiAeT coboif kpmBm3Ha. UToGH NOHATH, UTO
TaKoe KpWBA3Ha, HY:KHO THIaTeaNbHO B8YIHTh R co Bcex Touex apenums.
Jroit sajade M MOCBANIEHA OCTajbHAfA 9YACTh NAHHOH TJaBHI.

Jlia Hadana OmeHMM TOT 3amac 3HAHMA O TEH30Pe KpPUBH3HEI
Pumana, KOTOpHI# y Hac y;ke mMeercd.

1. R ecTp TeH30p; HeCMOTPA Ha TO 4To B ompepgenenmu (11.9)
¢urypupyer V, HIKaKne OPOM3BOAHEE HA CAMOM [elle He [eHCTBYIOT
Ha Bxofmune Bektopw A, B m C.

(11.9)

1 Y
2. R ectb Teuzop panmra (3); B €ro NepBHH KaHAaJ BBOJUTCH

1-popma, B ocTaiblible — BEKTOPHI.

3. R moxnocThio ompepensierca onepatopom V, MM, 49TO JKBH-
BAJIGHTHO, Te0/[e3MYECKNMA INPOCTPAHCTBA-BPEMEHH, MJH 3aKOHOM
napajjiefibHOTO MePeHoca B IIPOCTPAHCTBE-BPEMEHH; YTOGKI onpeResuTh
agcao Ha Buxome R ne TpeGyercs mnmuero, kpome omeparopa V
# BexTopoB u 1-gopmMm mna Bxone.

4. R BH3HBaeT NIPHIMBHEC CUJIH TATOTEHHHA, KOTODHE PACTAJIKH-
BAIOT MAM CTATHBAIOT reofieandecKkue (TPAGKTOPMH HPOGHBIX WacTHII),
T. €. OH XapaKTepu3yeT «KPHBH3HY IPOCTPAHCTBa-BPEMEHH»:

VuVun+R(...,u, n, u)=0. (11.10)

(IT0 ypasnenue omkaoHeHus zeodesuueckur BHTeKaeT W3 ypaBHEHMil
11.6, 11.8 u 11.9 n coorHomenus [(m, u] = 0.)

Bce atu acmextn R kacamuch ero o6iura ¢ Hazaadnol (Hanpumep,
OTKJIOHEHHEe reofesu4ecKux; cm. pomonanenus 11.2 m 11.3) nnm abem-
paxmroi (Hampumep, Bripaskemms Aaa R (11.8) m (11.9) uepes V)
Touek 3penusa. O6auk R ¢ Toukm 3peEusa KoMmoneHTHHX o6GoazHaweHmit

Ry =R (0% 8ps 0, 83) = (0%, % (0;, 85)0p), (11.11)

Onpenenease
TeHaopa
KPEBESHE
Pamana

Bupametnne
CHI TArOTeHMA,
BbIBHIBAIIEX
NPHAHBHOE
BoapieficToRe,
gepe3 R

Bruipaxenne
KOMIIOHeHT R
qepes

KOS QROBEHTH

CBABHOCTH



2 336 11. Omxaonenue zeodeauueckur u KpususHa

CBA3aH ¢ aHAJOrHYNHM 06auKoM V ClIeNyoluM COOTHOLIEHUEM, CIpa-
BeIJIMBHM B J106oM KoopmuHaTHOM Gasuce {@,} == {d/0x%}:

6[‘“56 _ 01‘“31,
bz? oz®

Ry = 4%, [Pps — %, (11.12)

(BuiBojt em. B ympassuenun 11.3, a oGoGmenue Ha ciaydaii HeKoop-
aunathHoro 6asmca — B ynpassaennn 11.4.) YBHIeB 3TH KOMIIOHEHTH
R, B KoTopmIX Her M mamexa Ha Kakoii-mu6o omepatop auddepenmu-
POBaHMA, YHTaTENb, BO3MOMKHO, MOTIYBCTBYET HNEKOTOpoe obJerdenue
nociae onpenerennsa (11.8) ¢ ero memuddepennupyomumu onepato-
pamu auddepeunuponanus!

VOPAKHEHUA {14, [V,, V3] C 3aBucuT or mpomssogunix C

(Onmpaerca na pomonnenme 11.5.) Ilyets Cpuopoe ®  Cerapoe— BEKTOP-
Hble TOJIAA, CBS3AHHBIE COOTHOINEHHEM

cnoaoe (35) = f (33) cc‘l‘apoe (’ﬂs)
!

IPOH3BOJIbHASA (bYHKHEﬂ:
y Kotopoit f(Fy) =1

ITokax:nte, dTO

{[vlv VB] cnonoe}a Fo— {[vh VB] cc'rapoe}n ,900 = ccmpoev[l, B]f-

11.2. JloxasareancTBo TOro, uro R ects remsop

Hcxons n3 onpegenenns (11.8, 11.9), nokaskure, uyro R ectb Tensop.
Ykaszanue. Bocnonb3yiitech crefyiomeii npoienypoii.
a. llokaskure, daro Au1a npomsBoabuoit Pyuxuuum f(F)

# (A, B)fC=1% (A, B)C.
6. llopo6uriM ke o0pasoM MOKa)kuTe, ITO
#(fA, B)C=f2 (A, B)C u #(A, fB)C=f% (A, B)C.
B. Ilokaxure, aro omeparop %2 (A, B) G nmmeeH, 1. e. uro
A(A+a, B)C=% (A, B)C+{ % (a, B)C,
# (A, B)(C+c)=2% (A, B)CL- 2 (A, B)ec.
r. Mcnonbays nosnyuenHsie BHIIE CBORCTBA, OKAKATE CAMOE Bask-

noe csoiicteo % (A, B) G: mio6oe BapbupoBaHMe CKOpOCTell u3Me-
nenust (rpaguenros) A, B m 0B, coxpaunswouee neuaMeHHBIMH 3Ha-
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uennsi A, B, G B Touxe P

A - A + a“&a
B— B+ 5%, ¢ [a® (&), % (P), c* (&) paEn nymo npa &= F,,
C—Cc%e, ] @ B OCTATBHOM NPOMBBOILHH]

ocraBasier Heusmenumm snauenue R (A, B) C B Toure &,
n. Uexoms ns atux ¢axroB, upuauTe K BHBOAY, 9T0 R ecTh Ten-
30p.

11.3. Kommonent™n R B koopgmmaTHOM Gasmce

BrBegure Bupaskenue (11.12) jisa komnonent renzopa Pumana B Koop-
muaaTHoM Gasuce. [Pewenue:

R%ys=R (0%, @3, 8,, 8;) (06HYAHIE €HOCO6 BHYMCICHEA KOMIOHERT)
= (0%, % (8, 85)6p) (cormacro oupeneaenmio (11.9))
= (0%, (V,Vs— V,sV,) es) (cornacmo ompenenenmio (11.8)

u ycaoBdio [e,, 8g]=0 B KoopmuuaT-
HoM Oasmce)

= (0%, euruﬁﬁ.v + (8T uy) T s — 0,56 — (85T "0) Tpy) =
= (Fuﬁd.v— ruﬁv.o) (0%, 8,)- (Iwuvruﬁb_ Iwubruﬂv) (0%, e),

uro ceommrea K (11.12), ecnim yuwects, aro (@%, @,)=0%,.]

11.4. Kommonea™: R B mexoopamuatHoM Ga3mce

BriBenure ciemymwoniee Bhpaskenme fiasA KommoHenT R B Hekoopmm-
HaTHOM 0a3nce ¢ KOMMYTAMMOHHHIMM KO3(QQPHIMEHTAMU Cqp¥, ompe-
OenseMeMH cooTHomennem (9.22):

Rabvb = Iﬂﬂb-v - Paﬂv.o +T auvruﬁb - Paubruﬂv - Iaﬂucvbu- (1 1 -13)

YIPASKHEHNA

Homonuenne 11.4. OTHOCUTEJIBHOE YCKOPEHME ITPOBHBIX YACTHII:

TEOMETPUYECKH AHAJIA3, BLIMOJHEHHBIN IO CXEME HbIOTOHOBCKOT'O AHAJIN3A

HruioTonoBCKEil amanns I'eoMerpmuecknii amamms

1. Paccmotpmm cemeidictBo TpaekTopmii 1. PaccMorpmM cemeiicTBOo  TpaekTopmit
opobunx uactEn z’ (f, n) B oGHuHOM (reopesmueckmx) & (A, n) B mpocrpan-
TPeXMEepPHOM IPOCTPAHCTBE: [ — BpeMs, cTBe-BpeMeBH: A —adduHHEE mapa-
m3MepseMoe IO YacaM YacTdl HIH IO MeTp, T. €. BpeM#a, U3MEPAOMOe 0 9acaM
a06HM APYTHEM 19acaM, n — «oapamerp 9acTHN, 7 — «OapaMeTrp orGopa».

or6opanr.
2201457
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2

2. YpaBHeHHe [BIJKeHHA JJIA  KayK/OM

TPaeKTOPAH HMMeeT BHJ|
82z D
(57 ).+ =0

oxd

rne O —BEIOTOHOBCKAH IOTEHIHAJ.

3. Haiigem pa3HoCTh MERJY ypPaBHEHHAMH
OBEDKeHHS [JIA COCEJHHX TpPaeKTOPMii
n B n-- An = nepeiiieM K npefexy NpH
An—0, T.e. BO3bMEM UPOH3BOIHYIO

(%)tl—(%)n+:—$-] =0.

4. Jleiicteue @/0n Ha BTOpOE Cciaraemoe
TmepenmmieM B BHME
(a)_(azh) 9 R 0 .
anJi— \"on Jigpn =1 o
OTCIOfia MOJNy9aeM

(3. (). (5 )+

5. Urobm momyudTh ypaBHEHHE IJIA OT-
HOCHTEJIBHOTO YCKOPEHHA, (IPOTATIEM)»
(8/0n); ckBo3b o0a omepatopa (0/0%),
(momycrEMas  omepamms, HOCKOJBKY
9aCTHHE NPOM3BOJHEE KOMMYTHDPYIOT!);
NONYIHM

(). (&

920 R

———n"=0.
dxi azh

)n (%{)t—*— a:sz(:,h n*=0.

2.

a.

11. Omraonenue zeodesuveckuxr u KpueusHa

n‘\'?’ b

n+b®

ypanuenue reolle3sMUeCKHX JUJIA KaKI0n
TPAaeKTOPHR MMeEeT BH][

Vau=0.

[Ilo Bumy moxome Ha ypaBHEHHE Iep-
BOTO HOPAJKA; Ha CAMOM JieJIe 3TO ypaB-
HEHHe BTOPOro HmOPAJKA, MOCKOIBKY U
caM0 ABJIAETCA NPOM3BOJHOM, U=
= (3P [0A),.]

Haitmem pasnocts MeXXIY ypaBHEHHAMH
reoqie3auIeCKUX [JasA COCeJHHX Teone3H-
q9ecKnX n M n-+ An ¥ nepeiieM k npe-
meay opm An—0, T.e. BO3bMEM KO-
BAPMAHTHYIO IPOH3BOAHYIO

Vn [Vu"l = O.

. 3Hech HET BTOPOTO CJIAraeMoro, IoaTo-

MY OCTAaBlifieM YpaBHEHHE B BHJE

Vn [Vu“] =0.

. UTo6nl moNy4uTh ypaBHEHHE A OT-

HOCHTEJILHOTO  ycKopemmss  V,V.n,
«oporamum» V, uepes VYV, H depes
/0N B u=0P/dA:

Ilepewii aman: «Ilpotammum» V, depes
Ve B8 V,Vuwu=0. B pesyasrare
IOAYTAM



§ 11.3. Hpuausnne cusst mszomenus u mensop Pumana

JTO SKBHBAJEHTIO yPaBHEHHID

»”ni 20 R__
(% )+ oz =0
| | |

«OTHOCHTENb- «CHJH TATO-

HOE YCKOpe- TEHHS, BhHI3bi-

HHEe» BalIMe IpPH-
JUBHOE BO3-
neicTeHE»

w D

(VuVa+4[Va, V.,]) u=0.
N, !

t

KOMMYTAaTOp;

ero npmcyT-

crBue Heobxogmmo, mo-
CKOABKY B ofmeM caydae
Hvﬂ# vnvu
6. Bmopoti aman. «Ilporammm» V, gepes
/0 B u=0P/0h. B peayanrate mo-
AyIHEM

. 99 P
Vn 7y =V,.I.I=V..ll=vu an

! 1
| Ll |

ompejeyieHue U ompeneiesne N

ITogemy? Ilotomy 9TO M8 CEMMETpRE
KOBAPHAHTHON NMPOM3BONHOM CIeNyeT

Vol — v n=n, "]-[an ’ aAJ

~ dn oA aron

B. B peaynbrare mmeem

Vuvun + [vm VI‘] u=0
A

T | I L
(OTHOCHTEJILHOE «CHAB TATOTe-
yCKOpeHHe» HHA, BHI3BIBAIO-
mye OPUJIABHOE

BO3[ICICTBHEY,
T. €. «<KpMBHM3HA

NpOCTPAaHCTBA-

BPEMEHH»

Hlonoanenue 11.5. TEH30P KPMBU3HBI PUMAHA

A. Ompenerenne R, MoTnBApyeMOe NPHIMBHBIMH CHJIAMH TATOTEHHS

1. IlpnnvBHBE CuaH (KPUBH3HA NPOCTPAHCTBA-BPEMEHNA) BHIBKHBAIOT OTHOCHTEND-
HOe YCKOpeHHe OpOOHBIX uwacTul (TeofiesMYeCKHX), ompeleliAeMoe H3 ypaB-

HeHns

VnVun"l' [v.., Vu] U= 0. (1.)

22



2 340 11. Omnaonenue zeodesuneckur u Kpususna

2. HUcxoma m3 atoro, Ouo GH eCTECTBEHHHIM HOJOKUTh IO OMpeJeleHnI0

R(...,C, A, B)=[Va, Vs]C. (2)
T—[nym'oﬁ KaHaJM nua BBoja 1-dhopmur

B. HecocrosrensHoCTs 9TOrO . ONpeneIeHus

1. OnmpenenenEe MoOMKHO CYMTATH OpPAEMJEMHIM JHOIE B TOM  CIydae, €CJAH
R(..., G, A, B) aBuserca naaeitno# MammuO#, He 3aBECamei#t ot Toro, kak A, B,
MEHAIOTCA OT TOYKA K TO4YKe.

2. TlpoBepaM 3T0 HA 9YacTHOM IPHMepe: IPoBapsMpyeM WameHenme G, Ho me camo 0,
B coOnuTar &Py

cnoaoe ("95) =f (36) cm'anoe (3’“)

|—[mpom3BonsHaa QyHKUEA M KOTOPOR f(Fy) =1
3. IIpmBeger aum aro kK uamenenu© [V,, V] 6? Ja! B ynpaxkrermm 11.1 pokasano, ato

{[vh VB] cnoaoe}a 500 —{[vl, Vs] cc'rapoe}n Py = ccwapoev[i, B]f'

B. Mogadmnuposannoe onpepeinenne R
1. Or umena OCgrapoeV(a, 5)f, KOTODHIE HAM MemiaeT, MOKHO H30aBATBCH, BHLIUTA
#3 R moxokmii HAa Hero «mONPAaBOYHHIE Wiem», T. €. TmepeompeneamB R cie-
AyOmMmEM ofpasom:
R(...,C,A By=%(A, B)C, 3)
R (A, B)=[V, Ve| —Va, 8] (4)
2. Torga pesy;nbTaT H3NM0KeHHOM BHILE HPOLEAYDH HE 3AaBHCUT OT «BapbHpylomeit
dyaxoEm f:
{..99 (A, B) caonoe}, Po= {3? (Av B) cc-rapoe}B Py

I'. CoMecTMO0 an MOnAPHOAPOBAHHOE OUpENEICHAE ¢ YPAaBHEHMEM NIA NPHIABHBIX
CHI TATOTEHHA?

1. Xorenocr 6u mammcars V,V,n+R (..., u, n, u)=0.
2. 910 COOTHOMEHHMe CIPABeJJAWBO KaK [JiA HePBOHAUAIBHOro ompemenenmst R, Tak
H 1A MORAPUIAPOBAHHOIO ONPENETCeHHSA, MOCKOABKY

R (n, u)=[V,, Vul—v[a'fu] =[Va V.

| |
=0, Tak Kak n==(0/9n),

¥ U= (0/0L), KOMMyTHDYIOT

OTKIIOHEHAe Te0Ne3ATeCKAX M NPUIMBHEE CHANH He IMO3BOJAIOT IPOBECTH pasiHuBe
Mexny J2(n, u) u [V, V., a ciefoBaTensno, Meskay CTapHIM M HOBHM oIpefeJe-
saameE R



§ 11.4. IlapassesbrBii nepenoc no SaAMEHYMOMY KORMYDY 341

JI. Ilpsemaemo avu MoxaENEPOBAHHOE OLpejeleHBE?

Nnaue rosopsa, seagerca gu R(..., C, A, B) = %R (A, B) C nupeiinoit mammxoi,
pesyIBLTAT Ha BHXOJe KOTOPOi He 8aBHCRT oT T0T0, Kak A, B, C msmensiotcs B oKpecr-
HOCTH Toil ToukH, rae Mu BuumcaseM R ? Jal! (CM. ynpasknemme 11.2.)

§,11.4. IAPAJLVIEJIBHBIA NEPEHOC II0 3AMKHYTOMY
HOHTYPY

B uwem mposBasercA KpUBH3HA NPOCTPAHCTBA-BPEMEHM H KaK JITH

DpOABIGHAA MOXXHO ONHCATh KoMHYecTBeHHO? ONHEM W8 NpoABIACHHH Momeneume
AIBJISIETCS OTKJIOHEHHE reoe3MIeCKuX (OTHOCHTENbHOE YCKOPeHHe P06~  npm - T—
HHX TeJ), omnchiBaeMoe ypasuenmeM (11.10). Jipyrum nposiBieHHEM, aampmyrore.
HMeOIMAM NOYTH TAKOe K€ 3HAaUYeHHMe, ABIAETCA HM3MEHEHHe BEeKTopa  KouTypa

B pesyJjbTaTe NApPaJJIeJbHOr0 NHEepeHoca IO 3aMKHYTOMY KOHTYpY.

dror 3PdeKT oTueTiMBEe BCEro BHCTyHmaeT B Toil e mpoGaeme —

OTKJIOHEHHH TeoJe3NTeCKUX,— aHAJNM3 KOTOPOi mpHBEX HAC K moHA- Cease =~ = =
THI0 KpuBU3HH. Bekrop oTHocuTenbHOro yckopeHus Vy VM ABIAECTCA  reopesmyecxux
B TO Xe BpeMsA m3MeHeHueM U BeKTopa U, BOSHHKAIOIMAM B pe3yiibTaTe
mapajieabHOro epeHoca BIOAb KOHTYpa, pebpaMu KOTOpoTro ABIAIOTCA

BEKTOpPHL B A U:
VuVun="5u.

(DorazarenscrBo cm. B pononuenuu 11.6.) CaepmoBareabHo, B 3TOM
9aCTHOM cnyqae MOKHO 3alHACaTh

Su+R(...,u,mu)=0.

Jlerko mosryaaTh cooTBeTcTByIOmMee 0GoOmenne. Bubupaem 3aMKHY TR
TeTHpexcTOpoHHAK ¢ peGpamm WAa m VAb (ur. 11.2; Aa n Ab —
MaJlbie TTapaMerpH, BIOCIEJCTBHH ycTpeMisemsie K Hyno). O6mocuM
BekTop A mapajyenbHHEM 06pasoM BOKDYT 3TOTO IeTHPEXCTODOHHAKA.

-ubd [v,ulaanb

~vAb
vab

ula

Anocae nepexoca

A nepenoca

8A

our. 11.2

NsmeneEme SA BexTopa A B pesyjbTare IapalieNbHOro mepeHOCA mO BAMKHY-
ToMy KOHTYpY. PeGpaMm KpuBoil ABJIAIOTCA BEKTOPHHe HoiaA WA¢ ¥ VAD BMecTe
¢ ¢3aMHKAIOIUM UeTHPeXCTOPOHHHK» [VAb, UAa] = [v, u] AcAb (cMm. pononme-
Bre 9.2).
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yrosaersopaeT
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Pesyaptupyiomee usMedenne A J0J3KHO YVIOBIETBOPATH VPABHEHHIO

SA+R(..., A, ula, vAb)=0, (11.14)
HMJIN, YTO 3IKBHUBAJEGHTLHO,
8A +AaAb (u, v)A=0, (11.14")
HIH, TO4Hee,
. 6A "
iz?o(w)ﬁun(..., A, u,v)=0, (11.14")
Ab—-0

J0oKa3aTerbCTBO 3TOTO COOTHOUIEHUA KpailHe MOYYUTEIbHO, IOCKOABKY
OHO BHIABJIAET FEOMETPHIECKUN CMBICT MONPABOYHOTO WIeHA Vi)
B omepaTope KpPUBHSBHH,

Kouryp ofxoma (¢ur. 11.2) pmosokeH OHTH cocTaBieH M3 [ABYX
NPOM3BOJBHHX BeKTOPHHX noxeid WAe u VAb. OpHako KOHTYD,
COCTaBJEHHBI H3 OJHAX TOJBKO 3THMX HOJe#, NMeeT Pas3pHB OO IpO-
croit mpuuuHe. Beiauuuna U oTHIOAL He 00A3aHa MEHAThCA OT TOYKH
K TOYKe HMEHHO TakuM o0pasom, YTOOH cMemeHue WAa, coeguHAIOMee
CTPEIKH V BHH3Y, COEJUHANO OTH jKe CTPEJIKH BBEpXY, 3aMHKas
9eTHPEXCTOPOHHMK. AHAJIOTMIHEIM ofpasomM V ToKe He 00sA3aHO
HM3MEHATbCA MMEHHO TaKiM oGpasoM, 9TOGH COEIHHATH CTPEJIKH U
copasa ¥ ciesa. Uto6H JHKBUAMPOBATh DA3pHB M 3aMKHYTb KOHTYD,
BCTABMM «3aMHIKAIOMUIA 4eTHPeXCTOpOoHHAK» BexTop [VAb, UAa] =
= [v, u] AaAb. (Cm. momotuenue 9.2, rae moxkasamo, IT0 3TOT BEKTOP
HOeHCTBHTEIbHO 3aMBIKaeT KOHTYP.)

Teneps, Korga KOETYP GPUKCHpPOBaH, HY3KHO NePEHECTH BJOJb HEro
BekTop A. OnuH cnoco6 —«reoMeTpnIecKoe IOCTPOCHAE), OCYIECTBIAE-
Moe MHOTOKPATHHIM npumenenmem JgectHEnn Iuana,— moxker cay-
MKATH OCHOBOH IPH INIAHUPOBAHMM BO3MOMKHOTO dKCIEepHMEHTa. UTOGH
HAMeTHTb IJaH a6CTpaKTHOH, CBOOOZHON OT KOOPAMHAT BHIYMCINTENb-
HOU mponexypH (IPEHATHIA 3{€Ch METOJ, PACCY;KACHA), BBEIEM «BCIO-
MorareibHOe IoJe», KOTopoe Gymer OTOpOMEHO IO OKOHIAHMM 3TOH
nponenypu. ITaan: Bymem cuurath, 9ro A — He JOKaJIH30BaHHHIG
BEKTOp, Opefie]leHHN# B OJHOM JMINL HAYaJbHON TOUKEe MApHIPYTa,
a BeKTOpHOe moje (ompefelneHHoe no Bcemy mMapumpyty). Hean: Ilony-
9UTH 3TAJOH cpaBHeHHA (A1 cpaBHennd A, mepeHeCEHHOTO N3 HAYAIb-
Hoil Toukm, ¢ A B muTepecywomeM Hac mecre). Ocrosanue: ITaNOH
CpaBHEHAs BHIOAJAaeT H3 OKOHYATEJIbHOrO peayibTata. Xod paccyxc-
denuii:}

HOJIHOe H3MEeHeHue, BO3HHMKAMee B peayJbrare

TOro, uTO MH Gepem BekTop A, pacmosoMeHHHR

B HAYaJbHO# TOYKE KOHTYpa, M MEPEHOCHAM €ro
—O0A = — | napammensHo (A DOABMGKHELA) BIOJDL 3aMKHYTOTO | =

KOHTYpa. JTy BEJIMYUMHY HeJb3d HAUTH, MOKA KOH-

TYp He 3aMKHYT, HOCKOJBKY BJOJb IHYTH HEPEHOCA

HeT 3apaHee 3aJaHHOIO ITAJIOHA CPABHEHUA /
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( BeIMYMHA, KOTOpPag MOKeT OWTH HajifeHa A )
KaKgoro pebpa KOHTypa IO OTHENbHOCTH. ITY
HOBYIO BeJIMUUHY MOKHO OIPEAeNUTH JHMb TOCTe
BBeJelINA BO Beeil 06,1aCTH BeKTOPHOTO moas AUone,
H3MEHAMErocs TIagKAM o0pazoM M COBHANAIO-
= -+ | mero B HAYaJNBHOH# TOYKEe ¢ HCXONHEIM JIOKAIH30- | =
BaHHHM BeKTOpoM A, HO B OCTAJHHOM NIPOMBBOJbL-
HOro. Jra HOBAA BeJIWYMHA paBHA A% B HagalNb-
HOit TouKe (COBHAKAIOMUA ¢ A7OKANM3OBAHENE B pg-
YANBHOH TOYKe) MuHyC AUOIBMKEHA p  gopeynoit
| TOUKe (mociie mepeHoca)

uamenenne AT 10 OTHONMIEHHI0 K ADORBRMHM )

B pe3yJabTaTe NapajiesbHoro MepeHoca BIOAb JaH-

= Horo pebpa. OTa BeaWYWHA A KaKAoro pebpa

pebpa | SABHCHT OT WPOMSBOJBHO BHIGpauunoro AT, po

KORTYPA | 5POT IPOMBBOJ BHIIAJAET M3 OKONIATENHIOTO pe-
ayabTara 6marofapa 3aMKHYTOCTH KOHTYpa

~

usMenenue ATO%€ 110 OTHOMIEHHIO K IIAPAJJIENbHO |
nepeHeceHoMy ATONBMERAHA  pagromy B Kade-
CTBE 3TAJIOHA CPABHEHMS, COCTABJCIIHOE M3 BRJA-
JoB  or ciegyiomux  pebep, HOKasaHHHIX
Ha ¢ur, 11.2:

vAb, Braax Koroporo V,AmOAL  (Bmoiib
JHHUM, CMEHIeHHOH Ha UWAa oT Ha4aja);

= | —vAb, BKnag woroporo — V,AT0MAp (Brons|=
AMuMH, TOPOXOAUEH Yeped HAYAILHYI0 TOYKY);
—uAa, Briaag kotoporo — V,A"TAq (Boab

JIMIAYM, CMelmleHHo#t Ha VYAb or Hadana);
uAa, Braag xortoporo V,A"07€Aq (Bgosbp JWHHM,
npoxofAmel 4epe3 HA4adbHYI0 TOYKY);
| + [v,u] AaAb, Bkiax kotoporo Vi jA"™AgAbD]

={VuVv— V' Vi+ Viy, )} AAaAb=

=R(..., A", u, v) AcAb= & (u, v) A"°"AaAb. (11.15)
4mo noayuaem: Oneparop KpHEBH3HLI

R(...h oy, )=, V)=[Vu, Vil — Vi, v,

OpHMeIeNHEH K BeKTOpHOMY moiio AT0T®, jraeT M3aMeHeHHe JOKaJIH-
30BaHHOTO BEKTOpa AMOKAIEIOBARHEE (yazpBaeMOro B IpoIECCe Iepe-
Hoca AmomedsHEE) B pegyjpTaTe NapalNeIbHONO MEPeHOCA MO 3aMK-
HYTOMY KOHTYpy, Basitoe ¢ ofGparunim 3HakoM. OH He Jaer u3aMe-
HeHuA AU 10 OKOHUYAHMHM MepeHoca BXOJb 3TOT0 KOHTYpa,
HOCKOJBRY 3HaueHMs AU0® B Havajie M KOHIe NYTH COBIAJIAIOT.
B ypasuennmn (11.14') 310 u3MeHeHHE BBHIPAKENO YCPC3 MPEICTIB -
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JeHHH# B yAoGHOM Buae nuddepennmuansnnii omeparop £ (U, V) =
= [V, Vil — Viuv). IHapadokc: [leiictBue aroro omepatopa
Ha AU pge MOJKHO MAaBaTh M He faeT H3MeHeHHA A", B uem
rnedocmamoxr: Omeparop R (..., ..., u, V) = R (u, v) mo xapak-
Tepy cBoero fAeiictBua Ha A wumeer BuME AuPdepeHImUATBHOTO, XOTH
Ha caMoOM feJie ABJASAETCS JOKAJIBHEIM. 3JaMEHHM NpeIJOKeHHoe Taaj-
KOe BeKTOpHOe moJie AU%"€ coBceM [ADPYIMM, HO TOKe TJIAJKHM BEK-
TOPHEIM moJieM ATO"e HoBoe, Torna coBOAjEHHA 3HAYEHHH JTHX
moJiell JMImb B OJHON MHTEpeCyIome#d Hac TOYKe BIOJHE JOCTATOYHO,
uyTo6HI mpu BBojie 3THX moJsieidr B R Ha BEHIXo[e B 3TO#M TOYKE HNONYIAICH
oguuH ® ToT ke peayiabtar R (..., A, u, v) = % (u, v) A. Mu sto
3naeM M3 Toro (axkTa, 9TO CYIOECTBOBaHME M 3HAa4YeHHE HAMIEHHOM
BeanuuHH OA HMKaKk He 3aBucuT OT BHGOpa AR, B 3TOM MOMKHO
TaKke yb6emmThCA M C TMOMOIMbI0 NOAPOGHEIX BHKJIANOK (ympajkae-
nue 11.2). Cywynocmev: XoTA nmpoMsBOAHEE B ONEPATOPEe KPUBU3HHI,
oTpakalomue mn3MeHeHHe A OT TOYKM K TOYKe, M COKpAMANOTCA,
OHM CAMBIM HemoCpeJCTBEHHKIM 06pasoM BHIPa)KalOT «CKOPOCTb M3Me-
HEHWs TeOMETPMM OT TOUKH K TOYKe» (OTKJIOIEHHE TIeofe3udecKHX).
Hanvretimee o6o6wenue: 3aMKHYTHIEA KOHTYD He 06A3aT€NIbHO HAOMMEH
6uiTh yepexcropoHnnKoM, Omeparop KpMBH3HH yKAa3HBaeT, KAK H3Me-
HAETCA BEKTOP IPHM MapalIe]IbHOM HEPEeHeCEHHM BOKPYT MAJBIX KpH-
BEIX TpPOHM3BOJbHOH ¢opmu (momosnmenme 11.7).

YIIPAKHEHHUE

11.5. KomMnaanapHocTs 3aMKHYTBIX KPHBBIX

Ilyers f; m f, — GmeekTOopH (cM. momoamenme 11.7) aByx Mammix
3aMKHYTHIX KPHBHX B ORHOM H TOM e cobnitmm. Ilokamure, uTO
9TH KpHBLIE KOMIUIaHapHHE TOrJa M TOJIbKO Torma, Korga f, = afs,
Ilé a—HEKOTOPoe THCJIO.

lonongense 11.6. OTKJOHEHUE T'EOJE3UYECKMX U IAPAJIJIEJBHBIA NTEPEHOC
N0 3AMKHYTOMY KOHTYPY: JIBA ACIIEKTA OJJHOTO U TCI'O jKE IIOCTPOEHWA

OTEnonenme reojesmuecKHx. A

. AP+ BR
VeV e @A

An—-0

(cMm. pomonmesma 11.2 m 11.3).

OTxinoHeHHEE reoje3ndecknx. b

ToT e pesyJapTaT, HO Apyroe mocTpoenme. Uro6m
yUPOCTHTH YCTAHOBJeHHE CBA3M C IIEPEEOCOM IHO
3aMKHYTOMY KOHTYPY, H3MEeHHM HaKJIOH B MacmTal
napaMeTpHE3anul reofiesndeckoi FEF Ha mepsoM
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pacyHKe. B pesyapraTe Ha BTOPOM DHCYHKe
roukn & u A cosmanyr. s momoanernus 11.2,
E, Myl 3HaeM, 910 AP + PR = AP + B R,
r. e. V VN 1JIA JaHHOTO ceMefcTBa reojesndc-
CKMX W JJIA BCXOMHOTO CeMeiicTBa OJHO I 10 Ke:

VuVun=lim { (M>2An}

An—+0

YTo6H ympoCTATH PacCMOTPEHEE, MOJOKAM TaK-
e An=AA=1 m GygeM npenmonaratb, 9TO N M O HACTOJBKO MajhH, d4t0 V,V,n

MOKHO BHYMCAATHL, He LEPEXONA K IpPeeay:
vuvun=g .%o

INapaanexpHbiii mepenoc Mo 3aMKHYTOMY KOHTYPY, OCYIIECTBJIAEMblii ¢ IOMOIIbIO TOro
ke MOCTpoeHHA

Ilaan: Tlepenecem mapannenbBO BEKTOP UAA= @F DpPOTHE UACOBOH CTPENKH BIOAB
KpuBoli @ — &F — £ — ol — -@. Hcnoanenue: 1. O6ossaumM mepeHocmmblii BeKTOP U”.
2. B Touke @ mmeem u'=@.%. 3. B Touxke & u'= &, nocxoasky FEF — reope-
3@M9eCKas, a UT—ee KacaTelbHm# BeKTOp. 4. B Touke £ ut= ZLof cOrmacHO METORY
mocTpoerua Jectnmnn Ilmapma. 5. B Touxe of ul=off°, mockoNbKYy Lof N —
reofesmueckas, a u'—ee KacaTelbHH# Bextop. 6. B Touke @ uP=(@% -cormacuo
MeTony TocTpoenms aectEEy Ilmana. Pesyavmam: Wamemenme u® passo— BR.
Ilpm o6xoze KpHBo# B DNpPOTHBODOJNO;KEOM EBampapieHEH (L > T >Q> M > L)
namenenye Gro 6h pasHO -+ B.RB:

(60)3 PC8YALTSTC mapailesbHOT0 nepesoca = BR= vuvun-
BBEPX BAOAL N, B6OK BROJIL U, BHHS
BAOAL —N M ODATH BOOK BAOIL —U
K HauaJbHOM TOuKE

Jlonoanenne 11.7, 3AKOH NAPAJIJIEJBHOTO NEPEHCCA IO 3AMKHYTOMY KOHTYPY
A. Yacrani# cayuaii

KpnBaa npegcrasifer coboii 8aMKHYTHH UYeTHPeXCTOPOHHHK, 00pasoBaHHHI BeKTOD-
HEMHM HOJAME U H V.
1. 3akoH mMeer BEHA (B KOMOOHEHTHOH (opme)

8A% + R%,APu"* = 0. (1)

2. OT KaKEX XapaKTepPHCTHK 3aMKHYTO¥ KpHBOZ OH BaBHCHT?
a. 3amernM, uro R% g 5= — R%,, [anTHCEMMETDRA IO ABYM IOCHEHAM BHAEK-
caM odeBHAHA ®3 BupameHnsa (11.12) naA KOMIOHEHT; OYEBHAHA TaKKe
3 Tor0 )axTa, 9T0 M3MEHCHHe HanpaBieHAMA 00Xofa KOHTypa Ha HPOTHBO-
HOJIOKHOE, T. €. mepecTaHoBKa U H V, JOUKHO H3MeHATh sHak OA].
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6. B ypasnenanu (1) U ® V CBepTHBaeTCsA IO 9THM [BYM NOCIeJHHM, aHTACHM-
MeTpHYHHM HHfeKcaM. CEMMeTpHUYHAA JacTh U @ V [OM/KHA AaBaTh HYJeBOH
Briaaf. OTIHUEH OT HYJAA TOJNBKO BKJIAX aHTHCHMMETPHYHOH JacTH WAV =
URV—VRuW

8A% 4 = R%pysA® (u A V)" =0. (2)

3. 9ta anTHCUMMeTpHMYHAsA 4aCTh €CTh Ousekmop. OH He 3aBHCHT OT GopMBI KpH-
BOii, a 3aBHCHT TOJBKO OT a) IUIOCKOCTH, B KOTOPOH JEKAT KpHBad, U 6) mio-
IMaA®, KOTopyio oHa orpandumsaeT. [XoTda Ges MeTpHMKE HOHATHE «IJIOMANM»
A JHIEeE0 CMBICTA, TeM He MeHee «OTHOCHTeJbHhe IMOMadd B JaHHOM COOHTHH
B AAaHHOU MJIOCKOCTH» HMET TOYHO TaKO# KC CMEICI, KaK M «OTHOCHTeJbHEE
IJIMHHE B JaHHOM COOHTHE B MaHHOM HampaBienmm». J[Ba BeKTopa B OJIHOM
H TOM ’Ke COOBITHH JIe}KaT Ha OJHOMA M TOM e JUHAH, €CJIN OHA OTIMIAIOTCH APYT
OT Apyra JMIOb MHO)KMTEJIEM; MX OTHOCHTeJbHad [JIHHA B BTOM Cjlydae COBHNa-
KaeT ¢ HX OTHOMEHAMeM. AHAJOIAYHO, ABe MaJhe 3aMKHYTHE KpPABHE B OJHOM
H TOM e COOHLITHM JIeKaT B OfHO# M To# Ke IIOCKOCTH, €CJi MX GHBEKTOpH
OTIMIAIOTCA APYr OT ApYyra JAMb MHOKHTeleM (yupaskBemme 11.5); mx oTHO-
cATeabHAs MIOMAAb B 3TOM CIydae COBHAJAeT ¢ OTHOIMEHHEM HX GHBEKTOPOB.]

B. O6mmii cayuai

ITponsposnsHasi, HO Majas 3aMKHyTad KpHBad.

1. Pa3o6beM KpHBYI0 Ha COBOKYIHOCTb YETHIPEXCTOPOHHHKOB, JeaIAX B ONHOM
IUIOCKOCTHA C JAaHHON KpHBOM.

2. O6oitneM Ka KL W3 YeTHPEXCTOPOHHHKOB IO -~
ONIHOMY pa3y B TOM jKe HanpaBJIeHHH, B KOTO- \
poM HyKHO ofoiitm KpmByK. B peaynvrare
Kakgoe BHyTpeHHee pebGpo Gynmer oGoiimeHO
ABa)<{A BO B3aEMHO IPOTHBOIOJOKHHX Ha- /

>
7

mpaBienusax (PaBHOCHALHO TOMY, 9TO €r0 BO-
obme He 06XONHUNIN); BHENIHHM Kpall (KpHBan)
Oyner o6oiieH oguH pas.

3. Takam o6pasom, SA, coorBercTBYyIOmEE 0GX0-
Ny KpuBoii, paBHO cymMe OA, HmoaydYeHHHIX
B pesyiabTaTe 0GXofla Ka)<AOTO 49eTHPEXCTO-

POHHUKA: J G

- ——
— e

-—
e — — > —p

1 8
§A%= — E RaﬁyoAB (4 A Vaas nasmoro sersipex-) . /
CTOPOHHHUKA
YyeTHpex- \b
c-roponpnuun

Onpepenam Ompekrop f KpuBOH KAk CyMMy OHBEKTOPOB 4YeThHIPEXCTOPOHHHUKOB,
H3 KOTODHX OHA COCTaBJIeHa:

|

f= 2, (4 A V)uerupexcroponnnxa
4eThpeX-,
CTODOHHHKM

(C.10MHUM (IJIOM3ZA», OCTABAB INIOCKOCTH HEHW3MEHHOM).
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4. Torpma
GAG + —1 Ra AB Vo = 6Aa ! Rq’ 14B 0 = 0
2 Bv8 f 1 Blvol f .

B. Ilpenocrepexenne

2

Bce 3T0 CopaBeIMBO JHMIIb A SaMKHYTHX KPHBHX MaJIOTO pasMepa: IIpH yABoe-
HAA niomand OA Toske yapamBaeTcs, a ommGKa Bo3pacTaerT B ~2%/2 pasa [amanus,
mpoBefennnit B § 11.4, moxasmBaer, uto A ~ AaAb, a ommlka ~ (Aa)’Ab nam

Aa (AbY].

§ 11.5. HYJEBAAd PUMAHOBA KPUBHU3HA 9KBHBAJIEHTHA
TOMY, 9YTO MHOI'OOBPA3HE ILJIOCKOE

CrasaTh, 9T0 OPOCTPAHCTBO, MPOCTPAHCTBO-BpPEMA HJIM JIPyroe Kakoe-
aubo MHOrooGpasme ABIAETCA IVIOCKUM, 3HAYAT CKA3aTh, 9TO B HEM
cymectByer cacreMa koopaunar {z%(&f)}, B KoTopoit Bce reomesm-
9eCKHe NPEeJCTABIAIOTCS NpPAMEIMH:

2% (A) = a%+ b%. (11.16)

(IIpumep: Jlopenneso npocTpaBECTBO-BPeMsA CHENMANbHON TEOPHH OTHO-
CHTEJIFHOCTH, T7ie DpoGHEe Tela ABIKYTCA IO TAKUM IPAMBM JHHUAM. )
Teomesmueckue Moryr ORITH NpeNCTABIEHH B TaKOM BHAE TOIJA
H TOJBKO TOTAA, KOTHA K03(pHIMEeNTH CBA3HOCTH B YPaBHERHHU reoje-
BUIECKUX

d2zB dz* dz¥
L L a2 (11.17)

B 3TOH cHCTeMe KOOPAMHAT BCe PAaBHH HYJIO:
r‘,,=0. (11.18)

PaBeHCTBO HyJII0 KO3()QMIUEHTOB CBA3HOCTH Cpasy jKe BJjedeT 3a
co6oit [coorHomenme (11.12)] paBencTBO HyJI0 BCeX KOMIIOHEHT
TeH30pa KpuBM3HH Pumana:

R%,.=0. (11.19)

[@opmynuporra (11.16) — (11.18) — (11.19) Ha reomerpuueckom
A3HKe: NPAMOJUHENHOCTh BCeX TIeONe3MUECKHX B NAHHON CHCTeMe
KOODAMHAT 03HAYAET, YTO pasjeNeHUe NepPBOHAYAIBHO MapaiielbHLX
reofie3UIeCKHX COXpPaHAETCA; OTKJIOHEHHe Teofie3MYeCKUX PaBHO HYJIO
n, CJEeOBATEIbHO, KDPHBU3HA OTCYTCTBYET.]

BepHo am o6parHoe? BriTekaer Ju M3 paBeHCTBA HYJI0 DPUMaHoO-
BOJi KPMBH3HH CyMeCTBOBAHUE TAKOH CACTEMH KOOPJAMHAT, B KOTOPOi
Bce reojieaudecKue mpepcTaBiAiTca npamumu? Caexyomee mocrpoe-
HHe IOKA3HBaeT, 4TO TAK OHO H eCTh.

Onpepae.ienue
RJIOCKOTO
mHOrooGpasusn

U3 Toro,

qyro muorooGpasne
OA0CKOe,

enenyetr

R=0



J{oKa3aTeIbLeTRO
TOro, u4TO

nm R=20
caenyer,

910 MHOrooGpasme
naockoe
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Ilepenecem BekTOp mapainenbHuM obGpasom u3 &, B @, a 3arem
o6parso n3 @ B &, Ho yme mo ciaerka oriamuHomy myra. OH Bep-
HeTCA B HCXOJHYI0O TOYKY, He W3MEHHBHIMCh HH 10 BeJIHYAHE,
HY [0 HANpAaBJIEHHIO, MOCKOJbKY R Besge pamen Hymwo. Orciofa
caefyer, YTO B peayJbTaTe MapaJLIeabHOro mepeHoca GasMCROTO BeK-
Topa @, u3 &, B @ Mu monyaum B @ GasUCHEIA BEKTOp @,, HE BeiH-
9HHA, HA HANPAaBJEHHEe KOTOPOTO He 3aBACAT OT IIyTH IepeHoca (eciu
KaOKARN OyTh MOMKHO NMOJYYUTH OJAH M3 OPYroro ¢ MOMOIMbBIO KaKoi-
an6o mociemoBaTENbHOCTH HENpepHBHHX Hedopmammii). Bee ckasan-
HOE OTHOCHTEJBbHO TOYKH ({ copaBefimBO A BCEX TOYEK MHOroobpa-
3dA; BCE CKA3aHHOE OTHOCHTEABNO ONHOr0 GasHCHOrO BEKTOpA @,
CIPABEJINBO [JIA IIOJHOH COBOKYNHOCTH GAa3UCHHIX BEKTOPOB (U =
= 0, 1, 2, 3). IlapanaeasHurit-nepenoc 6azuca {8, (#,)} naer so Bcem
MHOroo6pasuyu «mojie CHCTEMH OTCUETa», KayK[Abil GasUCHEIA BEKTOD
KOTOpOro He MeHAeTcA (IO OTHONIEHWIO K IOJI0 CACTEMH) IpH mapaji-
JIeNbHOM TIEPEeHOCe M3 KAKOM-Tn60 TOYKH B COCEIHION; TAKAM 06pasoMm,

Ve,=0 (11.20)
HIA

V.o, (= V. e,)=0. (11.21)

PaBencTBo HyJi0 OTAEIBHHX INPOM3BOAHHIX BiedeT 3a coGOM paBEHCTBO
HYJI0 KOMMyTaTopa moJiefl Jio6nx JByX O0asMCHEIX BEKTODOB:

[e., 8,]=V,.,—V,8,=0—-0=0 (11.22)

PaspuB y wernpexcropoHHnka na ¢ur. 11.2 (rme Temeps mox u cie-
AyeT IOHMMATh @, a OOJ V — @,) MoJHOCThIO Hcueaer. OCHOBHBAACH
Ha 9TOM, MOKHO BBECTH KOODIMHATH I, Ka)KZaA M3 KOTOPHIX BO3pa-
CTaeT B HampaBJIeHMM COOTBETCTBYIOMIEro BEKTODHOTO moid; BeIGpas
COOTBETCTBYIOmnM 00pasoM MacmTal, MOKHO 3amHUCaTh

G
=— 11.23
oz ( )
(cM. yopakuenme 9.9). IlocTporB 3ToT KoOpAmHATHHI 6asuc, mo gop-
Myle

Vaes= 0,5, (11.24)

MOKHO HAATH KO3pPumuenTH CBA3HOCTH. I[OCKOJNbKY BCe BeJUIMHH
B JIeBO# WacTH PaBHH HYJI0, OPAXOJAM K BHIBOLY, 49TO BCE K03g-
(OUIUEHTH CBA3HOCTH CHpAaBa (CHCKPHBJEHHE TeOJe3WTECKAX))
TOKe MOJKHH OHTH PaBHK HYJIO, a 3HAYHT, OPOCTPAHCTBO-BpeMs
JeHCTBHTENbHO ABJIACTCA MIOCKHAM.

Buweod: IIpocmparcmeo-epems S6AAEMCS NAOCKUM, M. €. 6 HeM
cywecmeylom «naockue KoopouHampul», B KOTOpeXx mosciopy ', = 0
d TeoflesMYecKHe CyTh mpAMEE JuHuE x% (A) = a® -+ b%A, mozda
u moavko mozda, kozda R = 0.

ITpumenwanue. B npocrpascTBe-BpeMeHn JARINTeHA, Il 6CTh MeT-
PHKa, B XOJe HPEeAHIYINAX PAacCY:KAeHAH MOKHO BHIGpaTh OpTOHOD-
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mmpoBauEne {8, ($g)}, @A Koropux e,-8, = 1,, B Touke P,
Ilonygatomeecs B peayabTaTe moje CHCTeMH OTcueTa Gymer BCIOLY
OPTOHODMHPOBAHHEIM, a CHCTOMAa KOOpAHHAT — Jjopermesoit. Taxkum
o0pa3oM, B HHMTEHHOBCKOH TEODHA TATOTOHHS NOJYYCHHHI BHIIE
BHIBOJ MOKeT OHITh HePenuCcan B BAXE: NPOCMPAHCME0-6PEMS ABAAEMCR
naockum (8 HeM cywyecmeyem AopeHyesd cucmema Koopduwnam) mozda
u moavko mozda, kozda R = 0.

ITpedocmepencenue: Ecnm muorooGpasme IIOCKoe, TO 3TO eme
HO 03HAYaeT, 9TO Yy HETO 9BKJIAMAOBA TonoJorusa. BoasMem mmer Gymara.
OE miockmit. CBepHem ero B nuadHApP. BHyTpeHHe oH ocraerca
maockuM. Tpaexkropuu reofe3udecKHX Ha HeM He MaMeHmiaHch. Vame-
HHAJIACh JUIIb TOMOJOTUA — C TOYKM 3PEHAA HaGMIOHATENs, }KHBYIET0
Ha 3TOM JaacTe. («BHemmusaa reoMeTpusa»— cmoco6 mOrpyKeHus 3TOro
JuUCTa B OKDPYIKAOImEe TPexXMepHOe NIPOCTPAHCTBO — TAKKe H3Me-
HHJIACh, HO HAOJIoflaTenb HA CaMOM JHCTe HEYero o0 3TOM He 3HAET;
OIHAKO 3TO y)Ke BHIXOAUT 32 PAMKH MaTepmaja JaHHOH riaasu. Ilox-
poOuee o6 aTom cm. B § 21.5.)

Boabmem raxoi muiamagp. CorHeM ero ¥ CKIEHM KOHIE, He MeHAS
€r0 IJIOCKO#! BHYTpeHHEH reoMeTpdH. JTO HEBO3MOMKHO CHEIATH, €CIH
OUAIHHAD OCTAETCA NOTPY;KeHHHIM B IIOCKOE TPeXMepHOe 3BKJIMIOBO
OPOCTPAHCTBO, U JIETKO OCYINECTBIAETCA, €CIH OH TOTPYEH B DBKIM-
JI0BO IIPOCTPAHCTBO YeTHpex HaMepennit, OqHAKO HOTpy:KeHne HEe HMeeT
HEKaKOro 3HaveHWs AiudA Habmomareneil, o0uTamMuX Ha IWJIAHJpE,
TaK KaK BHYTPEHHAA TeOMeTPUS — 3TO eJUHCTBEHHOE, YTO OHA MOTYT
A3MEpPATH; HO3TOMY eRWHCTBEHHOE, YTO MMeeT [JIA HAX 3HadYeHde,
9TO monosozunecKoe omoxtdecméseHue OBYX KOHIOB IUIHHIpA.
Peayabrar ¢ TOHOJIOTAYECKO#A TOYKA 3PEHUA mpeACTaBAAET coboit Top;
HO TPAeKTOPMA Treofe3MYeCKAX TAaK X He M3MEHUIHCh, BHYTDOHHAN
reoMeTpas ocrajlach miIockoit, TeHs3op R paBen Hyi0.

Ilo apamormm paccMOTPHM TUIOCKOe IPOCTpaHCTBO-BpeMAa Mmnu-
KOBCKOTO. BrIGepeM HEKOTOPYIO JOPEHIEeBY CHCTEMY OTCIETA M BO3b-
MeM B Hell Ky6 ¢ pebpom 10'° cserosmix jer (0 <<z << 10'° cBeToBHX
Jer; To e camoe IisA y 4 z). OToKIeCTBAM HPOTHBOUOJOMKHLIE I'PAHH
KyGa takmMm 06pasoMm, 9T0 reofesmdecKue, BHXOAMMAE Tepe3 OTHY
rpadb, BXOJAT 4epe3 ApYryw. PesyibTaT ¢ TONOJOrHYECKO# TOUKH
3peHRAA mpeAcTaBAgeT co00il TPATOP — «3aMKHYTHH MHP» ¢ KOHETHEIM
o0beMoM, IIOCKOM reomerpmeit MmukoBckoro m ¢opmoit, KoTopas
COBEpPIIEHHO HE MEHMerci ¢ TEeYeHHeM JOpeHmeBa BpeMenn ! (HeT
HA CKaTHsd, HE pacmIHpeHdAs),

§ 11.6. HOPMAJIbHBIE PUMAHOBBI KOOPIWHATBI

B nckpnBIeEHOM MPOCTPaHCTBE-BPEMEHN HEBO3MOKHO BBECTH CACTEMY
KoOpAAHAT, B KoTopoi moBciony I'*s,, = 0. Ho B namHOM coburum &,
BCErAa MOKHO IOCTPOHTH JIOKAIBHO WHEPIHAJIBHEE CHCTEME OTCYETA;
Aasa HaGaomaTexs B TAKO# cECTeMe CBOGOXHK® JaCTANH NOJKHE JABH-
raThCcd N0 NpPAMHM JAHAAM, OO KpafHe# Mepe JIOKaJbHO, a 3TO

JiopesueBn
KOOPAMHATH
CYLIECTBYIOT TOr'A8
B TOJABKO TOrjaa,
xorna R == 0

H3 woro,

9T0 MHOrooGpasmue
nIocKoe,

He oJejyer,

9T0 ero
TONONOTHHA
9BKJIHA0BA



T'eOMeTPHYECROE
HOOTPOCHHS
HOPMATHHBIX
PHMAHOBHIX KOOP-
JHHAT

MareMaTHuecKHe
cpoficTBa HOp-
MAAbLHBIX PRMAHO-~
BBIX KOODAHHAT
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osHadaer, 4To I'*g, AOKHE oOpamarbcs B HyJb, IO KpaiiHeil Mepe
JIOKANBHO.

KpaiiHe mose3HEIM JACTHHRIM CJIy4aeM TaKO# JOKAJbHO HHEPIUHAb-
HOM CHCTEMH SBISAETCA CUCMEMA HODMAALHNE DUMAGHOGWE KoopOuram.
Br6epem cobrrue &, 1 COBOKYIHOCTH Ga3UCHHIX BEKTOpOB {8, (&)},
HCIIOJAb3yEeMHIX B HeM MHEPIHAJAbHHM HablofgaTeaeM. 3amOJHAM IpPO-
crpaHcTBo-BpeMa BGamsm &, reomesmyeckumm, BHXoAamumuE u3 &,
BO BCE CTOPOHHI, KaK UIJH y exa uad auxoGpasa. Kaskpaa reomesn-
qeckas B &, onpefeasercs cBOMM KacaTeJbHHM BEKTOPOM ¥; B 00meM
cIydae TOYKAa Ha Teofe3nYecKoil Moker OHTh 06o3HaueHa

F=FMv) (11.25)
apduBEHE Dapamerp; | I KacaTelbHEi BeKTOp B &F;
yKaspiBaeT, «rge» HA |— YKasHBaeT, «KOTOpas M8 reo-
OaHHOM TIeofesmIecKo JIe3EIECRAX)

Ha camom gese smech ropasfo Goxbmie reofesniecKHXx, IeM HYKHO.
OnHoit ¥ TOM K€ TOYKH MOKHO JOCTHYL HA JJHHE C IApaMeTpoM A
IpH HAYAJBHOM KAacaTeIhbHOM BEKTOpe V H HA JIMHE ¢ mapaMeTpoM

%A NMpH HAYaJIbHOM KaCaTeIbHOM BeKTope 2V:
G v)=9 (54 20)=5(1; Av).

Taxkum ob6pasoM, ¢urcupysa A = 1 U BapbEpys BCEBOBMOKHHM 06pa-
30M ¥, MOKHO J0CTHYE J1060ii TOYKA B HEKOTOpOil okpecrmoctH &,
Ha sToM 0CHOBAHO HOCTPOSHHE HOPMAJHHHX PHMAHOBHX KOODJUHAT.
Bubepem coburme &. Haitmem B &, rakoit KacaTeJbHEH BEKTOp V,
misa xoroporo & = § (1; v). Pasnoxkum v mo Bmbpamnomy Gasmcy
U 0603HAYNM ero KOMIOHEHTH I%:

[ =5 (1; 2%8,). (11.26)

Touka & opguosnauno omnpepeaser 2% (ecam & pocraTouno Grmsxa
K &,, Tak 4TO reofe3uuecKHe ele He IepeceKalT APYr APyra ma-za
KPMBM3HH IIPOCTPAHCTBA-BpeMeHH). To4HO Tak ke H 2% OmpeneNfIoT
& opnosHagnnM o6pasoM. CirefoBaTesIbHO, % MOKHO BHODATh B Kade-
cTBe KoopamHAT & — ee «HOpMAJbHEIX PAMAHOBHIX KOOpA®MHAT, Gasm-
pylomuaxca na coburau &, u Gasmce {8, (o).

Coornomenne (11.26) ecTh KpaTkas sanmch HOPMAJBHHX pHMa-
HOBHIX Koopamuar. Jlpyrue cooTHomeHH s, BHBEAEHHEE B YOPayKHCHHA
11.9, BmpakaroT HX 3amMedaTelbHEIe CBOHCTBA:

8. (Fo) = (3/02%) 4 (11.27)
Iy (o) =0, (11.28)
Faﬂv»u (550) = - % (Raﬁvu + Rayﬂu)- (1'1 .29)

Eciud mpocTpaHCTBO-BpeMA HAAeNeHO METPHKOHE (KaK 3TO H eCThb
Ha caMoM Jiesie) M eclm cucrema orcdera B &, Ghima BHIGpaHa opTO-
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HOPMHPOBAHHOA (8, ‘@p = ’f]aa), TO

8a (o) = Naps (11.30)

gopu (Po) =0, (11.31)

8aB.uv (350) == %‘ (Rauﬂv + Ravﬁu) = — %— Jaﬂp.v, (11 .32)
Rapys (o) = gas.py (F0) — Zay.ps (). (11.32)

3nech Jop,y — KOMIOHEHTH TeH30pa KpHBH3HM fIkobm (cM. ympask-
senre 11.7).

filBngerca au ata cucTeMa KOOpANHAT €IUHCTBEHHON M3 JIOKAJbHO

2

=
HHepmEaNbRHX B &, (r. e. umenmumx Tam I'%, = 0) H CBABAHHEIX o
c 6a3HCHHIMH BEeKTODaMH @8, B HeM (T. €. mMelmuX TaM 9/0z% = @,)° EnepaaNbEON
Her. Ho Bce Takme cucTeMH KOOpAHHAT (HA3HBAeMHE HOPMAAbHLIMU  CHOTEMH
Koopduramamu) COBIAKAIOT APYT ¢ APYIOM BIJIOTH A0 YJI€HOB BTOPOTO
oopAgKa:
o o o
Znoswe (&) = Zerapwe () + nompaBkm mopAmKa (Terapwe)®-
Boxnee Toro, aMmse cHCTeMH, COBHAJAIOINMEe BIJIOTH A0 WIEHOB Tpe-
THEro MOPAAKA
&% — @ &
Z% e (F) =%, o (&) + monpaBkm mopsanxa (z2, ..)
coxpassaoT Kpacusylo c¢Basb (11.29) u (11.32) ¢ TeHsopoM KpHBH3HH
Pamana.
11.6. CammeTpun R YOPAKHEHMA

(O6ecympaores B ra. 13.) Iloxkamuare, aro R o6ragaer caemyio-
I¥MH CHMMETPHUAMH:

R%gys = R%p[ys) (aBTECEMMETDHYCH [O ABYM HOCIEXHEM

HHIEKCaM), (11.33a)
R%py61=0 (coBepmenHO aHTHCHMMETPHYHAs 9acTh
ofpamaeTcss B HYJB). (11.336)

11.7. OrkioHeHHe reonesmuecKHX MO3BOAAET HAMTH
BCE KOMIOHEHTH KPHBHIHL

Ypamielme OTKJIOHEHHA TreoJe3audeCKUX, KOTOpoe MH 0 CHX IIop
NHUCAIH B BHJE
VuVuan+R(...,u,nu)=0,
HJIH
VoV +%Z(m u)u=0,

MoxeT OHTHL Takke sammcano B fopme fkobu V,V.n+¥% (u, u)n=0.
3nmecy ¥ (u, v)— onepamop xpueusww Hxobu, ompenensemuiii COOTHO-
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menuemM
¥ vn=—2[2® u)v+R® v)ul. (11.34)
On cBsi3aH ¢ «TeH30pOM KpHBMBHH fIK0OH»
J(...,nu,v)=%(u, v)n, (11.35)

OTKYJia CJIEIyeT, 4To
T o= T* o = 5 (R*avp + R¥pua). (11.36)

a. Hokawumre, aro w3 R".p, = R%;(py; citemyer J* 48, =0.

6. IToxakmTe, 4TO aHAAN3 OTKJIOHEHHS reole3sMYeCKHX (IIOJACTAHOBKA
OpOM3BOJIBHLHX U 4 A B V,V A+ ¥ (u, u) n=0) mosposnsier ompereanrs
6ce KOMIOHEHTH J.

B. IToxaxxumre, uro J meceT B ToUHOCTA Ty e HHPOPMAIAIO, dTO

n R [Vkasanue. Ilokaskure, uto
R*aup =3 (" vap— I pan); (11.37)

310 B coBoKynHocTH ¢ (11.36) moxasniBaeT «oXMHAKOBHIE 00beM nHPOP-
marum».] ClrenoBaTebHO, aHAIM3 OTKJIOHEHAA re0fe3H4eCKHX IHO3BO-
JAer Hailtm Bce KomuoHenTsl R.

r. Ilokaure, aT0 9KBMBanteHTHOCTh J U R CymecTBeHHHM 00pasoM
ommpaerca Ha cEMMeTpHi0 R'[yup)=0. [aa aroro mpumeepmre mpmmep
takmx BsHasenm# R",.p= — R%ypa, mua korTopmx RY%yep; £ 0,

a Juva5=0.

11.8. OTknOBEHHE reosesMYEcKMX BO BCeX MOAPOOHOCTAX

BuoamuTe ypaBHeHne OTKJIOHEHHASA reo/[esNIeCKAX B KOMIOOHEHTAaX
B IpOM3BOJBHON cHcTeMe KoopAauHar. BHpasuTe Bce KoBapmaHTHHE
apousBonbe (06o3HaUaeMble TOTKOIl ¢ 3amATON) Yepe3 oOHIYHEE NPO-
u3Boqune (o6osmagaemuie 3anmaThmMu) W [-wiaensr, 4rob6ur Bce I'-
U G-wieHH HOABHJINCH B SABHOM BHJE.

11.9. Hopmaasupie paAMaHOBH KOOPAHHATH B 00IIeM ciaydae

BuiBegure cBoitcra (11.27) — (11.29), (11.31) — (11.32’) Hop-
MaJIbHEIX PUMAaHOBHIX KoopauHaT. Ykrasanue. IlocTynure ciemyiomum
obpasomM.

a. U3 oupenenenus (11.26) moxamnre, wro (98/02%) g = @,.

6. Ilomo6uriM sxe ob6pasom m3 oumpeperenusa (11.26) mokakure,
9T0 KayKAad W3 KPHBHX 2% = U%) (rEe v* — HOCTOSHHHE) ABJIACTCH
reofieandeckoil ¢ ap@UHHEIM mapaMeTpoM A, NpoxopAmei depes &P,

B. Ilokamxare, uro I'%5 (&) = 0, moxcrasms z* = v*A B ypas-
HeHHe reofde3sMmIecKHX.

r. IlockoabKy KpBBHE z% = V%A ABIAIOTCA I'e0[e3HYECKHMH IDH
m060M BHOOpe mapaMeTpoB U%, OHHA HO3BOJAIOT OUPE/IeNHTH HE TOJbKO
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HKaCATeIbHHI BEKTOpP Treofe3MvecKod U == (6/67\.),‘,, HO B BEKTOPH

orkiaoneHna N, == (0/0v%),. Haifigure KOMIOHEHTH 3THX BEKTOPOB
B cHCTeMe HOPDMAJbHHX PMMAHOBHX KOODAMHAT H IOJCTABbTE B ypaB-
HeHHe Teof[e3MYecKOT0 OTKJIOHEeHHSA B TOM BHAP, KaK OHO OHIO 3amm-
caHO B ympaskHenmu 11.8.

A. llpmpasusaiite Hyai0o Ko3dpPumuUeHTH Npu HYyJeBOE M mIepBOH
CTeNeHAX A B ypaBHEHMH OTKJIOHEHASA Teofe3MIECKHX MyHKTA «T», BOC-
HONb30BABUIMCH pasoKeHneM

raﬂ‘l lz”-vuh = ;'v"raﬂv-u (350) + 0 (A'z)'

opefcrasadomuM coboit pag Taitnopa ana I'. Takam comocobom moay-
qure BHpaxenne (11.29) pma I'%, , wepes Temsop Pumana.
e. U3 coornomenuit (11.28), (11.29) u (8.24) pasa koadpunmenron

CBA3HOCTH, BRIPAKEeHHBIX gyepe3 METPpHKY, HNOJNYy4IATe COOTHOIIIeHHN A
(11.31), (11.32) = (11.32").

11.10. Toxnecrsa Buankn

ITokaskure, 9TO TEH30p KPHBH3HH PHMaHa yIOBJIETBOPHET «TOMAE-
crBaM Bmamxm»

R%ys; e1=0. (11.38)

I'eomerpmueckaii cMBCT 3THX TOMKAeCTB obcyxpaerca B ria. 15. (Vka-
sanue. IlpoBeuTe BHKIAAKA B HaYaje CHCTEMH HOPMAJBHHX pAMa-
HOBHIX KOODAHHAT.)

11.11, [eiictsme omeparopa ipmBE3sEm Ha 1-popmMn

Tiycrs 2 (u, v) ecrs omepatop & (u, ¥) = [V, Vy]— Vs, v, KoTopsi
HAPARKY € KACaTeJLHHIMH BEKTOPaMHE MEACTBYeT Taxe m Ha 1-PopMu o
(mnm Ba upyrme Temsopu). [lokaxmTe, UTO

(ﬁ (us V) G, W)= — (0, R (“v V) w).

11.12. T'pynua Bpamenmii: pAManROBa KpHBH3HA

(Ilpomom:xenme ympasknenmit 9.13, 9.14 m 10.17.) Haiinure xommo-
HEHTH TeH30pa KpHBM3HH PumaHa B MHOrooGpasum rpyuons Bpamie-
amit SO (3); Bocmonbayiitech Gasucom reneparopos {@q}. [Omeem:

Ry = 03, (11.39)

Q| »
rae 87 — cuMBon mepectaHoBoK, ompemeNsEMH COOTHOmEHHeM
(3.50m):

Ggg = (60‘7‘5&6 - Gaoasv) .

OTtMernM, 9TO IOJyYeHHHIH OTBET He 3aBHCHT OT IOJOKEHAA TOIKH F
B IpynmoBoM MHOTooGpasmm.]
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HbI0TOHOBCKO®
TATOTERNE:
HCXOHAR
GOpMYyTHDPOBKA

12. TEOPUSA TATOTEHUS HBIOTOHA
HA A3bIKE UCKPUBIIEHHOIO
MPOCTPAHCTBA-BPEMEHMU

Camwiii 6oabwioli npomescymor epemeni,
8 MmeucHue KOmopoz0 COBPEMEHHAR KAPMUHA NPOEUCeAd
8 nY6AUMHOL 2aaepee 86epT HO2AMU HESAMEHEHHOLU,
paser 47 Onam. Imo 6waa «Jodkay Mamucca,
sucmassenrnas ¢ Mysee cospemennozo uckyccmea ¢ Huvio-Hopre.
3a amo epema zanepeio nocemuaso 116 000 ueaoser.
H. MAKBUPCTEP HU. P. MAKBUPCTEP

JTa raaBa DeIHKOM OTHOCHTCA K Kypey 2.
HeoGxopnMbiM HOArOTOBHTENIbHBIM MATEPHANOM JJiA Hee ABIAITCA rnasm 9—11.

Ona =e sABasercs ReoOxommMoi INA DOCIEAYIOMEX TIJaB,

HO 3HAHHE ee MATepHANA NOJIE3HO0 NPH H3YICHHH

1) ra. 17 (ypasHenma moas JifmwuTelina) H

2) ra. 38 m 39 (sKcnepuMEHTANbHBIC TECTH! M JPYrHe TEOPHH IPABHTAIIAE).

§ 12.1. TEOPUA TATIOTEHHA HBIOTOHA
B KPATKOM M3JIOKEHHMHI

H punoun sKBUBAJIEHTHOCTH He ABIAETCHA 0COOEHHOCTHIO OTHOTO TOIBKO
sfHIITeIOBCKOTO omucanna TAroreHnsa. OCo6eHHOCTHIO dHHIITEHHOR-
CKOI'0 OIUCAHUA HABIAETCA COYETAHHE NPUHIUIA IKBUBAJEHTHOCTH
K JIOKAJbiIO JIOPeHImeBoil reomerpmu. BosBpamiasachk K Teopud Hiio-
ToHa, 3a0ygeM BCe OTKPHTHA IOCJENHEro CTOJEeTHA, Kacaomuecs
CuenuajJbHO# TEOPUM OTHOCHUTEJILHOCTH, CBETOBHIX KOHYCOB, OTpaHH-
9eHUsT BCEeX CKOPOCTeil CKOpPOCThIO CBeTa M COGCTBEHHOIO BpEMEHH.
Bepuemca K «MHPOBOMY BpeMeHM» { nmpegngymux croxermii. B Tep-
MHHAX STOTO MHPOBOTO BPEMEHHM H NPAMOYTOJBHEIX «TajINIEeBBIX)
OPOCTPAHCTBEHUHX KOOPAMHAT TPAEKTOPUHM HEHUTPATBHBIX NPOOHEX
9acTHI[ ONHCHIBAIOTCA B HBIOTOHOBCKON TeopuHM ypaBHEHHEM

icad +% -0, (12.4)

dt2

@ (mnorga ob6osznauaempiii —U) = HbloTOHOBCKMH norenmuat, (12.2)

O6runas MHTEPOPETANHA 3TUX ypaBHEHHH TNOAPA3yMeBaeT, d4TO
OHH ONNMCHBAIOT (KPUBHE TpaekTopuu» 2’ (f), BAOIH KOTOPHX NpoGHLIe
qacTHOB TAJAIT B HBKJIMZOBOM IPOCTPAHCTBE (Ke B IPOCTPAHCTBE-
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ppemenn). K 3THM KpHBEIM TPAEKTOPMAM OTHOCATCA KPYToBHE OpGHTH
BOKPYr 3eminm H mapaGoamueckme Tpaektopuu ¢yr6GosbHOTO MAYA.
Coraacao Kaprany [136, 137], MH [OOMKHH OTKasaThCA OT OTOM
TOYKEA 3pennsd. BmecTo 3TOro MH JOJIKHH CYATATh TAKHE TPAEKTOPHH

reopeauyeckEma [t (A), o (A\)] B MCKpHBIEHHOM HpPOCTPAHCTBE-Bpe-
menn. (Taxoit mepexoj oT OfHO# TOYKHM 3peHHA K APYroil NOKasaH
ga ¢ur. B 1 B pomonnemmsa 1.6.) ITockoanky «addunno umpmymuen
HBIOTOHOBCKHE YaCH, IIEPEHOCHMHE NPOGHHMH YACTHIAMH, OTCYMTHI-
BAlOT MEPOBOe BpeMsa (UM BpeMs, OTJIMYAIONIEeCA OT HEro WHCIAOBHM
MHO)KHTENeM, A = at + b), ypaBuenune apmxenad (12.1) moxHO mepe-
HACATH B BHJE

d2t d2zi o0 ( dt\2
=0 o (ﬁ) =0, (12.3)

CpaBHEBas ero ¢ ypaBHEHHEM TeOJe3HUECKHX

dzb az¥
- =0
MOKHO HAWTH 3HaUYeHNA KOod(PPHIMEHTOB CBA3HOCTHU:

d2:%
S+l

Iy, = d®/dz’; Bce ocrampmsie T ®gy PABHH HYJIO. (12.4)
MopcraBasasa mx B o6ranoe Bepakenue (11.12) pis KOMNDOHeHT TeH-
sopa Pmmana, momywaem (ynpaxuenme 12.1):

Rigo= —Rippp = Bee octanbubie R%pys paBun mymo. (12.5)

iz 0]
9zd 9zh ’
Haxonen, ypaBHeHMe HMCTOYHMKOB IJIf HBIOTOHOBCKOTO HOTEHI{HAJA

V2<DE Z (D,jj=4ﬂp (12.6)
2

MOKHO Nepenncarh ¢ MOMOMIbI0 «TEH30pa KPUBM3HH Puaum»
Ryp= R",,p (ceepTra R) (12.7)
B reoMerpmueckoil gopme (ympakuenue 12.2):
Ryy=4mp, BCe ocranbEbe Ryg paBHH HYJIO. (12.8)

Vpasmenme (12.4) mns I'%g,, ypasuenne (12.5) ausa R%g,s, ypas-
pemme (12.8) nnsa R,p W ypaBHeHHE Treo/e3MYECKHX HeCYT B cebe
BCe COMECP)KAaHHe HBIOTOHOBCKOH# TEODHH TATOTEHWs, NEpPEeNHCAHHOI
H& TEeOMETPHYECKOM f3HIKE.

OnHo femo — GHICTPO NEpeYHCHHTh 3TH BHKJIAAKU C KOMIIOHEH-
rama. CoBceM Jipyroe Heno — IOJHOCTHIO pasobpathca (Kak B aGer-

PaKTHOM, TaK M B HArJIAOHOM npencrannenuu) B CMLICJIE 3THX VpaBHe--

HA# H B CTPYKTYpe HLIOTOHOBCKOIO HPOCTpaHCTBa-Bpemenu. locTuun
TAKOT0 HOHWMAHUA M CPAaBHUTh HBIOTOHOBCKOE IPOCTPAaHCTBO-BpEMA
¢ NpOCTpPaHCTBOM-BpemeneM JHHUITeHA — BOT HeJb AAHHOH TIJIABH,
ocHOBaHHOI Ha paborax Haprana [136, 137], Tpayrmana [132] u Mus-
mepa [119].

23+

2

HbIOTOHOBOKOS
TArOTeHEC:
mepepoj HA RSB
ApooTpaAROTSA

BpeMenN
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YHOPAXKHEHHAA

12.1. PumaHoBa KpHBH3HA HBIOTOHOBCKOTO HpPOCTPAaHCTBA-BpeMeHH
IEjbmeum'e Bupaxenne (12.5) maa R%gys 3 Bupaskenns (12.4) pna
@

By
12.2. Ypasnenue moaa Heiorona

Buegate us (12.5) ¢ nomompbio (12.7) ypaBuenme mous HploToHa
B reomerpuyeckoit gopme (12.8).

I'eomeTpns
HbIOTOHOBCKOTO
UPOCTPAHCTBA-
BpeMens

«MRpoBOC BpEMA»
XaK none
exanapa

§ 12.2. PACCIOEHHE HbIOTOHOBCKOI'O ITPOCTPAHCTBA-
BPEMEHH

Tasuuineit 1 Hpl0TOH rOBOPHIM O MIOCKOM, 3BKIUJOBOM «A0COJIOTHOM
npocrpancTee» 1 06 «abcoJaIOTHOM BpeMeHH»— ABYX COBEPIIEHHO pas-
HEIX ¥ HECBA3aHHEIX HmoHATHAX. B abcomoTHOM mpocTpaHCTBe AEi-
CTBOBAJH HBIOTOHOBCKHE 3aKOHH (QU3NKH, a a0COJIOTHOE BpeMs TEKJIO
camo mo cebe. He Guuto 1 Hameka Ha TO, YTO IPOCTPAHCTBO M BpeMd
MOT'YT IPCACTABIATEH COGOM BA ACHEKTA UHOM CYI[HOCTH — HCKPHB-
JEUHOTO «NPOCMPAHCIMEA-6PeMEHUY,—TIOKa JHHINTEHH He o0bequHHI
HX B Teopuu oTHocutenbHoctH, a Hapram [104] me mocaemosam ero
npuMepy B HBIOTOHOBCKOi Pusnke ¢ 1mesabio Gojee riy60Kkoro HpoHUK-
HOBEHHA B uaed OJHHMITedHA.

Kax e abcomorroe npocTpanctBo-TI'anniea n Heiorona n ux abeo-
MOTHOE BPeMS YKJIANBIBAIOTCA B «HbIOMOK0ECKOE NPOCIDAHCINE0-6 PeMAN
Hapraua? KmodoM K nonMManuio sToro ABIAETCA PACCIOeHHE, BI3H-
BaeMoe KOOpPJMHATONX MHUPOBOTO BpeMeHH ¢.

Bynem caurath ¢ QyHKoueid (CKAJAPHEIM NOJEM), ONpefeJeHHOH
B IBLIOTOHOBCKOM IIPOCTPAHCTBe-BPEMEHH pa3 M HaBCeraa:

t =t (P). (12.9)

Bes Hee mpocTpaHCTBO-BpeMs He ObLIO OBl HBIOTOHOBCKHM, GO ¢
B TOil Ke Mepe IpHCyie HBIOTOHOBCKOMY IIPOCTPANCTBY-BPEMEHH,
B KOTOpOil METPMKA § IpUCYI(a JIOPEHIEBY HIPOCTPAHCTBY-BPeMEHH.
CnoAMM NPOCTPAHCTBA-BPEMEHHA ABJIAITCA CEIEHAss NOCTOAHHOTO f—
npocmpancmeerHbe ceueHUL, Y KaKI0TO A3 KOTOPHIX OJHA H Ta 3Ke Ieo-
MeTpudecKas CTPYKTypa — CTapoe «abCoNiOTHOe mpPOCTDPAHCTBOY.
Crap Ha touky 3penusa Haprama, 3agaguMcA BOIPOCOM, KaKYIO
reoMeTpHUI0 HAKJIAABBACT HA KaM/0€e IIPOCTPAHCTBEHHOE CeIeHHe OKPY-
JKAIOIafA TeOMETpPHUsi MpPOCTPAHCTBA-BpeMenn. [lanHOe MpocTpaHCTBEH-
110€e CedeHue HameNeHO TaAIeeBHMHE KOOPAMHATAMH, O KOTODHIX mJa
peus B § 12.1, ¢ 6a3MCHEIMA BEKTOPAMH @; = 0/0x’; u B arom Gasmce

K03pPUIUEnTH CBAZHOCTH O6PAMAIOTCA B HYJb: I"k, = 0 [cp. ypas-
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uenne (12.4)). CuemoBarenbHo, 2eomempus Kaxcdozo npocmpamncmeeH-
HO20 ceuerus abcoaiomHo NAOCKAR.

CoraacHo crapoil To9Ke 3peHHUsA, «abCcodOTHOE HPOCTPAHCTBO»
o0 CBOEil reoMeTpPHHN ABIACTCA 3IBKJIMIAOBHIM, a TajJMJIeeBH KoOpaa-
HATH — JexaproBumu. Ha aswike Haprana 3To MOKHO BH]DPa3uUTh
TaK: Ka)Joe IPOCTPAHCTBEHHOE ceyenue (¢ = const) He TOJbKO IJIOCKO,
a ero rajJujieeBh KOODAMHATHL HEe TOJBKO 0GJA/AI0T 11yJEBEIMH K0dg-
dummeHTaMu CBA3HOCTH, HO Kaxdoe npOCMPAHCMEEHHOE ceveHue Hade-
AEHO K MOMY e mperMepHoil Mempukoii u 6asuc ezo 2aauaeesol
cucmems. K0OpPOUHAM OPMOHOPMILDOBAH:

e;-8; = (3/9z') -(0/07’) = 6. (12.10)

ECJIH ﬂpOOTpaHCTBeHHHe CEeUYeHU A Ha CaMOM JeJie TaKue NJIOCKHe,
TO OTKyJ.Ia 68py’l‘0ﬂ KpHBH3Ha U OTHKJIOHEHUEe reoneanqecxnx? OHﬂ
OyTb OBOﬁCTBa npocmpancmea-epe.uenu. HepeHeceM napaJmeJlbno BEK-
TOp oo 3aMKHyTOMy KOHTypy, OEeJINKOM JeRameMy B npoc'rpaHC'rBeu-
HOM CEYeHNH; OH Boanpa'm'rci{ B RCXOJ.IHYIO TOYKY, He H3MEeHHBIIHCH.
Ho nepenecem ero Bmepep Bo BpemeHu na Af, K ceBepy B MpoCTpancTse
ga Az®, masa;m Bo Bpemenm na —Af M B HCXONHYIO TOYKY K IOTY
Ha —Ax“, OH Boanpa'm'rcn, N3MEeHHBIIUCH HA
A2 9 )A

6A=_‘%( at ’

§4°=0, 8A4’= —R} o,,A“(At)(Ax)— A°(At)(Ax") (12.11)

TFeonesnueckre mNpOCTpaNCTBEHHOTO CedeHHs (IBKIMAOBH IpAMbIE
JIAHKH), KOTOPHE BHaYaje GHIAH TNapaieJbHBIMM, OCTAIOTCA Napaj-
nenbENIME Beerga. Ho reomeanueckue nmpocTpaHCTBa-BpeMeHM (Tpaek-
TOpHH CBOGONHO MAJAIOIUX YacTHO), KOTOpPHE BHa4age GmuiM mapas-
NeJbHBIMH, BIIOCJHEICTBAM PACTAIKNBAIOTCA M CTATHBAIOTCA KPUBU3IION
OPOCTPAHCTBA-BpPEMEHN:

VoV +$ (n, ") u= 0,

WM, SKBHBAJEHTHHM 00pasoM, B TaJIMJIeeBHX KOODRHHATAX:

n®=dn%dt =0 Bragane = n’=0 Bcerna, (12.12a)
d2ni 820 k__
-m—2+mn =0 (12.126)

(cM. pononmenme 12.1 m ynpaxnrenme 12.3).

Kpapnsua
npoasaneTen

BpeMenH,
a He B NPOCTPAH-
CTBEHHbIX
CegeHHAX



358 12, Teopus Hvomona na ashke UCKDUSAEHHO020 NPOCMD.-8PeMeHU

VOPASKHEHHE

12.3. BuBoj OTKIOHEHHA reoe3HIeCKHX

CocraBbre TPeThi0 KOJNOHKY B fgomoxmenun 11.4, copmepsxamyio ¢reo-
METPUYECKANl aHAIU3» B KOMIIOHOHTHHIX 0G03HAYeHMAX C HCIOAb30-
BaHuWeM raimiaeeshx Koaddumuenros cessuoctm (12.4) HBIOTOHOB-
CKOTO OPOCTPAHCTBA-BpPeMEHH. ITO LOMOKET BaM [IJIyG»Ke YCBOHTH
mapajielitb MEKLy TIeOMeTPUIECKUM aHAJIN30M M CTAPHM HBIOTOHOB-
CKUM aHaJu30M,

Onpepeacame
®OOpRENAT

§ 12.3. TAJINJIEEBbI CHUCTEMbI KOOPIHHAT

CymecTBoBaHHEe B CTPYKTYpa JIOPEHI[eBa IPOCTPAHCTBA-BPEMEHH CHe-
OHAJbHON TEOPHH OTHOCHTEJLHOCTH COBepIIeHHO He 3aBHCAT OT
Kakoit 6 To HuM Onulo cucTeMH KoopauHar. Ho ocoboe cBoiécTBO
ero reomerpuu (HyjeBaA KPUBH3HA) MO3BOJsAET BBECTH CHENMHANbHEIA
KJIacC KOOpDAMHAT (OPEBLIEBH KOOPAMHATH), KOTOPHe 0coOmM o6pa-
30M CBsI3aHH C TOYKAMM HPOCTPAHCTBA-BpeMEHH:

(8/0x) - (0/0zB) = s moBCIOAY.

Wsyuas s™é coemualibHEIe CACTEMH KOODAUHAT M COOTHOIMEHUS MY
Humu (npeobpasoBauusa JlopeHma), MH MHOTO y3HaeM O CTPYKType
€aMoOro0 NIpOCTPAHCTBa-Bpemenu (HapylmeHue OXHOBPEMEHHOCTH, JIO-
PeHIeBo COKpalieHHe, 3aveljJeHHe BpPeMeHH, ...).

AHaIOrHYHEIM 06pPa30M MOKHO HOCTYHUTh U B HBIOTOHOBCKG:i IPO-
crpanctse-spemennt, OcoGHe CBOHCTBa ero reoMeTpnmm (M3ydaeMHe
B aGcTpakTHOM BUJe B fono.1Henu# 12.4) mo3BoNAIOT BBECTH CIENAANb-
Hble KOODAUHATH (TalMjIeeBH KOOPJMHATH), KOTOpHE 0coGrM o6pa-
30M CBA3aHH ¢ COORITMAMH IIPOCTPAHCTBA-BPEMEHH:

2 (F)=¢t(F),
(9/0%) - (3/92*) = 8,

Iy, = @,; aaa Hekortoporo ckajsapsoro moaa O,
a Bce ocrampHHe I'*;, obpamaioTca B HyJb.

Yr0o6H riy6:Ke NOHATb CTPYKTYPY HBIOTOHOBCKOIO HPOCTPAaHCTBA-
BpeMEeHU, M3YYMM COOTHOIIEHHA MEKAY ITHMM TaJHJIECBHIMHA CHCTE-
MaMU KOODIHHAT.

Ilppanunuanbumi Boupoc: Hak MoHO cHadala 3anmcaTh B rajn-
JIEeBHIX KOOPAMHATAX 3&KOHH TATOTEHUA M CBOMCTBA IPOCTPAHCTBA-
Bpemenn (§ 12.1), a sareM yx (ZaHHH maparpad) mpmiATA X NOHH-
MAaHVI0 TIPUPOAH ITOH CHUCTEMbl KOODPAWHAT ¥ €e HeeJHHCTBEHHOCTH ?
Orser (cmerka BugousmeHneHHasa murata u3 § 3.1): «Hak neogHo-
kpatHo mogdepkuBas Aupa Ilyankape, B 3Toii m Apyrmx obGmaacrax
HayKW yKe ycTapea IpUHOUO, yrBepkparommii: «[Ipexxne, uem usia-
raTh, faif ompegeseHHe HCHOJb3yeMHIM HOHATAAM». Bce duauueckue
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3aKOHH M TeoplH, B TOM YUCJI€ W HBIOTOHOBCKHE 3aKOHLI TATOTEHHS,
obxagaloT TeM rIyGOKMM H TPYANOYJOBMMEIM CBOHCTBOM, 9TO B HHX
KaK JaeTcA ompejge]eHue HCOOoJb3yeMBIM IOHATAAM (37ech rajuieeBH
KOODAUHATH), TAK M [AEJIAITCA YTBEPHKAEGHUA O HAX».

HbioTOHOBCKHE 3aKOHH TATOTENHA, 3aODHCAHHLHE B TajlujeeBOr
CHCTEMe KOOpPIWHAT

2 = t, (0/02%) -(9/02*) = 3,

menator yreepiaenne «[¥g, = ®@,;, a Bce ocranbune I'%g, = O» o reo-
MeTPMH HPOCTPAHCTBA-BpeMeHU. JTO YTBeDK[ACHHE B CBOIO Ouepefb
JaeT uHGOPMAIHIO O COOTHOMEHUAX MEKAY PA3IAIHHMA FaJIHIeeBHMH
cncremavu. Ilycts mama omsa ramuneesa cmcrema {z% (&)}; mompo-
6yem HaiiTu npeoGpasoBaHMe KOODAMHAT camMoro o6miero BUjAa, IpH-
BOAMmMee K Apyroit ramuaeeBoit cucreme {z%° (&F)}. Umentca caenyio-
mue orpanddennd: 1) 2% =% = ¢ (o6e BpeMeHHE e KOODAHHATH JOJIAK-
HH OpEefCTaBAATh co6oii MUpOBoe Bpems); 2) mpm ¢urcApoBaHHOM ¢
(T. e. B QEKCHPOBAHHOM MPOCTPAHCTBEHHOM CedeHmn) ob6e CoBOKym-
HOCTH TIPOCTPAHCTBEHHHIX KOODAUHAT AOJIKHE OHTh 3BRIHJOBEIMH,
T. €. OHH JOJKHH OHITH CBA3aHK HOBODOTOM H TpaHCIAANmeii:

= Ajp* + a”, 1(12.138)
L L [rparCcHADEA
\ — [MaTpunma Bpamenus, T. ©. AjyApi=38;un
2= Ajpa” —a*, e @* = Ajma’. (12.136)

AOpHOpH DOBOPOT M TPAHCIANMA MOTYT OHTH DA3HEIMU Ha DPAa3HEIX
IPOCTPAHCTBEHHHIX cedenunx: Ay = Ay (f) & o =d (¢); mo 3) Ha
HUX HaKJIafsBaeTcd OrpaHudYeHHe — CHeNAANBHHEA BAX Koaddm-
I[MeHTOB CBA3HOCTH. 3aJaBIIKCh KO3QPAIeHTaME CBA3HOCTA B CTApoi
cHcTeMe KOOpDAMHAT, HaiieM MX 3HA4eHAS B HOBOi cucreme. Peayian-
rar umeer Bajx (ynpaskuenne 12.4)

¥ gopo = I'yoge = A, Ay (upmBommT % «cmaam Kopmommean),

I"'{,:o.=——'a‘i,°,l + Ay (Appzt’ —a*); (12.14)

1 !

«eHTpobeKHEIe
CHIIBD

¢CHJIH HHEepPIAn»

sce ocranbame ['%'g... paBun Hymo. (Besge mpEEATO «9BKAHROBOY
IpaBHIO CYMMIPOBAHHA: 10 MOBTOPAOMAMCA HHAGKCAM IPOR3BOLUATCSH
CyMMHpOBaHHe, KaKe ecau 06a OHHM CTOAT BHA3Y; TOUKO 00o3HaTeHA
gpousBogHas no BpeMenu.) Hosue ko3¢pumueHTH CBABHOCTH AMEIOT



IpeoGpasosanun,
CBASHIBAIOILHE
raJIANeeBbl
CHOTEMb
KOOPAMHAT

Huroronosoxmit
nOTeHnHaN
3aBICHT

oT BHGOPR
rannneesoik
CBOTEMbI
ROOpAMHAT

Onpenenenne
a6coMoTHLIX
raauneeBnx
KoopanHAT

IpeoGpaaopanng,
CBA3LIBAIOIIBE
a6oonoTHLO
rannieennl
CHOTEMBI
KOOpRMBAT
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CTaHAAPTHEHA rammieeB Bup (12.4) Torga M TOABKO TOFJa, KOTAa
Ajp=0, @ =®—a*z"+ const. (12.15)

' i HBBIOTOHOBCKHM NIOTEH-
— IIAAJ B CTApO#l CHCTEMe

KOOPIHHAT

HBIOTOHOBCKHA IOTeH-
ImHEaJ B HOBOM cHCTeMe
KOOPAHHAT

ITH pe3yJabTaTH MOKHO CPOpPMYJNMpPOBATH cjoBami: Jio0bie aBe
TaJujIeeBH CHCTEMH KOODJMHAT CBA3AaHH 1) He 3aBHUCAMMM OT Bpe-
MEHH IOOBOPOTOM IPOCTPAHCTBEHHOM peumieTku (OAMH H TOT jKe IOBO-
POT Ha Ka’KJAOM HPOCTPAHCTBEHHOM CeYeHHMM) U 2) 3aBHCSINEH OT Bpe-
MEeHH TPaHCJAAMAEH TNPOCTPAHCTBEHHOH pelieTKH (B PasHHEX HPOCTPaH=
CTBEHHHX CEYCHUAX TPAHCIANUM MOTYT OMAUYAMBCR):

o = A; w7+ ¥’ ().

1 1

NOCTOAHHE 88BHCAT OT BPEMEBH

(12.16)

Hp0TOHOBCKNH HOTEeHIUAJA HE eCTh (YHKIHUA, OIpEeReJeHHAA B OpO-
CTPAHCTBE-BpeMEHA M CYMIECTBYIOIAsA TaM HE3aBHCHMO OT CHCTEM
xooppaunar. (He cymectByer HesaBucsllero oTr KOOpAMHAT MeETojia
ee naMepenns.) HanpoTus, ero cymecTBoBaHHe 3aBHCHT OT KOHKpeT-
HOTO BHIGOpA rajJIMjIeeBHIX KOOPAMHAT; €CJIM MHl IEePeXOomuM K JpPYyTuUM
KOOpAMHATaM ¢ noMombio coorHomenuit (12.16), To @ Mmensercs:

Q' = O — it (12.17)

[3aTo coBepmeHHO HE3aBHCHMO OT KOOPAMHAT CYMIECTBYIOT MH[OBOE
ppema ¢ (&) m KosapuanTHas mnpouspomsHaa V.]

Ecan O0m Bce BemiecTBo Bo BceesleHHOH OHIIO 3aKIIOYCHO B KOlied-
HOi o006JacTH DpOCTPAaHCTBA H OKPYKEHO INYCTOTOH («0CTPOBHAsA
Bcenennasa»), To moxkBo GHIO OH HaNOKUTH ria06ajbHOE TPAHNYHOE
ycJaoBue

® — 0 npu r = (z*2")12 > oo. (12.18)
OTo mpuBeso OB K BHEJIEHHIO MOJKJACCA TAJMJIEEBRX KOOPAUHAT
(abcoaromupix TanMNeeBHX KOOPAMHAT) ¢ €AMHEIM OOMKM HBIOTOHOB-
ckuM moreHmuaioM. Ilpeo6pasoBanne oT ofHO# abCOMIOTHOM rajmiee-
BOH CHCTEMH KOODAWHAT K APYTOMl NPOMCXOAWT IO 33KOHY

=A%L + @ + vt

L5

NOCTOAHHKWA  NOCTOAHHOE  NOCTORHHAA
TIOBOPOT CMeIeHHe CKOpOCTD

(12.19)

(«rannneeBo npeoGpasoBanney). Odnako 1) HUKaKUe JOKAJbHEIE H3Me-
PeHHA HUKOTAA He HO3BOJAT OTIAMYHTh 9TH aGCONIOTHHE IaHNCeBH
CHCTEMH KOODJAHHAT OT GoJiee IMPOKOTO KJIACCA TaJHIEEBHX CHCTEM
(aTo6n o6HapykuTH oTAHYAE, HeoGXOAMMO NPOMHTETPHPOBATH JIO-

KaJlkHO u3mepnMylo Beanunny @,; = 1'"00 no OeckonednocTn), a
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2) acTpOHOMHYECKHE JAHHEE NPOTHBOPEYAT TOMY, UTO PEAIbHEIA MUD
gpeficTaBisAeT co0oii OCTPOB MaTepmu, OKPYKEHHHH MyCTOTOI.

Ilosnesno mpoBecTu CpaBHeHHE MEKAY TI'aJHJIEeBRIMH KOOPAMHATA-
MM Y HBIOTOHOBCKHAM LpPOCTPaHCTBOM-BpEMEHeM, ONMCAHHHIM BHIIIE,
JIOPEHNEBHMI KOODAMHATAMH M LPOCTPAHCTBOM-BpemeHeM MmBHKOB-
CKOT0 CHemuaJbHOW TEOPHH OTHOCHTEIbHOCTH M KOOpAMHATaMu B 06-
meM ciydae H JMHMTEAHOBCKAM HIPOCTPAaHCTBOM-BpeMeHeM oO0miei
TEOpMM OTHOCHTENBHOCTH (cM. momouaneHHs 12.2 m 12.3).

12.4. KosdpunueETH CBASHOCTH JjA BPANIAIOIHXCA
YCKOPEHHHIX KOODAHHAT

Uexopa us Bupaskenud (12.4), pia KoagpUOHEATOB CBA3HOCTH raju-
neepoil cucrembl xoopauuat {z% (&)}, BuBeauTe Bhpaxenus (12.14)
A KO9(PUIUMEnToB CBABHOCTH cucTeMul Koopamuat {2z (&)}, ompe-
nesisemoit coorHomenuamu (12.13). CpenaB aro, yGemurech, 4TO
yeaosns (12.15) Heo6XOAUMEL M JOCTATOYHH! A TOTO, YToOH {2* (&)}
OB rajinJIeeBRIMM.

12.5. JIndr iimmreiina

Ucnonbsys dopmanuam aToit raaBu, paccMOTpuTe «1HT Jitnmreinan,
T. €. KBABAJEHTHOCTb TATOTEHMS M YCKOPEHHA CHCTEMBI OTCYeTa.
B Kaxkux oTHOIMEHNAX TATOTEHME SKBANBAJEHTHO YCKOPDEHHIO, & B KAKUX
ner?

12.6. Otraonenme reonesMuecKnx y Jeman

Opbutanbnan aabopaTtopus ¢ J0AbMu Ha GOpPTy BHIBEleHA HA KpYyro-
Bylo opbury BoKpyr 3emau [paguyc opGMTE r,, yrioBasg CKOpOCTb
o = (M/r})}/? — nouemy?]. HocmonaBT BhGpachBaer maxer ¢ Myco-
poM u HabjioJaer, KaKk OH JBHKETCS BIOJDb CBOeil reo/e3nuecKoi.
On caemnT 3a ABH/KEHMEM NMAaKeTa MO OTHOLIEHHIO K (HEraJMJecBbiM)

zt

t=t, t =ty+ 2w

OUr. 124
Cucrema KoopammaT, CBaA3aBHaa ¢ opburanpHoit naGopaTopueii, aBmicymeiics
no KpyroBoit cp6nTe BOKpyr 3eMan.

\/

////

Yo v

YIIPAJKHEHU 1
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npocTpaHcTBeHHHM KoopamHaram {z¥' (&)}, koropsie (dpur. 12.1)
1) BKJIMOBH B KaXK[blii MOMEHT MHPOBOro Bpemenu (0/0z%’) -(9/0x*") =
= Q pps, 2) HAUANO KOTOPHIX HAXOMUTCA B meHTpe jabGopatopum, 3) y
KOTOpHX d/0z' nanpasied or 3emun, a 4) d/0x’ n 4/0y’ nemwar B nio-
cKocTH opGuTH. Bocnoan3oBaBmMuACHh ypaBHEHMEM OTKJIOHEHMA reofe-
3MYECKAX, PACCIMTANTE ABMKEHUE IMAKETA C MYCOPOM B 3TOH CHCTeMe
koopamuar. IlpoBephTe oTBeT, pacecMoIpeB KemiIepoBCKHEe OpPOHTH
naboparopuu U Mycopa. Ykasanus. 1. Haitpure R% g, ,+s0 B 3TOiI CHCTE-
M€ KOODAMHAT HPOCTHM Impeo6pasoBaHueM TEH30PHHX KOMIOHEHT.
2. Ucnonbays coornomenns (12.14), naiigure I'*’g.,» B mentpe 1abo-
patopuu (T. e. HA OHNOPHOM IeofE3MYECKOIL).

Honoanemme 12.4. OTKJOHEHHME IEOJE3NYECKHX B HbIOTOHOBCKOM IMPOCTPAHCTBE-
BPEMEHHA

CHucTeMa KOOpAMHAT, B KOTOPOH NPOBOAATCA BHKIAAKA: TajHJIeeBH OPOCTPAHCTBeH-

AHe KOOPWHATH z' B KOODAMHATA MEpPOBOTO BpemeHE ¢. O6muii BA; ypaBHeHHA
B KOMOOHEHTaX

6
Tl = _o.

2% . B
+R Bvs " I

Yeaosus, cneumbuqame AAA JaHHOH mponeny-
PH: IYCTh Yy BCex 4acTmI| 9acH (adpuuHbIE ma-
paMeTpH) HODMHpPOBAaHH TaKHEM ofpasoM, 4To
HOKa3bIBAIOT MAPOBOE BpeMA A = f{. 3To 03Ha-
4aer, UTO pa3fCAAIQMHAN BEKTOP

n® = (9x%/0n),,
MEKAY Feo/le3BAYeCKAMM UMeeT HYJIeBYIO BPeMeH-

1yi0 KoMmoHedTy n® = 0, T.e. Ha a6CTpaKTHOM
AIBBIKE

(dt, My =1t,on*=n0=0;

Ha TeOMETPHIECKOM SM3HIKe 3TO 03HaYaeT, 4To N
JEKUT B IPOCTPAHCTBEHHOM CeueHAH (Ha IIOBepPXHOCTH HOCTOAHHOrO 3HAYeHHA f).
BraacneEme KOBAPHAHTHOH HIPOMBBORHOM:

Dn®

_ p dz* dn®
Dn

Bult ="
dA d\

i | 0, ecnm P me mpocrpan-
0, ecnn 0] "‘[CTBBHHblﬁ HHReKC (n0 = 0)
D2n® _ d(Dn%/d\) 4 T%, dnb dz* d(Dn%/d)) _ d?n® _ d*n®

dj\2 dA —— dh dr aA T daM T dr

0, ecam f He mpo-

0, ecam P O]-—I | 1\—[nocxco.nmcy A=t
[c’rpanc'menﬂmﬁ AHIEKC
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§ 12.8. Iasuseesn cucmemvs koopdunam
Briauciense mpHIRBHHIX yCKOpeHMIi:

B b
R%,,(,iz—nv —— =0, DOCKONBKY OTIMYHH OT HYJAA JHUMb KOMIOHEHTH

dh di
Rigpo B Riog;
dz® ds® dt _, dt 2@
Y = j k _ — R
R B g Ropo 5 an Rokon 923 02k n

T-—[0, eCIH Yy He IPOCTPAHCTBOHHHIA HHIEKC

6CJIH Y OPOCTPAHCTBEHHHH HHIEKC, TO OTIAHYHE!
oT HyAsa Aumb uph B=06=0

Honyilalomeeca B pesylbpTaTe ypaBHCHHC OTKJIOHEHHA Ieofe3HYeCKHX}

@n0 _ o (COTNACYETCA C DESYJILTATOM, WTO LOBCIONY nd=0,
Tarz; ! BHITEKAIOIMEM M3 BHIODAHHOTO JIA BCeX 4YacTHN A =1}

d?ni + _ 0 [cornacyercs ¢ peaymsTaToM HEIWTOHOBCKOH HpONEXYPH
de2 dzi azk A = B momoxmennE 11.4; cm. Taxme ympawmemme 12.3

Jonoanenme 12.2, IPOCTPAHCTBO-BPEMA HBIOTOHA, NMPOCTPAHCTBO-BPEMA
MHHKOBCKOIr0O U ITPOCTPAHCTBO-BPEMA 3HHINITENHA:
CPABHEHHE H IPOTHBOIIOCTABJ/IEHHE,

IIpocTpaBCTBO-BpeMA llpoc'rganmo-npun
IIpocTpaHCTBO-BpEMA Mmmommox‘ope Oitnmrelina
Bompoc bIOTOHA (CoenmanbHAA TEOPEA (o0masn Teopus
OTHOCHTEeRbHOCTH) OTHOCHTENBHOCTH)
HKaxoit TeOMeTPHIeCKOi . Oyakomeit MnpoBo- Ilaockoit MeTpHKoli  Merpnkoii mpocTpaBcT-
CTPYKTypOii npo- 0 BpeMeHN ¢ IpOCTPAHCTBa-BpeMe-  Ba-BpeMeHH

CTpaHCTBO-BpeMsa 06Ja-
Aaer ampuopm?

Kakue  cymecTtByioT
BHIETICHHNE CHCTOMB
KoOpAnEAT?

. Kosapmamraoit npo-

u3BogHOR V

. IIpocTparcTBeBHOM

MOTPAKOH «-»; HO
METPRKY npocr-
paHCTBa-BpeMEHH
OnmpenesuTh HeB03~
MOKHO (yHpasKBe-
Bue 12.10)

TFannieeBu Kooppu-
HaTH B ofmeM Bupge

. AGConmoTRHE Talm-

JIeeBH  KOODAHHATH
B ocTpoBHOE Bce-
JIeHHOH (3TOT cay-
4aid sgech He pac-
CMaTpHBaeTcH)

HA (HYJE€BOH puMa-
HOBOH KpPUBMSHOI)

Jlopernenu
HBATH

Koopau-

B o6meM cayuae Buse-
JIeHHHX CHCTeM KOOp-
AEHAT HeT (X0TA B
ocobHX caydanx npu
HANAYHA  CHMMETPHH
NOABNAIOTCA  ocobHe
BHeNeHHHEe KOOpaa-
HATH)
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Hpoponxenue

IIpocTpaHCTBO-BPEMA

IIpocTpaHCTBO-BpeMA

IIpocTpaHCTBO-BpEMA MHHKOBCKOT'O Oltnmrefina
Bonpoc Hylorona (cneumanbAad TEOPHA (ofman Teopusa
OTHOCHTEJIbLHOCTH) OTHOCHTEJIBHOCTH )

Yro Ey:KHO fusa Toro, 4. Omma npocrpamcT- 4. Ogaa mpocrpamcrT- Bee dermpe ¢ymkuun
arofn  MoKEO OGHIO BeHHasi  OpHMEHTa- BeHHAA  ODHEHTa- qoukm z* ()
BHGpaTh KOHKPOTHYIO Ous—ofEa M Ta Ke LAA —OfHA U TA e

BHICICHAYID CHCTEMY BO BCeM OPOCTPAHCT- BO BCeM N pOCTpaR-

KOODAHBAT? Be-BpeMEHR (Tpm CTBe-BpEMEHH (TPH

[Ipn KaKuX yCAOBHAX
ONpEfeNe 0 BHCKABH-~
paEme: «&P n & ofgHO-
BpeMEHHEI»?

[Ipm KaKux ycJoBHUAX
onpefieleH0 BHCKAa3H-
paEde: «3° m @ wume-
IOT MeCTO B OJHOH H
TOii JKe TOYKEe IIpo-
CTpaHCTBa»?

ITpy Kakux ycuoBEAX
OLpeMeJIEH0 BHICKA3HI-
BaHEE: «U M ¥ B pas-
HHX co0mTHEAX Ha-
OpaBleHN B OJHY B TY
#e CTOpPOHY>»?

Ilpn kKaxmx ycaoBEAX
onpeseNieHO <HHBADH-
&BTHO® paccTosHKE
Mexay P u @»?

yraa Jiizepa)

2. ITpomsBonbEAA MA-
poBaA AMHUA HAYA-
Jia HpOCTpaHCTBEH-
HhIX KoopAnHAT (TpH
dyHKnEM BpeMeHW)

B camoM ofmeM cay-
Yae; 3T0 €CTh reoMeT-
prYecKoe WOHATHE, HE
8aBHCAMICE OT HaJTHYUA
KoOopauHAT

Jlamp nocae Toro, Kak
BulpaEa  raauieepa
cUCTeMa KOOpAHHAT

TonbKO €ecl¥ U B V—
06a mpocTpaBCTBeEHBIE

BEKTOPH ((dt, w)=
=(d¢t, v)=0; nru oHm
OPOHBBONLEE, HO Jie-

JKaT B OOHOM M TOM
JKe TIPOCTPAHCTBEHHOM
CeYeHHU; BN CYIIecT-
ByeT BHeNeHHaA Tpa-
EeKTOpHA, COegHHSAIO-
maA TOYKM HX pacmo-
JB0}KeHNsA, BAOJL KOTO-
poii uX MOMHO CpaB-
HUTH C TIOMOIMBIO Na-
panjeaLEOro meperoca

Jlmmp Torna, Korga F°
u ( npuHagAeKaT Of-
HOMY B TOMY 3Ke Ipo-
CTPAHCTBEHHOMY cede-
HHUIO

yraa Jizepa)

2. ITonomenne Hagana
CHCTEMHEl KOOpJAHAT
(ueTEIpe UHCJIA)

3. CropocTp  Havanda
OPOCTPAHCTBEHHHX
KoopiHEHAT (Tpu
qHCIA)

JImmp mocie Toro, KaK
Bu6GpaHa  nopemEneBa
CHCTEMa, «OfHOBpPEMEH-
HOCTB» BaBHCHT OT CKO-
POCTH CHCTEMH

Jlumse mocae Toro, Kak
BulpaEa  JopeHIeBa
crcTeMa KOODAWHAT

Bceerpa

Beerna

Jlums mocne Toro, Kak
Opou3BOJLHRM  00pa-
80M. BuiOpaHa BpeMeH-
Hag KOOPAWHATA

JIame nocae Toro, Kak
NPOMSBOABHNM  00pa-
80M BHOpaHH HPOCT-
PaHCTBeHHHE KOODAU-
HATH

Toapko ecam U M ¥
PacmosioKeHH B Co0hl-
THAX, 6eckoneuHO
6auskux APYr K Apy-
ry; WJIM CYIecTByeT
BHIJIeJICHHASE TPAeKTo-
pMA (RanpuMep, eAnH-
CTBeHHaf Teofeanyec-
Kast), CoeauHAIOman
TOYKH HMX PacmoJome-
HUA, BJ0JBb KOTOpOi
MX MOMKHO CpAaBHETH
¢ TNOMOmBIO mapai-
JICJILHOTO HepeHoca

Toasko eciu F u &
HOCTATOIHO Oauakn
Apyr K QApyry; Huid
CyIeCTBYeT eAMHCT-
BeHHAsA  BHjeJeHHadA
MMpoBasg JHMHMA (Ha-
npuMep, reojesHdec-
Kafg), KOTOpasg MX Co-
eRuHAECT M BIOONBL KO-
TOpO# MOJKHO N3MEPATDH
paccrogHne
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Jononsensne 12.3. HLIOTOHOBCKOE TATOTEHME B ®OPMYJNPOBKE
KAPTAHA U 3NHHNITEAHOBCKOE TATOTEHUE:
CPABHEHHE U MPOTHBONOCTABJIEHHE

CpoitcTBO

Hsioron — Kapras

Oitmmreitn

Unen Brparue ($popMyum-
POBKM HNpUHIANA 3KBHBA-
JICETHOCTH, OXBATHIBAIO-
mue pa3HHii KpPyr sBle-
Buii)

Vipea B eme Gojee Kpar-
Kot dopmyampoBke

Cnenctene (DpoBepeHHO®
B dKcmepuMeHTe Poana—
KporkoBa — lukke ¢ T04-
gocTrio 10-11)

Eme ogHO clencTBUO

CnefcTBHe TOro, KaKHM
ofpasoM Jyun cBeTa pac-
OPOCTPAHAITCA B pealb-
HoM (QH3HIECKOM MHupe

OcHoBHLHE  0OCO0GRHOCTH
CTPYKTYpPH NPOCTPABCTBA-
BpeMeRu

3aKoHM [BMKEHWA CBOOOMHBIX
9acTul, B JOKaJbHOH#, cBoGomEO
najalmen, HeBpamawmeiica cu-
CTeMe COBMaJal0T C HBLIOTOHOB-
CKHMH 3aKOHAMH [BHKeHUA,
BHpQ)KGHHHIMA B  TaJHJieeBoil
cucreme 0es TATOTEHHA

MexaHHKa TOYeK opocTa B JO-
KaJIbHO WHEPLHANBHOH CHCTeMe
orcyeTa

IlpoGHEHE dYacTANH DPA3IHIHOrO
COCTaBa, HaXofAAmmecA BHaYaje
B OJHOM H TOM Ke MecTe H
HMeImme OfHY M Ty Ke Havalb-
HYI0 CKOPOCTh, CJIEAYIOT BHO0Jb
OHOI H TOii ke MHPOBOI1 JIMEAN
(ompenmeneHne reonesmvecKoii)

B kamnoit JoKaabHOX ob6racTm
CYMeCTBYeT JOKAJNbHAS CHCTE.a
orcyeta (s«cBofomHO mapamasn
cucTeMa»), B XOTOPOii Bce reoje-
3@4YecKne NpAMOJmHeHHH (BCe

%,y=0)

He paccmarpEBaercA nau He
OpUHAMaeTCA Bo BEMMaHune. Mme-
10T 1M BCO® CBETOBHE JYIH OfH-
HAKOBYIO CKOPOCTH? 3aBHCHT Jn
CKOPOCTb OT JBHKeHHSI HCTO9-
HEKa? 3aBRCHT AHM CKOPOCTH OT
RBuskeHAA Habmiofarena? Mosk-
HO JIH [BATATHCA HACTOABKO
6ueTpo, YTOOH  gOTHATH JIy4
cBera? Hukakodl ypmoBreTBOpH-
TeJbHOH MO3UIHM IO 3TUM BOI-
pocam

PacciamBaeTcs Ha IIpOCTpaHCT-
BeHHOMOZOOHeE CeYeHHs; TeOMeT-
PHA B KaMAOM CeYeHHHM JBKJIH-
nosa; Kaykjoe cedeHHe XapaKTe-
pusyercA 3HAYEHHEM MHPOBOTO
BpeMeHH (mapaMeTpa Treofie3d-
YeCKHX); CMeUIeHHe OJHOrO HpOo-
CTPaHCTBEHHOTO CeYeHds IO OT-
HOWIEHAI0 K JAPYTOMy He KOH-
KpeTu3npyeTcA; He CymecTByeT
TAKOrO0 MNOHATHA, KAaK HPOCT-
PaHCTBeHHO-BPeMOHHON MHTEPBA

3akoEn Qu3nKM B JIOKAJBHOM,
ceofopHo wamalomeii, HeBpa-
maomenica CHCTeMe COBIALAIOT
¢ saxoHamn ¢usuxm, chopMmyim-
POBAHHHIMHA B clenuaJbHOHE Teo-
pRM OTHOCHTOJLHOCTH B JIODOH-
LeBOil cHCTeMe

Bce mpocTo B JOKanbHO MHEp-
IPAJIBHOA CHCTeMe OTCYeTa

TIpo6GEKe dYacTHUH DPa3THIHOTO
cOCTaBa, HaXOomAmnecs BHAYANe
B ONHOM H TOM JKe MecTe H
HMeIOmMUe OgHYy M Ty MKe Ha-
4aJbHYI0 CKOPOCTb, CHOLYIOT
BIOAb ONHON HW TOi Ke MHPOBOR
amapn  (oOpefejieHHe TOONe3H-
9ecKoit)

B xaskpmoit JoKaabBoii ofaacTH
CYUIeCTBYOT JIOKaJbHAA CHCTEMA
orcuera («cBoOogEO Hapmalomas
cucTeMa»), B KOTOpOil Bce Ieo-
Ae3udecKue IPAMOJHHEIHH (BCO

I%,v=0)
IpocTpaBCTBO-BpeMs Bcerna H

Be3Jle UMEeT JOKAJILHO JIOpPeRNeB
XapaxTep

Hnxaxoro pacciaoemnun. Mexay
KaOKARMA AByMA Oau3iexamuma
cOOHTHAMH oHpefieseH HHTep-
BaJ; IOPOCTPAHCTBO-BpeMs Bease
RMeeT JIOKAJbHO JIODEHNEB Xa-
paKTep, NpW9eM oOfBA JIOKAJIb-
HasA cucTeMa (3afaHHHE BpPeMeH-
HafA M IPOCTPAHCTBEHHHE OCH)
HRYeM He Xy»e apyroit (apyrue
BpeMeHHAA W IPOCTPAHCTBeHHHE
OCH); CKopee «OXHOPOLHOE», deM
pacclioeRHOe
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Ilpogonsxenme

CaoftcTso

HbioToH — Kapran Oitumreltd

Crpyxrypa, BHpaKeHHAA Ecrs T'%,,, HO HeT MeTPUKH I'%,y CymecTByIOT He He3aBHCH-
HA MATOMATHIECKOM ABHIKE TIPOCTPAHCTBA-BPOMEEH gy} MO, BCO@ OHH ONPeAeNAIOTCH W3

cootHomerns I'%,,=
—apl ( dggv | Ogpu
£ \Topm + az¥
_ 9guv )
oz8

(«MeTpHUECKasA TEODHA TATOTe-
HHEAY).

o, D
lﬂoo = =i (1=1,2,3);

Bee ocTanbEEE %, paBRH HynI0

CeoGomunie

HbIOTOHOBCXROK
TEOPHH TATOTCHER

§ 12.4. TEOMETPUYECKAA, CBOBOJJHAA OT KOOPIMHAT
GOPMYJILEPOBKA TEOPUN TATOTEHNA HBIOTOHA

OcsOoBHAA IeJb JAHHOM IJIaBH COCTOMT B TOM, 9TOGH mepedopmyJinm-
poBaTh Teopmio TArorenunsa HpioToHA Ha reoMeTpuYecKoM, cBoGomHOM
OT KOOPAHMHAT A3KKE. ME JOCTUINIH 3TOT0 BHIIE NPH AKTHBHOM HCIOJb-
80BaHKH 0c000TO KIACCA KOOPAUHATHHX CHCTeM — TaJIMJIeeBHIX KOOp-
muuar. [lepeiiTy oT rajimieeBHX KOOPAMHAT HA ASKHK, COBEPIIEHHO HE
CBA3SAHHAHI HM ¢ KAKAMHU KOOPAMHATAMHA, B IPHHIHAIE COBCEM HECIOMK-
Ho. Hymxuo npocro mepeiitn oT mHAeKCHHX o6o3HaweHn# K aGeTpaKT-
HEIM 0003HAYeHHAM.

ITpumep. TepepopmyaupyeM Ha cBOGOJHOM OT KOODAMHAT ABHIKE
ycaosue I, = 0 ToOro, 9T0 KOOPAMHATH TIaJHIEEBH.

Pewenue. ITumem I'’, s = — (Vdt, @, ); o6pamenne aToii Beaudn-
HH B HyJb OpH BCex o o3Hadaer, uTo Vgdt = 0 nna scex B, oTkyna
B CBOIO odepenb ciaenyer, 9to V,d¢ = O pas Bcex U, T. e. 2paduenm
MUDO0B020 6DEMEHU KO06APUAHMHO NOCMOAHEH.

ITpu nomomu aHaJOrMYHON HPOLERYDPHI MOMKHO CHeJaTh PAX yTBep-
MOeHN# 0 HBIOTOHOBCKOM NPOCTPAHCTBe-BPEMEHH, KOTODHE HAKAK
He CBf3aHH ¢ KoopauHaTamM (momoiHeHme 12.4) m coBepLIeHHO IKBH-
BaJIleHTHH Teopun TArorennsa HBIOTOHA B ee KIaCCHIECKOM, HETeo-
METPAYECKOM BapWaHTe. OTU IEOMETPHIECKHE YTBED:KIEHHA MOTYT
OLITH BHIBeJIeHH K3 KaaccuuccKoit reopan Hborona (ynpakaenne 12.7);
echM 3TH TeOMeTPHYECKHEe YTBeDKACHHA HPHHATL 338 AKCHOMEI, TO
B3 HHX MOKHO BHIBECTH KJAacCMYecKyo Teopmio HeloToHa (ympam-
unenne 12.8).

YIOPAKHEHNA

12.7. Or Hsorona x Kapramy

BupennTe reomMeTpudecKre AaKCHOMH (mepBHIT pasgesa HOHOJHEHHA
12.4) u3 xknaccuuecknx akcuom Teopmm HeloToma (mocnemmmit pasgen
nomonrenna 12.4). Pexomendyeman npoyedypa:
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IlpoBepbTe Kamaylo U3 reoMeTpUYeCKMX AaKCHOM ¢ DOMOMBIO BHKJA-
AOK B TajaujieeBoii cucTeme Koopauuar. BocnoabayiiTech BHIKJAfKaMu
B pesyabratamm § 12.1,

12.8. Or Kaprana k Heiorony

N3 reomerpuyeckux axkcuom Teopmu HeloTona (nepBmii pasmen gonoi-
HeHua 12.4) BHBeAuTe KiIaccuuecKue AKCHOMHE (IIOCJHENHHIE pasaen
nononHenusa 12.4). Pexomendyemas npoyedypa:

1. B HerkoTopoM coGmTuu &, BHbepuTe TPH OPTOHOPMHPOBAHIEIX
OPOCTPAHCTBEHHHX G6asucHEIX BekTopa (8; upHYeM @;-8; = Oj).
[lepenecnTe Kakmeil M3 HMX DapajieabHO BO BCe OCTAlbHHE COOBI-
THA NPOCTPAHCTBA-BpEMEHH, BOCHOJAb30BABIIMCH OPOM3BOJBHEIMU TPa-
E€KTOpPHUAMH.

2. Ucnonnaya ycnosue £ (u, n) 8; = 0 gas Bcex U u R (axcuoma 3)
H coofpaskenus, aHaJoTMYHHe u3joenHuM B § 11.5, nmoxaskure,
9TO a) MOJNYYMBIINECH B Pe3yJhTaTe BEeKTOPHHE HOJA @5 HE 3aBHCAT
OT HPOHM3BOJBHHX TPAEKTOPHiA, B0JIb KOTOPHX OCYIIECTBIAJICA Iepe-
HoC, 6) fna aTmx moxedr Ve; = 0 u B) (e, 8,] == 0.

3. BruGepure npomsBOJIBHYI0 «IHHAI0 BPEMEHM», KOTOpPAasd Iepece-
KaeT KajK/l0oe NDOCTPAHCTBEHHOE Ce4eHHe (CEYeHHe MOCTOSAHHOTO 3Ha-
9YeHHA !) ONMH H TOJBKO OAWMH pas. B kadecrse mapamerpa Ha Hel
BO3bMHTE I, a ee KacaTeJbHHit BeKTop BHGeprTe B KagecTBe 6asHCHOTV
BEKTOPA @y B KoM coOHTUR 3T0i# AnHEA. PasnecaTe mapamienbHO
KQKAA 8, N0 COOTBETCTBYIONMIEMY €MY IPOCTPAHCTBEHHOMY CEYEHMIO
BIOJb IIPOM3BOJLEEIX TPACKTOPHil.

4. C noMompbI10 aKCHOMH 4 TOKAKATE, YTO MOJYIHBIICECH B PEBYIb-
TATé BEKTOPHOE IoJle He 3aBHCAT OT MCHOJb30BAHHHX TPAaeKTOpPMii
IepeHoca; NOKa)KUTe TaKKe, YTO TAKOe NOCTpoeHme ofecrnedmBaeT
vje() = voej = 0.

9. Hokaxure, uto (6,, 83] = 0 gas Mo6HX nap U3 YeTHpex moueit
6a3anCHEIN BEKTOPOB, OTKYAA CHeJaiiTe BHBOJ, 9TO CYMECTBYeT CHCTeMa
KoOpAnMHAT («rajmjieeBh KOODAMHATHED), B KOTOpO# 8, = 0/0z% (cM.
§ 11.5 n ynpamuenue 9.9).

6. IloxasnTe, 9T0 B 3TOli CHCTEME KOOPAMHAT MOBCIOAY 8;-8; = Oy
(mpocTpancTBeHHEIE KOODPAMHATH 9BKJIHMTOBHI) M e[MHCTBEHHBIME OTINY-
HEIMM OT HYJA KOMIOHEHTaMM KO3Q(HIMEHTOB CBA3HOCTH ABIAAIOTCH

I"m,; OpH 3TOM OYAyT MOJIE3HH aKCHOMEH 6 m 2.
7. U3 cBoiicTBa caMOCONPAKEHHOCTA omepaTopa KpMBH3HH fKo6u

(ancuoma 7) mokaxmte, uto R’ ono=RP*;;0; mOKaKkUTE, 9TO, BHparKen-

HOe Yepe3 Ko3QGMOUEHTH CBA3HOCTH, 3TO CBOMCTBO TJIACHT: I"(,.,,k =
= T*,. ;; oTcIONa BEIBenHATE, UTO cymecrsyer noternmaa @, Taxoji, aro
I‘joo = o.j.

8. IlokaskmTe, 94TO reoMeTpUUECKOE ypaBHeHWe MOJNA (akcmoma 5)
csonntca K ypasHenmio Ilyaccoma V2@ = 4mnp.

9. Tloraskmre, wTO ypaBHEHHMe Te0Je3MYECKUX JJIA CBOGOLHOrO
nagenus (akcmoma 8) CBOANTCA K HHIOTOHOBCKOMY YDABHEHHIO JBH-

wmenns d2xd/de? + ®@,; = 0.

YIIPASKHEHHA
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12.9. IlpocTpancTBenHan MeTPHKA He HPOTHBOPEIHT
APYrHEM AKCHOMAM

IMokasknre, 9r0 reomerpudeckne akcuoMul 1, 2 u 3 gomoadennsa 12.4
HO3BOJAIT BRECTU NPOCTPAHCTBEHHYIO METDHKY, YAOBIETBOPAIONLYIO
arkcuome 6. Yrasanue: Bubepute B HEKOTOPOM COORHTUU TPOU3BOJbHHK
npocrpancTBeHHHi Gasuc {@;}. IToaoxcume no onpedesenuro, d4TO
OIl OPTOHOPMUPOBAH, T. €. 8; -8, == 0 j,. PasHecure atoT 6asuc mo scemy
OPOCTPAHCTBY-BpPEMEHH TeM jKe croco0oM, Kak 3To OHJIO CcHeaaHo
B nyukre 1 ynpaxaenua 12.8. [loxo:xkure naa aroro 6asmca mo ompe-
ReNeHNI0, YTO @;-8; == O, MOBCIOKY B mpocTpaHcTBe-Bpemennd. [locae
3TOTO [JOKAKUTE, UTO MOJYYIUBUIAACA B pe3yjbTaTe METPHKA VIOBJET-
BOPAET YCJOBUI0 COBMECTHOCTH AWKCHOMEH 6.

12.10. Merpuka mpocTpaHCTBA-BpeMEHH He COBMECTHMA
¢ IPYyrHMH aKCHOMAMH

Honamme, 9TO B HBIOTOHOBCKOM IPOCTpPaHCTBE-BpEeMEHHU HEBO3MO;KHO
BBECTH HEBHPOKICHHYIO METPHKY §, OONpefeleHHY) Ha BCEeX BEeK-
TOopax M COBMECTUMYIO C KOBapKaHTHOﬁ IIpOPIBBOIIHOﬁ B TOM CMBICJIE, YTO

V.g(n, p=g(Vin, p)+g(n, Vap). (12.20)

ITpumewanue. YtoGu morasarth 370, Tpebyercss 3HaTh MaTeDHAN TII. 8
miu . 13; mosromy, mpe;kfe 4eM NpPUCTYNUTH K JIOKa3aTeJbCTBY,
M3y4nTe ONHY M3 3TUX raaB. Ykasanue. Ilpexmonoknte, 9To Takoe g§
cyuecTByer. BocnossaoBaBuuchk merofamu ynpakHenusa 12.8, moka-
JKUTE, UTO B TajJiMJIEeBO CHCTeMEe KOOPIUHAT MPOCTPAHCTBEHHEI® KOM-
IOHEHTH gj, HE 3aBACAT OT IOJOKeHAA B IPOCTPAHCTBE-BpEMEHH,
Orciona, ACnoab30BaB BuJ R%g.s B ralnieeBHX KOOPXMHATAX, NOKA-
ATe, 9T0 Rjono M —Ryjn, He COBIANAIOT — pe3yJbTAT, HPOTHBOpE-
qamuii cummerpun Tensopa Pumana [coorHomenne (8.45)] B MHOr006-
pasud, B KOTOPOM METPHKA COBMECTAMA C KOBAPUAHTION IPOMU3BOTHOA.

ononnense 12.4. TEOPUA TATOTEHMA HBIOTOHA: 'EOMETPUYECKAA
®OPMYJINPOBKA B CPABHEHNH C KJIACCHYECKOH ®OPMYJHMPOBKON

I'eomerprueckas GopMyIHPOBRa

Teopus Ttarorenmss HeoToRa ® CcBo#CTBA HBIOTOHOBCKOTO IIPOCTPABCTBA-BpeMEHR
MoryT OHITH BHBENEHH M3 CIeLyIomeil COBOKymHocTH aKcHoM. (BuBom cM. B ympask-

Henumg 12.8.)

{. CymecTByeTr QyHKIuA !, Ha3wBaeMad «MHPOBHM BpeMeHeM», W CHMMOTPHIHAA
KoBapHAHTHaA Opom3BofHas V (C BHTEKAIOMAMA OTCIONA Te0fXe3HIeCKAMH, 3aKOHOM
OapajieIbHOT0 HEePeHOCa, OMepPATOPOM KPHBH3HH H T.X.).

2. 1-popma @f KOBapHAHTHO HOCTOAHHA, T. €.

V.dt=0 gas Bcex u.
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[CaencTBEe: ecllm W —II0Jie IIPOCTPAHCTBEHHOTO BEKTOpa (T. €. W HOBCIONY JIEHHT
Ha OOBEPXHOCTH NOCTOAHHOTO 3HAYCHHMA I, T. e. nosciony (df, w) = 0), To npu a06om u
BeKTOp V,W TO)Ke IPOCTPAHCTBEHHKI:

(dt, Vow)=V, (d¢, w) —(V.dt, w)=0.]

e e e
0 m:erna]-—T 1\—--———[0 BCerpa

TIpocTpaBCTBEHHEE BeKTOPH He M3MEHAKIOTCA NPHM IapallIelbHOM IepeHoce o Gec-

KOHEYHO MaJIoOMy 3aMKHYTOMY KOHTYpY, T. e. & (U, ) W=0 opu W mpocTpaHCTBeH-
HOM JJid Bcex U H M.

Hu ogmH BekTOp HEe HM3MEHAETCA WPH HapajJeIbHOM HepeHoce Mo GEeCKOHeYHO
MaJIOMy 3aMKHYTOMY OPOCTDRHCTBEHHOMY KOHTYpPY, T. €.

% (v, w)=0 nmua mo6nX DPOCTPAHCTBEHHHIX V H W.
Tensop kpmemsrw Pmuum R,p= R",,s mmeer Bug
Re = 4np dt ® dz,
rje @ — IJIOTHOCTh MacChl
CyliecTByeT MeTpHKa «.», OHpeNeleHHAA HA OIHAX TOJIBKO HPOCTPAHCTBEHHEBIX

BEeKTOpaX, KOTOpasg COBMECTEMa ¢ KOBapMAHTHOH NIPOHM3BONHOI B CJeAyIoHmieM
CMEICHE: MIA JIOOHX IPOCTPAHCTBEHHHIX W H V M JiIa ai06oro u

Vu(w-¥)=(V.W)-v+w-(Vyv).
(Ipumewanue. Axcuombl 1, 2 u 3 ABAAIOTCA rapaHTHeil, 4T0 IPOCTPAHCTBEUHAN

MeTPAKAa MOKET CYNeCTBOBaTh, CM. ympa)kHenue 12.9.)

Oneparop kpmem3an fIko6m ¥ (u, n), ompenexseMslil JJIA IPOH3BOJIBHLIX BEKTOPOB
U, N, p COOTHOMIEHUEM

% (@, m) p=75I% (p, Wu+2(p, )nl,

ABJIACTCA CAMOCONDANCEHHBM, KOTHA NeHCTBYeT Ha HpPOCTPAHCTBEHHHIE BEKTODDI, T. €.
vV [#(u, R)w]=Ww-[¥ (u, n) v] mus Bcex IPOCTPAHCTBEHHHIX V, W
H OpOM3BOJBHHIX U, M.

«VneaibHble JTUHEAKAY OTMEPSAIOT JUIHHbI, YACJICHHbIE 3Ha9eHUA KOTOPHIX 3afal0TCH
OPOCTPAHCTBEHHOM METPHKOI: «MJeaJbHbIe JaCH» OTMEPAIOT MUPOBOe BpeMsa ¢ (AIH
OTJIHYAIONIeeCs OT HEro YUCAOBHIM MHOKHTENeM); «CBOGORHO NMaJammde JaCTHIED
ABEIXKYTCA Ho reopesmaeckaM V. [[Tpumevanue. ITH yTBeDMIEHHAA MOMKHO CUATATDH
onpefieIeHEeM «HealbHHX JHHEEK», «MJeaJbHHX 9acoB» B «CBOGOAHO HaJalOmEX
gacrany. Boxee moxHasa Teopus (T. e. o0mad Teopus OTHOCATENABBOCTH, cM. § 16.4)
3apaHee OpefCKa3bBaeT, OyRyT JIH JaHHLE 9aChl WA JAHEHKA NeaIbHEMH B ABJIsAeT-
¢A M NaHHaA peajibHaA JacTANA CBOGOJAHO Hmagaromeil.]

Ipumevanue. [Ipyras, sKBEBaJIeHTHas CHACTeMa aKCHOM IpHBefeHa B paGore [32].

Kanaccuuecran ¢opMyampoBka

C.nenylonme KJacCHIeCKAe aKCHOMLI 3KBHBAJEHTHHL aKCHOMaM, IOPHBEACHHHM BHIIIE.

1.

CymecTByloT MHpOBoe BpeMs {, COBOKYHHOCTh JEKaPTOBHX HPOCTPAHCTBEHHBIX
KoopamHaT 2’ (Ha3HBAaeMHX (TajAJeeBHMH KOODAHHATAMH») M HBIOTOHOBCKHI
TpaBATANMOHHEHA moTeHnman .

24—01457
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2. IInoTHOCTH MacCH p co3naer HBIOTOHOBCKHUH IOTEeHI[MaJ COTJIAaCHO YPaBHEHHRIO Hyac—

coHa

Vid=—22__ 4np.

T 0z 9z

3. YpaBuennme nBm:eHusa CBOGONHOH YaCTHIH MMEET BHUN

d2zi | oD
= o =0

4. «MinealibEKE JHHEHKN» OTMepAIOT JAJHMEH B rajinjieeBHX KOOPAWHATAX, «HIealibHHE
9aCH» OTMEPAIT MHPOBOE BpeMs.

NpEHUAT
BceoGuyeit
ROBAPHAHTHOCTR
He OPHBOXAT
HHE K KaOKAM
OrpaEMYeHEAM

C TOYKH 3PeHHA

ABAXRATOr0 BeRA
0 TeOpBH OYJAT
N0 HPOCTOTE

ee reoMeTpHEYecKoH
$OopPMyNHPOBRE

TeopHEs
TATOTERRA
dimmrefna
npoera;

Teopra HBIOTORA
CJIOXKHA

§ 12.5. TEOMETPHYECKHH IIOAXOI B ®U3UKE: KPUTHKA

HeoGxomuMo cpaenaTe BajkHOE OTCTYILIEHHE,

«Kaxpmas Qusumueckas BeIUIMHA NOJKHA OUNCHBATLCA Te€OMETPH-
9ecKuM 00bEeKTOM (HE3aBHCHUMO OT HAJIMUMA KOOPAMHAT), a BCe 3aKOHH
PH3MKM MOJKHE BHIPAKATHCSA B BHMJIE T€OMETDPHUECKHX COOTHOIIEHHMI
MEKIy 9THMH T€OMeTPUYeCKEMHU 00beKTaMH». ITA TOYKA 3PEHHA B Qu3n-
Ke, U3BECTHAA KAaK RPUKYUn eéceotujeli K06apuanmuocmy, IpOHH3bBAET
BCe MOCTHKEHMS ABAALATOro crojeTnss. Ho npMBOAMT JH OHA K KAKUM-
am6o orpanmuemnam? Coriacio 0/HOl TOUKe 3peHHsA, BOCXOAAmEi
k Kpeumany [118], ner, me mpuoamT. Jliodyio ¢uaugeckyio Teopuio,
3aNACAHHYI0 CHAYajJa B HEKOTOPON ompeeIeHHO cCHCTeMe KOOpAMHAT,
MOkHO mepedopMyAMpPOBATH HA TEOMETPAIECKOM, CBOGOJHOM OT KOOp-
nuHAT A3HKe. IHBIOTOHOBCKAA TeOpHsA, MMEION[as JKBUBAJEHTHHIC
TeOMeTpHYECKYI0 H KIAcCHYeCKYI0 GopmyaupoBku (monounenue 12.4),
aBnserca xopomnm npumepom. ClegoBaTenbHO, NPUMELAN Bceobmeii
KOBAapHAHTIIOCTH HEJb35 MCHOJB30BAaTh B KaUeCTBC CHTAa, ¢ IIOMOIIbIO
KOTOPOTO MOKHO GEUIO OH OTCEATL KM3HecnocoOHEIE TEOpHM OT He-
FKM3IECIOCOOHRIX.

Ho cymecTByer u Apyras, A0BOJbHO yOequTejbHAsA TOYKA 3PEHHA.
Ona pmaer ouenb 3PPeKTUBHHI MeTOR 0T60pa B BHJE ClIErKa N3MeHeH-
HOTO ¥ HemHOro Gomee Tymammoro mpmrmuma: «lIpmpome HpaBarcsa
Teopud, KoTopuie, Gyayunm cHopMyInpoBaHH HA CBOOOJHOM OT KOOp-
IMHAT TEeOMeTPHUECKOM f3HKe, MMelorT npoctoii Bmm» !). Cormacuo
sTomy mpumnuny, [Ipupoma momkea M06GHTH O6GMYIO TEOPHIO OTHOCH-
TeNTbHOCTH H HHATATh HENpPMA3Hb K HBIOTOHOBCKOH Teopmm. I3 Bcex
Teopmit, KoTopHe GESMKA MOTJIA KOTAa-1u6Go cebe nmpeacTasnTh, o6man
TEOpHA OTHOCHTEJBHOCTH HMEeT CaMyl0 HpPOCTYI0 H HBAMHYIO Teo-
MeTpHYECKYIl0 OCHOBY (TpE aKcHoMH: 1) cymecTByeTr MeTpHKA;
2) MeTpHKa NOAYMNAETCS ypaBHeHHWI0O moiA Jimmreitra B = 8xT;
3) Bce 3aKOHK (M3MKH, COpAaBEAJIHBHE B CIENUANBHOM TEODHH OTHO-

1) Ciremyer npMsEATH, ITO STOT NPHHIVN aHTponoMopdwuen: dmamkam mBap-
IATOTO CTONIETHA HPABATCA TAKWe TEODHH, H OHH Jlayke ¢ yCHeXOM MOABSYIOTCA
EMA 1A o6BLACHEHHMA AASBHHX HaGMIONeHWii. A 8HAYHT OHM AOMYKHH HPABATHCA

u IIpmpope!
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CHTEeNbHOCTH, CIPABeIMBH B JIOKAJIHHO JODEHINEBHX CHCTEMax OTCUe-
Ta 97101 Merpuku). C Apyroit cTOpoHH, KAKOMY QU3AKY NPHAET B roJo-
BY, HPOABIAS AbABOJbCKOE XHTPOYMHE, CTPOHTHL TEOPHIO HA TAKOH
CIOKHOM reoMeTpUYeCKOR OCHOBE, KOTOPO# 001aJaeT HBIOTOHOBCKAA
TEOpHA?

C Tourm 3penns ¢uamKa HEBATHAALATOrO CTOJETHS, poad, Ges-
ycroBHO, MeHAWTCA. OH CYAUT 0 TPOCTOTE TEOPHil N0 TOMY, KaK OHH
BHIIAJAT B KOODAMHATHOM (opmyauposke. B rammiaeeBnx Koopmu-
Harax teopus Hpiorona yausmresnHo upocra. Ecinu xe ypaBHeHMA
moas JiHMITEAHA (BCero MX AecATh!) BHpas3uTh B BHAe AHPdepen-
MAAJbHHX YpaBHEeHHH 1A METPHIECKUX KOdP(PUIUEHTOB B ompeaeieH-
HO# CHCTeMe KOOPAMHAT, TO OHH NPHMYT YCTPAIIAKOME CIOKHEIA BHN.

T'eomerpaueckas ToYKa 3peHHEA ABAAIATOr0 CTOJETHH TOCHOACTBY-
€T TmoTOMY, 9TO Olla Jy4YlIe COTJACyeTca C MAaHHHMH HabxofeHmi
(cm. ra. 38—40). I mu Geazorosopouno Bocmoianayemcs ewo B ra. 17,
9706H cHeNaTH ypaBHeHAe MoJIA JiumTeitHa KaKk Mo:xHO Gonee ybenn-
TeJILHBIM,
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13. PAMAHOBA TEOMETPUS:
METPUKA —OCHOBA BCEIoO

Duaocopus Hanucana 6 MOl 8eAUKOl KHUz2e
(nod womopoti 2 nodpasymesaio Bceaennymo),
Komopas écez0a omkpuma HaweMmy 63opy, HO KOMOPYI HEAb3L NOHAMb,
ecalL He HaYiumbCs CHAYAAQ NOHUMAMbL AWK U MOAK06AMb 3HAKU,
KOmOpuMIL OHA NUCAHA; & 3HAKU IMIL CYMmb MPeyzoabHUKL,
OKpYdCHOCMU U Opyzue zeomempuueckue puzypoi,
6e3 KOMOpHT UeA08EKY HEBO3MONCHO NOHSIMb
Hu eduHo20 ca08a 8 Hell, 6e3 Komopwx ox bayscdaem
6 memHOM sabupunme.

TAJIWIEO TAJIWIEN

JTa raasa OENTHKOM OTHOCHTCA K Kypey 2.

Heo0xomquMbIM NOArOTOBATENBHBIM MATEPHANOM A Hee ABAAIOTCA 1., 9—11.
OHa AY)XHa B KaueCTBe HMOATOTOBMTENLHOTO MaTepHana RiA

1) BTopoii monoBuEH ri. 14 (BbLIYHCIeHMe KPUBH3HbI) H

2) noxgpoOHocTeift, HO He uaen ra. 15 (ToknecrBa DBuankwm),.

Marepnan § 13.6 (coGcTBeHRas cucrema oTcuera) OyfeT mnonesen

BO BCeX NPUIOKEHHMAX Teopum rpasutTanun (ra. 18—40).

§ 13.1. HOBBIE YEPTBI T'EOMETPHUH,
OBYCJOBJIEHHBIE JIOKAJIBHON CHPABEJJIUBOCTBHIO

CHENUAJBHON TEOPMU OTHOCHUTEJBHOCTH

CpoGonmo majapmue dYacTHOH (reoge3HYecKHe) ONpedeNsAioT M
MO3BOJAIT HCCAENOBATh CTPYKTYpPY IpocTpancrBa-Bpemend. Ilpo-
CTPAHCTBO-BpeMA MABJsAeTCA HCKPHUBJIEHHHM. TAroreHEme ecTb mpo-
ABJIGHHEe ero KPMBH3HH. Bce 3T0 mpexpacHO HOAXOOUT X K HBIOTOHOB-
CKO# Teopuu TAroreHds, nepedopmynmpoBanioi Hapramom Ha reo-
merpnueckoM s3nike. Ho coBepmeHHO HEZONYCTAMHIM ABJAGTCH,
ofHaKo, ciaegyiomee ciuefacrsue Toukm 3perusi Haprama — Heioroma
(ri. 12) — paccioeHHe IPOCTPAHCTBA-BPEMEHH Ha OTHAEJbHHE cede-
HHUS, OPH KOTOPOM HEJb3A MPAKATH HAKAKOIO CMEICJA TOMY, HACKOABKO
COOHITHE B OHOM CEYeHMM OTCTOMT B IIPOCTPAHCTBE-BPEMEHH OT COOKLI-
THA B JPYrOM CeJeHHH.

W3 Bcex ocHOB (m3ukm Hambojiee TBePHO YCTAHOBJGHHOH ciaemyer
CYHTATH CHOENAANBHYI0 TEOPHIO OTHOCHTONBHOCTH; M3 BCOX IOJOKEHNH
COeMAIbHOR TEOPMHM OTHOCHTEIBHOCTH CHJbHEe BCEro 3BYYAT Cle-
nyomue. 1. IIpocTrparcTBO-BpeMs OTHIOABL He PACCI0EHO, & OXHOPOXHO
H M30TPOmHO B Ji06oi mocraTouHo manoi obracTm (WIOKAJBLHOE 06-
JIacTH»), TAKO, ITO TPaBHTANUOHHEIE 3PPEKTH, BH3HBAOMAE IPATAB-
HOe Bo3feiicTBHe (¢KPHBM3HA OPOCTPAHCTBA-BPEMEHM») MpeHeGPemAMo
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maxast, 2. He cymwecTByer TaKMX JIOKAJbHHX 3KCIEPAMEHTOB, C TOMO-
I0bI0 KOTOPHX MOKHO OBIIO 6H OTIAMYMTH OFHY JIOKAJbHO HMHEPIUATb-
HYIO CACTEMY OTCUeTa OT Apyroi. 3. B Ka)kgoit TOKATbHO HHEPIHAJIbHOK
CUCTEME OTCYETA CKOpPOCTh CBeTa MMeeT OJHO H TO Ke 3HaueHHe.
4. [TousaTHio pasfeleHusi BO BPEMEHUM HEBO3MOKIO NPUNATH HE 3aBUCH-
mA# OT CHCTEMBI KOOPAMHAT CMHICA (¢HHKAKOTO HBIOTOHOBCKOIO pac-
clioeHds»). 5. Mexpay no6biMu AByMA GAn3KMMU COOHTHAMA Cymie-
CTBYeT He 3aBHCAMMIA OT CHCTEMH OTCUIETA M OT KOOPAMHAT HpPOCT-
PaHCTBEHHO-BpeMeHHOH uHTepBan («pmmaHoBa reomerpusa»). 6. Ilpo-
CTPAHCTBO-BpEMS BCErfa M Besjfe [0 CBOEMY XapaKTepy JOKAJIbHO
JOPEHIERBO («JIOKAJBHO JIOPEHIEB XapaKTep PHMAaHOBOH IEOMETPUH)),

Haxaa MaTemMaTHKa NPUBOIAT KO BCeM 9TMM U3NIECKUM CBOMWCTBAM?
Merprka; MeTpuKa, KOTOpas ABJIAETCH JOKAJbHO JopeHneBoi (§13.2 u
13.6). Bee ocranbmoe 3 nee ciaegyer. B sacrnocT, METPHKA paspyimaer
CIONCTYI0 CTPYKTYPY HBIOTOHOBCKOIO IPOCTPAHCTBA-BpEeMEHHM BMECT®
€ ero rpaBATANMOHHHIM IIOTEHOHAJIOM M KOOPAWHATON# MUPOBOro Bpe-
senn. Ho ocrarorcs HeTponyThMH HaumGoJee riayGoxkme 0COOEHHOCTH
HbIOTOHOBCKOM TEOpHA TATOTeHHA: 1) HNpHHOAN 3KBUBAJEHTHOCTA
(BOIJIOINEHHHI B ONMCAHHA CBOGOJHOrO DAJEHUs C IOMOMBIO Teoie-
smgeckux, § 13.3 um 13.4) m 2) KpmBWBHA nNPOCTPAHCTBA-BpPEMEHH
(Mepoil KoTopoii sBAAKTCA TUpmaMBEHe 3dderTH, § 13.5).

Bech neGockpeb m3 BekTOpOB, Popm, TeHsopos (ri. 9), reomesmue-
CKUX, HAPaJIeIbHOTO NEPEeHOCa, KOBAPMAHTHON nponasoxuoit (ria. 10)
u kpuBusHH (ri. 11) moxomacs go cmx mop Ha paspymapmemcs yn-
IaMeHTe — HAa HBIOTOHOBCKO (M3aMKe M 3aKOHEe Te0Je3NIECKHX,
OCHOBaHHOM HA HBIOTOHOBCKOIHl ¢usmke. Ho Kak ToabKo BBORMTCA
MeTpuKa, y HeGockpe6a moaBasercs HOBHA ¢ynpameHT 0es eqmHOI
rpemuEHN. Heo6xoaumo BHECTH TOJBKO OJHO M3MEHEHHe: 3aKOH reo-
He3NYeCKAX MOJsKeH OLITh BBeleH MO-HOBOMY, PEISITHBHCTCKEM CIO-
coGom, ocHoBaEHKM Ha Merpuke (§ 13.3 n 13.4). OxasaBmuce Ha ¢yn-
DaMeHTe M3 METPHMKH, KPABA3HA IPOCTPAHCTBAa-BpeMeHN mpmoOperaer
PAR DODONHATENbHHX M Gojiee CHABHHX cBoiicTB (HeGockpe® Hap-
CTPaMBAaeTCA M 3aHOBO OTMEJNHIBAETCH), W3ydaemMux B § 13.5 u B ru. 14
7 15; arn cBoitcTBa NouTH HemsGe;RHO BeAYT K ypaBHEHHIO mOas Jifm-
mTeitHa.,

§ 13.2, METPHKA

MeTpaka npocTpaHCTBa-BpeMeHH, METPHKA HMCKPHBJIEHHOTO IpPOCT-
PAHCTBa-BPEMEHH, JOKAJIBHO JIOPeHHEBA METPAKA HCKPHBIEHHOTO IPO-
CTpaHCTBa-BpeMeHH. BOT 4To JIe)KAT B OCHOBE reOMETPHA HNPOCTPAHCTBA-
BpEeMEHHM B PeaJbHOM PH3nIecKoM MApe. 3alepKIMCA HO3TOMY Ha HEKO-
TOpoe BpeMs, YTOGH BCHOMHHMTH, 9T0 UPEACTABJIAET COGOR «MeTpHKa»
HA TPeX pA3JAYHHX S3HKAX.

Ha s3HKe 3J1eMEHTapHOM reOMETPHH METPUKA mpefcTaBiaser coGoi
TabaEny, B KOTOPO# YKa3aHH 3HAYEHAA MHTEPBAIOB MEKAY KaKIHIME
nBymsa coburusamu (gomomnenme 13.1 m ¢ur. 13.1). Ha asmke Koop-

MeTpuxa:
annapar,
HaKIaA LI BaOM AN
OrpanHIeHHs

Onucanue
MeTPHRHE
HA TPex ASHIKAX
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OUr. 13.1.

PaccToAHASA ONpemeAsioT TeOMEeTPHIO. ¢ — JAOCTATOYHO MONIHME OPUJIMBHHEE CHIL, OPUJIOKEHHEE
K Semie, cooTBeTCTBYIOUUM o6pasomM nedopMmpoBaiu ee W Npuand el Gopmy Kamau. 6 — 2Ta
KaIJIA aOnpoKCHMHEPOBAHA MOJIAINPOM, IOCTPOSEHEM H3 TPEYTONLHUKOB (¢CKEJIeTHAS TeOMEeTPHM»).
AIIpPOKCHMAIMIO MOMKHO CIeNaTh KaK yrofAHO XOpollleil, B3AB J(OCTATOYHO Goabmoe wicio Tpe-
YrOJIbHHKOB J0CTATOYHO MAJIOT0 pasMepa. § — B Mpefeiax KaK{oro TPeyroJbHHKA reoMeTpHsA
ABJAETCA IBKIMTOBON: 3a[aHEe [JINH TPexX CTOPOH TPeyTrOJLEHKA ONpelesiAeT BCe XapaKTepHHE
9epTH 3TOil (NUrypH, B TOM 4YHUCHe N YKA3aHHHI Yroll. 2 — TPOYTOJbLHEKH, KOTOPHE CXOAATCA
K JaHHOW BepIMHe, OyAyYd PA3JIOKEHH HA NOBEPXBOCTH, HE CTHKylTcA. Hepocrawmpmit yroa
CAYMKUT Mepoli 3HAYeHIIs] KPIBHI3HKH B JagHoi# Bepmnge (B adpe) Ha TOBEPXHOCTH 3eMJIH, UMEIO-
me#t gopmy Kaman. CyMMa HeIOCTAIOMUX YINIOB AJIA BCeX NEPIMWE paBHA 4n. ITa «TeopeMa l'aycca —
BoHEe» cripaBeannsa 1151 M000i Gurypsl ¢ Tomosorneii 2-cdephl; B cayqae npocreilmed furyps —
TeTpasgpa MMeeTCA HeTHpe BEPUHINHBI, HEJOCTAIOWMIl Yros B KaK[IO0it W3 KOTODHX COCTABIAET
180° (3 TpeyronpEMKa Mo 60° Ha TpeyroabHMK gaoT Hegocralomuit yrox 180°). Kopoue, dopma
NaHHOH Kalai B jiaHBoM NpuOIM;KeANU CKeJIeTHOM reOMETDUH ONpefenseTcA JukBaMd 50 ee Buau-
MuX pebep 11 LmiHAMM, AOMyCTHM, eme 32 pefep, IPHHAJNEKAMMX 3afHeil cTopoEe (QHUIYpH,
T. e. B ueJoM nauEaMu 32 peGep u HudeM Gosee (¢pacCTOAHHEA ONPeNIENAIOT FeOMeTPUION). «MeTpuKa»
YKa3bBaeT pPAcCTOAHUA Meddy BCEBOSMOKHEIMII napaMu GauskEX Touek. Ecam B peayibrarte
BYJKAaHHYECKOil feATeJpHOCTH PeliKbSBHK NONENMETCA, TO PACCTOAHUA MeKAY HCIAHACKOH CTO-
avnet 11 GAN3deKAIUIMH TOYKAMHM COOTBETCTBYIOIMM o6pa3oM yBenudaTcA; PAcCTOAHHS CHOBA
[WO3BOJAT Halitn $opmy nosepxHocTH. 11 HAaoGopoOT, TO, UTO B pailoHe McnaEauy HA NOBEPXHOCTH
3eMIM HET OTrPOMHOrO B3XYTHAs, TO, YTO 3eMiA He HMeeT OPMY KamliM, MOKHO COBEPHICHHO OIHO-
3HAQYHO VYCTAHOBHTb, NPOAHAIM3HPOBAB pacHpefeleHHe DPACCTOAHMHA MeKAy PasNMYHHIMU TOT-
KAMH s [OCTATOYHO XOPOIIO pacHpefeleHHOH COBOKYIHOCTH ToYeK, He OMHPAasch HH Ha KaKwe
yUHNe HAOMIOfeHUs, KpoMe M3MepeHHA pacCTOAHWUIA.
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AMHAT METPHKA eCTh COBOKYMHOCTb JecATH QYHKIMil TOUKM g, ., (2%),
TaKMX, 9TO BRIPAKEHHO

As* = —AT® = g, (%) AztAzY (13.1)

JTaeT 3HAYEeHMe WHTEPBAJIA Me;KAYy HPOH3BOJBHEM COOHTHEM I® M NPO-
H3BOJABHEM OuuakuMm coOumruem z%* -+ Az®*. Ha saskke abcTpaxTHOi
middepennualibHO reoMeTpUN METPHKA ABIAETCA OwiamHeiHOH Ma-
muboit g = (... - ...), NpousBogAmed 9UACIO («CKAIAPHO® IPO-
nasegenne g (U, v) = (U -V)») U3 ABYX KacaTelbHHX BEKTOPOB U H V.

Jlerko ycTaHOBATH CBA3b MeKAYy aOCTPAKTHHM, MAIIAHHHIM Ipef-
CraBleHAeM M NpPEACTABJIeHEEM B JaHHO# KOHKDeTHOi cACTeMe Koop-

panat. Ilycre cMemmenne Me;Ray ABYMA COCEJHAMMA TOYKAMH NpEACTAB-
JICHO KacaTeJbHHM BEKTOPOM

= Ax%g, = Ax® (0/02%).

B a0crpakTHOM mpefcTaBIeHAM A MHTEPBaJla MEKAY ABYMA ATHMU
COOHITHAMA HMeeM

As? = .§ =g (Aate,, Azve,) = AztAzvg (e, 6.);

CpaBHEHHEe C KOOpIMHATHHM mpefcTaBienmem [Bupaskenue (13.1)]
OO3BOJIsAET HANHMCATh

gllV= g (eua ev) == o,;’ev (13.2)

(o6biaHOEe BHIpa;KEHHMe /I HAXOKHEHAA KOMIOHEHT TEeH30pa).

Ilogo6Ho ToMy Kak B coBpemenHoi guddepennuanbHol reoMeTpuu
Ha MeCTO CTaporo noHAtdA «anpdepernuanay df NpUXOAET NMOHATHE
«auddepennanpuoit dopmeny df (momommenme 2.3, crp. 100), Tax
H Ha MECTO CTaporo «IMHEHHOrO 3JJIEMEHTa»

ds®= g, dz* da¥ (muTepBam mexpy z* m 2%+ dz®)  (13.3)
OpAXORMT OMiHHeHHAs MalIEHA («METPMIECKHA TEH30D»)
g=ds’=g,,dz* @ dzv, (13.4)

Ilpopyruus ra Brixofe 910t Mamnuel § (§, §) upH 3agaHHOM BeKTOpe
cMemeHnd Ha BXOJE TO;KJECTBeHHO paBHa crapomy unrepsaxy. Cie-
noBarensHo, ds8% = g, .dz* @ dx¥ mnpeacraBiAer MHTEPBAA HEKOH-
KPeTH3MPOBAHHOTO CMeIeHHs; BBOAA & BO BXxofHne KaHaxel 082,
MEL TeM CaMBIM MNpHAAaeM ompefexeHiioe 3Havyenne uHTepBady @ (&,
§) = guyAr*Az¥ pgma JaHHOTO ONpEJeTEHHOTO CMCIUICHHS.

B uckpmBieAHOM [POCTpaHCTBe-BPEMEHA C METPUKOH, TaK JKe
KaK U B IUIOCKOM IPOCTPAHCTBe-BpeMeHH ¢ MeTpuKoi (§ 2.5), kasm-

JIOMY KacaTeIbHOMY BEKTOpPY U cooTBercTByer cBoA 1-dopma u:

U ompemeaseTCA TAK, 4TO (U, V)==g (u, v) m1a Bcex v  i(13.5)

KopapHauTHHE
KOMINOHEHTH
METPHKH

CpaBHeHHE
«JIHHEAHOr0
INeMeHTa»

M «MEeTPHKH
gax OuauHeiinofi
MAIITHHBI»

MeTpura
YCTAHABAMBAET
COOTPETCTBHO
1-@popuamu
M KacaTeNbHbIMU
BEKTOPAMI
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[¢«OpeAcTaBieHne ogHOM M Toii yKe PU3MYIECKOH BEJMIHHHL ABYMSA pas-
JUYHEIME Ccrioco6aMm — B BuAe BeKTopa u B BufAe 1-(PopMED; «CoOT-

1
BeTCTBYOmMue npeacTraB’ICHUA» B BUIE TeH30pa (0) U B BAJle TCH30pa

0 ~
( 1 )] . IIpumep: 1-gopma u, cooTBercTByIOMAsa 6a3HCHOMY BEKTOPY U =
= @y, HIMECT KOMIOHEIITHI

up=(u, eg)=g (u, eg) =g (6u, €p)=gas;

[ 1

obnanmit cnocod L —{[coornomenue (13.2)
HaXOAIeHUA Up

[HOCKOMBKY U= €8¢
onpepenenne (13.5)]—

TaKuM 06pasom,
gop0P ectn 1°popma 8, COOTBETCTRBYIOMAS 8. (13.6)

Tax e KaK B WIOCKOM mpocTpancrBe-Bpemenu (§ 3.2), B mioboil gan-
HHIl KaHAJ TEH30Pa MOKHO HApAXY C BEKTOPOM BBOAUTL 1-dopmy:

S(u, 0, v)=8(u,o0,Vv). (13.7)

Ha xoMIIoHeHTHOM ABEIKE 3TO 03HA4YaeT, YTO MHACKCHl TeH30pa MOKHO
onycKaTh C TOMOINBI) KOBAPHANITHBIX KOMIOONEHT MeTPHKH

SaPy =8 (8q, ©f, 8,)=
1

L-—[cor.uacno oupeeNeHAI0 Saﬂv

=8(8a, 0°, 8,) =S8 (gx0", ©f, 0,)=g.S",. (13.8)

L—[comacuo cootHomenmo (13.6)

B xaxpom co6uTun GasucHble BEKTOPH {84} MOTYT GHTh BHOpaHH
Opou3BoJbHEM 00pasom. CiefoBaTelbHO, COOTBETCTBYIOIMHE KOM-
HOHEHTH g, p METPHKH JIOBOJbHO MPOW3BOJBHHE (HO BCErJa CAMMETpAY-
HH: Zop = £po). O/HAKO CMeIanHKE KOMIOHEHTH g% OTHIOAb He
OpoM3BOALHE. B wacTHocTH, m3 ypasmenmii (13.5) m (13.7) cuepyer

A v=gu,v=av. (13.9)

Orcrona 3akaw0vaeM, 9T0 METPAYECKH TEH30p B CMEIIAaHHOM Ipef-
CTABJIEGHMM TO;KJAECTBEHHO COBIAfaeT ¢ eJAWMHUYHON MaTpumeii:

g% =g (0%, 8p) = (0%, 8p) =8 (13.10)
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ITa 0c06eHHOCTH METPHKH B CBOK OvYepeApb cpasy e PUKcHpyeT ee
KOHTPABApUAHTHHE KOMIIOHEHTHI:

gorg,p=g% =08, (13.11)

L[«ouycxanne HHAEKCAy y g%W

T. €.
|| g%8 || ectb maTpuma, oGparHas || gq; |- (13.12)

Taxoe cBoiicTBo 06paTuMocTH MO3BOJIAET Ham ¢ momompbro g% oGpa-
TUTh ONYyCKAHHMe TeH3OPHEIX HHIEKCOB (T. €. IOJHUMAThL MHJIEKCH):

S, = 8%o8%F, = a8, = g"'S.F,. (13.13)

Copmepmanue gByX NOCHeAHHX a03ameB MOKHO KpPAaTKO LPEACTABHTH
B CIeAylomeM BHAE:

1) g% =28%;

2) 1g*8 |l =l gasll™;

3) TeH30pHEIE HHIEKCH ONYCKAlOTCA OPU HOMOIM g}

4) TeH30pHBIE MUIEKCH HOIHHMAIOTCA NpU moMomu g%h,

Bo Bcem sTtoM ¢opmanmame oGpalieHusa ¢ MeTpuKoit H nepebpack-
BAaHAS MIIEKCOB HeJb3sl OCTABATh 06e3 BHUMAHMA ONMH BajKHBIH
BOIPOC: KAaK MOKHO y3HaTh, YTO METPHKA fABIAETCA JOKAJIBHO
JIOPEHIEBOl, 4 He JOKAJbHO 3BKJIMAOBON MJIN JOKAJbHO €lle KaKoii-
HuOypb? OpnuM Kpartepuem (HeoOXOJUMEIM, HO He JOCTAaTOYHEIMI),
6e3yca0BHO, ABISAETCA PAa3MEPHOCTDH: JIOKAJBHO JOPEHIEBO NPOCTPaH-
CTBO-BpeMs MNOJKHO uMeTh veThipe uaMmepenus. (HamomMuHum metop
ompepeseHusa pasMmepHOCTM, u3ioeHHHHE B § 1.2.) Orpanuuumcsa
PaccMOTpPEHMEM TOJBKO 4eTHPEeXMepHEIX MHOT000pasuil. Uro eme Hyx-
Ho notpeGosarh? Hyno morpeGoBaTs, 9ToGH B KaxaoM coGuitnu &
CYIECTBOBAJIA OPTOHOPMHDOBAHHAA CHCTEMAa OTCYeTa (OPTOHOPMH-
POBaHHAA COBOKYHNHOCTh GasHCHEIX BeKTOpoB {8 }), B KOTOpOil KOM-
MOHEHTH METPUKH HMEIT TOT )K€ BAM, 9TO M B INIOCKOM IPOCTPaHCTBe-
BPEMEHH:

8;3 =0, eg =nep=(—1,1,1,1) no nmaronamm. (13.14)

lipoBepnts 3ro merpymuo (ympaskmenme 13.1). 1. BmbGepem Bpeme-
nanofo6uni BexkTop U (U -U << 0). Ecam TakoBHX He HMeeTCH, TO IPO-
CTPAHCTBO-BpPeMsA He ABIACTCA JOKAJbHO JopeHmeshiM. 2. Ecam xe
XOTh OJMH HalifleH, TO PACCMOTPHM BCe HeHYJeBHE BEKTODH V, mep-
nesAuKyAApHHe U. Ecam Bce oBE mpocTpaHCTBeHHONOXOOHH (V -V >
> (), TO DpPOCTPAHCTBO-BpEMsl SABJAETCH JOKAJIBHO JOPEHIEBHIM.
Ecam Her, T0 0HO TaKOBHM He ABJACTCH.

HoauaTHe
HHJEEKCOB

MeTpnka
JOKAIBLHRO
nokHa GbiTh
JI0penuenol
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YIIPASKHEHHA

13.1. IIpoBepxa, sBIAETCA A HPOCTPAHCTBO-BPEMA JOKAZBLHO
JIOpEeHuEeBbIM

HoxakaTe, 9T0 U3/I0/KeHHASA BHOIO JBYX3TANHAA OPOMEAypPa IPOBEPKH
TOTO, MABIAETCA JIH UPOCTPAHCTBO-BpeMsA JOKAJIbHO JOPEHHEBHM,
BepHA; MHHIMH CJI0BaMHA, JOOKa}KATe, YTO €CJAd 3TA HPOmEeAypa HaeT
IIOJIOKUTENBHEIA OTBET, TO B HATEPECYIOIEM HAC COOHTHH CYLIeCTBYeT
OPTOHOPMUPOBAHHHIK 6asmc ¢ £5f = Map) @ €CAH OHA JaeT OTPHIA-

TeJIbHHA OTBET, TO TaKoro 0asmca He CyLIeCTBYeT.

13.2. IIpuobperenne HABHIKOB B OGPANLICHAH ¢ METPHKOMH

B 4ernpexmepHOM MHOroo6pasmm ¢ KoopamHaramu v, r, 0, ¢ samau
JUHeHHEIA 37eMeHT (B CTapHX 0003HaYeHUAX)

ds® = —(1 — 2M/r) dv® + 2dvdr + r? (d6% + sin? 6 d¢?),
9TO COOTBETCTBYeT MeTpuKe (B HOBHX 0G03HAYCHHAX)
ds2= —(1—-2M/nNdv @ dv+iv @ dr-dr @ dv +
+r2(d0 ® d0 4-sin20dé @ do),

rge M — nocToAHHAA.

a. Haitgure «koBapuauTHEIE)» KOMIOHEHTH gqp M (KOHTPABAPWAHT-
HHIE» KOMIOHEHTH g%P Merpmkum B arToit cucreve koopguraT. [Omsem:
goo = —(1 — 2M/1), gor =g =1, goo =T ges = r?sin?6;
BCE OCTAJbHHE g, PABHH HYJIO:

gl =g"=1, g"=(1—-2M/r), g¥=r7? g**=r-2sin726;

Bce ocTaibHhe g%® paBHH HYyJIO.]
6. Onpepgenute CKaldApHOe moJe ! ¢ MOMOM[bIO COOTHOIMEHHS

t=v—r—2MIn [(r/2M) — 1].

Yemy paBHH KOBADHAHTHH® M KOHTPABAPHAHTHHE KOMIOHEHTHl (U

u u®) 1-popmu u=d:? Uemy paBeH Ksajpar [JHHH U2==U-U COOT-

BercTBylomero BexkTopa? Ilokakmte, 9T0 U BpemeHUmomoGen B o6ia-

ctm r>2M. [Omsem: u,=1, ur= —1/(1 =2M/r), ug=u,=0;
V= —1/(1 —=2M/r), ur=0, ¥=u*=0; v2= —1/(1—2M/r).]

. Hajigure camplii oOmuii BUJ HEHYJIEBOro BeKTopa W, OpTOro-
HAJILHOTO U B obsacta r > 2M, 1 TMOKa)KUTE, YTO OH IPOCTPAHCTBOH-
nonogoben. Otcioma caenaitte BHBOJ, 4To B obaactd r > 2M mpoct-
PAHCTBO-BPEMA ABJIAETCA JIOKAIbHO JopenneBuM. [Omeem. llockoankry
WU = w u® = —w,/(1 — 2M/r), w, BoaxHO 06pAMATECA B HYJIB, HO
w,, we, We TpoH3BOABHH H W2 = (1 — 2M/r) w} 4+ r-%w§ +
+ r-?sin~? Qwi > 0.]
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r. Ilyers ¢, r, O, ¢ — HOBHIE KOODPAUHATH B IPOCTPAHCTBe-Bpe- YIPAIKHEHHHA

menn. HaiiuTe TaHeAHKIT 5]6eMEHT B 3TOi cHCTeMe KoopaAuHAT. [Omeem:

9710 «mMBapMIIMJILEOBCKH» JWHEHHHA 2JeMeHT
— M 2 dr? 2 902 1 72 qin2 2]
dsz———( ———)dt +m+r do —l—r sin Bdcﬁ.

=
n. Haiimare opronopmupoBaBHuE (asmc, AJIs KOTOPOTO 823 ="Mas

B ofmacte r>2M. [Omeem: 8= (1 —2M/r)‘l/’6/6t, 8, =

=(1—2M/r)*8/0r, e5=r"10/00, e ;= (rsin6)"9/04.]

Hononnenue 13.1. KAK W3BJIEYL METPRKY M3 PACCTOAHMA

HeoOpaGoTauunie naHERE O PacCTOAHMAX

Iycts GopMa 3eMHo#i MOBePXHOCTH OmMCaHA TaK, Kak 3To M3oGpaxeHo Ha ¢ur. 13.1
C NOMOINBIC PACCTOAHHEM MEKAY KaKEMH-ITN00 HAeHTAPHIMPYEMHIMH ONODHHIMH TOU-
Kamu: 6yamm, kopabuamm, aiic6epramm, MasKaMu, TOPHHIMHA BepmuHaMA M ¢aara-
MA — Bcero Mesxay n = 2.107 toukamn. ITosiHoe wMcaO paccToAHMIA, KOTOpHE Heol-

XOIEMO 3afaTh, coctasiaser n (n — 1)/2 = 2.10', Eecam Ha xapmoii mesaTHONH crTpa-
gune pasMemats no 200 paccroanuit, To Beero nonygures 10'2 crpanny mo 6 r Kaxgasn,
T. e. Bcero 6-10° v nauunx. Ecan Bce st maHHne morpysmrb Ha 10° mecTATOHHEIX
TPY30BHKOB, M KaK[KIl TPy30BHK Oyder mpoe3dxaTb MAMO Hac 3a 9 ¢, To 4ToOHI mepe-
Be3TH BCe AauHble, moTpebyerca 5.10° ¢, mam 2 Mecsua HEeOpPEpPHBHOIO BH:KCHUA.

Ilepras oGpaGoTka: ocTaBaAeM JMIND PACCTOAHUA RO OAM:KAHIIAX TOYEK

Paccrosuna Me;KOy yOaJeHHHMHM TOYKAMH MOSKIO IOJYYHTH, CJOMKHB pPacCTOAHMA
KOPOTKHX 3jieMeHTADHEIX Yy4acTkoB Mapmpyra. CoxpatmM TaGiaHLy PpacCTOAHUI,
3a/1aB JAMb PACCTOAHAA MEKAY Ka)KI0il TOUKOM M COTHEH APYTHX, GAM:KadmnX K Heid.
Teneps Mu umeeM 100n = 2.10° paccrosumit, 9to cocraBaser 2-10%/200 = 107 crpa-
Hul ganHbix, #Waud 60 1, mam 10 rpysoBUKOB.
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Bropaa oGpaGoTka: paccToAHAA MeKAY GaMKaIIAMH TOYKAMH BHIPA’KaEM ¢ IOMOIIBIO
METpPHKHA

Bynem cumrtaTh, 4T0 moBepXHOCTH 3eMawm riaaakad. Torma B J4x060i, HOCTaTOYHO
orpasmueHHoil 06JacCTH reoMeTpHsA ABIAETCA SBKAMAOBOA. IT0 06CTOATENLCTBO IpH-
BOJHT K 3aMedYaTelbHOMY ClelCTBHIO. J[0CTaTo4HO 3HAThH JHMb HECKOJBKO PaCCTOAHHMN
MeKAy GamykafilIEMH TOYKaMM, 4ToGH MMeTh BO3MOKHOCTH OHpPeJelUTh BCE OCTaJbHEE
paccToaHNA MemAy Oamicadmumn toukamu. Pacmososkumm Toury 2 Tak, 9T0GH TOUKE
1, 0, 2 6 BepIIMHAMA TPAMOYTOJBHOTO TpeyroabHuKa; Torga (12)2 = (10)2 + (20)2.
Paccmorpum Touky 3, 6imskyo k 0. ITosoxmum no ompepenenuio

z (3) = (13) — (10)

(13)
__——-——.——r 3 n
(10) 0 ll y (3) = (23) — (20).
/(2 Torga paccrospme (03) He HY»KHO BKJI09aTh B YHCIO Hesa-

(20) )/
BHCHMBIX JaHHH X, €F0 MOKHO BHUHCIUTH no ¢opmyie 1)

2 037 =z 3P + ly A1

Ananornuso anA Toukd 4 @ paccrosuma (04) oT Hee o TOKaJBLHOTO Hadada oTcyera O,
a TaKKe M JJIS pacCTOAHHMA (mn) MexRAY MOOHME ABYMA TOYKAME m H n, OiXu3KaM
k 0, nmeem

(mn)? =z (m) — z (M) + [y (m) — y (R))%

Takum ofpasoM, IAA KaXkHo# TOYKE m, 6auskoit k 0 (m = 3, 4, . . ., N + 2), BywHo
3HaTh Jumb paccrosHma (1m) (or Hee mo Touxu 1) m (2m) (oT Hee mo Toukm 2), wroOH
MOHo 6HITO MafTH paccTogHde OT Hee M0 J0Goi Toukm n, 6iamskoit k 0. IIpaBmio

1) Ecau paccrosimue (03) 3agaTh npousBoiasHO, TOMONYYUBIIAsCA B Pe3yabTaTe Gurypa ¢ 4erThphb-
Mf BepIIMHAMM BHIifeT 3a npefeids miaockocti. CamTas 3Ty QUIYPY TeTpPasfapoM B TpeXMepHOM
BBKIHJ0BOM IPOCTPAHCTBE, MOKHO LIOKa3aTh, 4TO ee 0GbeM NaeTca PopMyiol, monydensoi Hukkoao
(donrara Tapraapa (1500—1557 rr.) u ofo6mennoii B Hamu AHM Ha caydail n usmepemnmii [150]:

06peM o 1 1 1 ... 1 P/
n-MEepHOTO 1 0 (01)2 (02)2 ... (On)2
cuMIaeKca, (—1)nt (Vs 1
paragyToro | = T) —r|1 0 0 (122 ... )2 ,
Ba (n+41)

TOUKY; 1 (n0)2 (n1)2 (n2)2 ... 0

KOTOpas B cydae TpeX To49eK CBOAUTCA K o6hiaHoil popmye I'epona n3 Anexcanppun (62—150rr. B. 3.):
maomags = {s[s — (01)] [s — (02)] [s — (12)]} /3,
2s = (01) + (02) + (12)

BJs OJOHagH TpeyroabHEKa. O6GpaTHO, eciM yeThipe TOYKM AOJKHE HOPHHAJJEKATh ABYMEPHOMY
3BKJIMJIOBY NPOCTPAHCTBY, TO 00beM TeTpasfpa Koied OHTb paBeH HYNI0. ITO TpeGoBaHMe HAKIAAbI-
BaeT OJlHO ycjloBUe Ha OfHO paccrosfnme (03). JTo ycioBHe npome paccMoTperh, ecau Ba3ATh (03)
MalnM, a TpeyroabBHuK (102) — DpAMOYTrOABHEM, KaK cenano Buime. OpHako o0muii NPARTAN
He 3aBHMCHT OT 3THX YUPOIEHHI M cpasy e BHTeKaeT u3 o6obmennoii popmynn I'eposa — Tapranbm.
B n0KaNbHEO 3BKJAMAOBOM WM JIOPEHIEBOM NPOCTPAHCTBE n M3MEpEeHHMIl A0CTaTo4HO BHGpaTh (n - 1)
onopuuix Touek 0, 1, 2, . . ., n ¥ oNpeAeINThL PaccTOAKME OT A1060l Apyrod ToukH j, k, . . . 0 9THX
ONOPHHX TOYEK, YTOGH IOTOM Yy3Ke MOMKHO GO BRIYHCJIMTH PACCTOAHME MEKAY CAMHMII STHMH TOY-
Kamu j, k, ... («paccToAHMA MeKAY ONMKAHMUMM TOYKAMH, BHDA)KEHHHE Uepe3 KOOPANHATHIY;
MeTpHKa KaK pesyabTaT o6paloTKM JaHHHEX O PacCTOAHAAX).
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onpenenenns N (N — 1)/2 paccroanmii mexxny stamm N GIH3KAME To4Kamm ynoGuo
copmyanpoBaTh caefyiomum o6pasoM: 1) y Kakmodl TOYKM eCTh (B KOOPAMHATH I
m y, 2) paccTOsiHEe BHIpaKaeTCs depe3 3TH KOOPAMHATH OGHYHHIM A 3BKJINIOBOILL
MeTpukE ofpasoM, T. e.

As* = (Az)* + (Ay)

IponBREYBMECH TaK AajleKO Ha OCHOBE (TeOMETPHH paccToAHuMin (Goiee moapobHO
o xoropoit cM. [51, 151]), MoxHO cHenaTs oGoGmenue M mepeiiTy OT MaJoil 06aacTH
(aBKampOBOiT) K Goabumodl obmactH (HesBKAHMOBOi). BemeM mBe IPOH3BOJBHEIE,
IIajiKKe, TOBCIOAY He3aBHCAMEIE KPHBOJHHeHHHE KOODPAWHATH z° B BHpPa3HM PacCTos-
HAe He TOJbKO B HEIOCPeACTBEHHOM OKPeCTHOCTH Toukd 0, HO TaKke M B HEmOCpPEHCT-
BEHHO! OKPEeCTHOCTH BCeX OCTAJHHHIX TOYEK MOBEPXHOCTH (3a HCKJIOUCHHEM TeX MeCT,
rie HY)KHO NepedATH K APYroMy KOOPAMHATHOMY JHCTY; RiA 2-cdepel HeoGXomumo
no KpaifHeil Mepe JBa KOOPAMHATHEIX JMCTa) B Bafe (POPMYJH

ds? = g,hd:cjdxh.

TaxmM o6pasom, A3 Ta6AHNNH pacCTOAHAA MexKAY Oiad:KalMIAMA TOYKAMU MBI OCTABHJIH
Temepb 0 5 YHCEN HAa TOYKY (XBe KOOPAMHATH z!, 22 M TPH METPHUYECKHX KoddPHIuen-
Ta 11, £12 = f21, L22), yMeHbmmB uncio panHeix B 100/5 = 20 pas mo cpaBuenmio
¢ DpefHYIMM pe3yJabTaToM (Temepb 3 T JaHHBIX, HJIM IOJTPY30BHKa).

Tperbsa 00paGoTka: BhIpakaeM MeTpHYeCKHe KOd(PPHNUERATH uepe3 AaHAINTHYECKHE
(QyHKOEA KOOPAWHAT

BMecTo Toro uTo6H 3afaBaTh B Ka:kmo# u3 2 -107 Togex mOBepXHOCTA TPH METPHMYECKHX
xoadduumenTa, TpefCTaBAM HX Kak QYHKIUH ABYX KoopAdHAT z', 2z B Buje cTemeH-
HOro psAfa, AIR B BHEAE PAsi0KeHHAA OO CPepHUeCKHM rapMOHMKAM, WJIM B KaKOM-
ERGYAL HHOM BHJe, OCTaBHB CKpOoMHOe IHciIo (ckaxeM 100) moaroBogaNX KoaddunueH-
toB. Torma mudopmanua o camo¥ reoMerpum (B otamume ot koopauHaT 2-107 Touex,
PACIOJIOKEHHN X HA ITOM TeOMEYpHH) COMEPKHTCA B 3THX 1peX COTHAX KoaddmuueH-
TOB — Ha ofilioil meuaTHOI crpauune. IIpomaiire rpysosuxn! Hopoue, MeTpuka sisiaser-
¢ Kak OH cTeHOrpaMmoil, B KOTOPOH COREpPsKATCA PACCTOAHAA MeKAY BCEBO3MO:-
HEIMA DapaMH TOYeK; HO ee pPoJib, ee 06oCHOBaHUeE, €€ CMBICH — B 3THX PAaCCTOAHAAX
H HA B 9eM [pYroM, KaK B MHOKeCTBe 3THX DaCCTOSHMIL.

§ 13.3. COOTBETCTBHE MEKIY IEOJE3MYECKNMH
TEOMETPUN WCKPHUBJIIEHHOI'O ITPOCTPAHCTBA-BPEMEHN
H MPAMBIMH JIUHUAMH JIOKAJIBHO JIOPEHITEBOM
TEOMETPNN

M=oroe eme MOKEHO OHT0 OH CKa3aTh 0 MAaTeMATHYECKOM ammaparte
7 PU3IMUECKAX CHEACTBHAX METPHKH, HO Hepef HaMm BcTaeT Oouee
HEOTNOHHH Bompoc. Haxkmm o6pasoM MeTpuKa (MIH NMPOCTPAHCTBEH-
HO-BPEMEHHOR MHTEPBAJ) CBA33aHA C TEOfe3NIECKUMH (MM MHUPOBHIMHE
naEEamMa npo6arx wactum)? Orser: JIsa Maremarmuecknx oGBbexTa
(«upAMas TAHMA B JOKAJBHO JODEHHEBOA CACTEME» M «reoXe3UIecKas
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BceoObemintomei IMo6adbHO# reoMeTPHH HCKDPHBIEHHOTO HPOCTPaH-
CTBa-BPEMEHA»), COOTBETCTBYIOIHAX OTHOMY M TOMY e (H3HIECKOMY
00beKTy («MHAPOBOH JMHMA NPOGHOH TACTHUIEIY), MOJKHH COBNALATH
Mexny coboil («ycroBme coBMecTHoCTH»). PaccMorpum aT0 TpeGoma-
HHEe COBMecTHOCTH Goiiee moxpoGmo. Haunem ¢ Toro, utro mcciaemyem
ABa MaTeMAaTHIECKAX HPENCTABJICHAA MUPOBOM JmHum npobHoi gacra-
IH B OKPECTHOCTH AAHHOTO coOmTHA & . JloKajbHO JOpPEHNEBo Ipej-
CTaBIEHAE IJIACHT:
«BrGepem B &, mokanbHO Jopennesy cucremy. (CoriacHo pac-
CMOTPEHHIO, IPOBeeHHOMY B ynpakHenud 13.3, Takasa moKaxb-
HO JIOPEHIeBA CHCTOMA ABJAETCA HAUIYJIMHAM OpUGAMKeHHeM
K raoGansHO#l JopenmeBoir cucreme B &, T. e. 9TO cucrema
KOODAMHAT, B KOTOpOM

8up (Fo) = MNap (METPHKA IIIOCKOTO IPOCTPAHCTBA-BPOMEHH),

(13.15a)
tgap. y (Fo) =0, (13.156)

gap. yo (Fo) 5= 0, 3a HCKINIOGeRAVMEeM JACTHEIX CIy4daeB,
TAKHX, KAK IIJIOCKOe IPOCTPAHCTEO). (13.158)

Muposag NHHEA B TaKO#l CHCTeMe HEMeeT HYJEBOe YCKOpeHHe
d?z%/d?=0 B &, («ypasuenme mpamoit ammmm»), (13.16)
rae T —coOCTBeHHOe BpeMsd, H3MODEHHOe IO 9acaM JaCTHIE,

IlpepcraBnenre B BHJE TeOfe3UYECKUX TJIACHT:
«B JIOKaJIbHO JOPEHIEBOHM CHCTeMe, Kak M B Jdwboil Apyroi
CHCTeMe KOODAMHAT, MMpPOBas JIMHHA YAOBJETBOPSET ypaBHe-
HHIO0 Teoe3UIeCKAX

d2a®/de? + T%, (dzP/dr) (dz¥/dv) =0 (13.17)

(t — agpduHHH mapaMeTp, MOCKOJBKY 3TO BpeMs, M3MepeH-
Hoe 10 9acaM NpOoGHOI JaCTHIRI)».
Yro6Ll ABA 3TH IPeACTaBIEHWA OHIM COBMECTHHL APYT C APYTOM
opm JoGom BeGope npolHo wacTunu (mpm JoGoM BeGope dz%/drt
B &,), Heo6xoxuMo, uTOGH

g, (%) =0 B n1060it JOKANBLHO JOPEHIEBOH CHCTeMe
[cmcTeMe KoopHEEAT, YAOBIETBOpAIOMe

coorsomenmsaM (13.15) B Fy; (13.18)

T. . Heo6X0ORAMO, UTOOH Kandas A0KAAbHO A0PERYesa cucmema 6uaa
A0KaAbHO UHepyuasvhol cucmenoii. (O TOKadpHO WHEPNHANBHHX CH-
cremax cm. § 11.6.) B Takoi#i cmcTeMe BCe JoKadbHEE 3dderTH «TArO-
TeHns» mponafanT. TakoB KpaTKo ¢puamgeckmis cMuci yciopns (13.18).

Tpebys TOMIECTBEHHOr0 COBIANCHHS Teofe3MICCKHX (IOMyTeH-
HEIX u3 ['®;y) ¥ NpAMEIX TRHAHK JOKAJABHO JOPEHIEBOX FEOMETPHA g, v,
MH BOBCe He 00fA3aHH BHDa)KaThCA Ha A3HIKe CHENAANBHONW CHCTOME!
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KoopamHAT. JIoKaJbHO JOPEHIEBA CHENHANABANHAA CACTEME KOODAHHAT
MOJKeT IpeOCTABATh HaM CaMuil HemOCpeACTBeHHH cmoco6 yBHAETH
¢usuKy («OTCYTCTBHe JOKAJABHHX 3PPeKTOB TATOTEHHAA»), HO OBLIO
6L HeOMMPABAAHEHM BOCHOJIb30BATHCA €10 AIA GOPMYJIHPOBKE B CAMOM
ofmemM BHJe OJHOTO H3 OCHOBHHX MaTeMATHYECKMX TpeGoBaHHIA.
Ilpasaasao Gmao 6H morpeGoBaTh

Vg = 0 («coBmecTHOCTH § M V»). (13.19)

BupaskenHoe B IpPOH3BOJBHOH CHCTéMe KOODAMHAT, 3TO TpeGOBaHMC
TIaCHT

dg (13
oz

To, 9To 9TO KOBapHaHTHOE TPeGOBaRHe BHIIOJH;CTCA B JI000H cHCTOMe
KOODAHHAT, CleAyeT M3 COPaBeJJHEBOCTH €F0 B OFHOM cHCTeMe KOOp-
OHHAT — B JOKaJbHO JopeHIeBoit cncreMe. (B JokansHo JopenneBoii
cucTeMe OTAeABHO Tpebyercs ofpamenme B HyJap B Touke &, Kak
IIepBOTO YieHa B 3TOM BHIDA’KEHHH, TAK H ABYX IOCHEAYIOMHUX, OpAIEM
at; TpeGoBaEmA HajarapoTcsa ¢gusurol.) Ucnonssys Vg = 0, mosxH0
moNydYATs B aGCTPaKTHHX 06o3HaueRHAX mpasmio AnddepeBHApoBa-
HAA OPOASBENEeHHs

Vo(v-w)=(V¥)-w+v-(V,w) (13.20)

(ynpaskrenme 13.4) m ciaegylomme BHpa)KeHEA s KoaddnnmenTtos
CBA3HOCTA B npou3sosvkoll cucteMe uqepe3 1) MeTpHueckde Koad-
QHOUERATH gq,3 = 8,°85 H 2) KOBapHAHTHHE KOMMYTAanMOHHEE
K09 PRIUCHTH

8ap; v = —I‘“avguﬁ"‘rupygau= 0. (13.19')

V c"ﬁ? = Cc‘ﬂuglﬂ’ = (")u1 [ea’ eﬁ]) gu‘v (13.21)
9TOM CHCTEMBI:

I, =g*" Tup, (ompemenenme T'g,), (13.22)
1
Tupy= 5 (8uB. v+ Cupy + Buv.B + Cuyp— 8By n—Chy) =

1 .
= (8up. y+ Buy, p— &8y, 1) B IPOH3BOIBHOM
KOODAWHATHOH CHCTeMe OTCYeTa. (13.23)
(Cm, ynpaskmesme 13.4.)

Buipascenus (13.23) daom umenno me kosgpuyuenmu ceasmocmu,
Komopbie mpebyomces, umobv 2zeolesuveckue UCKPUSAEHH020 npocm-
PaHCMEa-6peMenl CO6NAAU C NPAMBMU AUHUAMU A0KAALHO A0PEHYEE0L
zeomempuu. IlpAueM 3T0 efNHHCTBeHHHE KoaQ{UMUMEHTH CBA3HOCTH,
obnafaomue TaKAMH CBOMCTBAMHA; HAKAaKO# ApPYyroil BHGOp Koaddm-
[HeHTOB CBA3HOCTH He NpHBefieT K HY:KHOMY peayiabrary!

Pesiome: B HMCKDMBIAEHHOM NPOCTPAHCTBE-BPEMEHH C JIOKaJbHO
JOopenTieBO# METPHKOM clefylomue YTBep:KIEHAs, KOTOPHE Ka)KyTcs
PasNEYHLIME, Ha CaMOM Jlejle DKBABAJIEHTHH : 1) reoiesHuecKue HCKPHB-
JIeHHOTO IOPOCTPAHCTBa-BPeMEHH COBIANAKIT C NPAMHME JHHAAMHA JIO-
KaJIbHO JlOpeHNeBOil reoMeTpmH; 2) KamJas JOKaJAbHO JopeHIeBa

Hpyras
dopuynnpoBska
yonoBHA
COBMECTHOCTH:
Vg=0

BrIpakenne I‘aﬂv
qepe3 METPHKY
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cacteMa [KOODIMHATH, B KOTODPHX g4p (Fo) = Nup, Lapy (Fo) = 0]
ABJAETCA B TO jKe BpeMsA H JIOKAJbHO MHEpLHAalIbHO# CHCTEMOHR
[Tey, (P,) = OI; 3) MeTpuka B KoBapHaHTHass MTPON3BOAHAA YHOBJET-
BOPAIOT ycloBHI0 coBmecTHOCTH V§ = 0; 4) KoBapHaHTHas NpOHU3-
BOfHAA MOMYMHAETCA HpaBMiay AUPPepeHIMpOBAHAS NPOM3BENEHHA
(13.20); 5) xoapPueHTE CBA3HOCTH ONPEALNAIOTCH N3 METPAKH C I0-
mMompio BrpaxkeHuit (13.23). Ulecroe skBHBalieHTHOe yTBep:KieHHe,
BHIBOJ KOTODPOTO JlaH B ciaefylomeM maparpade, raacut: 6) reofesuqe-
CKMe HCKPHBIEHHOI0 IPOCTPAHCTBA-BPEMEHA COBOARAIOT C MUPOBHIME
JMHASMA SKCTPEMalbHOr0 COGCTBEHHOTO BPeMEHH.

YNPAKHEHUA

13.3. MaremaTnueckoe npecTapjieHne JOKANLHO JOPERNEBOii CHCTEMBI

JlokanbHO JOpeHHeBoil cMCTeMoit B gaHHOM coburtud &, mo ompefe-
JeHWI0 Ha3HBAETCA CHCTeMa, NpeACTaBIAmAs cofoit Hamayumee
OpulamKeHue B 3ToM COOHTHA K riao0alhbHOHE JOPEHIEBOH CHCTeMe.
Torpa aro go/rkHA GBHITH cHCTeMa KOODAMHAT, B KOTOPOH g,y (F,) =
= 1, ¥ KaK MOkHO GoJibIIee IMCJI0 TPOM3BONHHIX g,, oOpamaercsa
B &, B Ay b. [loKaxkuTe, 9T0 CYMECTBYET CHCTCMA KOOPAMHAT, B KOTO-
poit guv (Po) =Myuy B guv o (Fy) =0, HO g4y, 00 (Fo) B 06mem
ciay4yae Heln3sa o6paTtuth B Hydb. CiefosaTelbHO, 3TH KOOPAMHATH
N ABJIAIOTCA MaTeMaTHIeCKMM IIpe[ICTaBJIeHHCM JIOKAJBHO JOpeHIe-
Boii cmcremul. [Ywasanue. Ilycts {22 ($)} — npomssoabHas, HO
¢uxcapoBannas cucTeMa KoopimHaT, a {z* (#)} — soKaiabHO JOpeH-
neBa CHCTeMa, HpHYeM Hadvada ofeMX COBIAAaT ¢ Toukoir &, Pas-
JoyiuTe mpeobpa3oBaHMe OT OJHOI CACTeMBH KOOPAMHAT K APYTLod 1o
crenenam ¥

. 1
2 =M% 2"+ % N%wa"z" 4 POuupaz’aP 4

H, BOCIOOJb30BABHIACH MAaTpHIed mnpeoOpasoBaHHsA L“'us ™ 1oz*,
BbIpa3uTe guv(@o), guv,p(@o) n Suv, po(gso) gepe3 fq/pr, HX IPOM3-
BonHue m mocrosname M%,, N%., P%.,,. IlokaxumTe, 9r0 KaroBh Gbi
HE OBUIE gq:pr (HO Takme, 4TOOH COOTBETCTBYIOWasi Marpmma Obiia
HeCHHT'YJIAPHOA W MOIJHM CyliecTBOBaTh g% B’l), Bcerga mMoskHO BHOpATH
16 mocrosmmmix M%, TaK, 9TOGH g,y =1,y (HECATH YCIOBHiT); BCerfa
MoskHO BHIOpaTh 4 X 10 =40 mocroammmx NV, Tak, 9To6m obparmrsh
B Hyab 10 X 4=40 DpomsBoABEIX gy, ,(F)), HO B obmeM ciaydae
menssa Bubpars 4 X 20 =80 nocrosmsmx P%,,, Tak, 4To6H oGparaTs
B Hyas 10 X 10 =100 npomseogBHX gyv, o]

13.4. CaencrBra m3 coBMecTHOCTH § B V

a. U3 ycuoBusa cosmectHocTE Vg = O BriBefuTe npaBmio HaddepeH-
napoBanus mpomspegenns (13.20).

6. U3 ycuoBusa coBmectHoctE Vg = 0 m ompepmenenmit (13.21)
1 (13.22) puBemmre BripasxkeHHe (13.23) nus koadduumeHTOB CBA3-
HocTH. (Omeem. CMm. ympamuenme 8.15, crp. 271.)




§ 13.4. Teodesuneckue — mupostie aunuu ¢ sxcmpem. cobeme. epemenexm 385

§ 13.4. TEOQE3SHYECKRHE — MUPOBBIE JIMTHNN
C IKCTPEMA/J/IbHBIM COBCTBEHHBIM BPEMEHEM

B 1o0xaJbHO JOpeHIEBOil cCHCTeMe NPAMYI0 MHDOBYIO JIHHHIO JIerKO
OTINYATH OT HempsAMoii. BruGepem mososienne N opHeNTanuio JOPeH-
LEBOM CHCTeMbI TAKEM 00pa3oM, 9To0H HCXOXHAA TOYKA MIPOBOM JNHAH
+# nexana B Havajie KOOpDIHHAT, a KOHeYHasa Touka F mmesa Koop-
muHath = 0,y = 0,2 = 0, ¢t = T. B KavecTBe mpuMepa HenmpAMOi
MHEDOBOIl JMIHM PACCMOTPAM IEpPeMelNeHHe ¢
OCTOAHHON CKOPOCTHIO U3 A B Touky & ¢ Koop-

JONHATaMH (—;— T,0, 0,% R) ,a OTTY[Ia — ONATH [y

;e ¢ IMOCTOSIHHOM CKopocTshio B ToYRy % . Ilpo-
MEKYTOK COOCTBEHHOro BpeMeHM, HCTCKIOHMA OT
Hadaja 10 KOHIa nyTh ((UIMHA MHAPOBOH JM-
HEN»), paBeH

T = (T? — Ry,

Takum oOpa3oMm, HCTEKMMA OPOMEILYTOK C0G-
CTBEHHOT'0 BpeMeHHM YMEeHBIIMJICA [0 CpaBHe-
HUIO ¢ TCM 3HaUYeHHeM, KOTOpoe OH HMeJ IpH
mepeMeMeHUH BAOJb NPAMOA JMHMH, HpHUYeM
YMeHbIIeHAe MPONCXONAUT IPH TI060M 3HAUEeHUH
R, otamunoM OT HYNs (COOTBETCTBYIOIEro HPAMO MAPOBOil JMHMH).
Kax paqa sToil mpoctoil soMaHoil JuHMA, Tak H jas dwboil apyroi
HeOpAMOil JMHHH CHPaBeAJIMBO CleAyiomee: NPOMEKYTOK cobCTBen-
HOro BpeMCHH, HCTEKIMUIl Me;KNY o4 m %, Bcerma Mensuie, 9eM COOT-
BETCTBYIOMMI HPOMC/KYTOK BROJb npsMoil aunum (ynpassuenue 6.3).
Takiu o6pa3oM, B IJIOCKOM IPOCTPAHCTBE-BPEeMEHH SKCTpPCMaJbHas
IJIMHA ABJAETCA NPU3HAKOM NPAMOJIAHENHHOCTH.

Jliobas soxanpHas o0JacTh MCKPHBIEHHOTO HPOCTPaHCTBa-Bpe-
MEHH peajibHOro (HM3MUYEeCKOro MHpPAa HOCAT JIOpeHIeB XapakTep.
B artoil JOKadkBlO JIOpENLEeBOil reOMeTPUHM He NPEACTaBJIAET TPYAa
BBECTH JIOPEHIeBH KOODAMHATH M NIPOBECTH TOJBKO UTO ONMCAHHBIM
AHAJN3 HA HKCTPEMAJNDLIOCTh JJIUHBL JJIA BHIACHEHUA TOI'O0, ABIAETCA
JIU JIMHHA TPAMOH MJMU 1leT:

B B
T= S dt = S (— Ny dz* dzv)/2 =
o oA

_ (MancnmyM 1A OpPAMOH JIMHEH IO CPaBHEHUIO (13.24)
¢ a1000# Apyrod MmMpOBOH IHMHRMEH ) )

Takyio mpoBepKy npsaMOJMHERHOCTH MOKHO OCYIECTBHTH B Kakaoi
JIOKaJbHOH JOpPeHileBol 00JacTH BHOJL MAPOBOH JHUHHM IO OTHeNb-
HOCTH HiM, uTOo GoJsiee 3QPeKTHBHO, €€ MOHO OCYIIeCTBUTL IO BCEi
COBOKYNHOCTH JIOKAJbHHX JIOPEHI[eBHX 006JacTeil OfHOBPEMEHHO,
T. €. B 06J1aCTH, T/ie KOHEUHBI® TOUKH o4 u & pacmonorKeHH TaK NajieKo

25—01457

B naocroM
NPOCTPAHCTRE-
BPEMEHH NpPAMLIe
AMHHEH AMET
IKCTPEMATHHYIO
AAHHY

DKeTpeMaNLHAN
paRHA

B MCKPHBICHHOM
TPOCTPAHCTBe-
BpeMeHHE
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O®IT. 13.2.

KonebGatejipHOe [BHKEHNC 3Be3[K B HANPaBJEHNN, NEPOCHAUKYJADHOM IIJIOCKOCTH TaJaKTHKM,
nMeomeit gopMy AmMCKa, KaK IpHMep CHTyammM, KOrja JABa COOBITHA ¢ 11 98 MOTyT OHTH coemn-
HeHH GoJiee YeM ofiHOII reofiesnyecKoil. Caeda ééepzry: BUN TallaKTHEN ¢ pefpa; mTpuXxoBoii nuBmeit
noKasaHa TPACKTOpHA NaHHON 3Be3[H II0 OTHOMEHWIO K JIOKAJBHOM clicTeMe, NPHHBMaoeit
yyacTie B o6meM BpaleHMU 3Be3[l MHCKA. Cnpasa eeepzy: 3PPeKTMBHHIL IOTCHEDHAM, B KOTOPOM
KoJe6eTcs 38e3fa, COTIACHO HHIOTOHOBCKOI TeOPVH TATOTEHNA; OH NOK00eH NOTEeHIMaay, B KOTO-
POM [IBMKETCS MSAYMK, CKATHBAIOMMUCA 10 OoAHO# HAKNOHHON ITOCKOCTH II HOpHMMAMuiics
BBepX Mo Apyroil («cBoGomHOE majleANe HA MJIOCKOCTH TaJAKTHKH» ¢ yCKOpeHMeM g = 1/, B mpu-
HATHX 37iech equBUnax). Tpm npaMoyroiasBEHe PaMKHM B LEHTPE — BO3MOKHHE I HEBO3MOKHHE
MHPOBHE JHHNIM, COEJWHAIONMe JBa AAaHHWX COOHTHA ¢ (NJIOCKOCTh FajJaKTHKA npn ¢t = 0)
11 B (NIOCKOCTh TANAKTHRU pH ¢ = 2). Cnpasa: 3Be3na BHOPOIMCHA B3 TaXaKTUYECKOii INIOCKOCTIX
€ TaKoil CKOPOCTBIO, YTO OHA CHOBA NMONAJAeT B IIJNOCKOCTh B MOMEHT ¢ = 2, Caeea — eculi 3Be3ny
BRIGPOCHTH ¢ BABOC MEHBIIEli CKOPOCTLIO, TO OHA BO3BPATHTRCA BBoe GhicTpee (UTO B KOPHe OTJNi-
9aeTCA OT NMPOCTHIX rapMOHHYECKNX KojgeGaHuil, Ho BIojHe corjacyeTc ¢ V-oGpasHBIM I1I0TCH-
HUAJIOM TaJaKTHKI!) M ycneeT COBEPUINTE ABA KA 38 BPeMS MEMKAY £ 1T HB. B yenmpe: MupoBan
JANHEASA, KOTOPYI0 MOKHO IPEACTaBUTHL cebe (BOsMOKHAs JMMb DpH HAJAYMH PaKeTHoii TaArn!),
HO KOTOpAaf HC SABIAETCA reojiesndeckoii. Bxusy: CPaBHEHNE 3THX Il BCCBO3MOKHBIX APYTHX TpPaeK-
TOPHil, KOTOPHE MOTYT GHTDH NP1 GAHKEHHO NPEAICTABICHH B Bljie z = a, sin (n1t/2) + a, sin (2n¢/2).
IlBa NOATOHOYHKX I1ApaMeTpa a; N @, ABJAKTCA KOOPAMHATAMU B ABYMCPHOM «QYHKIHMOHATBHOM
NpOCTPAHCTBEY (ANMPOKCUMUpYyIouieM 6eckoReuHOMepHOEe §YHKIMOHAJILHOE IPOCTPAHCTBO, KOTOpOE
TpeGyeTcA I ONMCAHNA BCeX MBICAHMEX MHDOBBIX JIMHHIT, COCAMHAIOMMX £ U 43; B mpasoil
paMKe TOuHHII mapaGoJudecKuii 3aKoE CBOGONHOrO HafieHHs CpaBHMBAaeTCA C NpPHOMILKCHIEM,
comepxamM ofnE ujeR pAaa (ypbe; aHANOTIYHOE CpaBHEHHe NPOBOINTCA U B JIERBOii paMKe,
HO TaM ABC KPHBHC CINIMKOM Gal3Klt APpYT K APYTY, YTOOEI 11X MOKHO ObljI0 HAPMCOBATH OTACIBHO).
HeroToprie fieTann: paccys;kias B paMKax oOmied TeopHi OTHOCHTeJNLHOCTH, HYMKHO B3ATH 1pO-
N3BOJLHYI0 MUPOBYIO JIMHUIO, COEIUHAIOMYIO £ N 93, BREYHCIUTH BAOJb Hee IPOMEKYTOK €00-
CTBCHHOTO BPCMEHI! If 3aTeM NOBTOPHTh 3TO AJA BCeX OCTAJLHBIX MHPOBHIX JWHIN; TOTHA MOKHO
CKa3aTh, YTO [AHHAS MIPOBasf JAHNSAS NPENCTABIAET BO3MOMKHYIO TPAGKTOPHIO ABHMKEHNA («reo-
Ne3MYeCKyIon), ecin coGcTBeHHOe BPeMA BAOJE Hee HOCTHUIracT dKCTPeMyMa 110 OTHOMICHINIO KO BCem
OAU3KMM MHPOBLIM JNHNAM. B HBIOTOHOBCKOM IPUGMICHUI Heo6X0MIMO NPIEATE BO BHIIMaHVEe
JImb PasHEULY MKy NPOMEXKYTKOM COOCTBCHHOTO BpPEMeHIH 1f TIPOMERYTKOM (¢ @t 4) Koop-

.

AUHATHOTO BPCMCHII, KOTOPasi BRPA)KaeTCA 4Cpe3 «HHTErpas feiicToua» (3aMMCAHEHIT 1A CANHAY-
HOll Macchl)

B
I S [ ( KIHCTIeCKAA )y ( TOTCHIMAJLBAS ) ) d
= DHOPTHSA] ) 3Heprus J t=
A

(4 (&) 1]

[MakcymMyM (11211 DKCTPEMYM JAPYTOro Popa) co0CTBCHHOTO BPCMEHN COOTBCTCTBYCT MIHIMYMY
(I DKCTpeMyMy pyroro popa) jeiictBua  I]. WNmterpmpomamEne paer I = (n2a}/8) —
— (4) ay |/n) -+ (n2a3/2) opn | ay | < Yy | @y | (nBmsKeHME copepsKUT ofMH  mEKR) 1 [ =
= (n2a?/8) - (n%a}/2) — (4 | ay |/n) — (a}/m | 4y |) mpH | ay| >, | a; | (mBMMKeHMe copep-
SRIT gBa nukaa). Korga ABIKCHME COeP;KHT OAWH LMKX, JAeliCTBHEe NOCTHIaeT MHHAMYMa (npo-
MEKYTOK cOGCTBEHHOTrO BpeMeHHM MakcmmaJeH). Horpa asmixeHue CONEeP:KIT ABAa NMKJA, neiiciBue
JAOCTHraeT DKCTpeMyma, HO He MUHHMYyMa («cepjoBas Touka»). B paGorte [152] mamml mpumepm
JPYTIX MeXaHWYeCKAX 3aja4, KOTOPHe NPHBOAAT K Gojee ueM oaHOMY 5KcTpemMyMy. B paborax
[153, 154] npuBoaNTCA TeopeMa, CBASHBAIOIAA YHCIO CEAJOBHX ToUeK PA3IUYHHX THIIOB C MHC-
JaMM MAaKCUMYMOB M MMHUMYMOB («TeopeMa 0 KPUTHYECKOI TOYKe B MCYHCJieHMM KOHEYHHX BapHa-
muii»),
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ApYT OT Apyra, 4TO, BO3MO;KHO, He CYMECTBYeT eNMHOI JOpeHLeBoi
cucTeMbl, cofiep:xameit Bx o6e. UToGH mpoBecTH TaKoit aHAJHMS, HYK-
HO OTKa3aThCA OT JTOKAJBHO JOPeHOeBHX KoopaaHaT. [lo3TOMy BBOANM
KPHUBOJMHEHAHYI0O CACTeMY KOODAMHAT o0IEero BHUIA H B pesyJbpTare
nojydaem

B B
T= S dv = S(—gwdx“dz“)”z:
o oA

3KCTPeMyM I BPeMEHHIOROOHOA MHUpPOBOH JIHMHEW,

KOTOpasA sABIAGTCA HPAMOM B KaKIOM JOKAJIbHO 13.25
JOPeHIeBoil cucTeMe BROJL Hee, IO CPABHEHHIO - (13.29)
¢ moboit apyroif «6am3Koi» MEPOBOR JTMAHE

B peanpHOM MHpe TpPaeKTopuds 3IKCTPeMaJbHOro v, GyAydd mpaAMmoi
B Ka)KHOil JIOKAJbHO JOPEHUeBOH CmCcTeMe, TOJKHA IIpelNCTaBIATH
co6oif reoe3N4eCKy0 MPOCTPAHCTBA-BPEeMEHH.

OTMeTHM, 9TO CJIOBO «MaKCEMyM» B Bupakennn (13.24) samemeHno
B yreepxiennn (13.25) caosom «rcrpemym». Ecam 4 u F panexo
OTCTOAT Apyr OT APYyra, TO BIOJHE BO3MOKHO, YTO MX MOMKHO COe[d-
HUTh HECKOJHKHMHU pPa3inddeIMA Te0Ne3MIeCKHMH C PA3HHEIMHE IpPO-
Me)KyTKaM| cofctBeHHoro Bpamenu (Pur. 13.2). Ha mwo6Goit Bpemena-
nofo6HON Teole3ddeCKOR T HOCTAraeT IKCTPeMyMa Mo OTHOMEHWI0 K
6am3keM AehopManEAM STOHR reoHe3dIeCKOll, HO ITOT IKCTPEMYM
He ofA3aTellbHO ABAAeTCH MakcuMyMoM. Horma fBa coGuTEA coenmHe-
HH HECKOJBKHMA PAa3IHIHLIMA TeoNe3ddeCKUMH, TAUAYHON TOYKOR
Ha cx>Max taoa ¢ar. 13.2 u 13.3 GuBaeT He ToUYKA JOKAABHOT'O MaK-
cumyMma («ropHasf BepmiaHa»), a TOUKa cefia («ropHHA mepeBal»).

N3 cooTBeTCTBHA MEeKAY JA0KAAHHHMA NPAMEMA JTHHEAAMA (JAHAA-
MHE DKCTPEMAJbHOr0 T W reofe3MYIeCKAMHE MCKPHBIEHHOT0 IPOCTpaH-
cTBa-BpeMeld) CleAyeT, 9T0 BpeMeHANOK00H e Teoe3nUeCKAe TOJKHE
AMeTh DKCTPeMalbHyI0 coGeTBeHHY0 mauHy. Ecau ato Tak, To mobGas
xpusas z* (A) mesxny A (rne A = 0) u # (roe A = 1), Ha KoTopoit T
HOCTATaeT JKCTPeMyMa, KOJKHA YHOBIETBOPATH YPaBHEHHIO Treoie-
sugeckdx. UToGsI mpoBepuTh, ABISAETCA JH KPHBAaA, NPOIHMAas B reo-
HKe3AYeCKHe, dKCTPeMalbi0 IO OTHOMEHHI0 K COOCTBEHHOMY BpeMEHH,
HofBeprieM ee Maloif, HO mpoH3BoJbHOE Medopmanmu:

ncxopHas KpmBas z* = a* (A);

nejopmapoBaHHas KpEBad z* = a* (A) + Oa* (A). (13.26)

VcTekmuit DpoMe:KyTOK COGCTBEHHOT'0 BpeMeHM BIOJb 1060l KpABOH
coCTaByAeT

2 h a* dr¥ Ve
= 5 dt = S (—gw %) "an. (13.27)
P 0
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HaxokneEne MUpPOBOH JMHMM ¢ SKCTPEMAaJBHHM IPOMEKYTKOM COGCTBEHHOTO BpeMeHM. Caesa:
TIPOCTPAHCTBO-BpeMsA; MHPOBas NBHHA F, BAOAB KOTOPOMl HpPOMEKYTOK COGCTBEEHOTo BpeMeHm
T MEKLY o ¥ S NOCTHTAET SKCTPEMAJLHOTO 3HAY€BH, CPABHNBAETCA C APYTEMU MUPOBHMY JAMBH-
sAMA. HORKpeTHHEe MNPOBHE JHUEWH, NOKA3AHHKE HA PHCYHKe, OTANYAIOTCA OT OMOPHOIl MMpPOBOH
apEun G Ha BeJMYMHY, KOTOPAA XAPaKTepM3YeTCA ABYMA «Pyphe-aMIAUTYAAMU» a; B a,:

8a (M) = a4 sin (7tA) 4+ ay sin (2n1),

Ifie IPOMBEOJBENE MacmTaCERII ¢axTop M Bauajo oTCcueTa mapamerpa A BHGPaEN Taknm o6pa~
80M, U9T0 A (A) = 0, A (B) = 1.

Cnpasa: «UpPOCTPABCTBO TpaekTopmii». HcoppuBaTaMu B 3TCM DPOCTPAHCTEE ABASAIOTCA
¢ypre-aMnIATYAN a, U a,. JIOKa3aBH JNIb 9TH JEC AMIMTYAB (¢AEA M3MEDPEeHMA»), TOTHA KaK
Hy;kH0 OHJ0 O noxasaTh GeckcHewBce umcjao aMnARTYA («GecKOBeYHOMEPHOE NELOCTPAHCTBO
TpaexTopmii»), HeoGxonuMEX, uTGGH NpeACTaBUTL BreMeBMNopcCHYI0 MAPOBYIO JRHMIO obmero
BH[A, COCAVHANMYIO £ ¥ JHB. Kaxanii nappmnii KORTYP (B NPOCTPaHCTBE TPaeKTOPMit) npoXoanT
CKBO3b BCe Té TOYKM, KOTODHE COOTEETCTBYIOT MIOENM JBENAM (B DPOCTPAHCTBE-BPEMEHHM), OTME-
PAKIUM OVH H TOT 3.e NPOMEKYTOK COGCTECHECTO BpeMeHN T, YKazaBEHII Ha KoAType. Ilpen-
IeCTRYKIEe ONNCAERE ABJNACTCA KIACCHUCCKEM; CCIN3CHO KESHTOBOW MeXaHNKe, BCe BPeMCHM-~
nopo0BEle MUPOBHE JHBUY, COEIMEAIME o M B, HMEIOT OHY 1l Ty Ke aMIJIATYAY BEPOATHOCTH
(¢mpUBIUN PaBHONIPABRA MCTOPHMI») M OTAMYAIOTCHA APYT OT APYTa ANIDb ¢asoil 3TOM KOMNJEKCHOIT
AMININTYAH BePOATHOCTH cXP (—imtT/k) (m — Macca 4acTun, % — KBaBT MOMEHTA HMIYJabca),
OpHaKO DPW CJOKEHBM 3THX aMIANTYX BEPOATHOCTM H3-32 PA3PyMHTENbBOTO AEHCTBUSA WHTED-
depeBnyn McuesaeT BKAajA ECeX Te€X HCTOPRH (TPAEKTOPHil), KOTOpHE CHMIKOM CHJIBHO OTJIM-
9al0TCA OT ONTHMANBHON, MAN KJIaCCHYeCKOH MCTOpuM («BonHOBafA 30HAa QpeHeNsA»; «feHMAaHOB-
CKpil IPYENUI CyMMNPOBAHRA NO TpaeKTopusAM», cM. [155]). Onupasch Ha 9TH DPHUEOMIE BOJHO-
EOll MEXaHMKH, JeMOBCTPMPYKIle, KaK HAa CaMOM Jeje LeficTBYIGT 3aKOHH (U3MIECKOro Mupa,
B plononHeRMA 25.3 omuchBaeTcs MeTop I'aMuabTcBa — fiKoGM (¢KBAHT(BOMEXaHNYeCKHit mpefea
KOPOTKUX JIINH BOJIHY) ONPeRCACHNSA TE0Ne3NUeCKRX , METO, KOTOPHIi ¢ TOUKM 3PeHUA X PUII0KeHMH
ropaspo ynobmee, ueM o6huERe «auddepeRnyanbLERe YPaBHEBMA BTOPOro MOPAJIKA AJiA TEOHe3H-
yecKnX» [ypaBEemmMa (10.27)].
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Ilpn ¢uKCHpOBaHHOM A 3HA4YCHHA MeTPUYECKHX KodpPHIUEHTOB
guv [2% (A)] 1a pa3nuYHBIX KPHBHX OTJHYAIOTCA Ha

8guv= guv[a® (A) +8a% (M)] —guv [a® (A)] =

guv

8as(\); (13.28)

a KOMIOOHeHTH dzV/d) xacaTelBHOTO BeKTOpa — Ha

v v v v

6(‘?}» )__d_“iiﬁ’.‘_)_ﬂ.__(aa) (13.29)
Jth navenends g, 1 dzV/dA npn PUKCHPOBAHOM A HPHBOAAT K COOT-
BeTCTBYIOIMAM H3MeHEHHAM IPOMEIKYTKA COGCTBEHHOTO BpeMeHH, 3a/a-
BaeMoro Brpaskenuem (13.27):

1 { — guy (da¥/dX) d (6a")/d}»—%- (8uv, 002%) (da*/dL) (da®/d]) }
dh.

br= i [—Eys (da?/ah) (dad/an)] "2

TipouHTerpApyeM mepBoe cJjaraeMoe Imo dacTAM. UieHH, cooTBerT-
CTBYIOI{UE KOHEYHEIM TOUKAM, OIYCKaeM, HOCKOJIBKY 06 KpUBLHIe KO K-~
Hul mpoxofuth deped £ m F (6a* = 0 mpu A = 0 u upm A = 1).
B pesyxbrate mosydaeMm
A=1
br= S fo (A) aac[ oy dh = ] dA. (13.30)
A=0

3necn uepe3 f; (¢«CHIOBOH WaeH») B HONHHTETPAJBHOM BHIpajkKeHHH
COKpameHHO 0003HaueHH YeTHpe REIPAKEHHSA

dav
fa (M) = : i Ta
o - l—_ ja—v da® /2 dA [ da? E{-l/z -
EvO g% aa T8V g A

1 98uv da* da¥
2 95 dA dh
— PR (13.31)
[ TG AL
Hocru:xenune skcrpemyma m obpameHue B HyJb u3MeHeHHs 0T B mep-
BOM MODANKEe NpPA NPOU3BOJBLHOM OTKIOHEHHM IEPBOr0 IOPALKA
6a° (A) oT omTmManbHO# TpaekTopuH x° = a° (A) MMeeT MeCTO TOTAA,
KOTa BCe BEJWYAHH f;, YMHO;kaeMie Ha 0a®, o6pamaiTca B HYIb.
Taxuxm ob6pa3om, mid ompefeleHHS 3KCTPeMAJbHOM MHPOBON JHHAH
MH HoJydaeM YeThpe YCJIOBHA

fo (d) = 0. (13.32)

(Ipyroit monxox K mpoGaeMe HaXOKAEHHA IKCTPEMyMa HpPeNCT4BIeH
Ha ¢ur. 13.3.)

bynyun focmamounuimu, 3TH 4eTHpe yCI0BHA He ABIAIOTCA Hesd-
BUCUMBLMU, TIOCKOJIBKY 3/leCh IPAMEHAM AOBOM «HUTKH Gyc» (81 aBTO-
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MaTHYCCKH o0palmaeTca B HYAb NpH JIOOLIX H3MEHEHNAX, CBORAIMAXCH
K NPOCTOMY CMEINEHMIO TO9eK BXOJb PHKCHPOBAHIION MHPOBOM JMHMM,
mofo6uLX mnepeiBisKkeHnio OycuH mo HuTke). Omepainusa HpocToro
«mepeiBu;KeHNA OYCHH» ONMCHIBAETCA TpPUBHAJLHOM Bapmanmuei

807 () =h (1) 22| (13.33)

e A (A) — upoussoibiiag QYHKUEA TOIKH HA MHPOBOH JMHHH (4B
OlHOM MecTe mepeMeljenne GoJbime, 4eM B Apyrom»). 3Has 3apaHee,
YTO DTA OmepaliusA He MOYKeT M3MEHATH T Mbl 3aKJIOYaeM, UTO MOJACTa-
soBka (13.33) Bmecto 8a° B mommHTerpanbsHoe Bupaskenme (13.30)
JoJ:xia o0pamiaTh ero B HyJab; Gojlee TOro, MOALHTETpajibHoOe BLIpa-
sKeHHe A0JHKHO ofpalgaTsCA B HYJAb mpu jio6oM BriGope mpon3Bolib-
HOTO MHOKUTeNst h (A), OOMCHBA0MEro «BEJIHYHNY TepeMemleHusA».
Yrobbul yAOBNETBOPUTHL 3TOMY TpeGOBaHMIO, CKAJAPHOE MPOM3BeAeHNe
Joda®/dh momkHO aBTOMATHYECKH o0pamjaThCA B HYJb; APYTHMH CJIO-
BaMH,

(]
fa 22 o0, (13.34)

TlpusenenHsie A0BOAK U IoCJeHee ypaBHeHHe CIOPaBeAJIMBH He3a-
BHCHMO OT TOTO, HMEEM JIM MEl [ieJO C ONTHMAJbHO# MHDPOBO# JmHHeIl
win Her. CooTHOmMEHME TAKOrO THHA, KOTOPOE CIPABEAJINBO He3aBUCHMO
OT TOTO, ABJIAETCA JU MUPOBAs JIHHHA [NOUYCTUMOIl TpaekTopHeil CBo-
GomHoit mpobGHoit wacTHUH (TpaeKkTopHeil ¢ IKCTPpeMalbHBIM HpOMe-
JKYTKOM COGCTBEHHOTO BpeMeHHM) WJIM HeT, Ha3HIBaeTCHA moxcdecmeom.
CootHomenne (13.34) — BaskHOe TOKAECTBO B TEODHH reofe3HYCCKHX
IPOCTPAHCTBA-BPEMEHN — ABJIAETCA B HEKOTOPOM pofe HpeAmecT-
BeHHUKOM TO)Kk[ecTB BMaHKM — Ba)KHeHIDUX TO/KAECTB B TEOPHHM KpH-
BH3IE HTPOCTPAHCTRA-BPEMEHH, HM3ydaeMHXx B Ia. 15.

MMpousBos, KOTOPHA CYymECTBYeT B «CJABHre 3HaYeHUH A BIOJB
MHEDPOBO# JMHHU», MOYKHO MCIOJIB30BATH C TOM 1(€IBI0, UTOGH BMECTO
NpOU3BOJBHOTO MapaMerpa A BBecTH (HM3MuecKM Gosee MATEpeCHHIA
mapaMerp coGCTBEHHOrO BpeMeHH

r da¥ dab 1/s
OcTaHOBHBMUCH HA KOHKDETHOR MHpOBOi juuan r* = a* (1) u 3a0mB
npo Bce ee gedopMal(ni, Ml MOsKeM HOBCIOAY 3aMeHHTH a¥ (L) Ha 2# (A).
Torga auddepennuannvusie ypaBuenus (13.32) masa sxcTpeMainHoi
MHpOBO# JHHAH CBOAATCA K

a2y

1
gU‘V di2 +?(

9gav + dgop _ dguv ) dz¥ dz¥
oz az¥ 9z° / dv dt

=0. (13.36)

Mexiny mpoumy, otMetuM, uto TosAectBo (13.34) BHTekaer Temepn
M3 COOTHOLICIIHA
dz° dz¥
gav—a;—?—*—i:(), (13.37)
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KOTOpOe HY)KHO OARH pa3 npojdddepennupoBats (no 1). Taknm obpa-
30M, MHTEPIDETAlMA DTOTO TOKAECTBA CBOAUTCA K TOMY, 4TO 4-CKo-
POCTH B 4-yCKOpeHHe OPTOTOHAJBHE APYT APYTY AAA i060i MEpoBOH
JMHUY HEe3aBHCHMO OT TOTO, SKCTpeMalbHA OHA MaHM Her. BepueMcsa
Temeph K yPaBHEHHIO OPAMOU JMHHH B JIOKalbHOW JIOpeHIleBOH reo-
merpun (13.36) u, nmomHsB B HeM mHAEKC ¢ nmomombio gBo, mpmeeaem

ero X BHAY

d2zP gs 1 9gov |, 98on  Oguv\ do* dz¥

el mt o) T
CpaBHEHM ero ¢ ypaBHeHHEM Teofie3MYeCKUX B o0BIUHOM JA «aoMeT
pHUeCKoll reomeTpud» dopme

d2zP g de* dz¥
'FAT+P w— =0 (13.39)
Orciofa mpEXOAMM K BHIBOXY, YTO Teofle3MdyeCKde JOMETpHUECKOH
TeOMeTpHHU COBHALAIOT ¢ ONPAMHMM JHHUAMH JIOKAJIbHOM JlopeHIeBoil
TEOMETPEM B TOM M TOJBKO TOM CJIyuYae, €CJW BHIIOJHEHH [BA yCJ0-
pasa: 1) 40 xosdpdmumenTtoB cmsasuoctm I8y, ompemeasomux reo-
Re3nudeCcKHe, KOBADHAHTHYIO IIPOM3BORHYI0 M NapajejdbHHH mepeHoc,
HDOJKHBL BHIDAYKATBCA dYepe3 JeCHATH MeTPHYECKUX KodPPHIHUEHTOB
guv («HHMTeAHOBCKAE IPaBHTANMOHHEE HOTCHIMAJNL)) MOCPEACTEOM
coorHomennii (13.22) m (13.23), momywennmx Bmme; 2) mapamerp
reoflesu4ecKBX A [oJKeH COBHOAZaTh C COGCTBeHHHIM BpEMEHeM T
€ TOYHOCTHIO 0 HIPOM3BOJBHOTO BHOOPA HYNEBOH TOYKM M HPOM3BOJIL-
HOTO, HO MOCTOSIHHOTO MAacmTaGHOro MHOMHTENS, T. €.
A =at + b

(B passuBaemom dopMaimaMe HET HAUEro, XoTA O OTHAJICHHO Hamo-
MUHAIONMEr0o HBIOTOHOBCKOE MHPOBOe BpeMs, «TeKyllee BCIOAY paB-
HOMEPHO»; BMECTO 3TOTO Ha KayKHOH reofie8BUYeCKOM eCTh CBOE OTHeNIb-
Hoe co6cTBenHOE Bpems T.) B momosnennu 13.3 paccmoTpeR apyroi
BapHANUOHHHI NIPAHUAN, KOTOPHI B OAHMH IPHEM NMOSBOJAAET HaiTH
SKCTPEMAJBHYI0 MHDPOBYI0 JHHMI0O H HPArWJAbHYI0 LapaMeTpH3anuio
3TOH JMHUH.

OnmcanHHi 37leCh 3Tan ABISETCA 3aBepHIAIOIAM B HepeBofie Hei
reoMeTpHH HCKPHBJICHHOIO IPOCTPAHCTBA C OCHOBALUS , ONMPAIOINCTOCA
Ha reojiesuuecKme, Ha oClOBaHHe, onMpaiomeecs Ha meTpuky. Ilomy-
9eHHas B pe3yJbLTaTe TeOMETPHA BCETAa M Beslle HepaspHBHO CBA-
8aHA ¢ NPUHIMOOM, YTBEDKAAOMMM, 9TO OHA HOCHT «JIOKaJAbHO JIOPEH-,
1leB XapaKTep», 4TO COBEPIICHHO HeBO3MOHO B reomeTpun HrioTona—
Haprana.

=0. (13 38)

YIIPAYKHEHUA

13.5. Bpemennmono6Has B OqBOM MecTe — BpeMeHMmOno0Hasn
IOBCIONY

IloxakuTe, 4TO reoflesMdecKas IPOCTPAHCTBA-BPCMEHl, KOTopas Bpe-
MeHHIOA06HA B OZHOM MeCTe, ABJIAETCA BPeMEHMNONOCHOH MOBCIORY.
AHanorHYHO NIOKa’jKHTe, YTO NPOCTPAHCTBeHHOmOAOGHAs BHauaje
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Teole3HUECKaA ABJAETCA IPOCTPAHCTBeRHONOK0GHOI MOBCIONY, & HyJe-
Bas BHavajle Teolle3HUECKasd ABIAETCA BCIOAY HYyxeBo#i. (Ywrasanue.
10 caMoe JlerKoe ynpaskHenme Bo BCeil KHHTe!)

13.6. IpocrpancTeensononofHbe reoxesmyecKkne o0nanaoT
SKCTpPeMAaNbHOH NImHOM

IToxanure, 4TO npocTpaHCTBeHHONOA0OHas XKpHUBasg, COCNHHAIOMAA
nBa cobutnA A 1 £ ABAAeTCA reoflesHdecKoi TOrfia H TOJABKO TOTAA,
xorga ee coOCTBeHHAA JJIMHA

B
N P
oA

sKkcTpeManbHa. (¥xasanue. Ilocie Toro kKak fgKasana aHaJOTNYHaA
TeopeMa JJIA BPeMEHHNONOOHKX Ireo/ie3NUecKAX, 9T0 yOpaKHEHHe CTa-
HOBHTCA IIOUTH TAaKHM K€ JIETKAM, Kak W ynpaskHemme 13.5.)

13.7. HsMepeHEe METPHYECKOrO TEH30PA LOCPEACTBOM CBETOBHIX
caraanos m cpobopmnix uacrmnm (Kyxap:x)

a. Bmecto mapaMerpm3anBu BpeMeHEIONOOHHX Teofie3HYECKEX C Ho-
MOIIBI0 COGCTBEHHOTO BpeMeHH T BBeJlATe Ha HAX NPOM3BOJLEN napa-
MeTp W:

T = F (p).

3anmmuTe ypaBHEHHe reofie3HYeCKHX B p-HapaMeTpR3anyf.

6. BocmoansyiiTech B KauecTBe mapamerpa BpeMeHHOH Koopam-
HaTo#t . BpockTe 061aKk0o CBOGOJHHX YacCTHL ¢ PasANYEHEMH (CKOpO-
cramm v* = dz'/dt m mpocaennTe 8a mX «yckopenmamm» at = d2z'/di2.
PaccMorprTe, Kakme co9eTaHHA KOMIOHEHT addmHHOK CBA3HOCTA
T'ys MoHO npm sroM msMepHTh. (CumTaiiTe, YTO HET CTAHNAPTHHX
9aCOB, CHOCOOHHX OTMEpATH T!)

B. IlokadTe, 9TO MCHOJAB3YA OJHH TOJILKO CBETOBHE CHTHAJH,
PaCHpOCTPAHAIOMHEECH BAOJb HYJIEBHX reofie3NueCKHX gixdatdz* = 0,

MOKHO HM3MEepHTh KOHQOPMHYIO METPHKY g, T. €. OTHONEHHE KOM-
OOHEBT METPHYECKOTO TEHS80DPA gix K 8aJlaHHOM KOMIOHERTe (CKaseM

&o0)
8w = Aguw, A= (—g) "

r. O6begmanTe Temepp pesyALTATH NYHKTOB «6» m «B». IIpemmo-
aoxuTe, 9T0 I'y) ODPENENAIOTCH METPAYECKEM TEH30POM, COTJIACHO
(13.22) m (13.23), B KoopamBaTHOM cHcTeMe oTcyera x*. IToxammre,
q9To 3afjaHEe A B ofHOM cOOHTAHM (9BKHBaJICHTHOE BHGOPY eNHMBHI(H
H3MeDEHNA BPeMEHH) NOBBOJAET ONPEJeJATh ero HOBCIOAY.

YNIPAKHEHHA
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Jonoanenne 13.2. «TCEOAE3NYECKHME» II «39KCTPEMAJIDHBIE MHPOBBIE JHHHUH»

Kak Toapko Koapduimentsr casHocty '™, OKa3HBAITCA BHPAKEHHEIME vepes
PAHMTEeHOBCKHE TPABHTAIMOHHELE MOTEHIMANH g, ¢ TOMOMbIO cooTnomennit (13.22)
# (13.23), 910 Ha HAHHOM 3Tame U3JIOMKEHHMA YK€ MMECT MecTo M Oyner mMeTh MeCTo
Ha MPOTAKEHHH OCTAJbHON 9acTH KHUTH («PEMAaHOBA, WIH MCTPUYECKAs TeOMETDHAN),
CTAHOBHTCA NOMYCTAMBIM M YMECTHHM 00BeJUIATS MOJ OJHAM CIOBOM (TeoiesnuecKad»
ABa 0 CHX IOpP Pasid9HKX MOHATUA: 1) mapaMeTpM30BaHHYI0 MUPOBYIO JAHUIO, YIOB-
JETBOPAMYI0 YPAaBHEHAI0 TIe0de3MYeCKAX

f_‘i r* dz"* dzV¥ =0
)2 WAL Tan T

U 2) MEPOBYIO JIHMIIKIO, BJ0JIb KOTOPOit COOCTBEHHOE BpeMs Me;KAY ABYMSA COOBITUAMA A
1 F nocriraer sKCTpeMaJbHOro 3HaVeHUs (HJIW KPHUBYIO, eCJIM OHA IPOCTPAHCTBEHHO-
mogo6Ha, BXOJb KOTOopoil coOCTBeHHas IJIMHA MOCTATaeT 3KCTPEMAJbHOTO 3HAYEeHHA).
OpgHa M3 DpUIMH BO3MOKHEIX HeJOpa3yMeHHA COCTOMT B TOM, UTO B IIEPBOM Clydae
opa3yMeBaeTcsi COOTBETCTBYIOMEM 06pa3oM mapaMerpr3oBaHHas KpHBas (4TO Cyie-
CTBeHHO, HampUMep, NpM moctpoeHnu JecTHAUH [[Inafa, Mcnox»30BaHAOM A mapaJ-
JeabHoTo mepeHoca B ri. 10), Torma Kax Bo BTOPOM ciiydae pedb HIET TOJIBKO O TOM,
10 KaKOMYy MapmIpyTy B IPOCTpPaHCTBe-BpeMeHH NPOXOOAT MAPOBAA JHHAA, K He HMeeT
HAKAaKOro 3HaueHHs, KaKasA MpPH STOM MCMOJNb30BaHa ITapaMeTpH3anmsa U ObLJIa JH OHa
BooOme BBefeHa. [Ipm 9ToM, OXHaKO, HE OTPUIAETCA BO3MOKHOCTDb «Pa3METKH» IKCTpe-
MaJIbHO KpHBO# «3agHAM 9HCIOM» NpPH NoMoIE HauGojee €CTECTBEHHOr0 M JerKko
BHITHC/JIAEMOr0 mapaMerpa — COGCTBEHHOTO BpeMeHHM, [OCJAe 4Yero 9SKCTpeMalbHas
Kp¥Basf BTOPOro Ciayuas OyaeT yIOBJETBOPATH YDaBHEHHIO Te0NesUIECKUX MIs KPUBOI
B mepBoM ciydae. Mbl Jerko m30aBHMCA OT 3TOHd HeompeReleHHOCTH, €CJHH BCerga
OymeM moxpa3yMeBaTh COOTBeTCTBYIOUIYI0 IIapaMeTpPM3alMI0: BIpeAb NI0J CJIOBOM
(KpHABaA» clelyeT HOHEMAaTh HapaMeTPU30BAHHYI0O KPUBYI0, 4 NOJ CIOBOM «reofesn-
gecKasf»— COOTBETCTBYImEM 00pasoM mapaMeTpPH30BAHHYKI TIeole3HYecKYio.

Jlonoanenne 13.3. «IMHAMUYECKHUN» BAPMAIIUOHHBLIN MPHHINT
JIJIA TEOJE3HYECKHNX

Ecan naa mpmHUmna aKCcTpeMaibHOM JUIHHK

B
de* dz¥ 12
— S [—g""_dx—d_;'] dA = 3KeTpeMyM 1)
A

BHIGOP MapaMerpu3anuu He uMmeer 3Havedus [dA cokpamaerca B (1)1, u ecan ypaBuenne
reofeanyeckuX Tpe0yeT COOTBETCTBYOINEGH HapaMeTpH3alid¥, TO YMCCTHO MOMCKATh
JpYyroil 9KCTPEMaXBHHA IPAHULT, KOTOPHIA ¢pa3y Obl JaBaj KaK IPABHIbHYIO KPUBYIO,
TaK M MpaBAIbHA mapaMerp. [To avaloruu ¢ oOKIHON MeXaHHKOE MO'KHO OIRUIATH,
9TO ypaBHEeHME [BW;KeHHA [ypaBHeHHEe Teofc3HYeCKHX

d2z*[dA2 + T* g (dz™/d)) (dzP/dD) = 0],
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OCUOBHOM WIeH B KOTOPOM HMeET BHA r, MOKHO IONYYATh M3 JIarpaHKHAHA C OCHOB-
1 ¢ . "
HEIM  9JTeHOM —2—1r2 («kMHeTHHYECKAA PHEpPramy, «(UHAMHYecKAi» WieH). IlpocTteitmunm

1 .
obofuenneM —2°, He 3aBUCAIIMM OT KOOPAMHAT, ABIATCH
1
5 &uv (dz*/dA) (dz¥/dA).
Taxkum o6pasoM, MBI DPAXOOUM K TOMY, 9TO BMECTO (TEOMETPHYECKOI0» MPHHIMNA

3KCTpeMaJIBIIOﬁ JJAUIBL  Cledyer lIOleOﬁOBaTI) OPHEMCHHMTH HOBHIl «ZAHAMAYECKHA»
QKCTpeMaJIbeIﬁ OpHHUAT

B B

1 dz% d dz°

1=-§- S B ;}h dA= 5 (z“, W) d) = 3KCTpeMyM (2)
A oA

(KBaJpaTHHII KOpeHb B Ipelh/Iyo{eM BapHAIMOHHOM IPHHIHAIE 3aMEHAeTCsA Ha IePBYIO
cTelenb). YCIA0OBMeM KCTpeMyMa sfech, Kak ¥ panee [ypaBuemma (13.30) — (13.32)],
ABjasAeTcs ofpameHie B HyJIb TaK HasHBaeMoll «PYHKIMOHAJBHOA NPOU3BOLHOMNN»
Jditrepa — Jlarpamma:

0=23L _ (Koad)dmunem opu §2° B nonbm'rerpanbuom) 9oL a4 oL (3)
6z° _ \Bupaxenuu pas O

MIH B UOApoGHOM sammcn:

gov S+

ag. dg g, dz%* dzVv
ov on nv ) x — 0; ( 4)

61:"" ¥ - 32° dh  dh

moCjIe YMHOMKeHHA Ha OGpaTHYI0 METPHIECKYI0 MATPHOY LOJYTaeM

d2z% 98gv 080y  Oguv \ dz* d2¥
0 ___ — —
az + 8% ( ozt + oz’ 2% dar  dh 0, (5)
9TO COBHAJUET C ypaBHEHNEM TIeOoe3MIeCKHX
da2z* o dz* d2¥
dA2 +P wWody o dh =0. (6)

Taxkum oGpasom, HoBoe «IHHAMHYECKOoe» BHpa;KeHHe (2) MeCTBHTENBHO 3IKCTpe-
Ma.ILHO JJIA reofe3MYeCKHX KPUBHX U B OTJIMYIHE oT cobcTBeHHo# AnaaN (1) oHo aKcrpe-
MaJpHO TOra ® TOJBKO TOrAa, KOTHa Treofle3ndeckada aPPHHHO mapaMeTpPH30BAHA.
[CootBercTByrOmue «ypasHennsa Jitmepa — Jlarpamxa» (6) ocraoTcs CopaBesIMBHMA
JHUIL NPH TeX A3MEHeHHAX IapaMerpa Ayos = @hgrap + b, KOTOPHe COXPaHAIT mapa-
meTp apPuHHLIM; B OTIAYMe OT 3TOr0, ypaBHenua Oitiepa — Jlarpamka (13.31)
u (13.32), cooTBercTBYyIOWUE «OPUHIALY dKCTPeMasbHok muEun (1), ocralTcsa cmpa-
BeJJINBHIMA IPY COBePIICHHO NMPOH3BOJLHHX HMBMEHEHHAX HapaMmeTpa.]
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§ 13.5. CBOMCTBA R, OBYCJIOBJIEHHBIE HAJIMYHEM
METPHEKM

B HBIOTOHOBCKOM NIPOCTpaHCTBe-BpeMeHH, B JHWHMTefiHOBCKOM mpo-
CTPaHCTBe-BPeMEHH peaJbHoro M3hMyeckoro MHUpa, Boobme B mr06oM
MHOT00Gpa3yud ¢ KOBapMaHTHON Npom3BojHO# TeH30p KPUBA3HH Pn-
MaHa ofnafaeT clefylomuMmn cuMMmerpumamm (ynpaskaenme 11.6):

R%pys = R%pys) (aBTHCHMMETpHA IO TOCHEXHHEM
ABYM HHJEKCaM), (13.40)

R%pysy==0 (o6pamen®e B HyJb COBEpIIEHHO
AHTHCEMMETPHYHOH YacTH). (13.41)

Kpome Toro, o ypoBaeTBopser puddepeEnEaIbBOMY TOKIECTBY
(yopasxmennme (11.10)

R%grys:e1=0 («tosxnecto Buankm») (13.42)

(reomerprueckmit cMpica ofcypmaercs B ra. 195).

Beenenne MeTpHKH, Kak B SHHITeHOBCKOM IpOCTpaHCTBe-Bpe-
MeHHW, Tak M B JpPYIHWX MHOTooGpasmax, HakJaabBaer Ha R nomoa-
HATeJNbHYI0 cAMMeTpuio (ynpaskaenue 13.8)

Ropys = Riappye (aHTHCHMMETDHA IO IEPBHIM
JBYM HHIEKCaM). (13.43)

ITocaennee coorHomenme BMecTe ¢ (13.40) n (13.41) o6pasyer moanyio
COBOKYNHOCTH COOTHOMEHMii cmMMeTpuH mna R, ppyrue cmmmerpmm,
KOTopHe M3 HHX BHTeKalT, mMmeloT BUA (ympaskHenue 13.10)

R,pys= Rypep (CHMMETPHA IO OTHOMEHHI0 K I€PeCTAHOBKE
map WHJIEKCOB) (13.44)

Riegys)=0 (obpamerne B HyJb COBEPIIEHHO
aHTHCEMMETPHYHOM 9acTH). (13.45)

Buarofmapa 3TuM COOTHOIIEHAAM CHMMETPEHM 9HCI0 HE3aBHCHMBIX
KommoHeHT R ymenrmaerca ¢ 4 X 4 X 4 X 4 = 256 no 20 (ympask-
Hennme 13.9).

Hanuuue Merpmkn noaposser oGpasoBath n3 R weamit pag noprix
TeH30pOB KpHBU3HH. HekoTophie W3 HHX, MIpapomye BIOCJIeNCTBHH
Ba;KHYIO POJib, oNpelelieHH HHJKe.

1. Jeaxow Oyasenwii R Temsop &=*R* (amanor Temsopa
M =*F) nmeeT KOMIOHEHTH!

1 1 i
Gaﬁvb =3 Baﬁuva.vpo 5 Soye = — Gaﬁ‘woa‘vﬁRuvm (13.46)

(yopasxknesme 13.11).
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2. Tensop kpususnbi Jiinwmeiing, KOTOpHE cAMMeTpHIeH (ympark-
uenne 13.11):

GP = 6"Ps;  Gps = Gap. (13.47)
3. Canerpmmm‘i men30p KpUSU3HHL Puyyu n CKAAAPHAR KPUBUIHA
Rﬁg = Ruﬁuo, RM = ROB; R= Rﬁﬂ, (13.48)

KOTOpHE CBA3AHBI C TeH39poM JiHIITedHA COOTHOMM2HNEM (yHmpaskHe-
ume 13.12)

RPy = GPs + - R3",. (13.49)

4. Kongopmuwiii mensop Beiias (yopaxuedane 13.13)

2

Tenaop
dinmrefiaa

Teusop
Puaaun

CRaNAPHAR
KPHBH3HA

Kougopmuntit
Teu3op Beitta

1
C*P 5= R*P,s — 281, RPNy 4- = 81,87, R. (13.50)
ToskmecrBo Buaukn (13.42) nmpuoGperaer ocofeHHO MPOCTOil BUE, Tompecrsa
€cjii ero mepemmucath yepes RABAKIbL MYaJdnLHE TeH30p G: Brauks
Gaﬂvo;oEO(«TO?KI[eCTBO Brankm») (13.51)
(yopaskaenne 13.11); oTciofa BHEITeKAaeT OUYECBHMIHOE CICHCTBHE
Gaﬂ;ﬂEO («cBepHyTOE TOmmecTBO BwmamKm»). (13.52)
B ra. 15 packpuiBaercd INIyOOKMil reoMeTpHdeCKHil CMBICH ITHX TOM-
mecte Buanku.
YIPAKHEHNA

13.8. AnTacammerpra R mo mepBniM xBYM HHIEKCAM

a. Busenmre yciaosue cummerpmm (13.43). [Vxasanue. C momougbio
BEIKTAZOK B aGCTPaKTHOM Ipe/ICTABJICHAA MOKAKATE, YTO IPOM3BOJb-
HHe BeKTOpHHE moAA 8, U, V, W YIOBJETBOPAIT cooTHomenuio 0 =
= Ru, v) (s-w) =8.[Z (v, v) W] + w.[£ (u, v) 8]. Orciona noxay-
qure (13.43).]

6. HOHCHHTE Ha reOMeTPHYEeCKOM A3BIKe CMBICJI 9TOM aHTHCHMMeET-

pau.

13.9. YUneno me3aBucuMbix koMmonenT R

a. B orcyrcTBHe MeTpHKH HONHAA COBOKYNHOCTH YCJIOBHIl CHMMETPHM
naa R Bruogaer R%gyy = R%g 1 ¥ R® (548 = 0. IMoxaxmre, uTo
B YeTHPeXMEpHOM NPOCTPAHCTBE-BPDEMEHH 3TH COOTHOLIEHHS YMEHBb-
AT 9HCIO HEe3aBACHMBIX KOMOOHEHT OoT 4 X 4 X 4 X 4 = 256
mo 4 X4 X6—4x%x4=096—16 = 80.
6. IMoxaxure, 9T0 B n-MEepHOM MHOrooGpasuy Ge3 METpHKH UHCJIO
HEe3aBECAMEIX KOMIOOHEHT PaBHO
(n—1) n2(n—1)(n—2) n2(n2—1)

a 2 L. (13.53)
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B. Ilpu HaJuMyMM MeTPHKH HOJHAA COBOKYNHOCTb YCJIOBHI CHM-
MeTpHH CocToUT M3 Rggu8 = Rigp)ys) # Ry [py0) = 0. Iokaskure,
9TO0 B 9eTEHIPEXMEPHOM IPOCTPAHCTBE-BPEMEHH OHH CBOJAT YHCJO He3a-
BHCHAMBIX KoMOoHeHT K 6 X 6 — 4 X 4 = 36 — 16 = 20.

r. Ilokaykure, 4ro B n-MepHOM MHOroo6pasum ¢ MeTpHKO# umCJI0
He3aBHCHMH X KOMIIOHEHT PaBHO

n(n—1)12 n2(rn—1)(n—2) _ n2(n2—1)
[ 2 ]_ 6 I VR (13.54)

13.10. Cummerpra R 10 OTHOWIEHHI0 K NMepecTaHOBKE mAp HHIEKCOB:
ofpamenne B Hylh COBEPUICHHO AHTHCHMMETPHYHOH 4“acTH

W3 moanoit COBOKYNNOCTY CHMMETPHI NP HaJTUYHH MeTPHKH R, 5,5 =
= Riap)y8] ¥ Ry (gys) = O BHBe;nTe: a) CUMMETpPHIO DO OTHOLIe-
HHIO K NepecTaHOBKe map HMHIEKCOB R, gys = Rys,g 11 0) 0Gpamenne
B HYJb COBCPICHHO ARTHCHMMETDHYHOII 4acTH Riggys) = 0. 3aTtem
B) NOKa)KHTe, 4YTO CJeAyIOHmIe COOTHGIIEHHs CHMMeTpuUH obpasyioT
NOJIHYIO CHCTEMY:

Rapys = Riap(v6)= Rysaps Riapysy=0. (13.55)

13.11. [IBasub1 nyaassniii R Tensop; rensop Jiimmreiina G

a. IlokamuTte, 910 € == *R* cofep;KUT TOYHNO TaKoe KC KOJIMUCCTBO
mHPopManuu, Kak 1 R, 11 ynoBjieTBopAeT Toll #i¢ COBOKYIHOCTH COOT-
romenuii cummerpuu [(13.40), (13.41), (13.43)—(13.45)].

6. Ucxoas m3 cumMeTpHil € NMOKa:KHTe, YTO TeH30p JAHmTEHHA
[onpenenennnit cootnomennem (13.47)] cummerpuuen (Gpge = 0).

B. Ilokaskure, uro Tomnecrsa Bbuankn (13.42), samncansnsle yepes
6, npuanMaioT BuJ (13.51) («¢umBepreHims paBHa Hymion, V.G = 0).

r. Cpepuye Toskmectsa Buanku V-€ = 0, moxaxure, uto &
HMeeT HYyJieBylo amBepreunuio [cootHomenme (13.52)].

13.12. Ceasp Tensopos Pmuum m Jdiimmreiina

a. Bocrmoabsosapumcr cuvmerpusamum R, nokamure, uto Teusop
Puaun Re cummerpuaen (Rigs) = 0).
6. ITokaskmre, uto Re crasau ¢ B cootHomenuem (13.49).

13.13. Kondopmumniii Tensop Beitna W

a. Ilokasxnte, uto KoupopMHNIL Tensop Beitus (13.50) oGnanaer Temu
me cummerpuamu [(13.40), (13.41), (13.43)—(13.45)], gro m Tensop
Pamana.

6. Ilokaskute, uro Tenaop Beilyia coBepmenHo «He MMeeT CJjiela»,
T. €. 4TO

cBepTKa Copys IO JI0G0H mape KaHaxoB paBHa Hyao. (13.56)
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Takum oGpasoM, C.pys MOKHO CUMTATH Toit uacThio R, cien KoTopoi
paBeH Hya0, a R, MoxHO cuntath ciefoM R. Tensop R moaHocThIO
ompenensieTcsi cBouM cliefioM Ropg B Cop.s lcM. cooTHOmEnne (13.50);
HamoMHEM, 9T0 R = R%].

B. [Toxamure, 9To B mpocrpancTBe-Bpemenn W nmeer 10 mesaBu-
CHAMBIX KOMIIOIIEHT.

r. [Tokamare, 9T0 B n-MepHOM MHOT000GpasHy YHCJIO He3aBUCUMAIX
komrionenT W [ompemensemoro coorHomenmem (13.50) B Moandumm-
poBanHoit ¢opme, coxpamswomeit (13.56)] pasHo

n2 (n2—1) n(n4+1)
12 T2

npu n2>=3,

0 npr n<<3. (13.57)

Takum o6pasoM, B MHOT006pa3nsAX ¢ OJHHM, ABYMS W TpeMA M3aMcpe-
HUAMHE Teu3op Beitia ToskmecTBenio paBeH Hyd0 W TeH3op Pumana
IOJIIOCTHIO ompefieaseTca Tenzopom Pruun.

YIIPAJKHEHU S

§ 13.6. COBCTBEHHAA CHCTEMA OTCYETA
YCKOPEHHOI'O HABJIOJATEJA

®usuk, cTaBAMNA SKCOCPHMEHT Ha PeaKTHBIOM caMolieTe (HanpuMep,
DKCIEepUMEHT B WMH@paKpacHo#H aCTPOHOMHM), MOKET NOJL30BATHCA
€pa3y HeCKOJBKIMH Pa3JIMYHEIMU cHCTeMaMn KoopamuaTt. Ho ocoGexnno
moJle3HOH OKA3HBAaeTCH CHCTEMa KOOPAHHAT, HOKOAMAACHA IO OTHOIIe-
OUI0 KO BCeM npmbopaM, OpPUBHHYEHHHIM K IOJY M CTeHaM KaOWHH
caMoJerTa. ITa «COGCTBEHHAN CHCTEMA OTCUETa) UMCCT DPAMOYIOALAYIO

pemeTKy x, Yy, 3, CBSI3aHHYIO CO CTeHaMM KaOuHH, ¥ oanu uMjau GoJee
qachl, IOKOAMHUecsl OTHOCHUTEALHO 3Toil pemetku. O ToM, uTO 93Ta
co6CTBeHHAA CHCTEMA OTCYETA YCKOPAETCH MO OTHOMIEHHIO K JOKAJbHO
JIOPEH1IeBEIM CHCTeMaM, JU3NK 3HACT U3 TOTO, YTO eMy HMe yIacTCH CBO-
GofHO mapWTh B KaGmHe, Wiy, ¢ Gojlee BHICOKOM TOYHOCTHIO, M3 IOKa-
3anuii akcesepomeTpoB. O ToM, 9T0 ero coGCTBeHHAA CACTEMa OTCYETA
OOBOPAYMBACTCH IO OTHOMIEHMIO K JIOKAJABHO JOPEHIEBHIM CHCTEMAaM,
OH 3HaeT 0 TOMY, 4To omymaeT cuisl Kopuoanca, uiu, ¢ Goree BRCO-
KOl TOYHOCTBYO, M3 IOBOPOTOB 0Ceil TAPOCKONOB HHEPIUOHHOM| CHCTEMH
ynpaBjieHAA II0 OTHOINEHHIO K CTeHaM KaGHHEI.

B ynpaskuenuu 6.8 nposemeHo MaTeMaTHuYECKOe PacCMOTpeHIe
TAKOM yCKOpelHO#, BPAIAWIEHCA, HO JOKAIBHO OPTOHOPMHPOBAH-
HOHl CHCTEMH OTcyeTa B INIOCKOM IIPOCTpaHCTBe-Bpemeuu. B arom
naparpadge To e camoe fieaeTcd JIA HCKPHBIEGHHOTO IPOCTPAHCTBA-
Bpemenu. B HEToCpe/ICTBeH O 61M30CcTH OT HavYaJa IPOCTPAHCTBEHHOM

pewretku z7 =0 (B o6aacTu, CTOAb MaJ0 ONPOTAKEHHOH# B NMPOCTPaH-
cTBe, 9T0 3(PeKTH KPUBU3HH NpeHeGPe;KAMO MAJH) HU OXHO CBOHCTBO
CHCTEMH KOOD/JHHAT He NO3BOJHAT CKAa3aTh, ABNAETCA JU NPOCTPAHCTBO-
BpeMA INIOCKMM MM HCKpHBJIEeHHHM. ClefoBaTelbHO, Pe3yJbTATH

duanyecroe
onucunne
cobeTreHnoit
CHCTeMBI OTCYETa
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yopaskHeHas 6.8 no RHEL GHITh €O BeeMd HOXPOGHOCTAMA MPAMEHHMEL
¥ K HCKPUBIEHHOMY IIPOCTPANCTBY-Bpemenn. TeM He MeHee oydnTe b~
110 GyJer 3aHOBO 0GCYIUTh 3TU ¥ HEKOTOPHIe HOBHE JeTANHd, HCIOJh3Y A
MOOIHHI# MaTeMaTHYECKMil ammapaTr mocJefHHX TJaB.

HaunemM ¢ yroYmenada mCOOJb3yeMOl KOOPIMHATHON pelIeTKH.
Hanaraemui Huske METOX omucanusi 3TOH pEUIETKM MABJIAETCHA, IIO-
BUUMOMY, HauboJee eCTECTBEHHHIM.

1.

3.

Qv

IIycte T — coOcTBeHHOE BpemsA, M3MEPEHHOe 110 4aCaM YCKOpPeH-
Horo HaGmiogaresns (B IpHBeeHHOM BHIIIE IPAMepe — 110 YacaM,
pacmoso;KeHHsIM B IeHTpe Kaburnl camoiera). Ilyers &P =
= &Py (t) — mupoBan Jyunusa nabaonarens, u306pasKeHHAA
Ha ¢ur. 13.4,a.

Habmogateas mepenocut ¢ cob0il opTOHOPMHPOBAILILYIO TeT-
pany {ez} (dnr. 13.4,a), y xoropoii

05 = U= dP/dv— 4-cropocTs Habmionarenst (13.58)
(e ; — yxasuBaeT «HanpaBienme BpeMenm» Habalomarens) u
85 -85 =Tup (13.59)

(opToIOpMIPOBAHOCTD).
Terpama u3MenseTcsi OT TOYKM K TOYKe BJI0Jb MHPOBOH JMNHHAH
nabmwogare1a (Mo OTHOUIEHHIO K MAPAJIJICILIIOMY MepeHoCy):

Ve, = —Q-8; (13.60)

= a*u¥ —ukra’ 4 u ,0ae*Iv — (reHepaTOp MHOHHATE3EMAIHLHOTO
mpeobpasoBaHAa JlopeHia» (13.61)

ITOT 3aKOH HEpeHoca B HCKPMBIEHHOM IPOCTPAHCTBE-BpPEMEHH
HMECT TOT ke BMJ, 9To M B miaockom (§ 6.0 m ynpakuenme 6.8),
NOCKOJbRY KPHUBI3HY MOKIO TOTYBCTBOBATH TOJMBLKO Ha KOHEd-
HOM DAacCTOANHII, HO Te Ha GeCKOHeyilo MajoM pACCTOSHHM,
KOTOPOC BXOAT B (ICPBYK CKOPOCTH H3MEHEHINS BEKTOpa CO
BpemeneM» (MPHHIUI 3KBUBAJMEATHOCTH). Hak u B ynpa:kuHennn
6.8,
a = VU —4-ycropenne nabiomarens,

yriI0Bafg CKOPOCTb BpAWEHHs HPOCTPAH-
CTBEHHBIX 0a3uCHEIX BEKTOPOB e;-‘ 10 OT-

HODICHHI0 K BEKTOPaM, HCHBITLIBAIOMNAM (13.62)
epexHoc (DepMn—YonKepa, T. €, 00 OT- !
HOMEHHI0O K THPOCKOIaM HHepuﬂOHHOﬁ

CHCTEMBI YN PaBJIeHUA

t-a=u-0=0,
Eean ® pasHo Hy0, To HabIIOATEIh TEPEHOCHT CBOIO TETPaRy

nepenoconm Pepmua — Yourepa (momo6HO mepeHOCY OCH THAPO-
ckoma): Eciu @ ¥ @ paBHH HYJIIO, TO OH HAXOJUTCA B COCTOAHAK
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OHr. 13.4.
CoGcTBeHRAA CHCTeMa OTCUeTa YCKOPeHHoro HaGaiopartens. a — OPTOHODMHPOBAHHAS TeTpaja
gabaogaTens {36}' mepeHOCHMAs BONb 6ro MApPOBOH nuEEE S, (1) [sarom mepeHoca (13.60)].

6 — reoneaMyecKne, BHIXOMAMUe M3 NPOH3BONBHOTO cobuThHA P, (4) Ha Maposoit amEMA HaGmI0-
flaTelA UepHeHANKYAAPHO mocaenHeil. Kaaas reogesudecKas ompefeaseTcs oOqHO3HaTA0 1) MoMeH-
TOM COGCTBEHHOIO BpeMeHH T, B quopuﬁ OHA HCOYMPHA, H 2) HampaBieHAeM (6XHHAYHHM Kaca-

TeNLHKM BEKTOpPOM N = d/ds = nie 1 BAOAH KOTOPOTO OHA HcOymeHa). JlaRHoe COGHTHE HA reo-

neaudecKoil puKCUpyeTCA 3ajaHUEM T, N H COGCTBOHHOr0 PACCTOAHHASN s OT HCXONHOH TOYKHE reoye-
3mdecKoil; oTciona u o6o3magerna P = ¢ [, n, s] njs nanHOro co6HTHA. B cobGcTBERHON CHCTOME
oTcuera HAGmofaTeNs 3TOMY COOMTHIO NPHNMCHBAOTCA KOODAHEATH 29 (¢ %, M, o)) = T,

zi(ig [t, n, 8]) = snd,

26—01457
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cpofojiHOTO TajieHAs (ABH)KeHHWe WO Teofe3udecKoil) W mepe-
HOCHT CBOI0 TeTpajy mapaiieibHoiM o6pasom, V.e; =0.
Ha6mogarens crpouT CBOI0 COOCTBEHHYI0 CHCTEMY OTCUETa
(‘IoOKaNbHYI0 CHCTEMY KOODAMHAT) aHAJOTMYHO TOMY, KaK B
§ 11.6 6nam DOCTPOEHH HOpPMAJBLHEIE PEHMAHOBH KOODAMHATHI.
N3 xaxporo coburua &, (t) Ha cBoell MUPOBOH JTAHAM OH HmpO-
BOJAT YHCTO DPOCTPAHCTBEHHHE Treofie3andeckue (reofiesnuecKne,
OPTOTOHANBHHG K U = d& /dt), apduuHLi mapaMeTp KOTOPHIX
coBnafaer ¢ coOCTBEHHOH MJIHHOIM:

P=Fr, n, s]. (13.63)

T 11 co6CTBeHHAA puHHa,
OTCYHTHIBaeMaA BAOIbL
' — TeosieandecKoit 0T mcC-
KaCaTelIbHbIM BEKTOD | xonHO# TOYKH; yKasH-

K TeofleadecKou BAET, «TME» HA JIAHHOM
B HCXOJHOH TO4YKe, reojieau9ec Ko
YKA3HIBAeT, «KOTOPAs»

M3 TeO[esHIEeCKHUX

(Cm. ¢mr. 13.4,6.) HacaTeqbHEI BEKTOD MMeeT eUBEMIHYIO M-
HY, IOCKOJbKY apdMHHLIM DapamerpoM ABjfAercs coGCTBeHHan

IVIMHEAS
n=(09/0s)¢=0, n*=(dz¥/ds) eponp reopesmuecKoi,

nn=ew (%) (%) =

(13.64)

ds2 )

Yepesa xaxpgoe coOuiTue BOJM3M MUPOBOM JMHHM HabilomaTens
OPOXOMUT POBHO OfiHA Teome3uuecKas M3 cemeitctsa Y [, n,
s]. |Bpann aTo He BHINOJNHAETCA; reOfe3MYeCKHe MOTYT Hepe-
CeKaThCHA KAaK HM3-33 HANMYHEA y HaGIIOJaTeNd yCKOpeHHMS (CM.
¢ur. 6.3), TaKk ¥ M3-3a KpPUBHSHH IIPOCTPAHCTBA-BPEMEHH
(«oTHIOmEHEE TIeo/e3nYecKux»).]

. BosbMem coburne & BGin3m MEpOBO# JuHEME HabaOKATeNA.

Ilpoxopaman depe3 Hero reojesmueckas Geper cBoe Hadajlo
Ha MOPOBOH JuHHEM HabaiofaTeNs B HEKOTODLI# MOMEHT Bpe-
menn T. McxopgHoe HaupaBleHHe 3TOH Treofe3HYecKoill ecTh

n= n"e;, a JNMHA ee yJacTKAa MEXAY WCXOAHO¥ TOYKOH Ha
MHDPOBoi1 JHHAK nabGaiomatenss u coGuruem & pasma s. Torga
q9eTHipe 4uCia

(337’, zf, 22, z?’)E (x, sni, snl, sng) (13.65)

[03BOJIAIOT €CTECTBEHHEIM 06pa3oM MueHTHPHOIPOBATh COGHITHE
&. Oun u ectb Koopnmuarhl & B coGCTBEHHOI cHCTEME OTCUYETA

Habnonarens.
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7. B Gosee aGCcTpaKTHOM BHME 3TH KOODAWHATH 3aIHMCHBAIOTCA KaK
2°(9(x, m, s))=1,

3 .~ (13.65')
z’ (y [T, m, 8])=sn" =sn;.~=3||.33,.

B mocKoM IpOCTPAHCTBE-BPEMEHH aHHAA NPOMEAYPA M HOIyTalomyue-
cA KoopamHATH z% (&) coBmajaloT ¢ mpomeAypoli M MOJyYalOMMMHCH
B pesyabrate Koopmmuatamm E* (&) ynpammenus 6.8.

[Ipm BHYACHEHAAX HYKHO 3HATH He TOJBKO CHCTEMY KOOP[HHAT,
HO M ee¢ MeTpAYecKHe KoadpPunmeHTH K K03PPAXEEHTH CBABHOCTH.
K cuactbio, g5 n ]‘6‘5 § HeobxopmMo 3HATH JHMINb HA MHUPOBOH JMHAK
mabmofarens, Iie OHE EMelT ocoberno mpocroit BuA. Toabko coBcem
geonuTHHI HabaofaTeap GyfeT DHTATHCA MCIOJAB30BATH CBOIO C€O6-
CTBEHHYIO CHCTEMY OTCUYETA BJAJH OT CBoedl MHPOBOi JMHMH, Ife ero
pemerka mepecTaeT OHTH OPTOHODMHPOBAHHON H JIHHHH DeNIETKH,
ABNAIOMAECA TeOfiesNdecKAMH, MOTyT flance nepecerarsea! (Cum. § 6.3.)

Brons mmpoBoit amuum nabmoparens &, (1) GasucHble BEKTOPH
€ro KOODAMHATHOM PEmEeTKH BCIOAY COBNAfanT (0O HOCTPOEHHIO) C ero
OPTOHODMUPOBAHHOU TeTpajoi

0/0z% == e, (13.66)
A, CJEJ0BATEIbBO, METPRYECKEEe K03(QPHIMEenTH paBHB
85§ ™85 -85 =Tup BCIOAY BIOIDL & (1). (13.67)

HexoToprie u3 KoaQPUOUEHTOB CBAHOCTH ONPENENAIOTCH 3aKOHOM
nepenoca (13.60) oproHopmmpoBanHOK TeTpamm HabmionaTessA:

*»
Vuea -=V696 =86Pﬁ66 - ——Q.e& —_ _0695&.
Taxum o6pasom,
I‘536‘= —Qfa sciony Bpons &y (7). (13.68)

ITockonbky  mmeer up (13.61), a 4-cropocts ¥ 4-yckopeune nabiro-
maTens B ero coGCTBeHHOW cmcTeMe o6NajaloT KOMNOHERTAMH Ug =

= —1, uy =0, a5 =0, oTM Ko3}PUIHERTEH CBAHOCTH PABHHI

Mi6=Ts55=0,

) j 7 Belony
r j6™= —T336= +P3’6‘6‘- +T55=a’, BIOJIB (13.19a)
&Fy (7).

7 _ _ T
Mie=T236=—0"¢513z

Ocranbane KO9(PHUOMEHTH CBSA3HOCTH MOKHO HAHTH M3 ypaBHEHNR
reojieaddecKux, ONMCHBAlOIEro reonesmueckue 9 [v, m, s, Buxons
mee ¢ MapoBoli aruue nabmopareas. Cormacuo coornomennio (13.65),
KOOPAH HATHOE MPEACTAaBICHAC KAXKA0H TAKOY reofie3andeCcKoit mMEeeT BUJ

9 (s) = t=const, 27 (s)= nis,
26*

Kosggmumenrn
CBASHOOTH
BAONH MEDOBOS
RUHEs
nabiogarens
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OTKyda BAXAM, 49T0 d%z%/ds?*= (0 BCIOLY BIOJb reo/[e3WYECKAX, H ypaB-
HEHHe Teofe3MYeCKHX HPUANMAET BHJ

dz, dzﬁ ,hv 2 o o

= I“ 2  —=T*..nink

0= T FRmIn
9TOMy ypaBHEHHI0 MOYKHO YROBJETBOPATh HA MUPOBO# JuHME HAGIIO-

maTens NIA BCeX NIPOCTPAHCTBOHHHX Treofe3udIecKHX (upa Bcex ni)
TOTXa H TOJBKO TOTHA, KOrja

r* 37 =Tz74 =0 Bcoony sroms &, (1). (13.696)

3uauenus Koaq)(imnuem-on ceasHocTH (13.69) oqHO3HAYHO OHPONENAIOT

9acTHHEe NPOM3BOJHKHE MeTPHIeCKAX Koappummenros [cMm. ypaBHe-

mue (13.19°)]:

8:5.9=% £757=0 Py (1). (13.70
~ ¢ Beiony BRoas Py (t). (13.70)

85,7 = “24;- 855 i=—233879

9T  upou3BOAHHE BMECTe C YCIOBHEM OPTOHOPMHUDPOBAHHOCTH
8:6 [& (t)] = nap mOBBONSAIOT 3aUMCATH JMHEAHH dIeMeHT BOIA3H
MHPOBOI JAHAM HAGMIOfATeNA B BHUME

ds?= —(1 +2a3=xi) de’—Z(e;mx"m')dx’o’dz’. +

+8;; dzidzf +0 (|27 ?) dzidab, (13.711)

Hexoropue 0coGeHHOCTH 3TOTO JIMHEHHOTO 3JEMEHTA 3aCHyRHBAIOT
ocoforo ymoMaHAHHA.

1. Ha mmposoit maaam nabmoparean &P, (1), T. e. upm Z =0,
ds? = nqpd2®dzP.
2. Ycropenue HaGmogaread OPOABIAETCA B OOMPaBKe K

8g55=—2a -z, (13.72a)

KOTOpas NpPONOPIUOHANbHA PACCTOAHAI0 BHOJAb HANPABIEHAA YCKO-
penns. B ciygae miocKoro npocTpaHCTBA-BPEMEHH 3TOT IONPABOYHHIR
wien moxyded B § 6.6.

3. Ilosopor mabaiomaTenss IO OTHOMEHMI0 K THPOCKONAM HHEp-
IMMOHHON CHCTOMH YIpABJIGHHA HPOABIACTCA B IONPABKe K g47,

KOTOPYIO MOKHO IlepenucaTb B TPeXMEPHHX BeKTOPHEX 0003HaYeHAAX:
6g5305=—xx0=toXxx. (13.726)

4. Ha aTa mompaBKE mepBOro mopAgKa K JIHHeHAHOMY dJEeMEHTY
HMKAK He BIAAET KPHBA3HA NPOCTPAHCTBA-BPEeMEHH, H OHH He HECYT
HAKaKo#l mEpopManun o kpuBa3He. KpuBA3Ha HAYAHEAET IPOABIATHCA
anmb Bo Bropom mopsnke O (| zf |Y).

5. B uacmmnom cayuae HYae8020 YCKOPEHUR U HYAL8020 6PAUCHUSR
(a = ® = 0) cobcmeennas cucmema omewema Habaodameas ceodumes
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K A0KaAbHO aoperyesol cucmeme (855 = Naps I‘fgg = 0) noscwdy
8doab e20 2eodeauneckoli Muposoli auruu! B oTIEYIHEE OT 3TOTO JIOKAABIO
JIOPEHIEBH CHCTEMH KOODAHMHAT, IHOCTPOEHHHE B XOAe HmpefRAYIIero
HBJIOKeHHA (JIOKAJbHO JIOPEHIEBH KOODAMHATH «B o0meM BHje»
B § 8.6, «nopManbuRe pEMaHOBH KoopAamHATH» B § 11.6), ABaAwTCA
JOKAJNbHO JIODEHNEBHMH JMINb B €AHHCTBCHHOM COGHTHH.

B caydae myseBoro BpaIeHHA M HYJEBOTO YCKOPEHHA MOKHO
DONXYYATH CJHEAylomiee BHPa)KeHHe [ METPUKM, COAep:Kamee dieis

BTOPOr0 IOpPAZKA IO |2 |:
d#=(—1—Rj15a ?zﬁ)dtz—(-—R

i5a®

T 1’:1) dt dz7 -

4 (82— Ryr7azien) da’ da® 40 (2 ) da® daf (13.73)

ilim

(cm., Hanpumep, [156]). 3necb R 355 — KOMIOHEHTH TeH30pa Pumaia

BJIOJIb MMpOBOH JAHNH .1.‘7 =0, Talme KOOPAHHATH HAa3HBAKTCA «HOP-
MaJIbHBIMA KOOpJAMHATaAMH (DepMm.

13.14. Caam meepnum m cuan Kopmoamca

¥Ycexopenani HabaopaTens HCCAEAYET TPAGKTOPHIO CBOGOAHO magam-
me# JacTAOH B MOMEHT, KOT[a OHA HpOJeTaeT Yepe3 HA4aJo ero cob-
CTBeHHO#H cucTeMH orcuera. [lycthb

v=(dz} /dz%) e; (13.74)
— obnvHas ckopocth dacTumn. Ilokaskure, 9ro ee 06HIHOE yCKOpe-
HHE ITO OTHOIIEHHUIO K COGOTBeHHOﬁ cHcTeMe OTCHueTa Haﬁnmna'renﬂ paBBG

23 8;=—a— —20Xv+2(a-v)v. (13.75)

“a® ? T

| peﬂﬂTanchﬂﬂ
ycropenne uuepnmm]—! I—[nonpam(a X yeKo.
yCKOpenue PeHE0 MHEPUHH
Kopmonmca

3necy @ — coberBenHoOe 4-ycKopeHne HabaIOnaTeNsA, a @ — YTJIOBaA
CKOPOCTH, C KOTOPOi BpPAmIAlOTCA HPOCTPAHCTBeHHHe 6a3HMCHEE Bek-
ropH [cm. coorHomenua (13.62)]. [Vxrasanue. BocnoabayiiTecs ypan-
HEHNEM reofe3ddecKuX A TPAeKTOPHH YaCTHOH B TOYKe zi =0
ITpumewanue. B nn0cKOM IpPOCTPAHCTBE-BPEMEHH 3TOT Pe3yJabTaT OBA
HOJAyYeH MHHM cmocoGoM B ympasknenmu 6.8.]

13.15. 'pynna Bpamennii: MeTpHEa

(Ilpogomnenne yunpaskmenuidr 9.13, 9.14, 10.17 n 11.12.) Ilokasknre,
9r0 B caydae MHOrooGpasma rpynusl Bp amenmit SO(3) cymec'rnye'r
MeTpHKa §, COBMECTHAsA C KOBapHAHT Roi mpomssopmoir V. Jloxa-

YHOPAKHEHNAA
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YOPAKHEHUA
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JKMTe CYI[eCTBOBAHME, BHOMCAB KOMIOHEHTH METPHKM B SABHOM BHJI@
B HEKoopnuHaTHOM Gasuce remepaTtopoB {@.}. [Omeem:

8ap= . (13.76)

Jpyrumu cloBaMH: ecad mOCTYJadpOBaTh, uTo 1) MEOr0OGpasme rpym-
OH BPAMIeHHH JIOKAJbHO 9BKIAOBO, 2) FeHepaTOPH MHOHHATO3HMATb-
HHX Bpamenuil {6,} OpPTOHODMMDOBAHH @, -85 = 8,5 E 3) {8}
DOXYMHAIOTCA OOHYHKHM KOMMYTAIMOHHHM COOTHOMEHHAM TpyIOH
BpameHA#

|8ay B8] = —8apy0y, (13.77)

TO HOoJydYalomuecsa Npu 3ToM reopesmdeckune SO(3) coBmagamT ¢ Kpm-
BHIMH, BHIODAHHEIMH B KavecTBe reogesmyecKux B ynpakaenmd 10.17.)




14. BbIYUCNEHUE KPUBU3HDI

JTa raasa IETHKOM OTHOCHTCA K Kypey 2.

HeobxonuMbiM HOATOTOBHTENbHBIM MaTepmanoM ana § 14.5, 14.6
asamorea . 4 (nadpepennuansanie Popunl) m rrasm 10, 11 v 13.
9Ta rnasa HY)KHA B KaueCcTBeé MOATOTOBATEILHOrO MaTepHana mus ra. 15
{rompecrsa Buankn). Ona moneaHa BO MHOTHX NPHIOKEHAAX

Teopur rpaBuTanEn (raasml 23—40).

§ 14.1. KPMBU3HA — MHCTPYMEHT,
KOTOPBIN JIAET BO3MOKHOCTD NIOHATHh ®UIUKY

3HaHHe JIEMEHTAPHOM (PHU3MKA MHOTAA HO3BOJAET HaM HM306MKATh CH-
CTeMATAYECKHX pACYeToB, CBA3AHAKWX € HAXOKAGHAEM KDPABA3HH
(ranpamep, 4acTora KoxeGaHndil mpoGHOA TACTHNH; YCKODOHH® MpH-
JMUBHOTO BO3NEUCTBHA BOTH3H TATOTEIOMEro MEATPA; KPABA3HA MOLCIH
3aKPRITOrO0 MHUpa, uMeomero Bug 3-chepH; geficTBAe mApAIEIbHOTO
nepeuoca Ha PHPOCKOM AN BeKTOp; cM. dar. 1.1, 1.10 1 1.12 u gomox-
weunsa 1.6 m 1.7); wo B {pyrax cayTasx BHUACAOHN® KPABHIHH O3B0~
JAeT KpaTdafmuy myTeM OPOHAKHYTH B QU3HKY ABNGHMIA. JTa riasa
npeRnasHadena Kak pas AjAd TAKAX ciaydaeB. B meit ommcaus Tpa cmo-
cofa HaXOKTEeHASA KPHBU3HH H OPHBEJOHH KOMIOHOHTH TEH30pa
KPABU3HH JiumTeiHa MIA MIOCKOHR IpaBATAXOHHON 8oMHK [gomon-
nenne 14.4, coornomenne (5)], xaa reomerpam PppagManoBcKOro Mapa
(monoxuenue 14.5) u NI MBApPMIAIHIOBCKOA reOMETPHA KaK B CTA-
rageckoM (yopakdenue 14.13), rak m B quAaMAIECKOM (YOpaKHOHHS
14.16) caysasx.

HdocTaTo4no B3riIAHYTh HA CIOKHOO BHIDRKOHHE IIA 4-reoMer-
pua [157]

ds? = —(z/3'L +y2/12L2)“3”2'(S 22 ) (—aiL)
+ (@3 7L 4 prytany ([ 2B

g—1/2 s +

(—zLy+¥ " am g

)H-z/:«)i/2
2

12 —
@3 gLy ([ L) et gy
+ @D 2Ly ([ ey st
x (4 =ar) 42, (14.1)
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9T00H mOHATH, 9TO 3HAH KPHBHBHY, MOKHO rOpPasjo Jydme paszobpa-
ThCA B QusAYecKoit cutyammu. To jxe camMoe OTHOCHTCA H K JIOGHM
APYTHM CJHOKHEIM BRHIDAMKEHHAM [JIf METDHKH, KOTOPHE MOJY4al0TCA
B pesyAbTaTe peNIeHNs YypaBHeHHA OJWHmMTeidHA RJIM BCTPEYAIOTCA
B JETepaType. B n1060M TakoM cayuae ynoGHHI METOR YaCTO COCTOUT
B TOM, u9ro0H cHauaja HajiTH KpPHBHSHY, a Vi 3areM JoOHThCA
OOBMMAHHUSA.

Kpusnasna sABasercsa npocreiimeil JOKAAbHOA MepO# reoMeTpHue-
CKHX cBoiicTB (cM. fomoaHenue 14.1). Haxomuenre KpUBHSHK HOSTOMY
6yzer xopomnM mepBHEIM INAaroM HA OyTH K DOCTpoeHHI0 Gosee mcuep-
DHBAIOMei KAaPTHHE M3yYaeMOr0 IPOCTPAHCTBA-BPEMEHH.

WNaorpa MH cHavaia 0oJayJaeM BHIPaKEHAE JJIA METPHKH IpO-
CTPAHCTBA-BPEMEHH, 4 8aT€M, YTOGH NOHATH €r0, HPUCTYIAeM K HAX 0=
OeBHI0 Kpuen3as. Ho same npuxomuTcs CHaYa 8 HAXOJATh KPHBHU3HY,
HA KOTOPYI0 HAJIOKEHH OmpeJejeHHHE YCIOBHS CHMMETPHMH B IpO-
CTPAHCTBE M BO BPEMEHH, 4 3aTEM C €€ MOMOIbIO OTHCKABATH BHpasKe
HAE AAA GHSAYECKH MHTEPECHOH MeTpHKH (3Beanm, ri. 23—26; koc-
Monoraueckne Mopaean, 1. 27—30; Komnanc 4 9epHEE AHPH, 1. 31—
34; rpaBsuranuonmre Boanw, ri. 35—37).

OcHoBHOI «CTaHAAPTHHE cu0c00 BEYNCIEHHA KPHBA3HED HILIIO-
cTpupyercsa B gonosanesnn 14.2. B aToM pomosxenmm ofHa 3a Apyroi
HCOOJNB3YIOTCA JBa THOA HOJYYeHHHIX panee ¢opmy:x. IlepBHit Tan
d)opmyn [(1) = (2)] mmeer Bug I' ~ gdg m mosposser naiitn 'ty . Bro-
poit Tan ¢opmyn (3) mmeer Bug R ~ 9T + I'* m nosmoaser uaiitu
KOMIOHEHTH TEH30pa KPHUBUSHH RM,,p.

Iloce TOro KAK KOMDOHEHTH TEH30pa KDHBHSHH BHYHCJEHSI,
PesyJLTATH MOMKHO NPEJCTABHTL HECKOJBKHMA [ HOJe3HHMHA CIOCO-
6amn.

1. Mosxno oﬁpaaona'n, rensop Pnwum R, = R%,.y B CKanApEYIO KpH-

susay R=R",. 2, Momnro o6pasoBaTs npyrame EBBEPHARTH, HALpH-
mep R",gR% .. 3. MomEo RaiiTy KOMIOHEHTH R*¥ .. B pasymamm
B n ap pasy

o6pasom Bu6pamno#i oOpTOBOPMEpOBAHHOB cucTeMe @% = L%pdzB.

4. Moxno apencTasnTh R“”][am B BHje MaTpEoH 6 X 6 (B cayuae

dYeTHpex HM3MePenHdii; B caydvae ke Tpex HMaMepeHmii B BEJe MaTpuIB
3x 3), B xotopoin [pv]=1{01], [02], [03), [23), (31}, [12] o€cspa-
9a0T CTpouKE, a [aP] oGosmauamr cron6um (yopemmenms 14.14
B 14.15). 5. Tlocmepmmii, Bo bamGcnee paskBHE B oOmell Teopmm
OTHOCHTeJbHOCTH ¢pocol — McokE0 06pasoEaTh TeHSOpP OWEBIMTEHHS

G”G" Kak 8T0 ommcaEo B § 14.2.

Cooco6 B HYHCHEHHV, OCHOBHHE HePTH KOTOPOTO NEepednCleHbt
BHIIEe H KOTOPHH noApo6GHO onMcaE B AomodHesnn 14.2, upamensercs
BO BCOX TeX CAydYaAX, KOTZa CTAHAAPTHHM CHOCOGOM BOCHONB3OBATHCS
GricTpee, ueM M3YUHTH MM OPHAYMATH Ayummil conoco6. CTaHmapTHMI
cmocof Bcerma IpefUOYTHTENbHEe JAA CTYACHTOB, 3aHAMAKIMAXCA
110 YKOpPOYeHHOH Dporpamme, Korga ¢umandeckoe HONMMaHue CTONT
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BhYHEONCANE
Ha OepBOM MeCTe IO CPABHEHHIO C TEXHAYCCKAMH HABBIKAMH. OJ.'I;HaKO KpEBESEN

3TO0 CKYUYHHI cmoco0, 60jlee TOAXOAAMMHA NJiA BRYUCINTEIbHON MAIIA- © noMomsio .
HHI, 4eM JIJIS 9eJ0BeKa. BHYHCANTENbHAA MAINMHA MOKET CIPABATHCH  mammum o °

aake ¢ ainrebpoit (cm. monoanenme 14.3).

14.1. Kpusnssa asymeproro rmmepGonompaa YNPARHEHHA

Bruncanre xpmBusny rmmepGosompa (2 — z? — y? = T? = const
B 2 + 1-mepEOM mnpocTpaHcTBe-BpeMeHH MmuHKOBCKOrO, rae ds; =
= —df? 4 da? 4 dy? Tlokaskmre cHavajia, YTO METEPBAIH 1ia JTOM
ABYMepHOi MOBEPXHOCTH IPH COOTBETCTBYIOmEM BHOOpe KOOpAHHAT ¢,
¢ Ha rumepGoaonge moryr GrTh BEpakeHH B Bufe ds® = T? (da? +
+ sh2add?).

14.2. Bupaenne pEMaHOBOH KPHBH3HN 1epes KpHBH3HY Pryum

B cayuae ABYX M TpPeX H3MepeBHii

B cayuae AByx m3mepeHH# ecTh TONBKO OZHA HE3aBACHMAA KOMIO-
HeHTa KpWBUBHH R,,,,. fIcHO, 9T0 TY K€ camyio mHGOPMATAIO MOKHO
mepefaTh OAHOH ckajdApHOM BenmumHOA R. JIByMepHOe TOKIecTBO
R, yap = -:—2 R (gua8€vp — &upEva)y MOKHO YCTAHOBHTH, €CHH 3aMe-

THTH, UTO STO EAMHCTBEHHOE TEHBOPHOE BHpakeHHe, o6pasoBaBHOE
TOJBKO ¢ NOMOMmMBI0 R M METpDHKH, KoTopoe 3ajmaer Ryues B BHAOe
apnRefiHo# ¢yHKmEE R B cBepTKa KOTOPOTrO MMeeT NpaBHJIbHOE 3Ha-
yerne RW,, = R. YcranoBATe COOTBETCTBYIOIEE TPEXMEPHOE TOK-
AecTBO, BHpaskaomee R;;,; depes Tensop Pmuam R;j, U MeTpHKY,

14.3. Kpususaa 3-cephl B OpTOHOPMHPOBAHHOH CHCTEMe

Brramcinte rtensop kpmBmEsEH 3-cdepn

ds? = a? [dy® + sin® y (d0® + sin? 0d¢?)] (14.2)
a 3-runepGosorna
ds® = a® [dy® 4 sh? y (d6% + sin? 6d$?)]. (14.3)

Ilpeo6pasyiite KoMIOReHTH B KoopauuaTHoM Gasmce R*j,; x coormer-

CTBYIOEMY OPTOHODMHpOBaHHOMY 6asmcy, I/ile OHM 3aIMCHIBAIOTCSH
1 ¥ i3]

Rppp. llpencrasere RY7 oo =R (£ fj B BA/Ie MATPUIEI 3 X 3 ¢ coot-

BeTCTBYIOIUM 06pazoM NMPORYMEPOBAaHELHIMHA CTPOKAMH B CTOJOHmamy.

Jononnenre 14.1, PETPOCHER'IMBBHPI B3rdiAijl HA KPUBH3HY

1. HeropruecKkn oTnpaBHOM TOYKO# ABIAEICA KPHBaA JHHAA Ha miockocTH. He cyme-
CTBYeT HHKAaKOTO cHmocoGa onpeAeJHTh KPMBHSHY JIHHHH C HOMOMEBIO H3MepeHHH,
IPOBOAMMEIX Ha caMoil nEEEE (¢BHYTpeRHBX» maMmepenni). Jlna sroro Hy)Ho, HampH-
Mep, 3HaTh a3EMYTaJdbHENI yrod 6 KacaTebHOTO BEKTOPa IO OTHOMEHNI0 K HEKOTOPOMY
duxcApoBaBECMY HanmpaBJeHAI0 B IJOCKOCTH KaK (YHKONIO co0CTBeHHOH JIIRHH
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KpuBoit s, T. e. 0 = 0 (s). Torna kpuBmanma x n
obpaTHas eif BeIHIMHa — PafHyC KPHBHSHH p —
sajjatoTcA BHpaxendeM % (s) == 1/p (s) = dO (s)/ds.
C npyroii cTopoHH, MOXXHO M3MEPHTL OTKJIOHEHHE
J OT KacaTellbHOH B NepHeHRNKYJAPHOM K Heil
HampaBJICHAN KaK QYHKOHIO PacCTOAHHA X BAONB
aroil KacaTedbHOH:; Torma X% = 1/p = dPy/dx®.

2. Jro moRATHEe HJIO BIOCHENCTBAM PaCIpOCT-
paHeHo Ha cCJIydali MCKPHBIEHHOU MOBEpPXHOCTH,
morpy:KeHHO# B miocKoe (aBRAUTOBO) 3-mpocT-
panctso. OTwiIoHeAHe 2z TrIadKoil HCKPHBIEHHOH
HanpaBnenne, or xotoporo OOBEPXHOCTH OT OX0oCKOH OoBepxXHOCTH, KacaTelb-
OTCUMTHBACTCH aduMyTaabtei yron — HOM K Helt B QAHHOH TOYKe, ODACHIBAGTCA B 0KPECT-
HOCTH 3TO# TOYKH KBAJPATHIHGIM BHIPIKeHASM

1.3 1
= az +bzy+?cy2.

[ToBopoToM ocet ma ooTsercrsyromuit yroa o,

z==E%cosa +nsinae, y= —fsina 4 ncosa,
2TO BHPAKCHAEe NPHBOAMTCA K BHALY

.1 2, 1 9
e o= %4§ +ﬂ7 %W
#y = 1pyy %y = 1/p,

OpelCTAaBAADT vobul J{Be «IIaBHHO KPABM3HH M0BEpXHOCTH.

3. Tayce {158] Hagam paapabaTHBaTh HIEI0 O TOM, KaK ONpeNeNUTh KPHBH3HY C MO-
MOINbI0 W3MEPEeHn, NPOBONHMHIX HCKIIOYHATEIBHO Ha CaMof moBepxHOCTH («0ofmecT-
BoM MypaBbeR»). VI3 mamHoit Toaks & Ha moBepXHOCTE mpoBefeM OTPE30K reofe3mde-
CKofl aTO# MOBepXHOCTA COOCTBEHHOH NIMHH €, M3MepeHHOH Ha caMoil BOREPXHOCTH.
[loBTopmM 3TOT mpoOLece ANA OXHOA A TOM yKe MCXOTHON TOUKHE, HO JJIA PasHHX HampasB-
nendil BuXofga reofesamzeckHX. [lonydmm GeckoHedHoe UMCIAO TOUOK, 06pasyiomEX
«oxrpyxHoctes. HaiteM ee cOGCTBeHHYIO IANHY ONATH C HOMOMIbI) H3MOpPeHHH, IPOBO-
OEMHX HCKIIOYATeNbHO HA CaMoil TOBEPXHOCTH. Pe3ylnTaT TaKkoro «BHYTPeHHEro
W3MepeHAA» MOYKHO BHYHCIHTH C [OMOMBI0 MOTPHKH, COOTBOTCTBYOmEH RKaHHOMY
MOrpy;KeHnios

ds?=dz®+dE* 4 dn? (9BKAMAOBO 3-mHPOCTPAHCTRO),
= [ (34§ dE + %o1 dn)? 4= (dE? + dn?)] (BEYTpPEHHAA METPHKA BCKPHBIGHHOI
2-reoMeTpHR).

Hponezm COOTBETCTBYIOIIHe BRIKJIARKE, MH YBAXAM, 9TO JIAHA OKDYHHOCTH OTIHIAETCH
OT JBKAHAXOB& 3HAYCHNA 2ne Ha OTHOCHT®JABHYI0O BeIUIAHY, HPOUOPIMUOHAJABRHYIO
KBaapary &, a HMEeHHO

ab
bel*

. 6 HHA OK HOCTH 1

lim —- 1 -2 L Ll ) =2 %My = —— = dot (
e-0 & 2ne P1Dg
OGpaTtamM ocoGoe BHAMaHMe Ha HMePBHA SHAK paBeHCTBa. laycC He CKPHIBaJ PagocTH,
KOTOPYI0 OH HMCHIHTAN, 00Rapy:KHB, 9TO He4TOo, OmpegeifAeMoe HCKIOYATEIBHO H3Me-
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PeHAsIMA HA caMoit NOBOPXHOCTHA, COBOANAET C NPOM3BECHHEM NBYX BOAHIHH ¥, H X4,
ANXA oupepeiednd RaKoi us KOTOPHX IO OTASABHOCTH HYXHH H3MEpEeHHA, BHONIHHE
0 OTHOMEHHMIO K 3TOH ODOBEPXHOCTH.

4. Pasnmume Me:kIy «BHOIIHEH» A «BHYTpeHHEMN»
KPUBABHAMA MO)KHO IOMKTONHTh CHERYIOIEM
obpasom®

(BEemHAA KpHBH3HA) =% == (% +X,) (cM7Y),

( BHYTPeHBAA, AIH )= Xt (CM72)

rayccoBa KpHBH3HA

(mocirenssas BenMYEHA COoBHajael ¢ AHBAPHAH-

TOM CKaJApHO# KpHBHSHH 2-reoMerpmm R,

yMeHbIIOHHEIM BBoe). HaueprEM Ha miIocKoM JECTe GyMarm TpPeyroJbHAK CO CTOPO-
Hamn 3 : 4 : 5; csepmem 6ymary B TpyOky. Takoit msrm6 ocTaBifeT BHYTPEHHIOI
3BKJIANOBY 2-reomeTpmio nmcTa 6ymMard Hem3MeHHo#. BHyrpenmas rayccoBa KpuBm3Ha
OOBEPXHOCTA TOKe HC MEHAeTCHA; OHa COXPaHAET CBOe HyJeBoe SBK/THNOBO 3HaYeHHE
(%, He paBHO HYNIO, ®; PaBHO HYJIO; IpOM3Be-

ReEde %%, paBHO Hym0). OxHEako BHEMHAA N

KPHBABHA MEHAETCA OT %, + %, = 0 ;mo memy-
JIeBOr0 3HA9EHAA %; -+ %, 7 0.

5. KpuBm3Ha, ¢ KOTOpO# MK HMeeM AeJ0 B JaH-
HOHt TJlaBe, €CTh BHYTPEHHAA KPHBHE3HA TPOCT-
paHCTBa-BpeMeHH, T. €. KPHBH3HA, NpPH ompe-
HeJieHAN KOTOPO# He TOJBKO He HCHOJbL3YyeTcs
OOrpy)KeEHe B KaKoe-IAGO THIOTETHIECKOE
miIocKoe MHOroo6pasume Gojiee BHICOKOH pasMep-
HOCTA, HO Ka’ke He JONYCKAaeTCA MBICIH O BOS-
MOKHOCTH TAaKOr0 NOTPY:KeHEA (KoHNenmas
Pamana, Kimddopma m ditmmreitna, moapasy-
MeBapomas, 4T0 TeoMeTpdsd [IHMHAMHYHA, IPH-
HEMAET CaMoe HemoCPeHACTBEeHHOe yJacTHe B (H-
BAYECKHX fBJICHHAX H OTHIOAb He SABIAeTCA
KaKAM-TO JAaHHKM HaM GOoroM aGCOJIOTHHM CO-
BEePIIEHCTBOM, He AMEIOMAM HEKAKOTO OTHONIE-
HAA K MaTepHAA W JHEPTHH).

6.!KpnBH3Ha reoMeTpEA IPOCTPaHCTBA-BPEMEHH

OpHBORAT K TOMYy, 9T0 JXi0Goe mpocTpaHCTBeHHOHNOROGHOe cewenme (3-reomerpms;
«rEnepIoBepXHOCTH HaTaJbHHX 3HAYOHHNY) IPOCTPAHCTBA-BPEMEHH TaK)Ke ACKPHBJEHO
(cm. «coorHomernms Taycca m Homamumm» 8 ra. 21, rae paccmorpeHa mpoGiema Ha-
9allbHEIX 3HAYeHAA B reoMeTPOAHHAMUKE).

7. TloBopoT BeKTOpPa B pe3yAbTaTe HapallIedbHOr0 IepeH0Ca N0 3aMKHYTOMY KOHTYDPY
JaeT HaM B ClIyJae TpeX H JeTHpeX H3MODEHHi oNpefellecHMe KDHBHSHH CTOJb e
nojiesHoe, Kak M B caywae ABYx mamepenmil. (B KpuBoanHeiiHON [ByMepHOR reOMeTpHEH
B NaHHOH TOYKE 6CTh TOJNLKO OfHA WIOCKOCTh. 1109TOMY [JIA ONHCAHHA IayCCOBOR
KPHEBHSHH B 3TOi TouKe TpeGyerca BCero JMmME ofHO YHCHO. B cryuae Tpex m weTHpex
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HBMEPEeHHH uepe3 KarKAYI0 TOYKY HPOXOAHT Golibmee YACHO He3aBECEMHX IJIOCKOCTeIl,
a CIeRoBaTeNbHO, JUIA ONHMCAaHAA KpHBU3EH TpebGyercs Goabme umces.) Ha pmcyake
HavyajJbHOe IOJOKeHHe BeKTopa oGosBaueHo mmdpoii 1 (ceepmmit moaioc). OH o6Ho-
CHTCA TapaJeJibHHM obOpasoM (monoskemms 2, 3, ...) BOKpPYr cdepmueckoro Tpey-
roJIbHEXA, BCe YIAH KoToporo paBEH 90°. Ilo BosBpameBAH B HCXOJHYIO TOUKY BEKTOD

(mososkenme 4) OKa3HBaeTCA MOBEPHYTHM Ha 90°:

(rayccona )_ (yroa nonopom)_ (/2) _ 1
KpmBE3Ea/  (06oigeHHEAs (1/8) (4na®) _ a2
ILIODIAAE

(mososkHMTeNBbHEA; HampaBlieHAe OBOPOTA COBNa-
HaeT ¢ HampaBieHmeM o6Xofa).

8. OcTaBasACk NOKa AJAA OPOCTOTH B HCKPHBJEH-
HOM ABYMEDHOM MHOrooGpaswm, omMmieM KpH-
BHSHY 2-H0BEPXHOCTA € HOMOIBI0 2-PopmH
(¢xkneToYHOH CTPYKTYPH»), oOIpelleIeHHOR Ha
BCe#l IOBEPXHOCTH. UHCIO KIeTOK BHYTDH Kasi-
AOro MAHHOTO KOHTYpa paBHO YINIy B pagHaHax
(B MeCATHIX, B COTHX JAOJAX pajfdaHa H T.A., B
8aBHCEMOCTH]OT TOro, HaCKOJBKO MeJKHEM BHOpaHO pasGmeHHe), Ha - KOTOPHEI mOBopa-
9YHBaeTCA BeKTop, 0GHeCeRHHH mapajjieIBHO BOKPYI aTOT0 KOHTypa. Bkiaanm namHoi
KIETKH CYHTAETCA NOJOKETEIPHKHM HIH OTPUIATENBEHM B 3aBECHMOCTH OT TOTO, COB-
majiaeT MJIM He COBOajaeT BampaBJeHHe yKasaHHOM Ha Hell CTpPeaKH (CM. BHJ B yBe-
AMYATENbHOE CTEKJO) ¢ HampaBieHmeM o0xofa KOHTYpa.

|-

9. 2-popMa KpHBHBHK IJIA H3006pa’keHHOM NOBEDXHOCTH BPANIECHHA (¢TPONHYECKHI
miem»), mMewmeit meTpmky ds® = do® + r® (o) dé?, paBBa '

KPHBHSHA = ——:— %do N\ rdé (1)
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(mosokATeIbHA HAa TYAHe MITOM1 U OTPHIATeNbHA Ha HONAX, KAK YKa3aHO CTPEIKaMH
8 «kIeTKax 2-PpopMe» ciesa). «CMHCI» TPOACHASTCA HPH DOTPY;KeHAA NOBEPXHOCTH
B 9BKIHNOBO 3-MPOCTPAHCTBO — YMOGHHIH CcHOoCcO0 HArISARHOTO IpeNCTaBIeHAA; HO To-
pasgo Ba)KHee HOOHATHE 2-reOMeTPHA, OMPEAeNAeMOid BHYTPEHHAMH HIMODEHHAMH,
HOe CBA3AHULIME HA ¢ KAKAM HOrPY:KeHHeM.

10. Ha aroM gByMepHOM mpaMepe YJaeTCA KAK HACKS YeTKO A CO BCOMY BHITACIATENb-
HHIMA OOXPOGHOCTAMA MOKA3aTh, KAKAM 00pa3oM NIAHH (¢METPHKA») OTpPeXeNaIoT
kpaBu3Ay OH CIYRUT HIIOCTPAEed TOLo, «ITO IPOHCXORAT 33 KY/JAHECAMH» TeX
MaTEeMATEYeCKAX MAHUMY.IAGAN, KOTOpHe IPOA3BOSATCA B JaHHOHA riaase ¢ 1-gopmamna
a 2-bopMaMi B YETHIPEXMEPHOM IPOCTPAHCTBC-BPOMOHH.

a. PesyasraApyomuit moBopor npu o0xoAs BOKPYr 3JXeMeHTa HOBEDPXHOCTH
AL B AA paser § — § (BekTop He OTKIOHAETCA HA BIPABO, HA BJIeBO LpH
HepeHoce BROJXb MepEAEaHoB A4 a1 FF).

6. [oBopor BekTopa mpu mepedoce u3 A& B % N0 OTHOIIEHHIO K CACTOM® KOOPRMHAT
(HampaBiieHAAM MOPHAAAHOB) PaBed

RAAHA XYTH rjc+do) Ap—r(o) A¢ _ (dr
do _(—) A

(yron 6) = AJIAHA BEKTOpa =

B. AHAIOTHYHO IOBOPOT BeKTOpPAa HPH mepexofe U3 £ B % paBeH
3 d
(ron 9= (), A4

¥, Posynbrapyiomait moBopor cocraBaAeT
= dzr
8 —8=— ( m)a AcA$.

n. Ecxm tremeps Buipa3dats ero B Bage PopMu, To cpady moaydaMm coorHomenue (1).

e. Npeitnaa @ BeaacadTedbHAs CTOPOHHL B CIydae UeTHPeX M3MOPEHHH CIOMKHee
B OCHOBHOM [IOTOMY, 9YTO B HHTeDECYOU{2H HaC TOYKe OPHEHTANHEA H3ydaeMoi
HOBEPXHOCTH MOKeT OHITH BHIOpaHa pas3mMHIHHIM 0oGpasoM.

11. OcraBasich B paMKaX JaHHOr0 ABYMEpHOrOo IpEMepa, MOIKHO, cpaay e TepeBecTH
9TH reoMeTpHEYecKHe Wied Ha A3nK dopum. [Ipobamit Bextop A' = (4!, A%, Gyxyum
ofHeceHHHIM BOKDYr TpaHHOH JJIeveHTa MOBEPXHOCTHA, BO3BPAUMIaeTCA B HCXOAHYIO
TOUKY, CllerKa M3MEeHUB CBOE HAIPaBICHHO:

— (mamermerme A')= RYA%, 2)

a. I[Jm Gompmrei OmpeReNeHHOCTH yRoGHO B3ATH B KavecTBe GasmCHHX 1-dopm
o =dou 0 = rd¢, 3a AT OPAHATH KOMOOHEHTY A B HANPABIGHAW yBeIHA-
qemnsa ¢ u 3a A% — KOMOOHeHTY A B HaNpaBJIGHAH yBeXHdeHAA ¢. Marpama

.9?"‘ ABJIAETCA MATPAURH BPaeHAA , KOTOPAs H3MeHAOT HANPABICHHAS, HO He IHHY
BeKTOpa (HyJIeBue NEATOHAIbHE DJIEMOHTH); TAKEM 00pa3oM, B HameM Cirydae

1
-7 0 R s
25 ll= i 2. 3)
— 3 0
B pas6upaemom mpmmepe B!, oueBHgHO, mpemcTaBAAeT cobolt Yrox, Ha KOTO-

PHi HOBOpavEBaeTcA BekTop A mpE mapadienbHoM o6GHeCeHHE BOKpYT aJe-
MeHTa IOBEPXHOCTH.
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5. Ho nmoBopoT moka ocTaeTcs «HeompeflleIeHHHMP, HOCKOJBLKY eme He YKasal
pasMep aJieMeHTa mOBepXHOCTH. Ilociaennnmit ynoGree BCero mpeicTaBiaATh cebe
KaK 9JeMEHTaPHHHA HapajjiellorpaMM, ompelleliAeMHill HBYMA BeKTopaME («6m-

BeKTop»). Takmm o6pasom, .99‘;, HJIE, KOBKpeTHee, e[lHHCTBCHHHH 2JIeMEHT,

KOTOpHiA EMeeT 3HavuenHe JR'g («yros moBopoTa»), HY)KHO CUHTATH MATeMAaTRH-
geckEM ob6bexToM (2-popmoi), HafleJIeHHHM JABYMA BXONHMMA KaHaJaMH,
B KOTOPHE MH BBOJAEM BTH JBa BEKTOPa W HoJydYaeM Ha BHXOJe YHCJIO (yroi
B pajamaHax). B npmmepe ¢ TpomEuecKHMM mueMoM W3 cooTHomenMa (1) mmeem

2= L1 0T pa. (4)

Teneps monaATHO, noyeMy L%, B Tekcre HasnBalwTcA «2-opMaMB KpPHEBH3HHI.
3. B TekcTe mokasaHo, KaK M8 TAKHX BHPa)KeHHH HaXo#HTh KOMNDOHEHTH TEH30Da
KpuBusHe Pumana; B HameM ciydae, Hampumep,

Rt 31%= —R? 331 =(—1/r) (d*r/do?) (xoapmmmenTr mpm of /\0)3:

WA OpH a)i?\m'i).

r. O6o6mas Ha cayuaii YeThipex HW3MepeHHmil, M nomuMaeM nof R%,,, MHOME-
Telb, KOTOPHH Hafio YMHOKETh Ha TPH 4YMCJa, 9TOGH NOAYYATHL dYeTBepTOe.
Ionyuaomeecs B pesyJbTaTe YBCIO0 mpefcTaBiseT coboit usmenenne (¢ o6pat-
BHM 3BaKOM), KOTOpOe NpeTepneBaeT a-KOMOOHERTa BEKTOpa MOCje mapaijelb-
HOTO IIepeHOCa MOCHefHero mo 3aMKHYTOMY KOHTYDY, 8afiaBaeMOMY, HampHEMep,
OapaJliieloTpaMMOM, HOCTPOGHHKM Ha JBYX BeKTOopax U ® V. MBoxmTensmu,
Ha KoTophle ciefyer yMHONATH R% gy, ABAAKWTCA: 1) KoMnoHeHTa Bekropa A
B HanpaBjgesmH §, 2) u 3) pv-KOMIOOHEHTa YJIaCTKA NOBEPXHOCTH, 3aHAMAEMOTO
napaijenorpammom, (u*¥ — uvp*). Takmm ob6pasom,

84% = — K%, uv|Aﬂ'(u"vV —uvvH),

JNononnenre 14.2, HEIOCPEJICTBEHHOE BBIUNCJEHWE KPHBH3HbLI
(MJJIIOCTPUPYEMOE HA NPUMEPE TJIOBYCA)

B npocTeiimem MerTofie BhUMCHeHHA KoMmoHeET R%,,; Temsopa kpuBESEH Pumara,
061a/Ial0meM YHABEPCaIbHON DPAMEENMOCTHIO, B KaYeCTBEe HCXOXBHIX AaHBEIX HCOOJb-
8YIOTCA MeTpHYeckHe KoshGBIHEHTH g, H NPAMEBAETCA CAeAVIOMas cXeMma:

I~ og R~ar+IT
guv — Tuap — Tap — R%ap.

®opmysnr, koTophe TpeGyOTCA Ha STHX TPEX JTAmax, MMeEIOT BHI

" { O8ua gug  ORap
F“ab=-2_( azP a* - az% ) ! (1)
Top = g""Tyas, (2
arv aruwz !
I AT L @)
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MeTprKa HOBepXHOCTH AByMepHOM cdepm pajmyca a HMeeT BHJ

= a? (d6® {-sin? 0 d¢?). (4)
Ins BHYECHCHEA KPHBHSHH CTAHJAPTHHM METOLOM BOCTIONLEYeMCH dopMynolt ana
ds* kak Tabanued sHavenmii gy, OHa naeT ggo = a2, goo = 0, Lo = a®sin®o.

C nomomysio dopmyan (1) BaiigpeM Te mecTh KoadPBENREHTOB I"nn = I'ji, KoTopHe
MOTYT EMeTh pasiHYHHe 3HaueHHA (B caydae deThipex msMmepenmit mx Gymer 40):

Foge == — a?sin 0 cos 0 = — Iy 40,
Fogo="T44s=0, ()
Tege=Iy00=0.
IloguuMemM mepBhE BHAEKC:
I‘e¢¢ = — 8in 0 cos 9,
I*p0=ctgh, ®
[Po0 =% =0 =T"g0=T",.
BrifepeM NmOAXOAAIYI0 KOMOOHEHTY KPHBH3HH (KOTOpas He 0GpallaeTcs 8BTOMATHYECKH
B HyJb H3-32 3/eMEHTapHOil cmmMmeTpuE R,yop= R{uv)iop) B KOTOpas Be Ohia BHYE-
ClleHA paHee B JPYIOM BHJi¢ C IOMOWmBI0 COOTHOIEHMA I%,mg= R.gyy). B pacemarpm-

BAaEMOM JBYMEPHNOM CJly4ae €CTh TOJXbKO OfiHA TaKag KOMOOHeHTa (B cjydae deThpex
ma3mepenuii mx 21); oHa paBHA

0 are ar” 9
R'ggq = 39" ¢ + IOl so— 1T MI” =

0
= ar:ae“ —0+0— Fequ’q»e = sin? 6 — cos? 0+ sin 6 cos O cig 6;

TakuM obpasom,

R%44=sin?0, ™
HIU
R%%, = az . ®)
BoimonnuB cpepTKY, DONYYEM KOMIOHEBTH Yepsopa Pmuum
1
Ro=R’=—, R%=0, (9)
8 CBEpHYB €Ie pas, DONYYEM CKAJAAPEY KPHBHUSHY
R=2/a?, (10)
Vno6Hok opTOHOPMHpPOBaRHOH CHCTeMO# B 9TOM MHOroo6pasmm sBAseTCA
©%=ad0, ®°=asinbdé. (1)

B Gonee ofmem BHEAe 3anmmeM ©” = L“de” . IlpeobGpasopanme TeH30pa K OpPTOHOP-
MHPOBAHHEIM KOMOOHEHTaM B 3TOM IPOCTOM, HO IOVIHTeNLHOM IPAMEpEe ANAroHaJNbHON
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MeTPHKHA CBOXATCA K YMHO)KeHHI0 HAa HOPMHEPOBOYHEIE MHOMUTEId — OO OXHOMY

~

Ha Ka)KIBlid HHOeKc Temsopa. Tak, Hampamep, P = av?, v* = a sin 0%, vg = a~lvg,

. )
v; = (a sin 8)~'v,. Amamormido, 3Haa R ¢p4 = sin? 0, Haxo{AM KOMIOHEHTH TeH-
30pa KPHBHM3HE

~

(] 1 [ry
Ro3ps=m=R"5; (12)

B OpTOHOPMHPOBAHHOH CHCTEME,

HMononnenne 14.3. AHAJIUTUYECKHUE ITPEOBPA30OBAHMA
€ NIIOMOMmbIO BBRIYHUCINTEJIBHBIX MAMNMH

AccrnemoBanna B ¢(a3AKe rpaBATAIlAA H B 00MEA TeopHA OTHOCHTEJBHOCTH YacCTO
COIPOBOKAAIOTCA TIHHHNMA aHAAATAYECKEMH DpeobpasoBaHAAMH, TPeOyoOIAMA 0Co-
6ot TIATEAHLHOCTH UM BHAMAHAA, KOTOPHSO HEOGXOMEMH JIA HaXOKIEHAA TAaKHX BEJH-
9MH, KAK TeH30pH KPHBA3HW JifHmreiiHa ® PAMaHa B HaHHOA MeTpAKe, TABEpPreHIHASA
MAHHOTO TeH30pa JIHePrAM-UMIYJIbCAa, ypaBHeHHA B Terpadax Heiomama — ITempoyaa
npd MAHHHX ajrefpaddeckAx HonymeHAAX. Takde BHKIAfKA HO CBOEHl JOTHYeCKoH
CTPYKTYpe TOAYKTHBHH H JZOCTATOTHO IPOCTH, YTOGH ¢ HEAMH MOIJIH CHPaBAATHCA
BulancadTebHHe Mamaasl. Hauamasn ¢ 1966 r. BHUmcamTeNbHHE MamIAHH HIAPOKO
HCOOTB3YIOTCA IS pPemeHAs TAKOro pofa 3amad.

CymgecTByeT HECKOJBLKO MAMMHHHX S3HIKOB, Ha KOTODHX HCCIEROBATeIb MOKET
3aIIPOrPaMMHAPOBATh CBOM aHAAWTHIecKme mpeobGpasosammsa. CmenmaamcT mo BEITHC-
NATENILHON TeXHAKE MOKET C4eCTh YNOOGHHM paboTaTh ¢ SI3HKOM, OPHEHTHPOBAHHAIM
Ha MammrEy, Takam, Kak LISP (cm., mampmmep, [159, 160]). Ogmako GoabmMHHCTBO
TeX, KTO 33aHAMAETCH HPHJIOKEHHAMA 06mei#l TeOPHE OTHOCHTENBHOCTH, IPENHOYTYT
A3BIKA, OPASHTAPOBAHHKSE Ha I0JIb30BaTeNA, TakAe, HanpuMep, kKak REDUCE (cosman-
atii Xupaom [160] u mpmemocobaenumi aia mamma IBM360, IBM370 a PDP10),
ALAM (cospammuit [{uasepno [161] @ npacuocoGaennstit qus Mamau cuctemsl Atlas),
CAMAL (coamaumnit Bapronom, Byprom m ®mraem [162] m npmcmocoGnennnii ans
mamuad cacreMu Atlas) @ FORMAC (cosmanuntit To6m u np. [163] m nprcmocoGaennsit
s mamaa [BM 7090, 7094, 360 m 370). O630p Toro, 4To AeXaeTcA B 3TOM Hampasie-
amd, cM. B pabore [164). 3mecs Mu orpammamMcs pacecmorpenmeM sassika FORMAC,
HaHEGoJee JOCTYIHOTO X HamGoaee MEAPOKO ACHOAL3YEMOT0, XOTA 3TOT A3HK, BO3MOKHO,
| He caMuit aysmui (cm., Hampamep, [161]). duxa ananmrmdeckux npeoGpas3oBaHHit
FORMAC saBasiercst npuGIN3aTeIBHO TEM Ke, 9eM OHUIA mepBHe, caMHe OPAMHTHBHEE
sapaanti MOPTPAHA pnsa 4mcieHHAHX paCderoB.

FORMAC onepupyer ¢ aare0pamieCKEMHE BHPAaXeHHAMH, BKIIOYAIQNAMY: THCIO-
BHe KOHCTauTH, Hanpumep 1/3; cEMBoNAYeCKHe KOHCTAaHTH, HaApAMeD & HIHN U; HeKo-
TOpHle 2JAeMeHTapHHe QyHKUHH, Hanpamep Sin (u) miad exp (z); cAMBoJHIeCKHe PYHK-
UMM HECKOJABKAX IepeMeHHHX, Hampmmep f (z, u) mad g (). ITOT ABHK MO3BOJAET,
HallpEMep, CIOKATb ar + bz®c 2x 4 (3 + b) 22 m moaygurs (a + 2) z + (3 + 2b) 2%;
OH TO3BOJIAGT HAUTH YaCTHYI0 UPOMSBONHYIO OT BHpaskeHHA zluf (z, u) + cos z mo z
B BHJE

2zu flz, u) + z*udf (z, u)/dz — sin (z).
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OH no3BoJifeT BHUOOAHATH Ha MAIIMHE BCe ajre0pamdYecKdme OmepalME M BCO omepanan
nudpdeperAaILHOT0 MCIACIEHENA, KOTOPHE MOKeT BHIOJHATL 4eJ0BEK, HO OPH 3TOM
He qonyckaeT ommbok! K cosxamenmio, ¢ ero moMOImb0 HEIL3s BHIOIHATH aHATUTATE-
CKOe MHTerpupoBaHMe: JOTAYeCKE MHTEIPEPOBAHME NIpeJCTaBiasAeT coboil He NeXYKTHUB-
HYI0, a HHAYKTHBHYI0 OIEpaIgio.

flank PL/1 moeT memonn3oBaThCA Kak ogHoBpemenHo ¢ s3ukoM FORMAC, tak
4 He3aBmcuMo oT Hero. PL/1 omepHpyer ¢ mnemoykaM®m CHMBOJOB, HampaMep
Z/1 X 29—-/. B meM Ba)oxeHa JOTHEKA CHMBOJOB; OH IO3BOJAGT YCTAHOBHUTE TOK-
AeCTBEHHOCTH ABYX LEHOYEK; C ero MOMOIIbI0 B IEHOYKH MOKHO BBOJUTH HOBLIE CHM-
BOJH B yOHpaTh CTaphe; HO B HeM He 3aJI0eHH HpaBmia aare6pw m auddepeEnnarn-
HOro WcYHcleHns. [10aToMy OH HCHONB3YeTCA B OCHOBHOM KaK IPRJOKEHHE K SA3HKY
FORMAC (xora ¢ Toukm 3peHumsA ofecmedeRHMs BHYMCIHTexbHEHX Mamme FORMAC
ABadgeTca npmiaoskeEdeM K PL/1).

Cymecrnyer nennit pag nporpamMm Ha ssuke FORMAC pns HaxoskmeEHs TeH30pa
difHmTeARa 0 3aJaHHHIM KOMIOHOHTAM METPAKE H JUIA ADYTAX BHYACIEHHH, CO3XAH-
HbIX MHOTOYHCJCHHEIMA IpeJLYMAMA HCCIenoBaTenaMu (CM., Hanpumep, [165—167]).
Onnaxo mporpamMmpoBamme Ha fAsnke FORMAC me mpencrasaser ocoGoro Tpyna,
O03TOMY IAA Ka:KN0M HaHHOU 3aadd OGHYHO NHMETCS CBOA COGCTBeHHas IMPOrpaMMa.
Ilpr 3TOM MOryT BOSHHKHYTH TPYRHOCTH, CBI3aHHHE C TE€M, UTO AAA BHHIOJHEHHA
BCeX AaHAJIHTHICCKEX HpeoGpasoBaHHEil He XBaTaeT ONepaTABHOA IAMATH MaIIUHHL.
HanpaMmep, nponuddepeBEnuEposaB HeCKOJIBKO pad BHpaskeHHe, yMemalomeecs Ha MoJIo-
BAHE CTPAHHYKA, MOKHO HOJYIATH B peaylbTaTe CTOAb TPOMO3AKOe BLIpasKeHHe, 4TO
A Hero He XBAaTAT IIaMATH HE ONHOM M3 CYmeCTByOmEX Mammn!

Acceaenosatenn, nporpammapyiomume Ha a3uke FORMAC, mepex xoTopmMd BCTaer
opoGiaeMa maMATA, IPHA PeIIeHHH CBOAX 3aAaY HOAb3YIOTCA HECKOJIBKAMH Da3MAIHEIMA
npueMamu. ONMH A3 HAX CBORATCA K YAAJCHHIO W3 NaMATA HOHYKHH X JaCTeil IPorpaM-
mu u cucremst FORMAC. IIas atoit meam, Hanpmmep, Haemenc m Matuuep [168]
co3nanz nponesyps PURGE m» KILL. [Ipyroi upaeM COCTOHT B TOM, 4TO6GH HOJY4aTh
OTBEeT NAHHAOH BHIYHCANTEIBHOM mMPOMeAYPHl OO JaCTAM, HAMEIOMEM NONYCTHMHA 06beM,
A BHBORATH 3TH YaCTH W3 ONEPATHBHON NmaMATH Ha AHCKOBYI0 HAMATH. 3aTeM 3TH
qacTA HeoGXOAAMO COeMHATH BMECTe — 3a/lada, KOTOPY0 HEBO3MOKHO PEMHATDH
€ IOMOIBI0 0AHOTo ToAbKo A3HKa FORMAC m naske ¢ nomomypio komGaaanme FORMAC
u PL/1; onmako Xapra copaBmiaca ¢ atoit sagauen (cM. [169]), mecmoarays FORMAC,
PL/1 m npouenypst onepapoBaHEA RaHHWMHA Ha Mammaax IBM nox Hassammem SORT.

§ 14.2. HAXOKAEHVE TEH30PA SMHIITEAHA

CorsacHo OJiHWITEHHY, pacOpefejieHHe MaTepMH B IPOCTPAHCTBE
He MO3BOJIAET CPasy e BO BCeX HOAPOOHOCTAX OmHCATh JOKAJbHYIO
KpHBA3HY IPOCTPAaHCTBA. TeH30p 3HeprHH-HMIyJabca xaer uHPOD-
MAIHEI TOJNBKO O HEKOTOpOi KOMOMHANHE KOMIOHEHT TeH30pa KpH-
Bu3HH Pumana — xoMOmmrammu, koTopas oGpasyer TeH30p JiAHmMTERHA.
B ra. 13 onAcaHR ABa 3KBHBAJGHTHHX CH0C06a HAXO0KIeHHS TeH30pa Tpu o:;ma
ditnmreiina: 1) mociaefoBaTeNbHNM CBEePTHBAaHEEM TeH30opa Pamana: Tomsopa
i1 4

Ruv = R“u.avv Rl =g "‘vRuw ( 14.4) ;:_.:0;;301’8
Guv=Ryy— Y guvR

2704457
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[coornomerma (13.48) m (13.49)] u 2) oGpasopanmeM TeHsopa, Ayalib-
HOTO TeH30py PmMmana, ¢ mociepyiomeil cBepTKoii:

6ap™ = (*R*)ap™ = gy R 1pger®f = — 870 R gy, (14.50)
Gﬁb=6a570 (14.56)

[coorromenuna (13.46) u (13.47)). Tperuii cnoco6, Koropuii, Kak mpa-
BUJIO, Jy9me oGouX mpeArAymux, noaydaerca obbepunennem (14.5a)
n (14.56):

Gl =Gp= —8"g, R"™ g (14.6)

[ITpumewanue. B n1060it cucTeme oTCUETa, KAK B OPTOHOPMHUPOBAHHOI,
TaK X B HEOPTOHOPMHDPOBAHHOW, TEH30p IepecTaHOBOK 8%95, . mmeer
KOMIIOHEOHTH

+1, ecnin 8p0 —derHasa mepecTaHOBKA PiLv;

8%,y = g,y = ¢ —1, ecau 8po — HeueTHAA IEpeCTAHOBKA Puv;
0 BO BCEX OCTAJIBHBLIX CHYyYafAx;

9T006H yGeNuTHCA B 3TOM, HY;KHO NPOCTO BHIIUCIUTH §%C%,,y, BOCIOMNB-
3oBaBmuch onpenenenuem (3.503) B KOMIOHEHTAMHM €qp, . M eP°% u3
(8.10).] Brupasxkenne (14.6) mnsa TeHsopa OJiinmreiiHa, BHIONCAHHOE
B ABHOM BHJE, FJIACHT

Goo = —'(lez + stzs + Rual)’

Gy = —(Rozoz + R°303 + 32323)’

G% =  R", + R%, (14.7)

G, = RY,, + R%,,

H T. A., KaKOag mociaeqyoniag KOMIOOHEHTA ompegesifieTcA aHalio-
ru4HOBE QOpPMYIIOH, KOTOPYIO MOKHO HOJYIUTH € MOMOMBIO 09BHIHOIT
NepecTaAHOBKH HHJEKCOB.

§ 14.3. BOJIEE 3®PEKTHBHBIE METOIbI PACUETOB

Ecam oTeer 3aja4l WM pe3yJbTAaT BHYUCIEHHMI He HPOCT, TO €ro
HEJIB3A MOJydETh mpocThM cmocoGom. Ho ecam rpomosaxme Bhun-
CJIeHHSl IPHUBOJAT K KOPOTKOMY OTBETY, TO HY;KHO IONHTAaThCA
yJAyYmATh METOoJ pacdera. Bo MHOTHX XOpOmIO M3BECTHEINX IPHJIOKe-
uuAX obmei TeopHM OTHOCHTENBHOCTH METPAKA NIMeeT TaKoi Bunm,
YTO MHOI'HE KOMLOHEHTH gy, I, 1 R¥, 5 06pamaiorcs B HYJIb; BO
BCEX OTHX CJAYYIAAX HAXOKACHUE KPHBA3HH CTAHNAPTHEIM METOJOM
(momonmenne 14.2) cBsa3ano ¢ GONBUIMM KOJIMYECTBOM (HENPOH3BOIH-
TeNbHHX 3aTpaT». [lpmxoxuTcs BEUMCAATE Miorue u3 'k, g, KoToprie
OKa3HBAIOTCA DPaBHHEMH HyJo. IIpnxoauTcA HpOBEPATh MHOMKECTBO
cnaraemeix Ttana — IMeIP, .., paBunx Hymo, aubo coxpamars
AX ¢ APYTHMH Takumu ke wiemamu. CymecTByioT ABe Ipyrde mpome-
IyPH, TO3BOJAIONNE YACTHIHO M30aBATBCA OT ITHX (HENPOH3BOJH-
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TeJBHBIX 3aTpat». MeTox «reofe3mueckoro JarpaH;KMaHa» [aeT 5Ko-
HOMHYHHI cmoco6 naxosmpenns I'M,g. Meron, ocHoBamEMit Ha «2-
dopMax KpHUBHSHH», CBA3AH C NOJHOH DepecTpoiiko#d BCeii cxeMbl
H N03BOJAET BHYHCJAHTb KAK CBA3HOCTb, TAK M KPHBHU3HY.

MeTon reoseandecKoro JarpaHKuana Jamb HEHAMHOTO yJayduiaer
CTAHAAPTHHIA METOX, HO 3aTO OH TpeGyeT /MOBOJIBHO CKPOMHHX 3aTpaT
BpPEMEHM Ha U3y4eHHe BADNANMOHHOTO HCUYMCIEHHS — 3aTPaT, KOTOphie
TAaK MJIM HHAYE OKYOAKTCA B APYTruX npobiemMax MaTeMaTUKH I QH3NKHU.
B oramume ot nero meropn 2-gopm KpuBU3LH ropasno sddexkTuBREE, HO
saro TpeGyer ropaszo 60abIIAX 3aTPAT BpEMEHH, CBA3AHHHIX C U3y UeHU~
eMm MaTemaTuku 1-gopm u 2-popM, ueM canTaercss He06XOUMBIM B pam-
Kax oOn4HOrO BBOANOrO Kypca IO T€OpuHM oTHOCcHTeAbHOCTH. OpHaKo
KaKAH#A, KOMY DPEICTOMT MHOTOJHEeBHAaA paGora mo BHYHCIEHHIO
KPHEBH3HH, NOCTYIMT IPaBUIbHO, €CJIU H3YIAT AJITOPATM, OCHOBAHHKIIA
Ha 2-¢opMax KPHBU3HEI,

§ 14.4¢ METOJ TEONE3NYECKOI'O JIATPAHRKMAHA

OGraHoO cunrtaercd, 4To Koapdunuents cpasnocTi I'M;, g MOMKHEI GHTD
H3BECTHH JI0 TOTO, KAK 3alMCHIBAETCH VPaBHEHHE Te0[€3MmIeCKUX

28 4 TP, p2028 =0, (14.8)

(3mecs m HmKe Touka oszHagaer mudpepennmnpopanme mo adpduaHEOMY
mapaMerpy A.) Opgmaxo Tako#t xoJf pacCcyAeHHii MOKHO 00paTHTh.
Brinncap ypaBHeHMA reofie3MYeCKHX, MOMHO 3aTeM H3 HOX HaliTh
Koapunuentn cBaswoctn. Hampmmep, na 2-cdepe, paceMoTpennoit
B fomojiHeHnm 14.2, ypanHeHHA reofiesMYeCKHX HMEIOT BAJ

6 —sin B cos0p2=0, (14.96)
&+2ctg 060 =0. (14.94)
U3 nepBoro ypaBuenns BupaHO, uT0o %4, = —sin 0 cos 0; u3 BrOporo

ypaBHeHus BHAHO, 4T0 IY4p = Iy = ctg 0; orcyreTBHE KakmX-1HGO
APYTAX WIEHOB NOKA3HBaeT, YT0 BCe oCTaabHHe koaddummentn I,
PaBHH HYJIO.

IlepBuii ocHOBHOI NpUHANEN, TAKHM 06pasoM, ACeH: HAJIAYME yPaB-
HeHAS Treofe3NYecKuX, 3aNNCAHHOTO B SBHOM BHJE, BKBABAJEHTHO
3HAHAIO BCEeX Koa)pummeHTOB CBA3HOCTH IMqg.

Bropoit mpnAnun yTBep;kaaer Hedro Gosxbmmee: ypaBHEHHE Teofie-
3MYECKHX MOKHO HamUCaTh, Ae BuumcaAn ', ;. UTo6n moxyants ypas-
HEHHe reofie3NIeCKHX, HY;KHO JIUMb BCOOMHMTD (cM. fomonanende 13.3),

9TO reofie3nYecKol ABAACTCA MApaMeTPA30BaHHAA KpABag, HA KOTOPOH
AHTErpaj

I=-§ guaravan (14.10)
27*

f) meron
reojieanuecKoro
JarpaHKAaua

2) wmeron 2-gopm
KPHBH3HB
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ROCTHraeT IKCTPEMyMa B TOM CMkICAE, YTO
8I = 0.

Horgasror BapmanmoHHH # IPARKAN IPAMEHACTCA HA IPAKTU Ke, Nepebiil
aman cocmoum é mom, umobu nepenucams supaxcerne (14.10) ¢ camom
NPOCMOM 803MONCHOM 8UdE, NOJCMABUSE KOHKDEMHNE SHIUEHUR &,y 045
pewaemoi sadaww. Ecam mHETepec mpexcTABIAT JAIIL CAMH Teoe-
3MYeCKAE, TO MHOTHE HHTETPANH JBIKEHHSA MOMKHO BHIACATH YiKe
Ha 3TOM arame, Ja)Ke He IPOBOJA BapbUpoBaduA (CM. M. 25, e pac-
CMOTpPEHO JBHKeHHe MmO TeoNe3UIeCKEM B UIBAPNIAIHIOBCKOH Ieo-
Mmerpud, B ocobensocra § 25.2, HOCBAMEHHNE 3aKOHAM COXPAHEHHS
¥ HETerpanaM Asmxenns). Yro6u Buancaars 'ty g, HEOGXOZAMO mpO-
BapbHPOBATh KAXKAYH© KOODNAHATY IO OIepeqd W IOJYIATh IeTHpE
ypaBHeHHEA., 3aTeM 3TA ypaBHeHAA HY:KH0 npeoGpa3oBaTh K TAKOMY

BARY, KOTQa Ha IEpPBOM MecTe CTOAT WiIeHH zB. B 3Toit popme omu
DOKHW B TOYHOCTH NIpPeXCTaBAATH co00i ypaBHeHUA Teofge3mde-
ckux (14.8). CexosaTeabHO, MOYKHO CPa3y e BROHCATh M, 5, KOTOPHe
ABAATCA KoddpummenraMd B ITAX UYeTHpeX YpaBHeHHAX. 3aBep-
MAomu# JTad BHIKCAGHAA KPHBH3HH ITUM METOXOM COBIALAeT
¢ AHAJNOTAYHHM 9JTALOM B CTAHKAPTHOM METOMe, HCIOJIb3YOULAM
dopmyas BEga R ~ 3’ + I'T, koTopH® BHIIHCHBATCA OOITHHEM
oGpasom (momoamesme 14.2); KaK TONFKO BO3HEKAGT HEOGXOAEMOCTH
B famHgoM I, ero MoKHO JIerKo HANWTH, NIPOCMOTPEB YpaBHEHAA
reofe3mdecknx. JlamHag mpomegypa Jerde BCero ycBa@BaeTcdA Ha
KOHerZlZOM gpEMepe, M TAKOH mpUMep OpPABSJSH B JOMOJHE-
mun 14.4,

YHPAKHEHUAE

14.4. Busog ypasaeHmii ifmreiisa x1d 3aKpHTOroe (PPEAMAHOB-
CKOro MApa HPHE HOMOUIH METOXA reode3udecKoro JarpamKuana

JluHeiHE A 31eMeHT, KOTOPH i mpeAcTaBAAeT HHTEpEC B JaHHOM CIyTae,
umeer Bug (cMm. ra. 27)

ds?* = —dit® 4 a® (t) [dy® + sin? y (d6% 4 sin? 6d$?)].

a. damumare BapmagmoHaui warerpanx (14.10) ana reomesuwe-
CKHX B 3TOH MeTpUKe, 3aTeM NOCIe0BATeIbHO LPOBApbHpyiite ¢,
¥, 0 @ ¢; B pesyabTaTe mOCHe HEKOTOPOH meperpymmApOBKA TICHOB

mosxydarca derhipe ypaBpemaga 0 =t 4+ ...,0 =y + ..., 5 1. 1.,

pupaskaomue Kodppagmenta I' B popme (14.8).
6. Ucmoas3ysa Takoe mpefcTaBIeHAe B KadecTBe Tabadmu Koad-

¢unuenton T', Buuncanre Riy,,u R%, ,, A3 KOTOPHX OTIHYHK OT HYAHA
TOABbKO R'ysx B R¥gye (CHOACTBAE WONHOE 3KBHBAJGHTHOCTH BCOX Ha-
npaBieHAd, KacaTeJbHHX K cdepe y04).

8. Tepeiimare k opToHOpMEpoBaHHOK chCTeMe ¢ ©f = df, of =
= ady, 0d=?, ©% =? 1 BuumECxHTe B HOi fo}i. a Riﬁiéu O65-
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AICANTE, KAK MOKHO, BOCHOJb30BABIIACH CHMMETPHEH, BHpasuTh Bce  YIPANKHEHUE
OCTaJbEBEe KOMIOHEHTH Gepes3 ITH JIBe.
r. Bocnonbsosapmuck cooTHomenmamu (14.7), HaliguTe Bce He3a-

BHCHMEE KOMIOHEHTH TeB3opa Jiimmrelina G¥;. (Omeem: cM. nomos-
nenne 14.5.)

Jononnenne 14.4. METOJX TEOAE3HYECKOTO JATPAHKHMAHA
B HEKOTOPBIX CIYYAAX COKPAIAET BBIYHCJIEHHE KPHBHM3HBI
Dens. Haiitm xpmem8EYy Aans JHHEHHOro 2IeMeHTa
ds® = L2 (e®Bda® + e~2Pdy?) — 2dudy, (1)

rie L n B apaswTca QyBKIMAME ONHOTO TOABKO U. (JTa METPHKA paccMaTpuUBaeTcs
B KadecTBe DpHEMepa IpaBHTandoBHo# BonEW B § 35.09—35.12.)

Meror. Haitmem T, ; m3 ypaBHeHBi reofiesHgecKux, BHTCKAWIMAX H3 BAPEANHOHHOTO

npaennna (14.10), a satem Baumcamm R", 5 ~ 0T 4+ I'? mo cxeme, ommcanmoit
p nonoiauenmnm 14.2.

dran 1. BrnucwmBaeM BapuanuoBnmii mBTerpas. las paccMaTpmBaeMoil MeTpHKH
ypaerenme (14.10) TpeGyer, utobmt 61 = 0, rme

I= S [4 L2 (epa2+ e-28) —up ] an. @)

Mnpopas nEHEA, HA KOTOPOH 5TOT HHTEIPaJ NOCTHTAET BKCTP(MyMa HBIACTCA Teofie-
3HYEeCKOH.

9ran 2. BappHpyeM N0 OYepenH KCOPAMHATH MHPOBOH awEnm kak ¢ymxoum A. CHava-
na wposapbEpyeM I (A), ¢mkcmponaB ¢ymknam y (A), u (A) u v (A). B arom cayuae

81={ (L%e%z) 8z dr= — | @ersz) sz an.
Tpe6opange 8] =0 pns naEBof (Cpeim NpPOYMX) BapHANNMH O3HAYAET
_ 2 2p - . - 2 250. LY 1
0 = (L2%e%Bz)* =L%%Pz | zu a5 (L€%8).
Baprapys TakEM e ob6pasoM Y, U H v, morydaeMm
(3 . _ .o s 9
0= (L%-2Py)" = Le-26yt yui -2 (L2e-26),
A T 1% 9
O=v+—5 zza- (Lzezﬁ)-l-?y2 ou (LPe—28),
0=u.
Sran 3. IleperpynnupoBniBacM 9i€HH, uTOGH BnepeaH CTOAIH x". Ecam aror s1am
HeJIp3A BHIOJHHTH HEHOCPe[ICTBEHHEIM 06pasoM, To JaHEHIH MeTON He [acT SKOHO-

mgm BpeMeHH, m ymobmee OymeT oOpaTHThCA K MeTomaM MonoaHeEAs 14.2 muam
nononmenas 14.5. B nammom npumepe, 060sHaYMB mTpEXOM NPOH3BOAEYI O/du,
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JIeTKO moJiydaeM

0=z 42 (LL' +B') zu, (32)
0=y +2 (LL —P') yu, (3y)
0= v/ (L2%28) (LL +B') 22+ (L%~28) (L LA — ') o7, (30)
0=u. (3u)

Jran 3'. HarepuperupyeM momydeHasle ypasHeHHa kak tadaagy I'og.  Vpasme-
BEd (3) ABIAOTCA CTAaHAAPTHHIMK YPAaBHCHHAME TFe0[e3HIeCKAX

4 T p20P =0,
[loaToMy 10CTaTOYHO JHIIB MPOCMOTPETHh MX, YTOOK HaliTh 3HaweHHe M0Goro M3 Koad-

¢unmenton I'. Hampmmep I'*,, momxken croats B Koadpdummenre (I, + T%,)) =

= 2", mepex wieHoM yu B ypasueuuu ana z. Ho B ypaBHenan (3z) Her ureHa yu.
CaenosaTebHO, B HaHHOM npuMepe I'*,, paBHo mymio. OTMer:M, uTo ypaBHeHHuA (3)
OPOCTH B TOM CMBICJIE, YTO COZXEP:KAT JHUIIb HECKOJIBKO YIEHOB: M03TOMY GOJNBIMMHCTBO
koodduumentos Myp momxum Oute paBHn nyino. Hanpamep, us ypaBmenmsa (3u)
clelyeT, uTo BCe HAecATH koaddmumenroB I'“yp pasEm Hymw. HemyneBsie sHauenus
HMCIOT  IHIIb 'I”‘xu =I*, .= (L'L' —J— B 3 ypaBHeHHA Bx), TV, =TV, =
= (L' — P’) us ypasneuns (3y) n I’ u I'’,, us ypasuenns (3v).

9ran 4. Haxommm Bce R” .,z u T. 0. IlocienoBaTennHoe mpEMeHeRREe COOTHOmMeHUA (3)
n3 nomosiienns 14.2 He m03B0JAET CKOJBKO-HUGYRDb 00J€r9dTh BHYACIHTENbHYIO IPO-
nenypy. Heo6xonumo BmmncaTh 21 KOMOOHEHTY R",.p, KOTOpHE He CBA3aHH APYT
¢ ApYroM COOTHOMEHNAMA CHAMMeTPUH Ryyeg = Ragyv = —Ruvge, B BHUHCIATH
Kaeaylo n3 Hux. OTMeruM, uTo B fanHom npumepe w3 ', 3 = 0 caenyer, ato R%, 4, =
= —Ry, 5y = 0. OT0 bKBHBaZEHTHO ToMY, 9T0 15 KommuoHeHT m3 21 cpa3y e obpa-
maloTcs B HyJab. B pesyisTaTe cmmcok mpmoOperaer BHI

Rwﬁv == Ruabv =0,

Ruxux = - R'.xux = - (Poxx)' + Foxxrxxu == (L2e2$) (1‘2‘;' + B" + 2 LTB' + B'z) )
Ruxxy = - Ruxxy = O,

Ruxyu = —vayu = Oa (4)
Ruyuy= — Ryuy = — () + Ty TV pu= — (L?%~P) (-[L—_ f"—2 LT B+ 5'2) )
Ruyxy = e Ruyxy = Oy

Ryyxy = (L?e28) R* ., =0,

Teneps ¢ moMoulbio cooTHonteHair (14.7) MoxkHO HailiTu TeHsop JiHmTeitHa. OpnEako
B IaHHOM IIpEMepe HpAMad cBepTRa R%, 5 Io3BoseT He MeHee IPOCTO HANTA CHadaJa
tensop Puuum. Bxiax faoT Aums caaraeMble ¢ B = I M | = Y, HOCKOJbKY BepXHHUIl
EHEKC He MO;KeT IPpUHEAMATH 3HadYeHHEe It M HU ONWH HIKHHR MHEKC He MOKeT mpu-
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HAMATh 3HaueHAe U. TakuM o06pa3doM, HaXOTuM
Ry, = —2IL-'L" 4+ p"%l,
Bce ocTaabHbe Ry =0

R =0.

(9)

(6)

N3 aroro mocjiefdero pe3yJiibTaTa ClefyeT, 9T0O B JaHHOM DpHUMepe HCKOMHI TeH30D

OitHmTeiHa TOKIECTBeHHO COBmAfaeT ¢ TeH3opoM Puuum.

§ 14.5. 2-®0OPMbI KPUBHU3HBI

B aaexTpomunHammke abGcTpakTHHE 0603HAYCHIIS
F=dA
[Ial0T 3HAYUTENbHYI0 9KOHOMHIO MECTA OO CPABHEHHIO ¢ ABHOU 3aHUCHIO

_ 04, 043
F‘“— 9z3 oz’

04, 04y

Fo=Z0—%

7 T, . (mecTh ypaBHeHHIi);

HeT HHKAKHMX IPUIAH OTKA3HBATHCA OT HOJOOHO# SKOHOMHH, KOTAR
pedb uper 0 AMHAMuUKe reomerpun. HiioueBhie noHATHA muddepen-
umaabgoil  PopMe (rge mpocToil 00BEKT 3aMeHAET nepevdciie-
HOe d9eTHpeX KOMIOHeHT, 0 = ¢, Uz*) u Buemrneil mpoussoguoit d,
paccMoTpeHHHe Bhlme, Opim BBefeHH Hapranmom. Emy ke ymamoch
yoakoBars 21 KommonenTy R, ,,p TeH30pa KPUBI3HE B mecTh 2-PopM
KpuBH3HE [6]

%I&V_; — %Vl&

Ecan ata 2-popMEL cIMTATH HPOCTO HOBRIM 0603HAYEHHEM, TO HX BBefe-
HAe aBTOMATHYECKH OKa3hBaeTcA BHromHeM. OHH coKpamaiT paboTy
[0 BHIOMCHIBAHAIO OTBETA IIOCJE TOr0, KaK OH moayded. OHA m0o3BOMIA-
10T TaKKe TAy0He MOHATh (KPHBH3HY KAK I'€OMETPUYECKHHE 00DBEKT»,
XO0TA OCHOBHOE BHAMAHHE B JAHHOHE IiaBe y[HeNAeTCA He 3TOMY.

Buemnsasa mpousBopuaa Haprana d aBTOMaTHdeCKE yYHTHBaeT
MHOTIle COKpaHieHUs B OpOIecce BHYUCIEHHA KpuUBU3HH. Biuaromaps
eif MHOTHMe WIEHH COKPAIAITCA eme X0 TOro, KaK BO3HAKAaeT Heoo-
XOQUMOCTh B BHIIMCIEHHM HX 3HAYEHHIA.

Yr0o6u pacopocTpaHuTh HcaucaeHme Haprana, Hcmoab3yemoe
OpH U3Y9CHHD 3JIeKTPOMarHeTH3Ma 4 B APYTHX IPHIOKeHHAX (ri. 4),
Ha ¢aydail aHaJHM3a KpHUBU3HHL ([aHHAA riaaBa), HEoGXOQUMO cierka
OOmOJHHATh apceHaa (opM M BHEIIHEH IPOMBBOXHOUL — BBECTH aBa
HOBRIX moHATHA: 1) moHATHe BHemHed AuddepeHMUATBHOR (OpPMH,
3HaUeHHA KOTOPOil mpeiacTaBIAT €000 BeKTOPH (MJIH TEH3OpH),

MouaTHs,
HeO0XOANMEIe

AR MeToaa
2-gopM KpUBEIHLI



06o6uennan
BHEIHAA
OpOH3BOAHARA:

1) neficTaue
HA CRANAP

2) nefiorsre
HA BEKTOP
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n 2) coorBercTBywmee 0606menne NOHATHA BHemHEei npoussogHoi d.
B pamHOoM maparpage ¢ moMompl0 OGOMX 3THX IOHATHEA BHBOJATCA
KaogeBne Qopmynnt (14.18), (14.25), (14.31) m (14.32). Opuaxo,
Gyayuy ofHaKAE BHBEJEeHHHMH, 3TH GOPMYJH BO BCeX HPHJIOMKEHHAX
M OpE JIOOHX BHYUCJIEHHUAX KPUBU3HH He TpPeGyIOT HHYEero, Kpome
piafeHas oON9HEM BHemuuM AuddepenmuposanmeM (§ 14.6, momox-
Heuue 14.5).

O6o6menuasn BHEIIHAA OPOU3BOHASA He IaeT HUUero HOBOTo B ciiyuae
OpUMEHEHHMA ee K JIBYM IPOCTeHIIAM reoMETPUIECKHM OObeKTaM: CKa-
aspHoit pyBknuM («0-hopMe») M BEKTOPHOMY DOJIC (¢BEKTOPHO3HAUHOI
0-¢popme»). Urak, Gepem mpounssoabuylo pyunknuwo f. Ee nponssonuas
B HEKOHKPETH3MPOBAHHOM HANIPABJIEHUY IpeACTaBaAAeT coboit 1-Ppopmy,
MM, BBOA HOBYIO TEDMUHOJOTHIO, KOTOPaA CKOPO OpHOGpeTeT CMHICI,
«cKalnapHO3HAYHYI 1-Popmy». 3amaguMcA KOHKPETHHIM HAOpaBJeO-
HHEM, B KOTOPOM HY>KHO mpoarddepeHnupoBaTh («3amOJHEM BXOAHOMK
Kanax 1-popmun). B peayabrare mosyuum o0HYHYH) DPOH3BOJHYIO
oT ¢yHKOHEHA

(df u)=a.f. (14.11)

3aTeM BO3bMEM DPOH3LOJbHOE BeKTOpHOE moie V. Ero koBapuaHTHas
NPOW3BOJHAA B HEKOHKDETH3UPOBAHHOM HANMPAaBJEHUH NDPENCTABIAET
co6oii «BexTopHO3HAUHYIO 1-dopmy». 3amaguMcA KOHKPETHHM Hampas-
JeHAeM U, B KOTODOM HY;KHO npopuddepeHOEpOBaTb (¢3aMOJHHM
pxoguoit kadan 1-dopme»). B pesynnrare moayuYnM KOBapHAHTHYIO
IPOU3BOAHYIO

(dv, u)= Vv, (14.12a)

9ToT 06BEKT TaKke He HOB; OH HpeAcTaBjasgeT co0oll KOBApHAHTHYIO
OPOHSBOJIHYIO BEKTOpa V B HANPAaBIEHWU BeKTopa U. AbGcrparupysach
or BHGOpAa KOHKpETHOro HampaBieHHsA AAdPepeHEPOBAHAA U, IPU-
XORHM K BHPaKEHMI0, C KOTODHIM MH YKe BCTPEJQJINCh BHIIE, XOTH
OHO M He HMEHOBAJIOCH TOTA «BEKTOPHO3HAIHOU 1-Popmoii». ITO BEIpaA-
JKEHMe eCTh Mepa KOBapHaHTHOH MpOM3BOJHOM BeKTOpa V B HEKOHKpe-
TH3UPOBAHHOM HATIPABJEHMH («KAHAJ A HaNPABJIEHUS He 3aN0THEH).
Baraanys Ha (14.12a), M BEgEM, 9T0 0006meHHaA BHEIIHAA NPOM3-
BOJHAaA OT V, BHYHCJIeHHaA 6e3 obpameHHsa K U, eCThb

dv=Vyv. (14.126)
Mono6uEM ke ob6pasom nasa x0God «remsopHosHauHo# O-Popme»
['r. e. TeH3opa paHra (8)] S mmeem d8 = VS.

Ipempge uemM DepeiTH K AajdbHeHdmeMy DPacCMOTPEHHIO BHENIHETO
(koTopoe Bckope 6y/eT 0XapaKTePA30BAHO KAK «AHTHCHMMETDHYHOE))
nuddepeEnEpPOBAHAA TEH30DPOB, BHOAmEM (opMyny (cM. ympamHe-
Hue 14.5) nias BHemHe# (aHTHCHMMETPHYHOM) MPOMBBOAHOM OT MPOM3-

Benenns ¢gopm:
d(@\B)=(d) AP+ (—1)’xAdp, (14.13a)
rne — p-dopma, a P —g-Popma.
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OGo6muM Temeph BHEMEIOH NPOH3BOAHYI HpocTeHmUX ¢opM Ha
cilydJail BHENIHET0 NpOM3BEACHHA TEH3O0PHO3HAUHOH p-GOpPME $ Ha
obnigHylo g-gopmy PB:

d(SAB)=dSAB+(—1)PSAdB. (14.136)

9T0 COOTHOIEHHME MOKHO CUATATH onpefiesenneM cGo€menroii BHem-
Heil npomsBofHOIl B o6mem cayuae. Haupumep, ecam 8 ectp Tenzop-
Hosnaunas 2-¢opma, § = S*P v618.8p 827 A dx8, T0 cooTHOmerRe (14.136)
naet

dS = d [(eq€pS*Pva1) (827 \ 42%)) = d (ec€pS *Pye) A (427 A d2).

B xagecTe eme OAHOTO mpuMepa Haiifem ¢ nomcmsio (14.136) d (vo),
rpe u— pexToprospaunas (-dopma (BEeKTOD), a O — CKaJAPHOSHAYHAA
1-gopma (1-dopma):
d (vo) = (du) Ao+ udo.

Ecam cnemorare usnoeByi0 DPefHAYMAX IAaB, TO 31eCh HYKHO
6p1s10 61t HampcaTh U @ G BMeCTO LG, U ® do BMecTo udo m e, ® 6p
BMECTO 8,8s. Onmako Bo meGexaHHe W3JBIDHEIO YCJIOKHEHEA 000-
8HAYEHHH BJleCh W HH)Ke BCe CHMBOJH TEHSOPHOTO DPOM3BefACHHBSA
ODYmeEenH,

CoorHomenusa (14.12) u (14.13) mpepcraBasior co6oii HeaTo GoOJb-
mee, HeKENH OpPOCTO ompefeincHHe (06o0menHO#l) BHemHEH mpom3-
BonHOH @ m cmoco6a ee mpumeHenHsa upHu BeuEcaeEEAx. OHE mosBo-
JIAIOT TAKKE ONPEeJNTh U BHYMCJIATh AHTECAMMETPA30BAaHHEE BTOPHE
nponsBoxnkie, Hanpmmep O%v. Tak, cooTHOomeRme

d%v = Ry,
1
Ife V — BEKTOD, MO3BOJIAET BBECTH ¢OIEPATOPHO3HATHYIO) HJIM «(1)
TeH30pHO3HAYHYIO» 2-Popmy KpuBE3EH J. Beemenme o6o6mennoit
BHENIHEH DPOHM3BOJHOM NO3BOJNAET MO-HOBOMY B3IVIAHYTH Ha CTapHil
anmapar 0asMCHHX BEKTODOB M HapajJIeJbHOTO IEPEHOCA H JAET CIO-
co6 Haxommenua 2-PopMH KpUBH3HH R.
IIpeacraBnM BeKTOpHOE moJje V B BHJIE Pa3lI0KEHHA MO0 HEKOTOPOMY
noyio 6asHCHHX BEKTOPOB @,
V=0uv"‘.
Torja BHEMHAA IPOM3BONHAA 3TOT0 BEKTOpPa paBHA
dv =de,v* - e, dv*.
Kampyio Bekroprosnaunyio 1-dopmy de, raxke mpemcraBmm B BHAe
PpasiioeHud
d0p= avmvu- (14.14)

3hech «KOMNOHEHTH» Y, B pasioxeHEE de, sBiusiorcs 1-Qopmamm.
HamomMumM, 4urto, cornacBo cootromenmio (10.13), oV, ceszasm
¢ xoadpPunuEenTaMn CBASHOCTH BHIPAKERHEM

oY, = I ot (14.15)

2

3) onpenencune
B 00wiem onyvae

Onpenenenne © “v



2-(popMm
KPABH3HLI g?"’vz

1) BHpaKEHHKI®
gepes d2v

2) BbIpaKeHHLIE
aepes o,

TeusopHo3nauHan
2-gopya
KpPHBR3HBL R
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IloaToMy paamoxenne «BeKTOpa» (B HEHCTBUTEILHOCTH «BEKTOPHO=
3Haynoit 1-gopMH») mpUHMMAaeT BHT

dv = e, (dv* + 0* V). (14.16)
Huddepernupyn eme pas, momyuaem
d%v = de, A (dv* 4 0%0Y) + 8, (4204 + do* ¥ — ok, A dvY) =
= 8y (0¥ A\ Qv 4 0¥y \ 0%0° 4 d20* + dot ¥ — ok, A\ dv%).

ChenanHHe 3Hech ynpommeHus Hcmo.ib3yioT 1) coorHomenue (14.14),
npuMeHeHHoe eme pa3, u 2) npaBmio guddepeHIUPOBAHAA UPOM3BE-
meuns (14.13a), KOTOpOE HPABOAKT K HOABJIEHHIO 3HAKA MHHYC mepef
HOCJeJHUM CIaraeMhIM, B Pe3yJbTaTe 9ero OHO COKPAMAeTCA ¢ IepBHM
cnaraemuM. Pacemorpum temeps wien @%v*. Hamommum, uro mo6as
INaHHAA KOMIOHEHTA, Hampmmep U®, ecTb 06KYHAA CKANADHAA QYHKIUSA
TOYKHU (B OTJHYME OT V, 85 uan 8 0°). CregoBarensHo, d B d%* 0Goana-
YyaeT Bcero UMb OGHYHYI0 BHEINHIOI NMPOU3BOAHYW (M. 4) OT cKa-
aapuoit pyExmuu. Ho gBaskau nprmenenHas oOHYHAA BHEMIHAS IpPO-
na3sofHas aBromMarudeck: xaer @%* = 0 (momosuenme 4.1, B; gomon-
Henue 4.4). Ito 06CTOATEIBCTBO II03BOJIAET CBECTH DA3JIOKEHHE
d%v x Bunpy

dzv = eu%uvvv, (14.17)
rae geped 74, 0603HaueHH 2-FOpMB KPUSUSHBL:
R¥=do*, + ok, \ 0%, (14.18)

Iak npasmio, ypasuenue (14.18) mo adexrusuocTn mpeBocxoaUT
BCE Ipyrue MeTONH Haxo:xAeHUA 2-PopM KPUBHIHHL.

3ameuatensHaa d¢opma ypaBHenua (14.17) sacay:xkmsaer Goaee
moppoGuoro paccmorpenus. Ciuesa cToAT ABa omeparopa @, Hamomu-
Haom@e HaM O TOM, 9TO Mbl ABAKAH AuddepeRnupyeM BEKTOPHOR 0JIe
v. Ho B mpamoii gacTu, mpepcraBisiomei pesyabrar guddepenupo-
BaHusA, CTOUT JHMIIb 3HaYeHHe BEKTOPHOTO HOJA V B MHTEPECYIOmed HaC
TouKe — Hempopdddepenuposannoe. B oTBeT coBepmmenHo He BXOHAT
XapaKkTep H3MEHEHUS V OT TOYKU K TouKe. EfnmHCTBeHHOE, 9YTO MIrpaer
pPOib,— ITO XapaKTep I13MEHEHMA TEeOMeTPIH OT TOYKM K TOYKe.,
Bot 3pmech-To m nposaBaserca KpuBu3Ha. OHA UPOABIAETCA HE3aBHCHMO
OT KaKUX-IH60 KOHKPETHHX OCOOEHHOCTEH BEKTOPHOTO mOAA V,
nocKoNbKy onepanus g2 npexcraBiser co6oil aNTHCAMMETPH30BANIYIO
KOBapHaHTHYI0 Ipou3Bofgayio [cp. Bupaenne (11.8) nua sroil anTH-
CHMMETPH30BAHHOH KOBAPHAHTHOM NpPOU3BOJHOH Ha abCTPAKTHOM
A3HKe, pa3BATOM BHIe, a B gomoaHeHHAX 11.2 u 11.6 cM. Harasg=rOE
mpeacTaBJeHHe TOr0, YTO MPOHCXONUT 33 KYJHCAMH 3THX MAaHMILYJA-
mait]. Hopoue, pesyisTar ABYKpATHOTO mpueneHusa omneparopa d
K ¥V npepcrasiaser coboi anHeiHyo anre6pandeckyio omepamuio Hax v,
T. e.

d’v= Rv. (14.19)
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3aecs nocpeacrsom R coxpamieniio 0603HaueHa « (:)-Teuaopuoauaq-
Hasa 2-Popman:
ﬂ = 0,,, ® ﬁ)v%uv. (14.20)

Ecxnm d npeacrasisier coGoil mpoMSBOAHYIO, Y KOTOpO# «ecThb
KaHa/» A4 BBOJAa BEKTOpAa, YKA3HIBAWINEr0, B KAKOM HANnpaBIeHHH
HYKHO BHIOONXHATH Auddepennuponanue, o y d*w us d°w = Bw ectb
JBa KaHaxa [JJA BBOJA JBYX BEKTOPOB, CKayKeM U B V. ITH JABa BEKTOpa
oOpefelA0T IIOCKOCTh, B KOTOPO# JO/KHA OHITh BHYACIEHA AHTH-
CHMMETDPA30BaHHAA BHemHAA npomaeopuad (14.19) (asmemenme W
npa o6xofe oo 3IEMEHTAPHOMY KOHTYDY, OIpeelaseMoMy BeKTOpaMy U
¥ ¥V, C BO3BPATOM B HCXOAHYIO TOUKY; gomoxuenue 11.6 u 11.7). Urobu
nofpobuo pasobpars, 9T0 mpeACTABJAET cOG0M B TaHHOM CIydae BBe-
Jlege BCKTODOB BO BXOJHHEE KaHAaJH, o0paTmMcs cHadajga k Goxee
IIPOCTOH CHTYyAmuH i HOCMOTPMM, KAK «HAXOXNTCA 3HAYCHUE» BHOIIHEH
npou3BofHoi or 1-gopmu (mpeacrasaswomen coboit 2-popmy) ma 6m-
BeKTOope U A V («gucHO0 cOTOmOMOGHHX siaeek 2-POpPMH, OTCEKAaeMEIX
06nacThio, MMeme# BHR HAapaadeJorpaMMa M OHpeleaseMoil Bek-
TOpaMH U I V»), MpuyeM pe3yJabTaT BauncieHus (ynpaskuemue 14.6)
BHIDa3uM B dopme KomMMyTraropa

(doe,Ju A v) =3, (@, V) —0, (@, U)— (e, [u, V]).  (14.21)

ITOT peayabTarT OUeBHAHHM obpasom oGobiMaercA HA CIydYail TeH3Op-
HO3HA9HOA 1-Popmu S maroGoro pamra:

(dS, uAV)=V.(8, vV —V, (S, y—(S, [u, v]). (14.22)

IlpuMenEM 3TOT pesyapraT K BekTopHO3HaumOH 1-Popme S=dw.
BenomumB BHpajkeHHe [iA NPOM3BOMHOM N0 HampasieHmio (dw, u)=
= VW, IoxygaeMm

(w, uAV)=V,.VW—V,ViW—V(, \WW=Z(, )W, (14.23)

rae £ (u, ¥) — omeparop KpHBH3HbI, onpeesennnlii B v, 11 [cooTHo-
wexue (11.8)]. Busog ayunT mpocro: ( 1 )-Teuaopuosﬂaqﬂaa 2-popma R

B (14.19), Buuucaednas qua 6usekropa («mapauiemorpammar) U A v,
TOR/IECTBEHHO COBIANAeT C BBEAEHHHIM paHee OmepaTopoOM KPHBH3-
Hu % (u, V), T. e.

(#, uAv)=R|(u, V). (14.24)
llepeiineM Temepp ¢ s3nKa aGCTPAKTHHIX OLEPATOPOB HA FBHIK,
B KOTOPOM HAYMHAIOT MOABAAThCA KommoireHTH. Ilogcrasnsas B aeByio

qacth BHpaxeHnue (14.20), a B mpaByio — 3HaYeHWe omepaTopa KpH-
Bu3gn u3 (11.11), mepenmcuBaem (14.24) B Bupe

8, @ WV (FH, UAV) =8, ® OVF K 4purb,

CBa3b 2-GopMBl

KPHBH3HEI
¢ omepaTopox

KPHBH3Hb



Ceash R
¢ xounouenTamMg R

CUMMETPHA
KORAPHAHTHOM
npoRa3BOANON:

1) BbIPBKEHBAR
8 sufe 0*J° =0
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CpaBuuBag DpaByIo H JIeBYI0 9acTH PaBEHCTBA, OPHXOJMM K BHEBOAY,
9T0 Ka)paA oTAeAbHasA 2-opMa KPHBHSEE 3afaeTc BHpasKeHHEM

By = R y1p10% \ 0B (14.25)

CCYMMHMPOBaHHE 1O ¢, [} DPON3BOARTCA JIMINB N0 KOMOHH. 1M a << B,
M KajKfas 0apa MHJEKCOB IOABIAETCA TOJBKO ONMH pPas).

Vpaerenme (14.25) copmep:xut obemaHHYI ymakoBKy 21 kommo-
HEHTH KPHBH3HH B meCTH 2-GopMax KPHBHSHH, a ypaBEeHme (14.18)
nmosBoJsieT GHCTPO HaxoAuTh 9TH 2-Popmu KpuBu3Hu. OTHIOAL He Tpe-
Gyercsa npuEEMaTh Ha Bepy ypaBuenus (14.18), urpajomue oCHOBBYIO
POABb OPH BHYMCJIEHMM KDABH3HH, UJIA B COBEPIIEHCTBE OBJIA/IEBaTh
0600menHoil BHemHe# NPOM3BOXHOM, 4TOOKH HOKa3aTh HIH HCOOJb30-
BaTh 3TH ypaBHeHHSA. B HEX HeT HE oAHOTO d, 0TIAYAIOIEroCsA IO CMHIC-
ny oT o6WYHO# BHemHeld NPOM3BOAHON, PACCMOTPeHHOH B INI. 4.
Boxnee Toro, B cmpapegimBOCTH 3THX KJIOYEBHIX ypPaBHEHHH MOKHO
y6eputhea (yupaskunenme 14.18) ¢ momompio moApPOGHHEIX BHIKIANOK
B KOMOOHEHTaX B KOODAHMHATHOM cucTeme orcdera. [laA sToro mocra-
TOYHO BBecTH Gasucnme 1-popmu ©% = @z%, a 3aTeM BOCHOOJL30OBATECSA
cooTHOmMeHMeM %, = ', dr*, noxywaemmm m3 (14.15). Ianee me-
TPYAHO HOJyYATh «CTAHAAPTHYIO (OPMYJy AJs KpHBUSHED [cooTHO-
menne (11.12) u coorHomenue (3) B pomomnenun 14.2].

B saxianoueHue MOMHO CKa3aTh, 9TO ACYUCIECHHe OPM M BHENIHHX
IDPOM3BOJHKIX CBOJHT BHYACIMTENbHYI0O OPOLNEAYDPY

Th,g — R"wp
K BBYRCJINUTEILHON nponeaype
¥y — 7Y,

O6patEmcda Teneps K ApyroMy 3BeHY B LN, BeAymei 0T MeTPAKD
K xpusm3He. TakoBHM O0OHYHO ABAANOCH

Suv > r“aﬂ-
Tenepb 0HO CBOJAHTCA K Hax0AeHHIo «1-GopM cBA3HOCTHY:
Buv —> 0¥,

9TOT TepBHIH 3Tan NpPONEAYDPH BHYKCJIEHMA KPUBH3HH OCHOBAH
Ha ABYX OpHHOunax: 1) CEMMeTpHN KOBapHAHTHOH NPOHM3BOMHOM M
2) COBMECTHOCTH €e C MeTPHKOil. ¥Yc/loBHe CHMMETDHH B CKDHITOM BUJE
COfIep/KUTCA B IPHAEONIE

25 = 0. (14.26)

3neck o6o3navenue «& HaA TOYKM» NCXOMUT HemocpeAacTBeHHo oT Hap-
TaHa, COIJIACHO KOTOPOMY BEKTOp ONpeNelAeTCA NBH;KEHMEeM OXHOH
TOYKH IO HANpPaBJEHMIO K APYroil Touke, 6eCKoHeYHo GIn3KO# K mep-
poit. IloaTomy manmcarh & o3Hadaer B3ATH «IPOHBBOAHYIO OT TOUKH»
[ocymecTBaTh mocTpOeHHE, HpH KOTOPOM «TouKka ybmpaercsa» (ocHoO-
BaHAE BEKTOPA) M «TOYKA BOCCTANaBJIMBAeTCA BOIM3M» (0cTpme BeKTO-
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pa)l. Hampasnenue gaddepennuposanus d B dP asaserca meompe-
meaennnM. Jpyramu ciaosamu, dP umeer «BxomHo#t KaHamy. Jlmms
[0CJIe TOTO, KAK B 3TOT KaHAX BBC/(H OHpefeJeHHH Bexrop v, 4P
JAaeT oupeAeNeHHHI oTBeT B opMe KapTaHOBA BeKropa. Uro ke mpen-
CTaBJIAeT CO00OA 3TOT BEKTOP, KOTOPHIE moay4aercA HA Brixome AP ?
Jdro cam BekTop V. «[lepememenue, paBmoe V, 3acTaBiaser TOUKy &
BOCHOPOH3BONUTD IIepeMemeHns, KOTOPOe CaMo eCTh V»; B KOHKPETHHIX
0003HATCHUAX HMeeM

dF, v)=v. (14.27)
Bulpasam coxep:;xaHue 3TOro paseHcTBa B 60Jiee dopmanbHOM BHAE.
Bexaanna dP ectb Tensop panra (:)

d’g‘ = 0,.0)"’. (14.28)
O= oramgaerca OT TeH30pa paHra (:) 06[[[91‘0 BHOA

T= euT“ v
coegnaJibHBIMA 3HAYEHUAMH CBOUX KOMOOHEHT
(3 »
T v=0v.

B arom cMmuicie om 3acay:KdBaeT Ha3BaHMA «eJHHHIHHIE TEH30P».
[TogcraBum 3TOT- Temsop BMecTo 8 B coorHowenne (14.22); B pesyis-
TaTe NOJYIHM

(RP, uAV)=V.v—Vau—[u, v]=0. (14.29)

Hyab B mpaBoit wacta B3ar a3 coornomenus (10.2a) m 03Ha9a eT €3aMH-
KaHge BEKTOPHOM AWArpaMMH» Ha PDHUCYHKe, HA3BAHHOM «CAMMeETpPHEH
KoBapmanTHoro nadpdepenmupoBanus» B gomoauenud 10.2. OGpame-
HHE B HyJb IpPaBoif 9acTa mpa npou3BoxbHEX U 1 @ TpeGyer oGpame-
aad B Hyab §2P cnesa, u maoGopor, obpamenue B Hyds d2P Brewer
3a coboit cuMveTpnio KoBapHaHTHOH mpomapopHoil. [{pyram mpaHmm-
oM, Ha KOTOpPOM 0asupyloTCA HOCHeAYIMAe BHIACACHAA, ABIACTCH
«COBMECTHOCTb KOBADHAHTHOH IPOM3BONHOA C M2TPHKOI», BHIPasKeH-
gadg B dopme cooTHOmeEHAA

d(u-v)=(du)-v+u-(dv). (14.30)

3q6ch CymM3cTB2HAO 03PAT(2d10 B HYTb KOBADHAHTHIHR mpOH3BOAHOM
OT METPHKH (OT «TOTKH»):

d(-)=0.
Packpoem ycnosma cuumerpmm (14.26) m commecrmocrm (14.30)
KOBapHAHTHOH NMPOH3BONHOA, BOCUOAB30BABMIHCH GASHCHHIMH BOKTO-

pamm (@, rge aTo HeobGxomaMo, GasmcHuME 1-PopvMaMm, TyaxbHRME
ataM GasmcHeIM BektopaMm). Takmm obpasom, n3

d& = 0,,0)"‘



2

2) sbIpakeHHan
® snpe doM+
+olb A0V=0

COBMECTHOCTH §
8V
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2-¢OpM KPHBHSHBI:

1) BhiGOp MeTPHKH
I CHCTeMBbI
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14. Buuucaenue Kpusususi

HoJy4aeM
0 = 4% =de, /\ ©* + e do* =8, (0¥, \ ©° 4 do¥)

H JenaeM BHBON, 410 Ko3@duiumeRT npm €, N0JKeH obpamrarbes

B BYJB, T, €.

(14.31a)

IlopcraBnsa satem B (14.30) BMeCTO DPOMBEONBHHX U W V KOHKpET-
HEI® EEKTODH @, U @y, B Pe3yJbTaTe IOJIYIaeM

dguv= @, v+ ©,; (¢«COBMECTHOCTEY),

0=do*+ 0¥, A" («cEMMeTPHAY).

(14.316)
rae
(14.318)

B coorHOomenusx (14.31) cBA3b Memay MeTpukroii u ¢gopmamm CBA3-
HOCTH BHpaskeHa B Haunbojsee KOMIAKTHOM BHJE,

Oy = £ 0% = [|,yo 0%,

§ 14.6. BBIYUCJIEHUE KPUBU3HBI C IIOMOIIbIO
BHEIIHUX IUOOPEPEHIIMAJBHBIX ®OPM

Ilpumenenne guddepennuanbHbXx GopM AAA BHYHCIEHAHS KPHBH3HEL
wiIcTpupyerca B gounonHenun 14.5. B pamnom maparpage paercs
obmas cxema Meroma. OH COJNEPKUT TPH OCHOBHEIX  3Tama:
Haxoxjenne o*,, Haxo;xaenune JB%*, n Haxoxpgenue G%,. Ecam GHTb
OYHKTYaJbHEIM, TO Ha& HepBOe MCCTO CJelyeT IOCTaBHTH BEIGOP
MeTpuKM N cucreme ortcuera. Ilpm aTom Qukcupyrorca Gasnucnbe
dopMer  ®* — LMy.da® ¥ KOMIOHEHTH METPHKH g,y B ds2 =
= g,w0O* ® @V. 3ateM onpefenAOTCA QOPME CBA3HOCTH ®My U ompe-
AENAIOTCA OJiHO3HAYHO KAk peuleHns ypaBHenmit (14.31a) m (14.316)

0=do* 4 o*, A 0,
dguy = Opy+ Oy

Metog «npo6 ¥ omuGoK» (ONUCAHHBI H DPOMITIOCTPUPOBAHHKII B J0-
nonHenuu 14.5) wacto moaBoxseT GHICTPO M JTEeTKO HaWTH peuienue
orux ypasnenmii. [B ynpasuenum (14.7) moxasamo, uTO0 pemenune
BCerja cyImecTByeT; TaM HOKa3aHo, 9TO B KOOPAMHATHOM CHCTEME OTCYe-
tra ¢opmyna Kpucropdens (14.36) pmaer emmncrsennoe pemenne.)
O6nano maubosiee yao6HO# B ynoTpeGNeHNN ABJISAETCA OPTOHOPMHPO-
BaHHaf CHCTEMA OTCUeTA C g, == Ny (WIA Kakag-Hubygp Apyras
mpocras cuctema, B KOTOpoil g,,, = const, Hampumep HyJeBasd CHCTe-
ma). Torga dg,, = 0, u n3 ypaBuenus (14.316) caenyer, aro @,, =
= — @,,. llosToMy B crywae weTwHpex mamepennmit Tpebyercs maiTh
JNIIb IECTh © .

Ecnm e yaaerca GHICTPO yragaTh OTBET, MOKHO BOCHOJIb30BATHCS
CHCTEMATHIECKMM METONOM pemenus ypasHenu# (14.31) B opromop-
MHPOBAHHO# CHCTEME HJM B Kakoii-mmGo Apyroi cmcreme, B KOTODOi
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dg,v = 0. [lns atoro cnenyer naiitn do* u crpynnnpoBaTh nX B BHJE

do® = —cpy %ot \ oV, (14.32)
Tem cammiM MH onpemenuM 24 «KOMMYTaOMOHHHX KoaddmmuenTan
Cpv%. OTH BEJIMYHHH BXOAAT B BHPasKeHHE

muv = '%"(vaa + Cuav‘_ C\]au) (D:", (14 .33)

KOTOpOe MO3BOJAsAET HaiiTH mecTh ©¥, (ympamHeHme 14.12).

Ilo m3BecTHHM ©,, MOMKHO BEMHCINTE (OPMH KpuUBH3un FH¥,
(omATH TOABKO miecTh (OPM B CAYIae YETHIPEX H3MEPCHMIH, NOCKOJbKY

3) maxompenne
2-popm

o, B
RW = — RVH) ¢ nomompio POPMYIH wpmemann SV,
7Yy = doky 4 0¥, A 0%, (14.34)
Taxoe mpepfcTaBieHre mO3BOJAET NPH HOMOMIM CXEMHE NACHTHGUKAAN  4) maxompenne
KOMNORERT
TeH30POB
B* = R"|4p,0% \ 0B (14.35)  xpusmzam
BHIIACATh OT/ENbHEIE KOMIOHEHTH TE€H30pa KPHUBH3HEL.
Brraucnenne tensopa ditnmreiina G*, cBoANTCA K TPOCMOTPY BHPA-
MeHHH IIA FMVe wenblo OTHCKAHHA KOMIOHEHT RW.g, KoTophie
ucooawsylTed B dopmymax (14.7).
YOPAKHEHNSA

14.5. Bremnan npomssopHas mpomssenenns (opm

Hoxrasmre cooTHomenme (14.13a) ¢ mOMOIBIO PEKypCHBHOH mpoIe-
AYPH, BOCXOAAImEH oT ¢opM HA3KOFO MOPAAKA K opmaM Gosee BHICO-
Koro nopsapka. [Ykasanus. HamomuuM, 9T0, COTIAcHO BHPAKEHUIO
(4.27), BHemnas mpomsBopHAs OT P-HOPMH)

a= ., .pp GZMA ... Adz¥r
onpefenserca Gopmydoi

oo
oo = —1ELoeBB gopo A dzii A\ ., . A dz¥e,
orho

Hprmenerne aToit gopmMyan k mpomspenermio o\ B n8yx 1-Gopm paer

d (A B) =d[(ax dz*) A (B, 8z%)] = d [(@aB,) (d2* A dz¥)] =

= 4 (leu) dz* A\ dz* A dx¥ =
'z
a
= (_00:_: dz* A\ dzM) A By, dzt — (o, dx?) A ( ﬁ: dx“/\dx“) =
ox ox

= (do) AB—a A\ dB.

Pacunpocrpanure 3TH paccy:kaeHnsa Ha cixydail fopM Golee BEHICOKOTO
mopagka.]
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14.6. CoorHOoureHEe Me:RQy BHeIIHel HPOA3BOAHOIL
H KOMMYTATOpOM

Ioxamure cupasextupocts popmyast (14.21), morasas, uro a) mpasas
9acTh ABIACTCA JHUHEHHON aszebpauveckoll QYHKIUOH W M JIAHOHHOH
anredpamdecKoit pyHKmaeR V 1 9T0 6) [aHHOE COOTHOUWIEHNEe BHIIONHA-
ercs, xor{xa U K V CyTb KOODJHHATHbE GA3UCHES BOKTOPN: U = 0/dz",
v = 0/dz.

14.7. Buson gopmyass Kpucroppeas ns dopm caasmocra

[Moxaxure B KOOPIUHATHOM cucTeMe oTcdeTa @* =1x*, 9T0 AIA BHOOI-
nenna coormomenns (14.31a) mommuo 6T 'eg = IMpy. Yeranosus
3Ty CHMMeTpHIO, IOKa:KHTe TaKke, 4ro ®M3 cooTHomenma (14.316)
MOKHO IOJYYHTb BHpasKesde qiA dg,./0zr®, Koropoe, Oyaydm pas-
pemeHo, mpusogur K ¢opuyme Hpmerophana

Iy 1 IW( Rva gvp 92ap ) .

Pa=z8" o5t~ 55 (14.36)

14.8. Csass memny dopmyroéi Pamama — Kpacroppean
ANA KpABH3HS! H (OPMAMH KPHBHIHLI

[oncrassre @*, = I'*y,dz* B ypasuenne (14.18) u u3 nonysennoro pe-
3yabTaTa ¢ mMoMOWbi0 coorHomeHus (14.25) BHBeguTe KIACCHYECKYIO
dopmyny (3) momonuenas 14.2 Kua KoMOOHEAT RM,qp.

14.9. O630op RapTaHOBHIX CTPYKTypHHIX ypaBHeHmik
¢ OOMOIXbI0 MATPHYHKIX 006O03HAYCHMIE

ITycte e = (8y, . .., ©,) — MATPHOA W3 OQHO CTPOKH, DJIEMEHTaMH
KOTOPOit ABIAIOTCA GasMCHEI® BOKTOPH, B MyCTh @ — cToxben m3 Ga-
sacauX 1-Popm @¥. Adaroraqno, mycts Q = ||@*, [|B R = || R®, ||—
KBAJPATHRI® MATPHAIK, 3JT6MEHTAMHA KOTOPHX ABIATCA 1-PopMu m 2-,
dopmu. Bo BBemeHHoil TaKAM 00pa3oM KOMODAKTHOR cHCTeMe 00603Ha-
vennit coorsomenus de, = eyo¥, u dP = e,0"* npmEEManT cooT-
BeTCTBOHHO BHJ

de=eQ n dF =eo. (14.37)

a. Ua coormomennit (14.37) m ycnorus d*% = 0 Bupegmre ypas-
Heaue (14.31a) B gopme

0=do+QA0. (14.38)
[Pemerue: 2 =de )\ o+ edo=e(QA0+dw).]

6. Buramciure Benmunny d% nnsa o6vacEenns ompenenenns (14.18),
OPHHAMAIOMEr0 Temeph BHJ

B =dQ+QAQ. (14.39)



§ 14.6. Buuucaenue Kpususnu 433

B. U3 ycuosus d%¢w = O BmBeaudre cooTHomenne # A o = 0,
a sareM pacmudpyiiTe €ro M NOJIYIATE YCAOBHE AHTHCHMMETDHH
B¥popy) =, 0.

r. Haiigute d%, socnoabsosasmmch cooTuomennem (14.39), u
YCTaHOBUTE CBA3b NOJYYEHHOTO pesyjabraTa C TOKAeCTBOM Dmaukm
R¥%\(ag; v} = 0. .

A. [lyern v = {v*} — cronber pynKnuil; Torga v = ev = @,V —
Bekroproe mose. Haiigure B KommaxkTumx oGosuauenusx dv u dv,

HoxasaB mpu 3ToM, 4to @%v = eRv (YT0 CoBHAZAET C COOTHOLIEHUEM
14.17).

14.10. IlpaBuna npeoGpasoBanus (OpPM CBASHOCTH
B KOMNDAKTHBIX 0003HAYERHAX

BocooabaoBasiuncy, 0603HaYeNAMM NPEXEIAYIET0 YIIPAKUCHUA, ONU-
IIATe 0epexof K HOBOW CHCTeMe oTcYeTa COoTHouleHMeM e’ = ed
BMECTO @, = 8,AYy ¥ aHajornduo Aias Gasucueix 1-PopM o' =
= A-'w. llorkaxwure, uro AP = ew = e’w’. llogcraBus e’ = eAd
B e’ = ¢'Q’, noayunre 3akoH mpeoGpasoBauus

Q= A1QA + A-YA. (14.40)

llepenumuTe ero B noApoGHHX 06031a9eHUAX B KOO PAMHATHOM CHCTEME
orcaera, rae AVye = dx¥/0xz*’, B Bupe cootHoweuus I'Mq.5r = (?).

14.11. IIpocTpancTBo ABAsAETCA MIOCKHM,
eciu KpuBm3HA ofpamaerca B myab (em. § 11.5)

Eciu cymecTByi0T Takue KOOPAHHATH, B KOTOPHX BCC HPAMEIE JIHHUA
(d%z%/dA* = 0) cyTh reosieandeckne, To MH roBOPHM, 9TO IPOCTPAHCTBO
aBaserca miaockuM. B arom cayzae Bce I'Myg u RB,.p obOpamarorcs
B HY.Ib, 9TO OYeBMIHHIM 0Gpa3om ciaenyer u3 ypasuenud (14.8) m ypas-
uenus (3) B gonoauenun 14.2. Illoxaxxure o6parnoe, T. €. 9T0 U3 yCI0-
Bast & = 0 BHTeKaeT CyHmIeCTBOBAHHE TAKAX KoopxuHaT. Bocmoan-
3yiiTech pe3yJbTaTaMu HpeIBIAYMIEro yOpasKHeHus H Haidigure nudde-
peHIIaThHEIe YypaBHEHUSA, KOTOPHM HOJKHO YMOBIETBOPATH Ipeos-
pasoBaune A xk Gasnucy e¢’, B Koropom Q' = 0. Kaxossl ycrosasa mou-
Hoit nHTErpHpyemMoct# 3rux ypasHenuit? [Ormerum, uro dfx = Fg (z,
f) MOAHOCTLIO HHTErPUpPYEME, €CIM U3 MCXOAHHX YPABHEHHH CIegyeT
@3 = 0.] Ilouemy Gasucure GpopMu ©*’ B 3T0it HOBOI CHCTEME OTCUE-
Ta HpeAcTaBaAAnT cobolt muddepennmann KoopamHAT OW = dzB’?

14.12, Hocaenosatenpnoe BHUBCICARE (OPM CBA3HOCTH
B OPTOHOPMHPOBAHHLIX CHCTEMAX

BriBegnte cootromenue (14.32), npumenus (14.21) x GasmcHHM Bex-
TOPAM M BOCIOJH30BABIIACH ONpeReseHHeM Cpy® (8.14). 3arem moxa-
KATE, 9TO B OPTOHOPMHUPOBAHHOI cucTeMe (KaK U B J11060i Apyroii cucre-
2801457

YIPAKHEHHA
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Me, B KOTOpOit g,, = const) Bepaskenne (14.33) maer pemenme ypas-
nennit (14.31), xoTopsie cay:ar ompenenenuem o%, [Cp. Taxxe coor-

nromernne (8.246).]

14.13. MiBapymuasposckne GOPME KPHBHSHEL
Bocnonrsyiitech 09eBHHOM OPTOHROPMHPOBAHHOM CHCTEMOH
ol =evdt, o7 =erdr, 08 =rdo, ©% =rsin0d¢
AN MBAPIITAIBIOBCKOA METPHKH
ds®= — e2® ds2 | e2A dr? - r? (d6% + sin? 0 d¢?), (14.41)
B Koropoii ® m A sBusorca GYHKOMAMH OAHOIO TOJBKO I, M BHYH

cante GOPME KPHBH3HHI 99"; B TeH30p OJUBmTEHHA G"'; METOMIOM,

OnHCaHHHM B pononmenmm 14.5. [Omeem: 99??=Em? /\o);, 99‘%f
—Eo'No®, 2% =Fo'No®, #%%=Fol Ao, 2°T=Fo® Ao’

0

9?; - Fm;/\ms, rae
P — —e=2A (d)”-l—d)'z—d)'A'),
-E-= ——:—e-ud)',
1 (14.42)
F=—r§-(1——e"“),

F-=-1- e-zAA';
r
6l = —(F 2P,

Gr=—(F+2E), (14.43)
=G}=—(E+E+F),

D
o>

t r r (]
G;=0=G6y=G;=G}.]

0D
e
I
)
Do)
I

14.14. MaTpmuHOE mpejcTaBIeHEEe ROMIOHEHT TeH3opa PHMana

Bocnoas3zoBaBumch cuMMeTpHAMA TeH30pa Pumana, obocmyiite mpen-
CTaBjIeHHe €ro KOMIOHENT B OPTOHOPMHDOBAHHOR cucTeMe B BHJE

MaTpUIH

o £ |8
93 (14.44)

M\ —HT i F
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Yy KOTOpOii CTpPOYKM NOMEYEHH HApAMH HHJEKCOB p,v =01,02n T 1.

B YKa3aHHOM HOPSA/IKEe H TOTHO TAK <@ IOMETCHH CTONOMA! ap. 3necs E,
F u H — Bce marpuns 3 X 3, y KoTOpHX (mouemy?)

E = ET, F = FT, cneg H = 0; (14.45)
agech gepes ET oﬁosnaqena TpaHCOOHMPOBAHHAA MaTtpmpma E.

14.15. MaTpuna Pamama ¢ HyzesniM TemsopoM JifmmTeiina

HoxkaskaTe, 9T0 ypaBHeHHA JiHmTeRHA A IHYCTOT0 HPOCTPAHCTBA
G%; = 0 moaBoxaoT ynmpocTutb Marpuny (14.44) u npusecty ce Kk BHAY

- E i H
i
R“”aa=(———-- .......... ) (14.46)

rie Temepb Kpome paBeHcTBa E = F, KoTopoe mpeamoJaraer JAHHBIL
BHJ MATPHOH, BHIOOJHAIOTCA TaK:Ke yCJIOBHA

ciex E=0, H=HT, (14.47)

14.16. BumucAaeEEe EDHBHSHN [AA IyAbCHpyOmeii
H RoaJancHpyomeil 3Besybl

Cepnueckr caMMeTpPHYHO® ABHMIKEHUE CAMOTDABHTHPYIOMMX TeJ pac-
cmotpeno B ra. 26 m 32. Yacto npuHHMaeTcs, 9T0 METPHKA B JaHHOII
caTyanEn mMmeeT $opmy

ds?= — €2 dT2 | e2A dRE+ 1% (d0% + sin20.dg?),  (14.48)

rae ©, A u r asasworca yxe GyHKOuAMM ABYX KooppamHar R u T.
Hajfigate 2-gopMH KpHBU3EH H TEH30p OJMHTeHHA MIA 3TOH MeT-
PEKE ¢ moMomplo MeToja pomoiareHus 14.5. Ilpm yragpiBanmm o%,
6OJBIIAHCTBO WICHOB MOYKHO YKasaThb Cpa3y, MCXOJf U3 COOTBETCT-
BylOIei OpONeAypH yOpakKHEeHHA 14.13. [Omeem: B oueBmanoii
OPTOHOPMHDOBAaHHOHE cHCTeMe of = ¢®dT, oR=eAdR, 0 =rdo,
0®=rsin@ dé:

Q?ﬁ=E(of/\o)§,
%f6=Eo)i/\¢o§+Hmﬁ/\m6,
99?$=E-mf/\(o$+Hmﬁ/\m$,

5 5. 3 (14.49)

R’ ;=Fo° No?,
99§§=F_m§/\m6—ﬂmf/\m§
99“3=F—mﬁ/\(o$—H(of/\(o$,

28*

2

YIPAKHEHHUA
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9T0 B MATPAYHOM OPEACTABACHAM ynpakHeHusa 14.14 mpmmmmaer Bmg

E ; . . . T‘R’

E .i. « H T‘é‘

RMW._ . 2 M LY

B S ¥ N I ¥

. « H|- F .|$R

.—H .|. . F|Ré

3necn
E=e-20(A + A*— Ad)—e-24 (0" 4 D2 — D'AY),
E=Lle-20 (r— rd) -—-;1.- e-2Ar'Qe,
=L e-o-ap—rar —rh),
F=— (1—r'%=24 4 12~30),
F=le-20rAtLlem2a(rat—p,
Tensop Jiimmreiina paBeH
6% = 6T, =F42F,
GTR =T ;= 2H,
6 = =m0,
¢Fo=—QE+P),
=6 ;=—(E+E+F),
¢ty =6F,=6%;=0.

14.17. Toxnecrso Bmagrkm B BEge d. % = 0

(14.51)

(14.52)

IMonomxare mo ompenenenndio, uro Teasop Pumana mpexgcrasaser coboi

2-popMy, 3HAYCHMEM KOTOPO# ABIAETCA GHBEKTOD

% = -%' OpA .v%nv’

(14.53)

n Bugmcante 4%, oTKyna HoMkHO BHACHATHCA, 9ro UH = 0. Boc-

NOoJB3YyHTECHh COOTHOIIEHAEM

v v V&
FW = do™ — o \ 0"%,

(14.54)
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KOTOpO® JIerKo HOJyYATh B OPTOHOPMHPOBAHHO! cucTeMe (9TOro JocTa- YWPAIKHEHHA
TouHo A1 foxasarenscrsa 48 = 0), a Taxke B IPOM3BOJABHOA cHCTEM®
(xopomas mpoBepKa OPHOGPETEHHEIX HABHKOB), THe B = Rh,geV
u dg* = —g¥e (dg,g) g6 (mouemy?). [ITpumevanue. [as ompene-
JIeHNA 3HAKOB B mpaBmie auddepernmpopanns npomssenenus (14.13)
Ras l; HTPAIOT PONb JHMb KOCHeE IPOM3BefeHHs GopM (HO He BeKTO-
POB).

14.18. JloxanpbHOE COXpaHEHHE SHEPrEE H HMOYABCA:
d*T = 0 osmavaer V.T =0

IMonoxuMm, 910 omeparop AyanbHocTH (*), onpejesieHHH# A BHeM-
BEX audpdepernnaaibHux opm B fonoxHeHun 4.1, neicTByer Ha POpMHI,
HO He Ha KOHMPAsaPUAHMHBE 6eKMOPH, KOTOPHE DOABIAIOTCA, KOTJa
TeHsop dHeprum-uMuyibca T mam rensop JiiEmreiina 8 sanmcuBaerca

1
B CMEIMIaHHOM BHJE TeH30pa paHra (i):

T=e,T"a"
HIH
6= e.,G"0".
a. Ilpmeenmre Bupamenme pmia °*T (uam *6), pasnokeBHOTO

mo GasmCHHM BeKTopam B dopmam,
6. Ioramxnre, 9TO

.T = O“T'wdazv,
e d*Zy=eyepp@*\ 0P A @Y [cM, nomonEemme 5.4 ® coorTHOmE-
unus (8.10)].

B. Brumeamre d*T, Bocmoansopasmmck oGo6menmol BEemwHeil
opomsBofHO® 0; mOKaKHETE, UTO

A*T=e,T",V[z] 0° Ao \0?\ 0%

Nonoamesne 14.5. BBIYMCJIEHHNE KPHBH3HBI C NIOMOImbBIO BHEMHNX
NMHGOEPEHIUAJIBHBIX ®OPM (METPHKA KOCMOJOTHMYECKON MOJEJIM O®OPHIMAHA)

PpraMaBOBCKAsA METPHKA
ds® = —dt* | a® (1) [dy® + sin® % (d6® + sin? 0d¢?)]

(momonnenne 27.1) opmECEHBaeT IPOCTPAaHCTBO-BPeMs, B KOTOPOM Kaj)k[as rMmepooBepx-
HOCTh IOCTOSHHOTO 3HAUEHMSA ! mpeAcTaBisier co6oil TpexmepHyio ramepcdepy, co6eT-
BeHHafA NIMHA GOJBMOM OKpPYKHOCTH KoTopoil paBHa 2ma (). B arom mpocrpaHCTBe-
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BpeMend JIerko HafTH OpPTOHODMHDOBaHHHI GasHC:

ds?= — (1) + @D+ %R+ (o),

rae .
o' =dt
oF = ady.
b (1)
®° =asinX do,
©® =asin %sin0dé.
A. Buuncaense CBA3HOCTH
Tockoneky dgyy=dnuy =0, 10 H8 ypasmenms (14.316) cremyer
Opy = —Oy; (2)

TakEM 06pa3oM, HyXHO HaliTu ammp mectb 1-dopm @,,. ObparmMca ko BTOpOMY
ocHopHOMY ypaBHenmio (14.31a). M momxEn yeadamb pemeHme (HOCKONBKY 8TO JACTO
¢heNaTh OHCTpee, YeM HPUMEHHTb CHCTeMATHYeCKHil Meron) ypaBHeBmit 0=de® -
+e*yA®", B KOTOpHX Y, a 3Haumr, m do", m3BecTHH, a ©¥, HemsBeCTHH. Ms-
BECTHO, YTO pemeEme ®%, OAMHCTBEHHO; IOITOMY €CIH MEl yrajaeM OTBeT, TO 3TOT
oTBeT Gymer 3aBelioMO NIPaBHJIBHLIM.

Haunem ¢ mpocreiimero mus stax ypasmesmii, U3 o T d¢ mmeem
do?=0. ’
Cpasuaym a10 ¢ dof=—o0f Ao, 1. e.C
doi=—0i\0"=0

(3mech IpMHATO BO BHAMAHME, IT0 O ¢ 3 = — @ ; =0, Tak KaK O,y = —0,). [locnexEeMy

COOTHOILIGHAIO MOYKHO YJOBJIGTBODHTD, IONOKHB of, ~aob ambo Gomee caomEHME
BHPOKEHAAME, B KOTOPHX pAasiIdMYHHe WIGHH COKpamalTCA APYT ¢ APYyToM, ambo
conceM Ipocto, monoxmB of, =0. Ilofinem naxbpmme, moxa me morpeGyiorcsa Kaxue-IuG0

OTNHYHHE OT HyiIA @%y. VI8 @ % = a dy moxyqaem
do% =a dt/\dx=(a./a) o No*= —(t.z/a)mi Not.
CpaBHEBaeM 3To ¢
doi = —oi,\ot= —0i; \o! —0i; A0® —oi \0?,

[lo BEAY MepBOro CIaraeMoro CHexaeM NPeANOIOeHEe, 9T0 @*3 = (a/a) @%, m Gynem
HaJeATBCA, YTO OCTANbHEE cjaraeMsle paBHE Hymio. (OTMeTEM, 4TO 3TO COTJIACYeTCA

cm‘i/\mi=—mn/\mx=m;;/\mx=0 B ypassesmm ¢ dof.) Bepem o8 =
=asinyd9 m namem

dof =(¢;/a)o)?/\(o6+a" ctgroipof = *ma—i /\mf—mqi/\m 2—053 No®.
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IpegnonaraeM (970 He IPOTHEOPEYAT HANHCAHHHIM BHIN® COOTHONMIOHHAM), UTO

U, naxogen, =3
do? = (c't/a) ot \o? +atctgxot \o® —(asiny)tctg 0l Aot =
= —-m%a/\o)‘ __(.)0 /\mx—m¢ /\0)0

BHBOZEM 3HAYCHHA ©F ; ‘, co"’ B m¢§. OHEE He DpPOTHBOpEYAT CHEJAHHOMY BHINe

IPeANOIOEeHAI0, 4TO YJIEHH 'nma of. /\(n¢ pasEH Hyalo (B ypassemmm ¢ dwd);
TaKuM o6pasoM, MH MeHCTBHTEILHO nam:m [pemenue ypaBEeHmE dot= —o¥, A @¥
B BEAe monHoro HabGopa dopM cBaAsHOCTE @H,:

ot =el,= (ala) o,

5]

§i= _m§6=a"ctgxcoa =cos 40,

(3)

m$i= _m§|$=a“‘ctgxo)3=cosXsin6 do,
? ) : -1 ¢ —
0% =—0%;=(asinX)" ctgba® =cos0ds.

Komewyno B HeKOTOpHX 3afjlasaX 3TOT MeTOA Npo6 ¥ oWMGOK RJAA HAXOKEEHHAA O,
He yHaeTcAi NPAMEHATH, TOINa CJeAyeT BOCHOJb30BAaThCA CooTHomenmaME (14.32)
a (14.33).

B. Buuncaenne KpHBH3HEI

BHuHCleHHe KPHBASHLN OPOM3BOJHTCHA HEMOCPENCTBEHHOM HMONCTAHOBKON M, H3 COOT-
Homenn# (3), mOIyIeHHHX BHme, B ypaBHenme (14.34), KoTopoe mMmeeT BHR

Ry = dot, + oty )\ 0%,
910 ypaBHeHHe J0CTaTOYHO KOPOTKoe, 4T06LI MOKHO GLIIO BEIIECATH CYMMY
.99?2=d(0?£+0'£6/\(06i +°)?$Am$i
B OTANYEE OT [ECATH CJIaTaeMHX B COOTBeTCTBYIOmeM ypaBHeHEE R =oI'4-I7? [ypan—
HEHUe (3), nononnerme (14.2)]). IIpedocmepeiwcerue! Ecnm BHIECIeHEE dm‘; u3
o, = (ae/a) ®* mpmeommT K pesyastary dof - =(oi/a)‘mf Ao%, To 9r0 BHesepHO.
3necb He XBaTaeT WieHa (a/a) do%. Bmecro aTore mpome sammcarsh m‘ (a/a)mx =

=adx, OTKyAa cpasy moayumm do? 5= adt/\dx=(a/a) ol /\o)l. Coﬁmonenne aute-
MEHTAPHHX HPeJOCTOPOKHOCTE W IpaBEABHAA IOACTAHOBKA ©¥y m3 (3) B dopmyay
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nna B* nosponsor maiiTm

.99?2=("/a) ol Aok
ﬁia =a‘2(1—|—d2)mﬁ/\o)§.

Ha oToM saxkanmumpsercs Bmumcnenme RP,.p, IOCKONBEKY B MONeIE HMBOTPOIHOIO
MHApDa BCe OPOCTPAHCTBEHERC HANPABJIEHHA B OPTOHOPDMHDPOBAHHON cHCTeMe ®® aire-
Gpamgeck: sxBEBaJEeRTHH. I103TOMY MOMKHO BHIIHCATH NOJHHIH Habop

ﬂik = (:1./‘1) ‘”?/\"’ho

. ()
Fh=a?(1+a¥) e\
Homkpernsie xommonenTh, RampEMep
B?i’ii =21./a, R?i?é—_:o H T. Roy
g
R'5.5=0, R%5=a2(1+a),
JIETKO BHIOMCHBAOTCA W3 HOAYYeHHOTO npeAcTaBienma aas B%,.
B. Ceeptra
s coornomenmii (14.7) maxopmm
G = 1 3a2(1+a¥), (58)
6ii=6% =% = _ (20t a2 (1 + )] (58)
H

R= —G".=6[a'a+ a2 (1 +a)]. (6)



15. TOXXAECTBA BUAHKU
U FPAHUUA TPAHULLB

9Ta raaBa NEIHKOM OTHOCHTCA K Kypey 2.
B RavecTBe MOATOTOBHTEIBHOrO MATEPHAIA AN Hee HEOOGXORHMO 03HAKOMUTLCA

1) ¢ ra. 4 (maddepenmmansanie Popunl) B

2) ¢ ra. 14 (BpUACIcHHE KPHBH3HLI).

MpE ee uTeHHM NONE3HO 3HAHWe MaTepmara ri. 9—i1 m 13.

Ona He Hy)XHA B KauecTBe HIOArOTOBHTENLHOTO MaTepPHANA

AiA MOCIeAYIEX IiaB, HO 3HAKOMCTBO C Heil OKaskercsa mOne3HBIM
B ra. 17 (simmrelinoBckne ypaBHEHEA HONsA).

§ 15.1. KPATKO O TOIECTBAX BHAHKH

T'eomerpusa gaer yrkasanns MaTepnu, HO KakAM 06pa3oM MaTepusa MOKeT
HaBaTh ykasaHusa reomerpuu? ['eomerpma meperaer cBoM yrasadus
MaTepu¥ npocTHM crocobom: «Ciexyii BROXb MUPOBO JIMHUM C SKCTPe-
MaJbHEIM COGCTBEHHHIM BpeMeHeM (IO reofesHvecKoif)». A KakuM cro-
coboM MaTepusa oKasmiBaeT oOpaTHoe aeiicrBme Ha reomerpuio? Hak
MOKHO BHIEJIUTH OPAaBHIbHHIA CHOC00, KOTJA METPHUECKAA TeoMeTPHA
Pumana u JitnwnTeitna o6gafaer MHOMKECTBOM HHTEPECHHX 0COGEHHO-
creii? (DM3KMKa yKa3HBAET, YTO HYKHO MCKATh Makol eud ceasu mexcdy
mazomenuem (KpUBU3HOL NPOCMPAHCMEA-BDEMEHU) U UCMOYHUKOM
(Marepueii; TeH30pOoM aHeprHU-UMIOyabca T), komopwul, obecnewusaem
asmomamuyeckoe coxpanerue ucmounura (V -T = 0). Caegosarensho,
¢u3nKa 3amaer MaTeMaTuke Bompoc: «Hakas xapaxkTepHas BeJIMYHHA
TAIA TEH30pAa B TeOMETPUHA aBTOMATHIECKH coxpaHsercs ?» MaTtematuka
gaer oreer: «Temsop Oiimmreitna». ®Pmamka cmpammsaer: «Haxum
o6pasom obGecmeunBaerca 3To coxpaneHume?» MaremaTHka B Janme J:1u
Kaprana orBeuaer: «Baarogapa mpuEUuny, riacameMy, 9T0 CPaHMAIIA
rpaHAOE paBHa HyJo» (momoamenme 15.1).

B pmeficTBUTENBHOCTH ABTOMATHYECKH COXPAHAITCA [{Be XapaKTep-
HBle 0COOEHHOCTH KDMBMS3HE, WJH, B Jpyroii ¢opmynmpoBke, Kpu-
BH3HA YIOBIETBOpSET ABYM ToxkJecTBaM DuaHKu (mpeameT M3ydeHUA
gannoit riaasm). O6e 0COGEHHOCTM KPHMBH3HEI, KOTOpHE ABJIAITCA
«TeOMEeTPHYECKIMU 00DbeKTaMM», MONYCKAIOT HAIVIALIOE MpegcTaB.Ic-
HHe Ha JepTekax H, Goxee Toro, Ha geprexax, orobpaxaommux B Jeii-
CTBUH NPHHINAN «TPAHUNA MPAHEOE pPaBHA HYJIO». B 3TOM oTHOmMeEHHN
FeOMeTpUSl HPOCTPAHCTBA-BPEMEHM YAUBHTEABHHIM 00pa3oM HAamOMMH-
HaeT I0JIe B MAKCBE/LIOBCKOI 3JIEKTPOJAHAMUKE,

Toxpeorsa
H COXpRHeHHE
HOTOUHHRA:

opapHenne
TOOPHEl SNERTPO-
MArHOTH3MA

B rpasETanBsH



R =0

di*fF =0
Maxcsensa
=d =0
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B aaexrpoAuHaMHKe MMEIOTCA YeTHIpe HOTEHIUaJia, KOTOpHe 00be-
nusesn B I-gopmy A = A4 ,dz#. M3 asroit Bemunum ¢ noMompbio Aud-
¢depernupoBanns moaysaerca F = dA. D10 moxe ynosaerBopser
tokmectBy OF = O (TommecTBY — [8; TOMKAECTBY, MOIMYCKAIOMEMY
ompefelieHne COXPAaHAIOMErocA HCTOYHAKA,— HET).

B Teopum TATOTOHHA MMeeTCA MECATH HOTEHIMAJOB (METPHIECKHX
K03 pHIHEHTOB g,,,), KOTOpHe 00befiWEeHH B MeTPHIECKHH TeH30p
g = g,v8z* ® d2v. U3 aroii BenAuuHK ¢ moMowibio ABYX Auddepen-
OAPOBaHUII HOJYy9YaeTCA OWepaTOp KPUBUSHE

R =1 8, \ 8,R" a5 2% \ d2P.

3TOT OmepaTOp KPHBU3HKE YAOBAETBOPAET TokAecTBy Buanku d % = 0,
rae d Teneps mpeacraBasger coGoit 0Gobmenne BHemMHeH OPOU3BOAHOR
Raprana, 6o1ee nosino onucansoe B ri. 14 (¢cHOBa TO:KAECTBO, HO CHOBA
TAaKOe TOKOECTBO, KOTOPOe He JOMYCKAaeT OHpeNeIeHnsA COXpPAHAMIe-
rocsi MCTOUHMKA).

B amexTpoMarHeTvusme, YTOOH NOJYYATh TAKHE XAPaKTEPHCTHKA
mOJIA, KOTOPHMU MOKHO YHPABIATH ¢ mOMOmbI mcTounuxa d*F =
= 4n*), Tpebyerca nepeiita k gyaabuomy obnexry *F. Coxpanenme
ucroynuka @*) = 0 B gaHHEOM ciayuae OKAa3HBAaeTCA CJEACTBHEM
rompecrsa dd*F = O, wiu, gpyrumu crosamu (qonosnuenwme 15.1), caen-
cTBdAeM o0palNeHusa B HYJIb TPAHANH TPAHAIK.

B ¢usnke TATOTeHHA HYKHO HEPEeHTH K «IBAKAN AYaJbHOMY)»
(gBe mapH aNbTePHUPOBAHHEIX MHAEKCOB, ABE BOSMOKHOCTH IpHMe-
HUTH omepaTop ayaiabHocTu) R obbexty € = *R*, uroOm moaysurh
TaKy10 XapaKTePUCTAKY NOJIA, C HOMOIIBIO KOTOPOi MOKHO yIPABIATh
HCTOTHHKOM:

G=Sp6&=_8nT =8n X (WI0THOCTH 3HEPTAM-UMITYIBCA),

Coxpanenne ucrounuka T = e@,TH,0¥ MoxHO cdopMymipoBaTh Kak
V.T = 0. Ho gna namux ueneit 6omee nogxoiur dopma (cm. ria. 14
u ynopaskuenne 14.18)

d*T=0,

e
*T=0,T" (*oY) = 6,T"d33,,

JTOT 3aKOH COXPAHEHHsA BHITEKAeT B KadecTBe CJeJCTBUA M3 «CBep-
HyToro Ttopecrsa Buankuy @*@ = 0, xoTopoe Toxe MOMKHO HHTEp-
OpeTHpoBaTh Kak oOpamenne B HyJb FPAaHHIE TPaHHUIIbL.

lonoanenme 15.f. TPAHUIIA TPAHUIIbI PABHA HYJIO

A. Hpena B 1-2-3-mepHoii (opme

HaymeM ¢ opHeETEHpOBaHHOro Kyfa HJH HOKOTOPOro NpHGIH;KeHAA X HeMy (Tpex-

MepHOro).

Ero rpaEmma coCTOMT M3 IIeCTH OPHEHTHPOBAHHWX IpaBell, Ka)Kmasd M3 KOTOPHIX
nByMepHa. OpEeRTan®A Ka)KA0i rpaHE yKasaHa cTpeiakoit. I'panmna oxHo# opweHTH-
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POBaHHOH T'DAEA COCTOMT H8 YeTHPEX OpHeHTHpO-
BaHHHX peGep, AJIHA CTPEJOK, KasKAasd H8 KOTOPHX
onHOMepHa. Haskpmoe peGpo coemmEsieT fBe pas-
apusne rpapa. Hm ogHo peGpo He AeXHET CaMo
mo cebe, A30JIHPOBAHHO.

«[IpocymmupyeM» mo BceM aTEM peGpaM, yud- '
THBad HaJe;xamuM o6pasoM B3HaK KasKIOro H3
srXx. IIpE 9ToM oOKasieTcA, 9TO Kak[oe JlaHHOE
pe6po yIYATHIBaeTCS ABaKAH: ONHH pas3 B OHOM
HaIpaBJeHAH, APYroil pa3 — B IPOTHBOMOJIO}KHOM.  *

OTciofa 3aKiI09aeM, YTO OJHOMEpHasA IpaHHNa
OBYMepHO# TPaHHEIE TpeXMepHOTO Kyba Tomme-
CTBeHHO paBHa HYJIIO.

T

,////////// ////
P " V4,
2 L s

sy,
2

N

NN

N
NI

SN\

RS

B. Upen B 2-3-4-mepHoii dopme

HauBeM ¢ OopHeHTHPOBAaHHOIO YeTHPEXMEPHOro Ky0a MJIHE HEKOero OPHGIMMKEeHHA
1
K HeMy. B KadecTBe KoOpAMHAT YIJIOBHX TOYeK 4-Ky6a MOKHO BSATDH (tozl:—z—At,

zo:I:—;- Az, y, :t-;— Ay, 2, %= —;-Az); a IJA CaMHX YIJOBHX To4eK YmoOHO BBecTH

OOHATHHE COKpameHHHe o06o3HayeHHs BHAa -+ — — 4. Bcero Takmx yrioBmXx
Touek 16. TpexmepHmie rpaHE 4-xy6a Jierde mpefCTaBHTh, HEKONH ero CaMOro; aTH
rpaHH, TpeACTaBiAAlImHAe 4-Ky6 «B pasofpaBHOM BHAe», H306pakeBH BOKPYT Hero
Ha pHCYHKe, I'leé X MOKHO H3YYHTH BO BCEX HOXPOGHOCTAX.

FpaEnna 4-ky6a COCTOHT M8 BOCHMH OpUEHTHDOBAaHHHIX rEOeprpaHedf, Kasknas
A3 KOTOPHX TpexMepHa (BepXHAA rAmeprpaHs, HanpmMep, mpocTmpaerca Ha AzrAyAz,
«mepeAnaA» THOeprpaHs npocTEpaercsa Ha AtAyAz m . R.).

I'pamnna omHo# rumeprpaHl («ky6a») COCTOHT M3 IMeCTH OPACHTHPOBAHHLEIX IpaHel,
KajKfad M3 KoTopHx gByMmepHa. Kaykpmas rpaHp (Hampmmep, 3aIOTPUXOBaHHAA IPaHb
AzAy B neBoM HEKHeM Yray) CoeqHHAET [ABe pa3Hsle I'ENEPIOBEPXBOCTA (B HameM
npaMepe 910 «3-Ky6 GokoBoit rmmeprpan®» A{ArAy B ITeBoM HmkHeM yray m «3-ky6
BepxHeit rumeprpasm» ArAyAz). Hm ogBa rpasp He aexuT caMa mo cebGe, H30JHpO-
panHo. TpexmepHas rpanmua 4-xyGa He mMeeT 2-OBEPXHOCTH, oGpalleHHON# K BHem-
HeMy MEpY. Y Hee Hem 2zpaneil.

«[IpocyMMApyeM» mo BCeM STHM I'DaHAM, Yy4YHMTHIBaA HaJJdekamuM o6pasoM opHeH-
TamMIo Kaskmoit A3 HEX. [Ipm aTOM oKa)keTCsA, 9TO KaskJAad JaHHAA IPaHb YIATHBAETCH
IBaKIHL: ORNEH pas ¢ OXHOW OpPHeHTalHeid, APYroil pa3 — C IPOTHBOMOJOKHOM.

Orciofia saKiI0uaeM, 9T0 AByMepHasA IpaHHOa TPeXMepHo# IpaHHEOK JeTHpexMep-
HOro Ky6a TO;KHAeCTBEeHHO paBHa HYJIO.

B. Nnen B o6meii aGerparTHoil gopme
090 =0 (rpaEEna rpaEEOs PAaBHA HYJIIO).

I'. Mpgen » npAMEHEHNA K TEOPHEAM TATOTEHHA H 3TEKTPOMATHETH3IMA

OnuaM OCHOBHHM NYHKTOM SBIAGTCA 3aKOH COXpPaHeHHA (COXpaHeHHS 3apAfa; coxpa-
HeHHA 9HEPrHA-EMOYJhCa).
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I[pyI‘KM OCHOBHBRIM NYHKTOM ABJIAETCA «aBTOMaTH4YeCKO€ BHIIOJHEHHE» 3TOro
3aKOHA COXpaHEHHA.

«ABTOMaTHYECKOE COXpaHeHHe» TpeGyeT, uTOGH MCTOUYHUK He MMeJ MOJHOH CBOGOAL
H3MEHATHCA NPOH3BOJLHEIM 06pa3oM OT TOYKHM K TOYKe H OT OJXHOrO MOMeHTa BPeMeHH
¥ IIpyromy.
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UctourmKk HoakeB OHTH CBA3aH C 4eM-TO TAKHM, 4TO oGJafgaer CBOHMH COGCTBEH-
HHMH CTeleHAME CBOGOAH H B TO ’Ke BpeMA HACTOJBLKO ype3aeT CTemeHHM CBOGOIAI
¥ICTOYHAKA, KOTOPHe [HO 3TOT0 OHIA COBEPLICHHO MOPOW3BOJBHH, 4YTO ofecmeumBaeT
ABTOMATHYECKOE BHIOJHeHHe 3aKOHa COXpaHeHHA HCTogHEKA. HazoBeM 3T0 9TO-TO
«IoeM».

Onpedeaum 3mo nose U (NPUBANCEMD €20 K UCMOYHUKY Makum o6pazom, umofvi
COTPAHEHUE UCTOYHUKR GEMOMATMUNECKU 6LUMEKAA0 U3 «PABEHCMEA HYAI0 2PANUYbLL 2pa-
wuyb». Nan, B Golee ompemedenHO# (opMe: coxpaHeHHe 03HauaeT, YTO HCTOYHHK
He DOKAaeTcss M He HCYe3aeT BHYTPH 4YeTHpeXMepHOTo Ky6a, HW3oGpaskeHHOro Ha
PHECYHKe. ITO 3KBABAJIHTHO TOMY, 9YTO HHTErpaJI 0 «aKTaM poKienna» (aHrerpat ot 4*J)
RAA 3IeKTPHIeCKOTO 3apsAfaa; HATerpat oT d*T anA sHeprum-uMIynnca) B 9TOR YeTH pex-
MepHO# 00:IacTH KoJkeH OLITH paBeH HYJIO

UnTerpaa poxpennd mo 3Toil YeTHPexMepHOUl 00JacTH HepeBOOUTCA B HMHTETpal
OT ILIOTHOCTH-TOKA HcTouHAKA (*J mam *T ) mo TpexmepHoil rpaHmue 3Toit o6iaacTH.
Ira rpaHHIa COCTOAT K3 BOCHMH IMIeprpaHeif, Kaskaasd co CBoeil opmeHTaumei. VaTer-
paa mo BepXHeil rumeprpadzm (AzAyAz) maer KoJM4YeCTBO HMEIOMErocs HMCTOYHHKA
B Gojlee mo3gAnii MOMEHT; MHTErpaJ M0 HEKHEOHA TAmePrpaHd JaeT KOJHYECTBO MMEI0-
merocsi MCTOYHNKA B GoJjiee paHHAN MOMEHT; HHTerpaX MO TAKHM THIEPrpaHAM, Kak
AtAzAy, paeT KonwdecTBO MCTOYHMKA, BRITEKIIEr0 3a HpPOMeNMAN NMPOMEKYTOK Bpe-
menH. CoxpaHeHAe 03HATaeT, YTO CyMMa ITAX BOCHMH TPEXMEPHHX HHTErpasioB M0JHKHA
OHTH paBHa HyJ10 (moppo0HOCTA CM. B T, 5).

OGpamende B HyJXb 3TOX CYMMH TPeXMepHHX HHTerpajiioB mospoiser copmynn-
poBaTh TpeGoBaHHe COXpaHeHHA, HO He MO3BOJAET HaTH McXaHA3M, ofecHearBalo MM
«aBTOMaTHYeCKOe» (MM, B MaTeMaTHYECKAX TepMAHAX, (TOIECTBEHHOE») YHOBJIETBO-
peaue aroro TpeGoBaBEMA. IloaTOMy OGpaTEMCS K HPHHOHENY, YTBeP)KZAIOMEMY, 4TO
«TpaHHNA TPAaHHOH paBHA HYJIIO).

IlorpeGyeMm, 4To6H HHTErpa’x OT INIOTHOCTHA-TOKA HCTOYHAKA IO JI0G0it OpHEHTH-
poBaHHO# rumeprpand 7° (TpexmepHas 061acTh; «Ky6») GHI paBeH HHTOrpaly OT HOJA
TOo TpaBAM 3Toro «kyba» (Kakmaa rpaHb Gepercs ¢ COOTBETCTBYOUIeH OpHeHTanHeil,
a Ky6 mMeeT GeCKOHEYHO MaJInle pa3Mephl):

4::75/0 )= OL'F. 8n 75; T =875;(n';‘;:‘;§:a).

IlpocyMMEpYeM mo BceM HIeCTH I'paHAM aTOro Kyba, J0GAaBEM CYyMMY IO IIECTH TpPaHAM
Apyroro Ky6a I T. R., moKa He GyRyT oxBadeHH Bce BoceMb KyG6oB. IIpm aToM OKarkeT-
<A, 9T0 Ka)ijas NaHHAfA TpaHb (HaOpHMep, 3aMTPHXOBaHHAA FPaHbL Ha DPHCYHKe)
Y9YHTHBaeTCA XBa:KOH: OJWH pa3 C OFHOH opHeHTalHeill, IPYroil pas — C IPOTABOLO-
NOKHOH (¢rpaHHUA rpaHANOH paBHa Hymio»). TeM caMeM obecmeumBaeTcs COXpaHeHHE
ACTOYHAKA: HHTErPajl OT MJIOTHOCTA-TOKA HCTOYHHKA O TPEXMEpPHO# IpaHANe JeTHPeX-
MepHO# 06JaCTH aBTOMaTAYIeCKH oGpamaercd B HyIb, UTO BJedeT 3a CoBOil TOKAECT-
BeHHOE o0pameHne B HyJIb AHTErPada POKACHHA 110 BHYTPeHHEH JaCTH 3Toif yeTHIpex-
MepHO#l o6nacTm.

[ToBTopHE BCe BEHIKMAAKH A 3TOH 3Ke 4eTHPeXMepHOR 06JacTH, rpaBANa KOTOpPOH
HEeMHOro CMemeHa B OHOM MecTe («ny3sHpbKoBoe nuddepennuponanner Tomonarn [170]
u IlIBuEerepa [171]), npraeM k 3akmT0YeHA0, ITO coXpaHeHHe o6ecnedABaeTCA He TOJBKO
B YeTHpeXMepHoii 06;1acTH, BSATOH I{eIMKOM, HO M B KaKHAOH ee TOUKe, a IMOCTE COOT-
BETCTBYIOINEro pacHpoCTpaHeHHA — M HOBCIOAY B HPOCTPaHCTBE-BPeMeHH.
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. Ceasp mcTOUYHMEA € moaeM

Onea TouKa BpeHAA: HCTOYHMK HEePBHYeH. Y HOAA MOTYT OHIThL M ApyrHe QyHKOUH,
HO ero OCHOBHafA QYHKIHMA COCTOAT B TOM, 9TOOH «CAYKATHY HCTOYHEKY. CoxpaHemme
HCTOYHEKA NpeKJe BCEero; moJe NOJKHO COOTBETCTBYIOMHM 0GpPasoM HOAMarKABATHCAH.

Hdpyras Touka speEuA: mose mepBuyHOo. Ha moae BosiaraeTcs OTBETCTBEHHOCTH
CIEAHTH 8a TeM, YTOOH HCTOUHHK MORUMHAJCA 3aKOHY coxpaHeHHS. B oTcyTcTRHAE mOMA
HCTOYHHK HPOCTO He 3HaJN O, uTO eMy AelaTh, B Haxe Boobme He CYMeECTBOBAJ GHI.
Hcrounuk «nocTpoen» u3 noss. CoxpaHeHRe HCTOYHAKA eCTh CJIe/ICTBHE 9TOTO TOCTPOSHUS.

Onna ms Mopeleli, HAMOCTPHEPYIOWAS TAKYI0 TOYKY 3peHHA B NpoCTelimeM Clyuae,
yTBEpKAaeT: NOBATHE (KJIACCHYECKHH» DIeKTpHYeCKHH 3apAld UpeACTaBAAeT Coboi
He 9TO MHOE, KaK (3JeKTpHYeCKHe CAJOBHE JHHAA B TONOJOTHYECKOH JOBYITKe MHOTO-
cBsi3HOTO mpocrpaHcTBay (106, 172, 173].

C ar06oii TOTKM B8peHHA: HHTETPaJ OT IVIOTHOCTH-TOKA MCTOYHHKA IO JI0G0# Tpex-
MepHO#l o6mactm (mo «ky0y» B yOpOm[eHHOM aHajude, NPOBEJeHHOM BHINE) paBeH
HATErpaJy OT WoJA IO IpaHAne 9Toil o6aacTy (o mecTH TPaHAM KYy6a, pacCMOTpPEHHO-
ro Bume). HAKTO eme [0 CHX HOp HE OTHICKAJ HWHOTO ¢Hocofa MOCTHYL B3aHMOCBA3L
3aKOHOB MOJA M 23aKOHA COXpPaHEHWA.

E. OaexkTpoMarsernsM B KauyeCTBe MOJEIH: KAK «ODHBA3ATHY HCTOYHAR X MHOIIO,
9T06N HONYYHTH ABTOMATMYECKOE COXpAaHEHHE HCTOYHHKA MOCPENcTBOM 00 =
B 2-3-4-mepBoii opme

CoxpaHende 03Ha9aeT PABEHCTBO HYJIIO POKACHAA 3apAAa (PaBeHCTBA HYJI0 B JeThIpex-

mepuoii obxacte Q). Ilosromy coxpaHemme TpeGyer obpameHAs B HYAb HHTErpaja
OT IIOTHOCTH-TOKA 8apfAja MO TPexXMepHO# rpaHHie aToro o0bema, T. e.

v
0= {2 go=\ srasz,

Ha aAsuke kypca 1 (ra. 3 m 5). Ha cBoGogHoM oT KoopAmHAT aGCTPAaKTHOM fASHKe
(§ 4.3—4.6) sxkBUBaJIeATHAS BaNHChH STOTO COOTHONIEHHA MMEOT BHJ

0=§ d‘J=ai‘J,

*J = *J o5zt A\ 22 A\ d2® 4 *J g5 d2® A d22 A d2® -
+ *J 031 420 A\ 23 A\ dzt 4+ *J gy, d2® A da? A d2?
(cTpykTypa THHmA «KOPOOKM AusA Ay 3-PopMH MIIOTHOCTH 3apAja AIJIOTHOCTH TOKa).
OGeceYyrM aBTOMATHIECKOe (¢TOKIECTBEHHOE») BHIIOJIHEHHe 3TOro TpeGoBaHHsA
CoXpaHeHHA ¢ HOMOM{bIO NPANINIA «TPAaHALA TPAHKAIE PaBHA HYJIO», HAACAB 4n* J =
= g*F, Torga

rue

4nS‘J=Sd‘F= S *F=0,
aQ oQ 80Q (ryan!)
anHE, Ha AsHKe Kypca 1, mammcas 4nJ" = F"'.,, mmeem
in{ Poz,= | P, e3,= [ Pees.=0.
o0 sQ 06Q (iyas!)
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Jdpyremn cioBamm, monoBEHA ypapHeHE# MakcBensa B SHaKOMOM BEAE A IIOCKOrO
IPOCTPAHCTEA

divE=V.E=4np, rtotB=V XB=E+4nJ

«IpAUBABHBAET» HCTOYHHK K IMOJI0 TaKEM 00pasoM, 9T0GH 3aKOH COXPaHEHHA HCTOYHHKA
HENOCPeACTBEHHO ciaefopan m3 99Q = 0.

JK. B saexTpomarmeTH3Me Tak:Ke HCHOAL3YeTcA 00 == ( B 1-2-3-MepHoii dopme («oTcyT-
CTBHE MAUBHTHBIX 3apsAJ0B»)

MaruaTHRI 3apA[ CBA3AH ¢ MOJEM HOCPEACTBOM COOTHOMEHHA 41 Jyary = @F (mepeson
BTOT0 KOMIAKTHOTO A3HKA Kypca 2 Ha SKBHBAJCHTHHIA A3HK Kypca 1 cM. BHIIe B NYHK-
te E). OrcyrcTBHe MarHATHHIX 3apsANiOB 08HAUAET, UTO MHTETPAN OT Jyars IO JIOGOMY
3-06bemy 7" momxeH GHTH paBeH HYJNIO, HAM (<HHTETPUPOBaHHE IO YacTAM», 0600LIeH-
BasA TeopeMa Croxca)

O=S dF = j Fe DOJIHHA MATHATHHE IOTOK,
BRXOAAmMBEE depes 7"
v o

Yr1o6H y0BIETBOPHTH 9TOMY TPeGOBAHHIO «aBTOMATHYECKHM», IOCPEACTBOM IPHHIHIA
«rpaEMOa TDaHHIOH paBHA HyAl», 3anmmeM F = dA («BHpaskeHme AasA monA depes
4-moTeHnMaN»), mOCHE TET0 MOJYYEM

= | dA= A=0,
o"ZLF oEIL ! oo‘Ifa(Sgym!)

3. CTpykTypa SIEKTPOAHHAMEKM B CXEMATHIECKOM BHJE

A (norenttuan)
: [}
S
:§' F (noze) = dA = *F (nyansHoe nose; M)
N5
\ 5 ‘ |
\Z ,
= dFf = 0 (Toxpaec1Bo, d*F =47
OCHOBaHHOE HA TOM, l
YTO0 dd = 0)

d*J = 0 (BHIpaxeHHO® B BUe TOXNECTBA,
OCHOBAHHOI'0 Ha TOM, YTO 99 = 0)

d*J =0, nu Ved=0
("aBToMaTHUeCKOE"
COXpaHeHHe UCTOYHHKa)
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H. CrpyETypa reoMeTpoquHAMHMKH B CXCMATHYECKOM BHIE

-2

Anddepermponann

Ll

HiuTepnpeTanas
TOKNECTBA
Busxr 4R = 0
€ noMOIbI
napannenbaoro
nepeHoca

BOKPYT INECTH
rpaneli ky6a

N

S
g (MeTpuka )

V =d (napanneabbiit nepexoc; KoBapHaHTHAR NPOU3BOAHAL;
06e01eHHaR BHew s Npou3BoaHas)

R =d? (oneparop = 6 ="R*{(IBIKI —P *Ga8n*T
l KDPUBU3HBI) AyanbHbifi TeH30p) ‘

d*G = 0 (cBEpHYTO® TOXIAECTBO
Buauxy, ocHOBAHHO® HA TOM,
YTO 33 = 0)

dR = 0 (nonnoe ToxpaecTso Buanku;
OCHOBaHO Ha TOM, 4TO 90 = 0)

d*T =0, ¥V T =0

("aBTOMaTHYECKOB™

coxpaHeHHe CTOYRMKA)

*G = *SpG = *(dPA R)
(Tensop MuwTelina)

§ 15.2. TORIECTBO BUAHKH d% = 0 — IPOSABJIEHUE
TOr'0, YTO «'PAHUIIA TPAHHIIBI = O»

TakoBO KPATKOe M3JI0KEeHAe CMHCIA TOKAecTB BDuamkd; Temephb cie-
aver BeiacHATH Bee gerann. Qur. 15.1 cay:Rur HIIOCTpaLAEil HOTHOTO
tosxpectBa Brankn 4% = 0 (cMm. ynpaxueune 14.17), cMBEICI KOTOPOTO
MOKHO KPaTKO BHpasuTh croBaMu: «CyMMa 00yCIIOBI6HHN X KPHBU3HO M
[OBOPOTOB, MCOHTHBAGMEX HA Ka)KXO# M3 IMeCTH TpaHell mPOU3BOJb-
HOTO 2JIeMenTapHoro KyGa, pasua Hyiio». ViameneHue Bextopa A, Bo3-
HUKAaoIee B pe3yibTaTe NApAJJIEIbHOTO HEPeHoca L0 IepUMeTpy
yKa3aHHOI rpany, GyAydYs BHYMCIEHO ¢ TOTHOCTHIO O HAMMEHBIIEro
HMEOMero 3HavYeHue HOPAAKA MAJIOCTH, COCTABJIAET

—8A%= R%,, (B 2+ Az) APAy Az, (15.1)

ITpoTHBOTIONOKHAA IPaHb [aeT AHAJOTHYHHIMA BKJIAN, HO C IPOTHBO-
OJIO/KHEIM 3HAXOM, H 3HAYEHAHA COOTBETCTBYIOIIMX BEJIHIMH NOJKHEI
6uITh B3ATH B TOYKe r, a He z + Azx. Ecam Bocmosb3oBaTbcA HOp-
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A \

Koneunbiit
y
5A Y,
Mo‘ﬁ"p“b‘“ /// é
7

X\\\\\

ONUT 154

CnosxeERe NOBOPOTOB, HCOHTHBAEMHX HA Kanoll w3 mecTH rpaBeil naoGpamen-
Boro 3-o6mbema, saeT pesyJabTHpYIOmAiE MOBOPOT, PABHHI HYAI0 (4IOAHO® TOMK-
pecrBo Bmamkms). ITpuvuna. Braap xaxnoli rpaHA ONEHHBAGTCA OO H3MEHEHBIO
npoGroro BexkTopa A, oGHeceHBOro mapajieIbBHM 06pa3oM no nepnMerpy aroif
rpaBd. CioxeHne BKIAKOB OT BCeX IpaBeil mOKA3WBAET, YTO B Pe3yAbTATC KaK-
Roe pe6po DpPOXOAMTCA BaKAHN, OfIBE Pas B OfHOM HampaBjeHuH, Apyroil pas —
B NPOTHBONOJNOAHOM [rparrna (3pech ofiHOMEPRAA) FPAaHUNK (AByMepHoii) n3o6pa-
3KCHHOTO TPeXMepHOro Teaa papHEa Byao]. oscnenus. BekTop A, Baxopamuica
BHAQUAJ® B YKa3amHOM MecCTe, NEPEBOCHTCA DAapajlielbBO0 K YKASaHHOH rpamm,
3aTeM OGHOCATCA MapajjefbENM o6pasoM mo nepuMerpy sToli rpadsM, mperepme-
B4A TPH STOM HOBOPOT, BEJUYHHA KOTOPOro ompepielifeTci KPHBH3HON mpocT-
paBCTBa-BpeMeHH BOJb 9TOH TIpaHM, A 3aTeM ONATH ke NAapaijeabHHM ofpasoM
mepeHocHTCA 06paTHO B HCXORHYIO TOUKY. C TOYHOCTHIO 0 HAWHA3METO MOPALKA
MAaJIOCTH, KOTODHIl ArpaeT poJb, B ONEPATOPHHX 0603HAUEHAAX MOXKHO 3aNHCATH

(uamererne A)= —Ay Az R (8y, €;) A,

HIB B KOOPAMHATHHX oGosHademmax - 8A%=R%,; (8 z-+ Az) AP Ay Az,

MaJIbHBIMH DHMAHOBHIMA KOOPAMHATAMH, TO CyMMa BRJ3NOB OT obGenx
rpanei paBHa

OR®

__a:LA“ Az Ay Az. (15.2)
B 31X KoopjauHaTax M3 oGpaineHAs B Hyab moanoro —OA%, cocras-
JIEHHOTO M3 BKJAJ0OB OT BCEX INECTH I'paHeif, ciaegyer

R%yz:x + Ry + Rpay;e=0. (15.3)

B nammem ciydae BMeCTO 3amATHX (OGHYHEIX HPOM3BOJAHHIX) MOKHO
OOCTABUTH (YTO 3AeCh M CAEJAHO) TOYKHE C 3aNATHMHA (KOBAPHAHTHHE
OpOM3BOJHLIE), HOCKOJbKY B HOPMAJbHHX PHMAHOBHX KOODAMHATAX
OHH COBNARAIOT; ¢ APYLOH CTOPOHH, KOBapHaHTHag ¢opma sammcn
(15.3) aBaserca o6o6mennemM Ha ClIy4ail NIPOUSBOJbHHX KPABOIHHEH-
HEIX KoopauHaT. Ilepexons or xky6a ¢ peGpamnm x, y, 2 k¥ kKy6y, ompe-
AeaseMOMY UDPOHM3BOJIbHOHW TPOMKOA KOODAMHATHHIX OCeil, 3aNACH-
BaeM TOKIEeCTBO Duankm B BHfe

R%pui =0. (15.4)

1/4 29—01457
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(IlBe mpyrue ¢opMyJIHPOBKHM 3TOIO TOKAECTBA B aGCTPAKTHOM, CBO-
GogHOM OT KOOpPAMHAT BUAe cM. B ympaskHeHmu 14.17, rge oHo mpen-
crasiaeno xak 4% = 0, n B § 15.3.) IT0 TOKIECTBO 3aHMMaeT B TEOPHU
rpaBUTAlMM TaKoe ke Mecto, Kakoe ToxaecTBo dF= ddA = 0 szaun-
MaeT B TEOPHH BJIEKTPOMArHeTuama:

Fopm=Fpuw=0. (15.5)

§ 15.3. MOMEHT HOBOPOTA: RJI09 K IIOHNMAHHIO
CBEPHYTOI'O TOKIECTBA BHAHKH

Kax noxasaa Kapran [6, 174, 175], cBepuyToe roxaectso Buaaku —
TOKAECTBO, KOTOPOE /{AeT «BAJ CBS3H C NCTOYHAKOMY, MMEET HEIOCpe/l-
CTBEHHO® OTHONIEHHe K ¢MOMEHTY HmOBOpOTa». MOMEHTH M3BECTHH H3
obugHol MexaHmKu. TBep/ioe TEJIO OCTAETCA B NMOKOe TOJbKO B TOM
caydgae, €CId CyMMa BCeX [eHCTBYIONMX HA HEro CHJI paBHA HYJIO:

NFDH =0, (15.6)
i

JT10 ycIOBUE ABJIAETCA HEOOXOAMMEIM, HO He gocTaToduuM. JloinkHa
ONTH paBHA HYJI0 H CyMMa MOMEHTOB 3THX CHJI OTHOCHTEUbHO HEKO-
Topoit Touku &

2(ED—F)ANFD =0, (15.7

K cuacTsio, HE HYKHO YTOYHATH, OTHOCHTEILHO KaKOM Toukm Gepyres
momenTH. [Iprmumua atoro mpocra. B kavecTBe koagdumuenra nepen
IPOM3BOJIBHOM TOYKOH B BeKTOpHOM mpom3Benennd (15.7) crout Beau-

auna Yy F'V, ofpamenne B HyJb KOTOpO yxe moTpeGoBaHO paHee.
i

Curyanus gias anementapHoro kKyGa Ha ¢mr. 15.1 anamoruana. 3gech
OOBOPOT, COOTBETCTBYIOMMI AAHHON IPaHH, ABIAETCH AHAJIOTOM CHJIEI

F® B mexanmke. A ofpameHnme B HyJdb CYMMH TAKHX TOBOPOTOB,
BHIYHCJIEHHBIX II0 BCeM IIeCTH IPaHAM Kyba, ABIsercd aHaJOroM ofipa-

MeHAs B HyJXb CyMMHl caia PV,

Uro ke ABIAETCA AHAJOTOM MOMEHTA CHJH (C KOTODHM MEI CTaJ-
KHBaeMCA BMEXaHHKe) IPY aHAJIN3e KPUBA3HH ? ITO MOMeHm nosopoma,
coomeemcemeyowuii danHol eparu kKy6a. 3HaueHHE KayKAOTO OTHAEIb-
HOrO MOMEHTa 3aBMCHAT OT TOYKH orcyera &. Opmmako mo Toit ke
TOYHO DPUIHHE, YTO U B MEXAHWKE, 3HAYCHHE CYMMH 3THX MOMEHTOB,
B3ATOH IO BCeM ImIeCTH TpaHaM Kyba, He 3aBHCHT OT TOYKH oTcuera &P.
CregoBarenbHo, B KauecTse & MOKHO BHGPATh KaKyi0 YrOXHO TOUKY
KaK BHYTpH 3JIeMEHTAapHOTO Ky0a, Tak W BHe ero. Doxee Toro, xy6
MOKHO CYMTATH YACTHI0 THIEPIOBEPXHOCTH, pacceKanmedl nmpocTpas-
crBo-Bpemsa. IloatoMy & MokeT Kak NpMHAAJIEKATb HTOMY CEUEHHIO,
TaK B HaxogurbcA BHe ero. HeoGxommmo ammb, 4TOGH BCe paccros-
HASA, ¢ KOTOPHMH OPHXOAATCH MMETh /€0, ObUIX AOCTATOYHO MAJHI,
9T06Bl MOKHO GRUTO ¢ TPeGyeMoil TOYHOCThIO HAUTH MOMEHTH B CYMMY
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MOMEHTOB B JIOKQJbHOI CHCTEME HOPMAJbHHX PEMAHOBHX KOODAHHAT.
IIpa aToM MH noayuum HedaBucsamuil oT & cyMMapHH MOMEHT IOBO-
pora (He o6s3arTeJbHO pPAaBHHII HYJI; T'PABATAIUA — 9TO HE MeXa-
HuKal), cOOTBeTCTBYIOImMuUA paccMoTpeHHoMy KyGy. Temepp HacTymaer
oYepenb MAarmuecKoro «rpaHdMia IpaHAOH paBHA Hydion. OTomAaect-
BHM IIOJHHIHA MOMEHT IOBOpOTa Ky0a, HAWJEHHHH CyMMHDOBaHHEM
OTHEJbHEIX MOMEHTUB NOBOPOTA, COOTBETCTBYIOI[UX OTHAEIHHHM TIpa-
HAM, C HMHTETPAJIOM OT IJIOTHOCTH-TOKA HCTOYHHKA (T€H30pa SHEPTHH-
umnyasca *T) no oGbemMy atoro 3-KyGa. IIpoBemeM 2T0 OTOMAECTBIE-
HHE HEe TOJNbKO AAA ofHoro 3-kyba, HO M miIA BCeX BochMH 3-KyGoB
(rumeprpaneii), KOTOpHEe OTpAaHNYNBAIT YETHPEXMEPHH Ky, pac-
cMorpeHHHiT B pmomouHemmn 15.1. IIpocymmmpyem MHTErpajw oT
OJXOTHOCTH-TOKA MCTOUYHMKA *T He TOJBKO IO OfTHOM THOEPrPaHA 4-KY-
6a, a mo Bcem BochbMH rumeprpanaM. B pesyastare momygum

gz;‘gf;‘;n:a S ( LIAOTHOCTB-TOK
= ncroanmka *T )'“
4-Ky6 a*T 3-ppanana

91010 4-Kyba

. NOJIHBI i MOMEHT [OBOpOTa,
= Z COOTBETCTBYIOIUIL IaHHOMY | ==
BOCEMb KyOy

rPAHMYHEIX
3-Kky0a

U

= 2 >

BOCEMb niecThb rpaeii,

IPaHUYHBX OrPaHUYNBAIOLIHX
3-kyba RAHHBIA 3-xy61

(ayas)!

TlycTe MOMEHTH He TOJBKO JUis lecTH TpaHeil omHoro Ky6a, HO M i
BCex rpaHeil Bcex Ky6oB 6epyTca 10 OTHOLIEHMIO K OXHOR | TOM sie Tod-
ke &. Hamomuum (nomonuenue 15.1), uro aMo6as nannag rpasb coean-
HsAeT ABa Ky6Ga (nBe rumeprpann). [loaroMy npm nopcuere rpaneit ona
YIATHBAETCA ABa}KAH, OAMH pa3 ¢ ONHON opueHTammed («Hampasie-
HMeM 00X0a MPH DapaJlJIeIbHOM IePEeH0Ce, 03BOIAIOIAM HARTH IOBO-
poT»), APYTOii pa3 ¢ NPOTHBOMOJIOKHOMK opuenTanueir. CiegosareabHo,
ABOMHAA CYMMa TOMIECTBEHHO o6pamaercsi B HyJb (TPAHHIA T'PaHMIEL!
paBHa HyJo!). IToMy TOKAECTBY 006A3aH CBOMM CYIIECTBOBAHHEM
HOBHI reoMeTpHYeCKHii 00LeKT — TaKas XapaKTePHCTHKA KPHBHM3HH,
KOTOpasA COXpaHAercd M, CIeJOBATEIbHO, JAeT CIOCO6 YyCTanoBUThH
CBA3b C MCTOYHMKOM. TeM caMBIM MH JOCTHIJIH 3KEJIaeMOT0 pesyJb-
tata. Temepp mepeseneM ero nHa OGHLIYHLI MATEMATHUECKHiT SH3HIK.

COOTReTCTRYIOMEH |. (15.8)

( MOMEHT IIOBODOTA,
JanHoit rpanm KyGa

§ 15.4. HAXOKIIEHUE MOMEHTA MOBOPOTA

Ocraerca ompefesnTh TEH30DHWIE XapakTep M 3HAUYEHHE BTOTO
COXPAHAIOMErocA KapTaHOBA MOMEHTA HOBOPOTA, UPHCYMEro Ka-
RoMy anemenrapHoMy 3-o6nemy. IToBopor, coorBercrByommit nepe-

29*

2) oToRReCTRICUNS
¢ HHTErpaioM
OT HCTOUHHEA

S‘T no
ob6beny EyGa

8) coxpapesso®

4) BmUHCHeHHE
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aneit rpana AyAze, A e, kyGa ma ¢ur. 15.4, npexcraBaserca s sune
GmBexTopa

DOBOPOT, COOTBETCTBYIOIAEY) 1A
( pmepenueii rpapm AyAz ) =e AR "™ Ay Az, (15.9)

npuHaIcKamero coGHTHI0 P pepeny. rp = (t — -%—At, z -+ Az, y +

1 1
-+ —Ay, z + —Az) . B aToMm cooTHOMEHNH HCHOJIB30BAHL HOPMAJHHAIE

PHEMAHOBH KOODAMHATH; CYMMHPOBAHHE IO MHIEKCAM, 3AKJIOUEHHEIM
B BepPTHKAJIbHEIE U€PTOYKH, KaK, Hampumep, |Au |, orpanugeno yeio-
BEeM A << . MomeHT 3TOro moBOpOTA IO OTHOMEHHIO K Touke &
OpefcTaBIAETCH TPHUBEKTOPOM

MOMEHT IIOBOPOTA,

coowneTcTPyromnﬁ =(Fuemre —F)\C1ACL Rl LAy Az.
nepepnei rpapm uepe;H. rp
Ay Az (15.10)

3nece Bu Py, pepenu. rpy HA & HE EMEIOT TOTHO OIPEEIEHHOTO CMBICILA,
KOTOPHIM 06GJajaer BeKTOp, HO MX pasHoCTb NpPeRCTAaBAAeT coGoil
BEKTOp B upenene 6eckoneyro manoro pasiaenenuss AP = Py pepemi.rp —
&. 3agneit rpanm COOTBETCTBYET TaKoi 3xe MOMEHT HOBOPOTA, HO C MpPO-
THBOLOJOKHEIM 3HAKOM M ¢ 3aMeHOR Py nepenn.rp HA P, samu. rp-
B pasnocTH 3THX ABYX WIEHOB MHOKHTENH e‘P He IpeJCTaBIAET HUKA-
KOT0 MHTEpeca, HOCKOMLKY ML yike 3HAeM, UTO OIl COKPATUTCA [Tom-
mectBo Bmamkm (15.4); amanor pasemcrsa ZFY — 0 B Mexanuxel.
3nauenme pasHOCTH Py, pepemn. rp — P, samn. 1p COCTABAAET AZ8,.
CyMMupyAa 1O BCeM IIeCTH TPanfgM, MOJYdTaeM

(uoammn MOMEHT II0BOpOTa, coo'rnercrnyxomnn)
KyOy, mam rmmeprpasm Az Ay Az)

=e.\or A e,.R' Al Az Ay Az (nepeanasa m 3amHAA rpanu)-t
+e,\er Ao R, AyAz Az (Goxorme rpanm) -+
+e:Aea/\e R An L yAzAz Ay (epxmas m mmwxuas rpamm). (15.11)

B aroii cymme Mu ysHaeM 3HaueBue (Ha aiaemeHTe o6mema @,/ ey/\
Ne:Ax Ay Az) 3-popmu

e A\ e\ 0 R M 4p dz" A dz® A d2®.

Bosee Toro, ara 3-popma ompenenena B Touke (mpuyeM OMpPeHeIeHA
cTporo), Toraa Kak BepaskeHue (15.11), oTHocameecs K OPOTAMKeHHOMN
ob6aactn, He MoKeT OBHITh MOJABEPrHYTO aHaJAn3y, KOTOpHII OXHOBpe-
MEHHO M TO4eH M Kparok. IloaToMy Mu mpegmoureM 3-GopMy BHIpaKe-
Hro (15.11). Ilpu sTom, Koraa aex0 JOXOIMT [0 HHTEPHPETAnuU, HeJlb-
34 3a6LIBaTh, 9TO 3HAYeHHE 9TOH 3-POopMH HANO HAXOIWUTH AJA «Kyba»
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8. \ oy A 8,AzAyAz. 3amerum Temeph, UTO <TPHBEKTOPHO3HAY-
Hyl0 3-¢opMy MOMEHTa BpAamEHHA» MOKHO 3aIMCATh TAK:Ke B BHJE

(nn:)?:;no:a) =dPAF =0, \0r A0 R p) da” Ndz* NP, (15.12)

3nech
dF =e, dz° (15.13)

» 1
€CTh KapTAaHOB €JUHUYHHI TeH30D PAaHra ( 1 ) . Uepesa & oGoznageH
omepaTop KpHBHSHH, TPAKTyeMulii Kak GmBekTopHO3HauHaA 2-Popma:

B =1 \0, R M, 05 4% \d2P. (15.14)

Ha sasmke xommonenr, kaxk B (15.11), nam Ha aGcTpaKTHOM s3HKe,
BBeieHHOM B (15.12),— B ofomx ciyJasx HaM HPHXOAUTCHA HMeETh
OeNo ¢ TPHBEKTOPOM. TPHBEKTOP MOKHO OCTAaBUTH U TPHBEKTOPOM,
Kak (B COBCeM HMHOM KOHTEKCTe) 3JeMeHT 3-o0bema Ha rumepnoBepx-
HOCTH B 4-IIpOCTPAHCTBE MOKHO OCTaBHTh B Bufe TpuBeKkTopa. OgHako
yHnoOHee mepeATH K AYAJAbHOMY NpeACTAaBIEHHIO H TOBOPHTL 00 ame-
MeRTe o0bemMa, kak o Bextope. OGo3naunM mocpeAcTBOM ¥ omepamuio
AYANLHOCTH, AEHUCTBYIOMYI0 JNIIhb HA KOHTPABAPHAHTHEE BEKTODHI,
TPHBEKTODH K T. I. (HO He Ha fopmm). Torga B mTopeHOeBoOi cncreMe
6ynem umets *(e; A 6, A ;) = 8y, Ho *(dz’) = dz3. B Goxee
o0mem BHAe

*(Ov/\ OA/\eu)= ev}.uaocxo (1515)

B atEx 0603HaueHHAX <«BeKTOPHO3HAYHAA 3-PopMa MOMEHTA DOBOPOTA
NIPAHAMAaeT BUJ

( MOMEHT )
JOBOpPOTA

(d'ﬂs/\-ﬁ) = 808w R ul] aﬂ)dl /\dx /\d.’cﬂ
=8, (*R)\’ o) 02" A\ dz® A\ d2P,

HJHA Ha cjaenyrineM a3Tane

(nh;g:)‘;g:a) * (AP N\F) =g (*R*), 2. (15.16)

3nech, Kak ® B pomonHenum 5.4, uwepes d33, oGo3zmadenn GasmcHbIE
3-bopmsi; TakEM oGpasoM,

dz" A dz% A\ dzP = £7°F% gs3.. (15.17)
(B aoxansBo nopenmemoi cmcteme dz!Adx? A dzd=d3Z,.)

Qopmyna (15.16) sanmMaer HEHTPAJbHOE MECTO IPH AHAJN3E
KpuBH3HH. OHa MCXOZHT M3 3jeMeHTa 3-00beMa H JaeT B pe3yJbTaTe
MOMEHT IIOBOPOTA B 3TOoM 3-00beme. TeH3op, KOTOpHI CBA3LIBACT HCXOR-
HH 00beM ¢ KOHEYHHM MOMEHTOM,—(CBePHYTHIT ABAKIB Ay adbHBIH»

R — HacTONBKO BaskeH, 4TO 3aCJHYKHBAeT COGCTBEHHOrO HAa3BaHHA.
OH HasBam Tensopom IJiumreiina &, T. e.

(remsop Jitmmreitna)?® = G°F = G.,9VF = (*R*),*v*. (15.18)
173 29-01457

5) sanmch
Mpamon
dopwe 4P A R

6) sammch

B aborpaxTHok
dopue*

(4P A R)=

= egGOd* S
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454 15. Tosxcdecmea Buanku u 2panuya 2panuys

06 aToM Tensope y:xe uiia peus B § 13.5, 14.2, a TaxKe B mpuMepax
B Koume ria. 14. Bupakennas dgeped B cBA3bp MEKAY ajeMeHTOM 3-
o0beMa M «BEKTOPHO3HAYHHIM MOMEHTOM IIOBOPOTA» IPHHAMAET BHJ

MOMEHT ot
(paowont ) =*( AF) = 0,67 .. (15.19)
B o6meit TeopMM OTHOCHTEIBHOCTH KOJHYECTBO (BEKTOPHOZHAYHOTO
MOMEHTA HOBOpOTa» B diemeHTe 3-o6beMa d®3, orospmecTBIAETCA
C KOJMYeCTBOM 3HEPTAH-HMOYJIbca B 3TOM ke 3-o6beme. OpHako MK
e GymeM NOKa JeJaTh ITOTO OTOMKAECTBIEHHSA W OCTAHOBHMCA TOJ-
poGHee Ha cBOiCTBAX COXpaHEHHS MOMeHTa moBopora, CHavama MH
paccMoTpuM MX B (OPMYJNPOBKEe Ha A3HKEe HHTErPAIbHOTO HCIHCIIE-
1HUA, Te OHU ABAAKTCS cJlegcTBHeM npusnuna 3¢ = 0, 3aTeM MH pac-
cMoTpuM ux B auddepennuanbHoil OpMYIHPOBKEe KaK CJENCTBHE
Toskpecrea dd = 0.

§ 15.5. COXPAHEHINE MOMEHTA IIOBOPOTA C TOYKHN
3PEHNA NPUHIOUINA «'PAHHUIIA T'PAHHUIIBI PABHA HYJIIO»

Momenm nosopoma daem onpedeseHue aGMOMAMULECKU COTPAHAIOUELICA
seauyunsl. [IpyruMu cJoBaMu, 3HAJYeHIe MOMEHTA HOBOPOTA [JIA 3Je-
menTapuoro 3-o6nema ArAyAz mo ucTedyeHNM NPOMEKYTKA BpeMeHH Al
PABHO 3HAYEHHI0 MOMEHTA IOBOPOTA [If TOTO ke 3-o6bema B HAYANe
DTOTO TIPOME}KYTKA BpPEMeHHM, MCIHPABIEHHOMY 1Ia MOMEHT HOBOpOTa,
BTEKMuII Tyla uepes LiecTh rpaHeif 3-o6nema 3a mpowegmmit mpo-
MEKYTOK BpeMmeHu (BequunHa, nponopuuonaibnasg AyAzAr, u t. n.).
Y6eaumes Teneps B CpaBELINBOCTH COX PAHEHNA MOMEHTA HOBOPOTA HA
A3BKe «rpannipl rpanunsy. Byaem meiicTBOBATH MO cXeMe ypaBUEHUS
(15.8), mepesojia coBa 1mar 3a maroM Ha A3sK popmyua. Haiixem xomru-
YeCTBO MOMEHTA I[OBOPOTA,, PO/KAAeMOro B djieMenTapHoM 4-KyGe Q:

«pOMeHre MOMEHTAa TOBOPOTAY

«POMICHEE)Y = S B DJIeMeHTapHOM 4-KyGe = gd'ﬁ;
NPOCTPAHCTBA-BpeMEeHHE 1a
onpenenenue ompepeeHne
(d06=[*a = 5*(‘1@/\39):
2 T s Q
mar 1 mar 2 mar 3

% /MOMEHT TIOBOPOTa

= 3 AP N\R), -

BOCEMb 3-Ky6 . T
3-ky6oB, COOTBETCTBYIOI AU
orpaHnaupE-
palomnx Q RanaoMy 3-KyOy l

mar 4
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MOMEHT II0BOPOTa

*
(PAR),

=3 rpaHb

< 2 . coorsetersyomuii | =0. (15.20)
BOCEMB mecTh rpaHett, o
rpaHNYHKX orpaﬂungalomux JI@HHOH TPaHU T

3-xy6or  pamnnit 3-Ky6 nmaHHOrO KyGa I

mar 5

3meck mepBHit mar mpepcraBiasier coGoit Teopemy Crokca. Bropoir
mar cBOJUTCA K cooTHomenuio (15.19) mexnay Tensopom JifHmTeiina
4 MOMEHTOM NOBOopora. Ha TpeThem iiare HHTErpaJ mo BCei rpaHume
0Q pasbuBaercs Ha MHTErpaiH IO OTAEJNBHHM 3-Ky6aM, M3 KOTOPHIX
COCTOMT 3Ta rpanmima. Bo Bcex aTHX MHTerpajax, K TOMY ke, 3Be3-
I0YKaX TPAKTYeTCA KaKk IOCTOSHHAS W BEIHOCUTCA M3-TOJ] 3BHAKA MHTE-
rpaia. [Ipmamna aroro gocraToymo mpocra: omepanusa AyajabHocTH *
3aTPATHBAeT TOJBKO METPHKY, 4 METPMKA JOKAJbHO HOCTOSIHHA IO
BceMy GeckoHeuHo ManoMy 4-Ky0y, mo rpasuume KoToporo Gepercs
nHTerpan. Ha mare 4 mcmoiapsoBana ¢opmyaa

(P NR)=AP N+ P NR =P\ R (15.21)

n teopema CTOoKCca, IO3BOJAKMIAA BHPA3UTb KaKAMH HMHTErpan mno
3-xy6y B Buje uurerpana or P AL no ABymepHoil rpaHdie 3TOTO
Ky6a. Ilaruit war asasercAa 3akmountenbnbM. OH HHKAK He cBA3aH
¢ mopgmaTerpanbHoil ¢ymkmmeidr. OH oCHOBAH JAMIIL HA OPHHIUI®
90 = 0.

Beipaskasgch KpaTKo, COXpPaHEHHEe MOMEHTa IOBOPOTA eCTh cJef-
cTere Byx obGcrosrenbcTB. 1. MoMeHT moBopoTa, mpHCYIHAI mpou3-
BOJIbHOMY B3JIeMEHTapHOMY 3-Ky6y, IO omIpejfeleHHIO NPeACTaBJAeT
co6oit cyMmmapHoe 3HaUeHMe, HOJYIeHHOe CJOKEeHUEeM LIeCTH MOMEHTOB
HOBOPOTA, COOTBETCTBYIOINMX INECTH rpaHAM dToro Ky6a. 2. Criammi-
Bax B (15.20) atu cyMMapHBie 3HaYeHMs OAf BceX BOChbMU 3-Ky06oB,
M3 KOTOPHIX COCTOMT IPAHKUIA 3JeMEeHTapHOro 4-Ky6a {2, M yUHTHBaeM
BKJIAX Kamo# HAanHO# 2-TpaHM JBAKAH: OAUH pa3 — C OJHHM 3Ha-
KOM, a.[pyroii pas — ¢ OPOTHBOIOJOKHHM 3HakoM. Taxum ob6paszom,
B CHJTY IPHHIANA «TPAHMIA TPAHUIL PABHA HYJIIO» COXPAHEHH € MOMEH~
TAa NOBOPOTA LpecTaBiseT co00il TOKIECTBO.

§ 15.6. COXPAHEHME MOMEHTA ITIOBOPOTA,
BBIPAJKEHHOE B [N@GOEPEHIIUAJIBHON @®OPME

Kasxnuit 3akon coxpaHeHHs, CHOpMYJMPOBAHHHHA B HMHTErPAJbHOM
BHJe, MOKeT OHTh mepedpopmyampoBaH B pudpdepeHnmmanbHOM BHIE,
H COXPaHEeHAe MOMEHTA IOBOPOTA He ABISAETCA HCKIIOIeHHeM. B arom
clyuae BHIKJIAAKHE HE 3aHEMAT MHoro mecra. Haiinem oGo0mennyio

2) us dd == 0



456 15. Tondecmea Buansu u zpanuya 2panuys

BHEIIHIOIO IPOM3BOAHYIO OT MOMEHTA IOBOPOTA B TPH 3TAllA M MOKAKeM,
yro oHa obpamjaercs B HyJb:

G =d[* @F\R)] = } atan 1
=" [d@PN\R)) = } atam 2
=*[EPNR— AP N\ IR =
—0. } aramo 3

Ha mepBom arame mcmonbsoBano coorHomenne d* = *d. 3pes-
Jo4YKa omepaTopa AyaabHOCTH M 0600MeHHAasA BHEMHAA IPOM3BOJHAS
KOMMYTHDYIOT, MNOCKOABKY @, NPUMEHOHHHH K KOHTPaBapHAHTHOMY
BEKTOPY, AEACTBYeT Kax KOBapMAUTHASA NPOM3BONHAMA, a X He OKa3hl-
BaeT HUKAKOIo [eHCTBHS HA KOBADMAHTHHIE BEKTOPH, T. €. 1-Popmxi.
Bropoii atam cBOAETCA K HIPAEMEHEHHMIO CTAHZAPTHOTO HpaBHJA [JIA
JAeHACTBHA Ha HpoU3BejeHue TeH30PHO3HAYHHX Popm [cM. cooTHOmEHUE
(14.136)). Ha Ttpernem artame peus mper o AByx ciaaraemsix. Ilepsoe
ciaraeMoe o6pamaercsa B HYJb, TAK KAK B HEM PaBEH HYJII0 HEePBHA 6oM-
HokuTenb, T. €. %P = O [cTpyxrypHOe ypaBnenue Kaprauna; Bmpa-
7KAaeT (OTCYTCTBHE KpYYeHHAsA» Yy KOBADHAHTHOH IIPCHU3BOJHOM; CM.
cootnomenne (14.26)]. Bropoe ciaraemoe Toke paBHO HYJIIO B HAIIEM
clydYae, IOCKOJbKY B HeM PaBeH HYII0 BTOPO# COMHOKHTEIb, T. €.
4.2 = 0 (monnoe ToxaecTBo brnankm). B 3TOM I COCTOMT TOKa3aTENBLCTBO
COXPaHeHAA MOMEHTa NMOBOPOTA, OKA3aBINEeCA CTOJb KOPOTKHM.

HNononnenue 15.2. MCTOUHUK TPABUTAIINHU
1 MOMEHT IIOBOPOTA — IBE OCHOBHLIE BEJHNUYWHELI;
f1X HAMBOJIEE YJOBHBIE MATEMATWYECKNE NPEJCTABJIEHNA

P

OHepraA-AMIYNbC KaK HCTOMHWK
TPABHTALIMKN (KPMBU3HH!
NPOCTPaHCTBA-BPEMeHH)

MOMEHT NOBOPOTA KAK
ABTOMATHYECKM COXPAHAIOUIAACA
XapAKTEPUCTHKA TeoOMeTpHu

lpexcraBiease B Buge BEKTOp-
Ho38a4H0H 3-POpMH — He3aBUCH-
fmero oT KOOpAWHAT reoMeTpuye-
tkoro o0bexTa

MamuHa, H03BOJAKLIAaA CKa-
3aTh, CKOJbKO 3HOPTHU-HM-
NnyJabca COAEPIKUTCA B 3je-
MeRTapHOM 3-06beMe:

*T=e,7%%d32,

(«AyanbHHIT TeE30p 3HEPTHH-
UVOyJaAbcar)

Mamuma, HO3BOJIAIOMAA CKa-
3aTh, KaK0® KOJHYECTBO MOJI-
HOrO MOMEHTa IIOBOPOTa (Bbi-
paKeHHOTO B BHIE BOKTOpa)
nojxydaercs HPH CJOIKeHHH
MeCTH MOMEHTOB IOBOpOTA,
COOTBETCTBYIOI(AX LIECTH Ia-
BAM DJIeMeHTapHOro 3-kyba:
* AP N\ R)=*8=
=00601d321;
(¢«nyanpBHR{ TeH30p JiiE-
10 TeiiHAY)

IlpencraBneEne B BHge TeH30pa
(3) (Toxe HesaBECAMMIA OT Koop-
AMBAT TeoMeTpHIecKmit 06BeKT)

CaM  Tem30p
nyisca

T = OOTGIQT

SHEPrUM-HM-

CaM TeH30p JHAmMTERHA

@ =0,6%%,




§ 15.7. Om corpanenus MOMEHMA ROSOPOMG K 2e0MempoduUHAMUKE 457 2

DHEPrUA-EMIYIABC KAK HATOUHHK MOMEHT TOBOPOTA K&K
TpaBATADHR (KPHBH3HH ABTOMATHYECKH COXpDAaHAOMAACA
NpPOCTPAHCTBA-BpEMEHH) XapaKTepPHCTHKA IeOMETPRE
[IpegcTasnenne Ha H3KKe KOM- [ ndd Go°
TIOHEHT (BeJHYNHK, 3aBHCALNUE
0T cHCTeMbl KOOPAHHAT)
3aKoB coXpaHeHNA Ha A3KKe T9% ¢=0 G v =0
KOMIIOHEHT
3aKoH coxpaHeHas Ha abcTpaKT- V.-T=0 v-a=0
'HOM A3HKe AJa Tem3opa (3)
3akoH coxpaBeBEHA HA abCTpaKT- d*T1=0 d*@ =0, nan
HoM A3HKe, BHPa)KeHHHH Yepes * =0
BHONIIHIOI0 IPOH3BONHYIO OT AYy- TP AR =
-AJBLHOTO TEH30pa (BeKTOPHO3HAY-
Hoit 3-Popmur)
ToT ke 3aKOH COXpPaHeHHA, BH- .
. - *T — =
paskeBHHil B UATErPaJbHON Pop- | T=0 @=0, nm
Me And dheMeHTa 4-00Bema e 6Q
*
S dP A %)=0, win
aQ
*
(PANH) =0
H50Q

§ 15.7. OT COXPAHEHUAA MOMEHTA IOBOPOTA
K SAHMTEAHOBCKOA TEOMETPOIUHAMHRE:
TIPE[IBAPUTEJIbHBIA 3IKCKYPC

HerogaukoM TAroTeHUA ABIAETCA Macca, HIH Macca-sHeprusa. Macca- «Busos

3HEpras IpeAcTaB.IdeT cofoi OAHY KOMIOHEHTY 4-BeKTOpA JHOPTHM- ypasmemma  noxn
mTenHa

aMOyabca. JHePTIlA K MMIYJIbC — COXPAHAIONAOCA BeIMYHHH. HOMNH- g rpesopanms:

9ecTBO IHEPrAU-HMOYJIbca B d1evente 3-o6bema d*Z pasmo (Soxpancuse
*T=e,T" P2, (15.22) :::::o'r:a)___}
=5 (coxpanenne

(cMm. nmomomuenue 15.2). CoxpaHeHde JHOPrAH-HMIYJAbCA B JJIEMEH-  MCTOIRHEA)
TapHoM 4-xkybe (2 BHpakaercA B BHIE

{e1=0. (15.23)
oQ
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JroT 3aKoH coxpaHenus He ciayuaeH. Cormacmuo Jitnwreitny u Kap-
TaHy, ON BHIOJHAETCH «ABTOMATHIECKM»; Gojiee TOro, ero aBTOMATH-
YecKoe BHIIIOJHEHHe eCTh CJIe[CTBAe TOYHOTO PABEHCTBA MEKLY dHep-
THEA-HMIIYJAbCOM ¥ aBTOMATHIECKH COXPAHAIOMEHCA XapaKTepPUCTUKOM
KpuBH3HH. YTo 3TO 32 XapaKTepHUCTHKA? ITO MOMEHT NOBOPOTA, YI0B-
JIETBOPAIINI 3aKOHY ABTOMAaTHIECKOTO COXpPAHEHNA:

{ *8=0. (15.24)
- *]

JlpyrumMm cioBaMH, COXPAHEHHE 3HEPIHMH-HMOYJILCA MOMKHO CHeIaTh
reoMeTpUYeCKAM II0 XapPaKTepy M aBTOMATHYECKHM [0 BHIIOJHEHHIO,
BOCIIOJIb30BABIINCH CHCAYIOIMM DENENnTOM: O0moXcIeCeUM men3op
sHepeuu-umnysvca (C TOYHOCTHIO GO0 MHO;KuTeasa 8mn, mmm 8nG/ct,
HJIM APYTOro MHOKUTENS, KOTOPH 3aBUCHT OT BHOOpA eNEHHUI M3Me-
penusn) ¢ MoMeHmoM nosopoma; TakuM obpasom,

* (AP N\ F) =*6=8n*T, (15.25)

WIIN, SKBHBaJICHTHHM o0pazoM (TaKixe Ha ASHKe BEKTOPHO3HAYHHX
3-¢opm), '
( MOMEHT

nonopom) = AP NF) =0,6" B3, =

= 8ne,T°" d33,, (15.26)
HJIU Ha A3BIKC TEH30POB
6 = 0,G°"e. = 8ne,T°"e = 8T, (15.27)
HJI® HA A3LIKe KOMIOHEHT
G°* = 8aT’" (15.28)

(ypaBnenne noas Jiumreiina; B 1. 17 ono pacemorpeno Goxee mop-
pobuo ¥ Gosibme BHMMaHHA YAeJNeHO BOIPOCY O ero egMHCTBeHHOCTH;
cMm. raroke gomoanenme 15.3). Taxoiél mpocToit oxasmBaeTcd CBA3b
MKy Bceil o0Imeli Teopueil OTHOCATEJIBHOCTE M LIPHHIUNOM, YTBEP:K-
AAOIUM, YTO I'PaHMIa paHuNE paBHa Hyxo. Huxkomy eme He ygaBa-
Joch HalitTu Gojiee yOeAWTENbHOMA OCHOBH [JJIfAA OPHHOIINA COXPAaHEHAA
EMOyJabca u 3uepruu. Hukomy eme He yaBamoch ITy0:Ke HOCTHTHYTH
JeiicTBMe MAaTepUM HA IPOCTPAHCTBO M MPOCTPAHCTBA HA MATEpHIO,
KOTOpOE MHl HAa3HBaeM TATOTEHHEM. ‘

Pesiome: ¢ meopuu 3JiiHwmelina coxpanernue SHEPLUU-UMNYALCE
peasusyemcs Kak moxcdecmeo «2paruya 2panuybl pasHa HYso».

YHOPAXKHEHAA

15.1. I'panana rpammns! 4-cHMIVIEKCA

Hcenenysa pasButue BO BpPEMEHHM reomeTpnu, ue obxapamnmeil Kakoi-
mu6o cuMMeTpHeil, KoTa IPAXOAUTCA NpuberaTh K pacueTaM Ha BrUAC-
JUTEeNbHOM MaUIMHE, MOKHO B KaUeCcTBe OJHOTO U3 BO3MOKHHX METO/IOB
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Pasburs 4-reoMeTpuIo Ha JOCTATOYHO GOJNbIIOE UMCIO NOCTATOTHO Ma-
JIHX CHMINIEKCOB [YeTHpexMepHHii aHAJOr JBYMEPHOTO TPEYroJbHAKa
M TPEXMEPHOTO TEeTPasfpa; HAIPHMeEp, B KaYecTBe BEPUIMH (IEHTpPAJb-
HOTO CHMILIeKca» obmrdno Gepyres Touxm (¢, z, y, 2) = (0, 1, 1, 1),
©, 1, —1, —1), (0, —1, 1, —1), (0, —1, —1, 1), (5'2, 0, 0, 0)],
B DpefesaX Ka:KIOro M3 KOTOPHIX T'eOMETPHI0 MOKHO CYMTATh IJIO-
CcKoil (MOpeHIeBoii), a BCI0 KPABH3HY — COCPENOTOYENIOH B Mecrax
CoeUHeHHn 3THX CHMIIEKCOB (CM. AaHANN3 JUHAMUKY TeOMETPMA C HO-
smoupio ucuncaeHus Pemke B ra. 42). Oopemennre («onmmuuTe Mare-
MaTHYeCKM») TpaHUNy (TPEeXMepHyi0) Takoro cummiexca. Boabmure
OJIMH YIaCTOK 3Toit TPAHHILL H ONPERENHTE eT0 TPAHUIY (IBYMEPHYIO).
B3sAB omuH y4YaCTOK 3TO# JBYMEDHO# FPABMIH, YIOCTOBEPbLTECH, UTO
CYMeCTBYeT ONHO I TOJBKO OJTHO MECTO B 3TOM PAa3io:KeNHH I'DAHUIBI
TPaHUIH, I/le JAHHHA yIaCTOK B3aUMHO YHUYTOKAETCA € APYTHUM JBY-
MEpHBIM YYacTKOM («OTCYTCTBUE rpaneily y 3-TPAIMI[I CHMILIEKCA).

15.2, Tensop Bena — PoGmmcona [180—185] 1)
Onpenenam tensop Bema — PobGuHcona mocpejcTBOM COOTHOUICHMS

Tapys= RopyoRe%s” + *Raova'Rﬁpoa- (15.29)

Hoxamme, YTO B IIYCTOM IPOCTPAHCTBE-BpPEMEHH ATOT TEH30P MOKIIO
nepenucaTb B Bujge

Tty = RupraRe’s’ + RapsoRe’y’ — 5 LaslusRoanu B, (15.30a)

HoxaskuTe TarKe, 9T0 B IMyCTOM IPOCTPAHCTBE-BPEMEHH

T pys CHMMETPHYEH, U eT0 Cle[l PABeH HYJIO MO BCEM MapaM MHICKCOB.
(15.308)

Obcyxcdenue. OxasdniBaeics, YTO «KAHOHMYECKHI ICEBIOTEH30P
sHeprum-mMuyascay Jinmreitaa (§ 20.3) masa rpaBETauMOHHOrO MOJA
B IYCTOM OPOCTPAaHCTBe-BpeMeHW o00iajzaeT BTOPOH IPOM3BOAHOIA,
KOTOpPasA B HOPMAJBHHIX PHMAHOBHIX KOODAHHATAX HMMEET BHJ

4 1
lEaB, 6= Y (Taﬂvo—z Saﬂvo) . (153'18)

3nech Topys — COBEpMEHHO cAMMOTPHIHEIA Ten3op Bema — PoGmucona,
a Sopys ONPeReNAeTCA COOTHOUMEHAEM

Sabvo = RaopoRﬁvm + Ravpo'Rﬂbw + 71;' gapgyoRuvpaR“"‘”. (15.316)

1) Sejnowski T. J., uacrHO®e coobmenme, 1973 r.

YHOPAKHEHHRA
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YIPAKHEHUA Sapys TOABIAETCA B KOBADHAHTHOM BOJHOBOM YPaBHEHHH JJisl IYCTOTO
IPOCTPAHCTBA
ARqpys =— Rupys;u’ " + RagoaRys™ +

A — pasHOBHAHOCTP  BOJHOBOTO oOIleparopa JluxHepoBuaa —
Hdepama [186]), xorga MH SamHECHIBaeM 3TO ypaBHEHHME B BHJE

ORap" = Rug™, W * = 2517 (15.31r)

Nonoanenne 15.3. IPYT'HE TOKJIECTBA, KOTOPBIM YJOBJIETBOPAET KPIIBH3HA

1. McrouHmKOM IpaBHTALUMM SABJAETCA SHEPrHA-HMOYJEC.
2. Oneprus-EMOYJLC HaXOJMT CBOE BLIpaskeHHe B TeH30pe 3HEPIHH-aMOyJnsca (Ham
B lyaJIbHOM TEH30pe) B BHJE BEKTOPHO3HAaYHOH 3-(OPMEI (¢DHEPTHA-IMOYJIbC eIMHUIIbE
3-o0beMan). :
3. OTOT HCTOUHAK COXpaHsieTCA (He POKJAAaeTCs B dJeMEHTapHOM 4-Ky6e IpOCTPaHCTBa-
BpeMeHH).

ITH NPHHEOANH Jie;KaT B 0CHOBE TOT0, 9TO HMEHHO TOJecTBa BuaBkm mceaenyorcsa
B aNiOif TIaBe, TOTAA KaK JBYM APYTHEM, BO BCEX OCTAaJBHBX OTHOMEHHAX Ype3Bbluaii-
HO uHTepecHrM TosKRAecTBaM [176—178] He yneneno mEkakoro summarnsa. OgHo M3 HUX

cBsazaHo ¢ 4-Popmoit

n:-ZTin?ga?gm-%aB/\.%vo, (1)
a apyroe—c¢ 4-$opmoit
=m(ﬁiz/\ﬂm+-5913/\-9902-1-3940/\.9923). )
uvy

O6Ge 3TH BeIMYMHH NOCTPOEHH H3 TeHSOPHHX «2-f0pM KPHBHBHEN

Ray= -%- Ruype 028 A\ dz0, (3)

YeTepexMepHSIH AATErpa OT KadAo#k N3 STHX BeJHYEH IO JeThpexMepHoit obxactn
AMeeT 3HadeHHe, KoTopoe 1) ABAAeTCA CKadApOM, 2) He PaBHO TOJECTBEHHO HYJIIO,
3) 3aBHCAT OT TPaHHIE NPOCTPAHCTBEHHO-BPEeMeHHO# 06JacTH, MO KoTopoil Gepercs
HHTETpaJ, Ho 4) He 3aBHCHT HM OT KaKHX BapHauWii TeOMETPHHA OPOCTPAHCTBa-BpeMeHN
BHYTpH 3TOi# MOBEPXHOCTH (DM YCJIOBHM, YTO 3TH BapHAIMH HEOPEPHBHH H He MEHAOT
CBASHOCTDH 4-reoMerpum B 3roit o6iaactu). CBoiicTBO «1» AmmaeT BCAKOH BOBMOMKHOCTH
OTOKAECTBETH TaKoi muTerpai (CKansap) ¢ sEeprmeif-mMnyibcoM (4-Bexropom). Cpoii-
CTBO «2» HO IO3BOJAET YCTAHOBHTH 3aKOH COXPaHeHHA, MOCKOJBKY B3 HeEro Cjlelyer
OTIIHYHOE OT HYJA poK[AeHHe B Q.

Mu 3eCh He BKJNIOWAJNA B DPaccMOTpeHHe Takke TeH3op Bema—PoGmmrcoma (cM.
yupaskHeame 15.2), mocTpoeHHHE OmimHe#HHM o6pasoM H3 TeH30pa KDHBHSHH,
B IedHi pAX KPYTHX TeH30POB, 0 KOTOPHX CM., Hampumep, B paGore [179].
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BosmosxHO, Korga-HE6yab OKa)KeTCA, 4TO OJMH H3 ITEX TEH30POB, a MOMeT GHTb
4 BCe OHH AMEIOT BayKHHI (UBAIECKAN CMEICH.

HaTterpax or 4-fopmu T’ m3 (2) mo Bcemy MBorooGpasmio faer 4McCio, HPHIEM IEJI0E
q@cito (KOHEYHO, eCIM HTOT MATErpaj H WelJoe YHCJIO0 HMEIOT CMHICH),— TAK HasnBae-
MYI0 XapaKTepUCTHKY MHorooOpasma Jiimepa — IlyaHKape. 3TOT pe3yabTaT mpef-
craBisier cofoii ofolmenne Ha ciaydail dJeThlpex H3MepeHmii mATerpasa Iaycca —
Bouue, Xxopomo u3BecTHOro B ABYMepHOU reoMeTpwu:

(pnmauon UHBADHAET CKANADHOH KPHBHSHH) 1/ .,
S (paBmmii 2/a® masm chepn pammyca a) )8 \&F-

3Tor mHATerpas paBen 8m gaA J0GOro 3aMKHYTOr0 OpAEHTAPOBAHHOTO ABYMEepHOTO
MHoTo0Gpasds ¢ TonoJoraeir 2-ceps, mpadeM ero opMa MOMKeT BMeTb KaKO# yroxHO
OpnYyAInBHA BHA; B ciaydae 2-topa, Ae(opMHPOBAaHHOTO KaKHM YroZso oGpasoM,
OH paBeH HYJMO; B cllyyae JPYrAX TONOJOTHil OH MMeeT JUIA KaKN0oi B8 HEX BIOJHE
onpelesieHHOe 3HaYeHHeE,



JINTEPATYPA

IlpuBesesHkil HE’Ke CIACOK, OR0OHO GrGanorpadmu B paboTe [29], MoxeT cayxuTh
JAVIOH OTHPABHON TOYKOH IPM O3EAKOMIEHMH C JINTePaTypoOil, KOTOPas CIRIIKOM
obmupHa, 9T06H MOKHO 6HIIO COCTABHTH BCceoObeMAoomuil nepedess. Boaee mop-
po6Ey0 Gnbamorpadmio mo HEKOTOPHM pasfmesJaM MOMKHO HaiiTH, HanpuMep,
B paborax [187—191] ). Horma npuBoAMTCA HO CaMoe NEPBOS M3faHme, a Goxee
moapgHee u Gosmee moctynnoe. Iloaru Bce fokTopckme auccepranmm B CHIA moxHO
DONYYATh B BHAe MHKPOOHMABMOB Z). MH XOTHM BHPA3WThL CBOIO GJATONapHOCTD
Tperopm Yepampy, NOATOTOBWBIIEMY IepPBHII BAPDHAHT CHOMCKA JMTEPATYPH,
Huremo KyTy, BEeCmeMy MHOTOYHCACHHHE MCUDABJIEHHMsA, a TaKKe BCeM KONJe-
ram, 6e3 mOMOmMM KOTOPHX MHOTMe M3 Hau(olee BaKEHX M TPYAHOAOCTYNHRX
paGor Tak M He momaiy OH B JAaHHHA COHMCOK.
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— KourperHOro Bmga 61
— 1roxue u xopoimue 56

IMuaga gosomu 237—239
— necrauma 310

dBKaumoBa reomerpna 50—54

ditnepa yram 301, 302

ditgmreiina npaBuao cyMMupoBanus 42

— TeH30p KpuBu3AH 276, 397, 453

— ypaBHenue uHoaA T4

dxpuBajleATHOCTH upuEnEn 43, 208,
259, 311, 361, 365

9NeKTpOAEHAMHKA B IIOCKOM IIpO-
crpancrBe-Bpemenu 109—130

DIeKTPOMATHATHOE IOJIe, BEKTOPHHI
pmorernmrai 128

— — nyaasAHit Tem3op 145, 146

— — ocpmwuaupyiomero pumoia 153

— — mnpeoGpaszopanusa Jloperna 118
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DneKTpOMATrHATHO® NOJE, HpOoCTeHmmMiA
BHJi (KaHOHHMYECKOe HpEeACTABJIOHHE)
162, 163

— — rensop 110, 111, 139

— — TogeuHoro sapspa 149, 150

dmeprua-nMoyasc, 4-sexrop 90, 102

— — muaorHocTh 176, 196

— — TeH30p, cM. TeH3op sHeprum-
HMIYJIbCA

31'23ma — Jlnxke sxcnepnment 44, 45,

ddemepunnan cexymga 59

IOmra puarpammu 125

Axo6m TeH30p KpHUBH3HRH 352
— ToxpaecTso 296
filko6uan 133, 192, 202—203



TABJIMLA BbIBOPA 3HAKOB

3 YeTHpexMepHHe
Aetops T | P Pmana W | Sinmreine’s | TPy b=

HHIEKCH
Jlampay, Jludumn [1}
«IPOCTPaHCTBEHHOMOAOOHKI BrGOpP) + + + JATHHCKIE
Jlaspay, JIndpmun [2)
«BpeMeBHNOAOGHKN BHGOD» - + + »
Musgep, TopH, Yuiep (aHHaA KHETA) + + + rpedeckue
Anaep, Basun, Muddep {3} - _ - »
Anpepcon [4) - — -2 »
Beprmasn [5) - —b — »
Kaprar [6] —_ -
Rasuc [7] —_ + - JaTHHCKHEE
AnmuErToH [8) —_ + — rpevecKue
daepc [9] + -+ + BaTHHCKHe
dEmTeiin [10] — + —_ rpedecKue
Onaenxapt [11) -+ -
®ox [12] - -9 — »
Qoxkep [13] - —_ + JaTHHCKHE
Xoyxkusr, daauc [14) + + + »
Xuxc [15] -+ -+
Hadeanx, nebanckui [16] - + —_ rpegecKue
JluxnepoBma [17] —_ + + »
Maxsurra [18) —_ + — »
Musaep [19] + + -+ »
Mioaxep [20) + - —-— JaTHHCKIE
Hayan [21] + —_ - »
Ilempoya [22] - - — »
Tlapanm [23]; — — — »
Pobeprcor, Hoonam [24] + -+ - »
3arc [25] + + + »
Dluap [26] — + — »
IoyTen [27) - +
Mipenunrep [28) — + - »
Caar [29] + + -— »
Topn [30) —_ + -+ rpedecKue
Toaman [31) — + — ?
TpayrMan [32] — — — JATHHCKHE
Bebep [33) + -+ + rpevecKue
BeitnGepr [34] + - —_ »
Beiian [35}) — -+ + JATHHCKHE
Vanep [36} + -+ 4 TpedecKue

1) HeoluuHoe pacnonoiieHEe RHIEKCOB Y KOMIDOHEHT R naer npyrofi 3Har Ruyap.
2) B aroft paGore % < ( eCTh rPAPATAREOHHAA LOCTOAHHAA, B3RTAA C OOPATHHIM 3HAKOM.




BbiBOP 3HAKOB

B sTofi KHure BHOOD SBAKOB COBHAJaeT ¢ ¢IPOCTPAHCTBEEHOmONOOHNM BrOOpoM» kEurm Jlaspay u
Jin¢muna [1]. Huke cTpeskaMs OTMe9eHH IONOMKNMTeJbHHE 3EAKM. B Tabaume BAa JeBoE cTpaHANe

¢opaana yKasaHH 3HAKH, KOTOPHME NONL3YIOTCH APYyrMe aBTOPH.

> 9= — @+ (@) + (@24 (@32

8HAK @
(cronben 2)
o +$ (“. V)=V"V'—V'v"—v[". ']
> 4+ Ruvaﬂ = aar"vﬁ— aﬂr"va"'r" carovﬁ"" r"obraw.
s@ak R
(cTonben 3)
- 4+ Ruv= Rauuv
OTHONIeHNE

spaxos 6 u R

8=+ 8aT
t

1
Guv=Ruv -7 guvR=+ S“Tuv

sgak @
(cronben, 4)

BCe aBTOPH CXOAATCA Ha
9TOM NOJOKHTEJbHOM 3HAKe
ANA TNJOTHOCTH 3HEPrEH

Crenapamil Bume BHGoOp spaka R ynobem ¢ TOUKM 3peHmss MeTOfOB, CBOGOJHHX ©T KOOPAMHAT,
KaK, HaupEMep, B omepaTope KpHMBH3HH A (u, V), 2-fopmax Rannuanu (coormomenme 14.19), npm

ofpamenrnE ¢ MaTpunaMu (ympaskHemEme 14.9). Ompenenenus

¢ ¥ 6 c OpUEATHME Bume 3HAKAMHE

TAaKOBH, TO MX coGCTBeHEHe 8HaueHEs (B R = RY,) DonoxuTesbHH AJA CTABJAPTBHX cdep ¢

HONO0KATENBHO ONpEfeJICHHOH MeTPHKOM.




3HAYEHWUA HEKOTOPLIX MOCTOAHHLIX B OBbIYHbIX U FTEOMETPU4YECKUX EAUHULAX P

OyapaMeHTANBHNE NOCTOAHHLIE

T'paBaTaiynOHEAs MOCTOAHHAN G=(6,6731+0,003)-10-8 cM3/r.c2=1
CropocTh CBeTa c=(2,997 924 562-+0,000 000 011) - 1010 cm/c =1
T0Je3BHE COYeTAHIA G/c2=0,7425-10-28 cu/r=1,476 64 xkM/M o= 1

¢5/G=3,629.10% gpr/c=2,030.10% M@cﬁ/c =1 (MBOKUTeNS,
XapaKTepH3YOMER AsjyIeHEe sHEPTHH)
G/c=2,226-10"18cM2 rn/r=1 (MHOKHTeab, XapaKTepusyromui
HOOTIOTGHA® SHePIHII)
¢2/G1/2=3,479-10% T'c.cu=3,479-102¢ en. manpsixenna CrCO=1

Iocroarnan Tnamka h=(1,054 592+0,000 008) - 10-27 r-cm3/c =2,612-10%8 cm?
IVIaHKOBCKAA AamHa L* (hGc3)V/2 =1,616-10-33 cm
IJIAHKOBCKO® BpeMsa T* (7G/c%)1/2 =5,391.10-44 ¢
NIABKOBCKas Macca M*® (he/G)2=2,477-10"% 1

_ WIaHEKOBCKAS NJIOTHOCTHL M*/LY3 ¢3/hG2=5,157-1093 r/cm3

KpasT sapaga = (4,803 250,000 02)-10-10 (r-cm3/c2)'/%=1,381.10-3¢ cm

OGparsoce sAaveHHe MOCTOAHHON TOHKON CTPYKTYPH 1/ he/e? =137,03602-0,0002

Macca moxos sJeKTpOHA me=(9,109 56+4-0,000 05)-10-28 r=8,1873.10~7 spr=

=0,511 004 MaB=15,9301-10° K =6,764-10-3 cu
M p=(1,672 644:+0,000 012)-10-24 r=1,503 27103 spr=

Macca moxoa mpoToHa =0,938 259 I'sB=1,088 831013 K=1,2419.10-%2 cu
ag=h2{m e2=0,529 177-10-8 cM

Boposckuit papmyc %o=Mh/mc=3,86159-10-11 cm

KoMnTOHOBCKAA [JIMEA BOJHH SJICGKTPOHA ro=¢€2/moc2=2,81794-10"13 cm

Hnaccuuecknmit papuyc saeKTpoHa e2/ag = mged/h2=4,350 83.10-11 apr=27,2116 sB=3,15786-105 =

ATOMHAR efMHNNA DHEPrHH =3,602-10-60 cm

Tlepesopnne MHOkATENR (CM. Takxke BHme «DyHAaAMeHTATbHBIE NOCTOAHHBIEN)

Inmaa 1 mc=3,0856-1018 cm; 1 cB. rog =0,94605-1018 cu; 4 a. e.=1,495 985-41018 ¢
Bpeus 1 ron=3,155 692 6-10? ¢; 1 cyTkm =286 400 c; 1 cnjepudecKue CyTKH=
=86164,091 ¢

Macca, sHepras, TeMmepaTypa 1 sB=1,160 48-10*K=1,602 192-10-12 9pr—1,782 68.40-33 r=1,324-10~61 cm




ONeRTPOMATRHTHOE H3TydeHHE

Mamygenue 9epHOro Teaa
IJIOTHOCTH SHOPrHE = aT¢
HBNyIeHHEe EQWHWIH IO0BEpX-
HOCTH =0T4
MAKCEMYM cunexTpa dE/dA
TopuosBas manyuaTesbHAsA CHOCOGHOCTH
HOHA30BAHHOTO BOJOpPOAR
Topmosnoli KoaddunuenT Rempo3pavHOCTH HOBNIOBAHHOTO
BOAIOpOSiA
Ceuennme Tomcona

HospnnuenT mempospayHOCTA HOHHIOBAHEOTO BONOPOARA
IO 9JIeKTPOHHOMY paccesHHI

a=7,5647-10"15 gpr.cu-3 K-¢
=-zi- ac=15,6696-10~% apr.cu~2¢c-1 K4
AuaxeT =0,289 79 cu-K = (0,289 79 A) (108 K)

e=(6-1020 apr/r-c) (Py.cy-s) ng
Kyp=(0,8-10% cM?/r) (Py.cuma) T7/2

Gp=(87/3) r}=0,665 24-10-2¢ cm2
ch =0 N 398 0]‘2/1‘

Beeaennana

Macca Coamna

Pagmyc Coxmna

Ceperamocth CosHna

Paccrosmme oT 3eman fo Coxmna
Macca 3eman

Cpenmnit pagnyc 3eman

Macca Mueusoro ITyrn (Faxaxraxm)
"PaccrosEme g0 nemrpa lazaxraxm

HMuamerp Ianaxrarm
Tonmuna ['anakTEKE B paiiome Comena
Buamxafimue raiaKTHKH: PACCTOSHHAE H Macca

CROLNGRRA TAJAKTEK: SHCIO YJICHOB, paccrogrne, faAMeTp

HNocronagan Xa66aa
TaoTHOCTE cBeTAmeiica MaTepuu Bo Bcenemmoi

Mg =(1,476 640,000 02)-10% cu=1,989-1033 r=4,9255 uxc
R@ =(6,9598-+0,0007)-1010 cu
Ly= (3,90-+0,04)-10%3 apr/c=(1,07-10~28) ¢8/@G
1 a, e.=(1,495 985+0,000 005)-1013 ca=499,007 ¢
M$=(5,977i0,004)-1027 r=0,4438 cu
e=6,371 03.108 cuM
Mg=1,8-101 M@=2,7-10“ cm=0,028 cB. mder
r®=10 Ke =30 000 cB. Jer
Dg ~ (30—50) xme ~ (100 000—150 000) cB. mer

hg =~ 500 mc ~ 1500 cB. xet
Bonpmoe Mareanagopo O6xaxo, 52 xmc, 1010,1 MG; Majioe MareananoBo

O6anaxo, 54 xme, 109.2 MQ; TymanmocTs ABgpoMenw (M31), 570 kme,
1011,8 Mg

Mecrnas rpymna, 16 unemoB, d ~ D ~ 0,4 Mnc: ckonaemue B [leme,
2500 umemoB, d~ 11 Mmc; D ~ 12 Mnec; «THOEYHOE» CKOLJIeHH®,

130 anenon, D ~ 3 Muc
H =55 kM-c~1 Moc-1=(1,7-1028 cm)~t =(18.10% xer)-1
(p)=2-10-3% r/cm3

1) dmcaeaHne SHAYCHEA B3ATH W3 (EJIM BNYNCIEHH Ha ocHOBAREE) [102, 193).






